Siberian Mathematical Journal, vol. 60, no. 1, pp. 114-123, 2019
Russian Text (¢) 2019 Kusraev A.G. and Kusraeva Z.A.

SUMS OF ORDER BOUNDED DISJOINTNESS
PRESERVING LINEAR OPERATORS
A. G. Kusraev and Z. A. Kusraeva UDC 517.98

Abstract: Necessary and sufficient conditions are found under which the sum of N order bounded
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§ 1. Introduction

The problem of characterization of the operators between Banach lattices or vector lattices which
may be written as finite sums of lattice homomorphisms was raised independently by Carothers and
Feldman [1] and Huijsmans and de Pagter [2, Remark 2.3]. Bernau, Huijsmans, and de Pagter found the
key concept of n-disjointness [3, Definition 1] and proved that a positive operator from a vector lattice
to a Dedekind complete vector lattice decomposes into the sum of n lattice homomorphisms if and only
if it is n-disjoint; see [3, Theorem 5]. Moreover, a similar result is true for order bounded disjointness
preserving operators [3, Theorem 6], which yields a description of the ideal of order bounded operators
generated by lattice homomorphisms [3, Theorem 8|. Radnaev [4,5] managed to obtain the indicated
decomposition result with the additional condition that the decomposition terms are pairwise disjoint.
Obviously, even with this additional condition, the decomposition of a n-disjoint operator is not unique,
so the question remains: In what exact sense is uniqueness be understood?

Another interesting problem by de Pagter and Schep in [6, Proposition 2.13] asks under what condi-
tions the sum of two order bounded disjointness preserving operators is disjointness preserving as well.
Kusraev and Kutateladze [7, Section 3.8] examined this question for arbitrary finite sums of disjointness
preserving operators in the more general setting of n-disjoint operators. In this paper, the answers are
given to both questions formulated above.

The paper is organized as follows. In Section 2 we briefly sketch the needed information concerning
order bounded disjointness preserving operators. In Section 3 we introduce the new concepts of a purely
n-disjoint operator and prove that each order bounded n-disjoint operator decomposes into a sum of
purely k;-disjoint components with k; < n. Then it is verified that the sum S; + --- + S, of order
bounded disjointness preserving operators is purely n-disjoint if and only if S; and S; are purely disjoint
for all 7 # j. Section 4 contains two main results of the paper. The first one gives necessary and sufficient
conditions on a collection Sy, . .., Sy of order bounded disjointness preserving operators for |S1|+- - -+|Sn/|
to be purely n-disjoint with n < N. The second one tells us that purely k;-disjoint components of an
order bounded n-disjoint operator are representable (uniquely up to “Boolean permutation”) as the sum
of k; pairwise purely disjoint operators that preserve disjointness.

There is a vast literature devoted to various aspects of disjointness preserving linear operators; we
refer to the memoir [8] by Abramovich and Kitover and a few surveys: Boulabiar [9], Boulabiar, Buskes,
and Triki [10], Gutman [11], and Huijsmans [12]. Further references can be found in the literature therein.
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We use the standard notation and terminology of Aliprantis and Burkinshaw [13] for the theory
of vector lattices and positive operators. All vector lattices are assumed to be real and Archimedean.
Throughout the text, an operator means a linear operator. Two elements x,y € E are called disjoint
(denoted by = L y) whenever |z| A |y| = 0. The disjoint complement A+ of a nonempty set A C E is
defined by A*:={xr € E: x L a for all a € A} and A'* stands for (A+)*. Denote by P(E) the Boolean
algebra of band projections in a vector lattice E. A partition of unity in P(E) is a pairwise disjoin family
of band projection with the sum equal to the identity operator on E. We let := denote the assignment
by definition, while N and R symbolize the naturals and the reals. The notation Hom(E, F') is used for
the set of all lattice homomorphisms from F to F'.

§ 2. Preliminaries

In this section, we briefly recall some definitions and facts about lattice homomorphisms and dis-
jointness preserving operators.

DEFINITION 2.1. A linear operator 1" : E — F is said to be disjointness preserving if T sends disjoin
elements in E to disjoint elements in F, ie., |z| A |y| = 0 implies |T'(z)| A |T(y)| = 0 (or equivalently
x Ay = 0 implies |T'(z)| A |T(y)| = 0) for all z,y € E.

It can be easily seen that a linear operator is disjointness preserving if and only if |T'(z)| = |T'(|z|)|
for all z € F, while T is a lattice homomorphism if and only if |T'(z)| = T'(|z|) for all z € E. It follows
that a linear operator is a lattice homomorphism if and only if it is positive and disjointness preserving.
A nice description of order bounded disjointness preserving operators was found by Meyer in [14].

Theorem 2.2 (Meyer). Let E and F' be vector lattices and let T' be an order bounded disjointness
preserving linear operator from E to F'. Then
(1) There exist lattice homomorphisms TV, T~ : E — F such that T =T% — T~ and

TYe = (Tz)", T z=(Tz)” (x€ Ey);

in particular, T is regular and Im(T") L Im(T™).
(2) The modulus |T| exists, |T| is a lattice homomorphism, |T| =T% + T~ and

T(2)] = |T(lzD)| = [IT|(=)| = [T[(|z]) (z € E).

PROOF. See Aliprantis and Burkishaw [13, Lemma 2.39 and Theorem 2.40], and Huijsmans and de
Pagter [15, Theorem 1.1]. O

Corollary 2.3. Let F be a vector lattice with the projection property. For an order bounded
disjointness preserving linear operator T : E — F' there exists a band projection m € P(F') such that
T+ =7|T| and T~ = n*|T|. In particular, T = (7 — 7)|T| and |T| = (7 — 7 )T.

The following result is a very useful characterization of lattice homomorphisms.

Theorem 2.4 (Kutateladze). For a positive operator T' : E — F' between two vector lattices with F'
Dedekind complete the following statements are equivalent.

(1) T is a lattice homomorphism.

(2) For every operator S : E — F with 0 < S < T, there exists a positive orthomorphism R €
Orth(F') satisfying S = RT.

PROOF. The proof can be found in Aliprantis and Burkinshaw [13, Theorem 2.50]; for the original
proof; see Kutateladze [16]. The assumption of the Dedekind completeness of F' can be weakened, but it
can not be completely excluded; see Buskes and van Rooij [1] and Carothers and Feldman [17]. O

DEFINITION 2.5. A linear operator T : E — F is said to be n-disjoint if, for every collection of n+ 1
pairwise disjoint elements xg,...,z, € E, the meet of {|Tac1\, ce |Tscn|} equals zero:

(Vzo,x1,...,2n € E) xp, Loy (k#1) = |Txo|A---N|Txzp| =0.
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Proposition 2.6. The sum of n order bounded disjointness preserving operators acting between
vector lattices is n-disjoint.

PROOF. See Bernau, Huijsmans, and de Pagter [3, Proposition 2]. O
The converse of this is also true, provided that the target space is Dedekind complete.

Theorem 2.7. Let E and F' be vector lattices with F' Dedekind complete and let T be an order
bounded n-disjoint operator from E to F'. Then there exist n lattice homomorphisms 11, ...,T,, from E
to F' such that T =Ty + --- + T,. Moreover, T1,...,T, can be chosen pairwise disjoint.

PROOF. The first assertion is obtained in Bernau, Huijsmans, and de Pagter [3, Theorem 6]; the
second one in Radnaev [4,5]. O

It is easy to see that the representation of the n-disjoint operator as a sum of n disjointness preserving
operators is not unique, see [3, Example 7]. Radnaev [5] observed that the decomposition of an n-disjoint
operator is unique in a sense.

Proposition 2.8 (Radnaev). Consider two disjoint collections of order bounded disjointness pre-
serving operators 11, ...,T, and S1,...,Sn (m,n € N) from E to F. If Ty +---+T,, = S1+ -+ S,
then for each i := 1,...,m there exists a disjoint collection of band projections (71, ..., ) in P(F)
such that S; = Z?zl mi T}

§ 3. Purely n-Disjoint Operators

If an operator T is n-disjoint for some n € N, then T is m-disjoint for any n < m € N, but always
there is the least n € N for which T is still n-disjoint. At the same time, one can increase the length
of the decomposition in Theorem 2.7 and Proposition 2.8 by splitting any of the operators T} into the
sum of the components m Tk, ..., T} with a partition of unity 7, ..., 7, consisting of non-zero band
projections. These considerations motivate the following concept.

DEFINITION 3.1. A linear operator T : E — F is said to be purely n-disjoint if n is the least natural
for which 7T is n-disjoint for all nonzero 7 € P(T(E)*).

Clearly, if an operator is purely n-disjoint and purely m-disjoint then n = m. Moreover, the following
result states that an order bounded n-disjoint operator uniquely decomposes into a sum of purely k-
disjoint components, k < n.

Theorem 3.2. Let E and F be vector lattices with F' having the projection property, n € N, and
T an n-disjoint linear operator from E to F with F = T(E)**. Then there exist a unique collection
(k1,m1), ..., (k;,m) with naturals 1 < k; < --- < k; < n and a partition of unity {m1,...,m} in P(F)
with nonzero terms such that m;T is purely k;-disjoint for all ¢ :==1,...,1.

PROOF. Given 0 # 7 € P(F'), denote by s(m) = sp(m) the least natural £ € N such that 77 is
k-disjoint. Clearly, »(7) < n as 7T is n-disjoint for every nonzero m € P(F). Choose a band projection
with s(mg) = min{x(7") : 0 # 7’ < 7w}. Then 0 # 7y < 7 and 7 is homogeneous with respect to »
in the sense that »(my) = »x#(p) for all 0 # ¢ < m. By Definition 3.1 this means that w7 is purely
k-disjoint with k = s(mp). So, we come to the conclusion that for each nonzero m € P(F') there exists
a nonzero my € P(F) such that mg < 7 and moT is purely »(m)-disjoin. It follows that there exists
a partition of unity (m¢) in P(F') such that 7T is purely s(m¢)-disjoint for all {. The set of naturals
N := {x(m): 0 # 7 € P(F)} is contained in {1,...,n} and we can assume N = {ky,...,k;} for some
naturals 1 < ky < --- < k; < n. Put my,:= \/{m¢ : »(m¢) = k;} and note that {7y, ,...,m,} is a partition
of unity in P(F). It remains to observe that s(my,) = k; for all ¢ = 1,...,1. Indeed, »(mg,) > k; by the
definition of ». If k = s(my,) > k; then there exists a collection of pairwise disjoin elements o, ..., x,
such that my, [Txo| A- - - A|[Txy,| # 0. It follows that m¢|Txo|A- - - A|[Txy,| # 0 for some m¢ with »(m¢) = ks,
i.e., »(m¢) > ki; a contradiction.

Suppose now that there is another collection (k7,7}), ..., (k.,m.) with the same properties as (k1,71),
coey (kpym). I mo:=m A # 0 with @ <1 and j <, then mT is purely k;-disjoint and purely k}-disjoint
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simultaneously and hence k; = k; At the same time k; # k. whenever 1 < s < r, s # j, so that
m; A, = 0. This implies that m; < 779 and similarly 772. < m;. Thus, we have shown that, given 7 <[ and
j < r, either m; = ﬁ; and then k; = k;-, or m; A 775- = 0 and then k; # k; It follows that the collections
(k1,71),...(ki,m) and (K}, 7),... (K., m.) coincide. O

T i

Lemma 3.3. An order bounded linear operator T is n-disjoint (purely n-disjoint) if and only if so
is the modulus |T'| of T'.

PROOF. The first assertion was observed in the paper by Bernau, Huijsmans, and de Pagter [3] (see
the proof of Theorem 6), and the second is easily verified by similar arguments. O

DEFINITION 3.4. Say that two lattice homomorphisms 11,75 : E — F are proportional over w €
P(F') whenever w(Ty + T5) is a lattice homomorphism; purely disjoint over = if 7T L 7T5 and there is
no nonzero band projection p < 7 such that T} and 75 are proportional over p. If T} and T5 are purely
disjoint over any 7w € P(F') with 77} # 0 and 775 # 0 then T and T» are said to be purely disjoint.

Lemma 3.5. Let F and F be vector lattices with F' Dedekind complete. For a pair of lattice
homomorphisms Ty and Ty from E to F there exist a unique band projection 7 € P(F') such that T;
and T are proportional over m and purely disjoint over n+:= Ir — w. Moreover, Ty and Ty are disjoint
if and only if Im(7T}) and Im(nT3) are disjoint.

PROOF. Denote Tp:= Ty + T» and 7:= \/ II(Tp), where II(Tp):= {#' € P(F) : «'Ty € Hom(E, F)}.
Clearly, for any 7’ € II(Tp) and ©” € P(F') the relation 7" < 7/ implies 7" € II(Tp); therefore, there exists
a disjoint family (7¢)eez in II(Tp) such that m = ¢z me. It follows that 7w € II(Tp) or, equivalently,
71y € Hom(E, F), as 7Ty = 0-) ¢z meTo and Im(meTp) L Im(m,To) for all § # 1. Now define T:= 7T
and observe that, in view of the equality T' = 7717 +nT> and the Kutateladze Theorem, there exist positive
orthomorphisms ag,as € Orth(F)y such that 777 = a1 T, 7Ty = aoT, and the equation a; + ag = 7
holds on Im(7"). The latter implies a; + a3 = m, so that 77 and T% are proportional over .

Prove the second part of our claim dealing with 7. Assume that Im(7*T7)*+ # 71t F. Then there
exists a nonzero band projection p < m+ such that pT; = 0. Thus, (7 + p)Ty = 7Ty + pTs € Hom(E, F),
since 71y, p1o» € Hom(E,F) and m L p. So, get the inclusion m + p € II(Tp), which contradicts the
definition of 7, and therefore, Im(7+T} )+ = 7+ F. The same reasoning works for Tb.

We now put S:= (71Ty) A (7tT) = 7+ (Ty A Ty) and let p stand for the band projection onto the
band in F generated by S(F). By Kutateladze’s Theorem there are orthomorphisms i, 2 € Orth(F')
such that 0 < (1,02 < p and S = (1Th1 = (2T». Moreover, ker(51) N pF = ker(B2) N pF = {0},
since ker(By) = Im(By)*; see [13, Theorem 2.52]. It follows that one can pick an invertible positive
orthomorphism 3; € Orth(F™) such that Bl|p = (1 and B;lﬁ = p, where F'* is the universal completion
of F' (see, for instance, [18, Corollaries 3.8, 3.10, and 4.6]). Denote §:= ﬁlﬁg and observe that pTy =
(B+p)T> € Hom(E, F); therefore, (m+ p)Ty € Hom(E, F) as m L p. By the definition of 7 we have p =0
and hence S =0. O

REMARK 3.6. It follows from the above that for the same E and F, Lemma 3.5 can be stated
in more detail in the following way. Given a pair of lattice homomorphisms 77 and 75 from E to F,
there exist a unique band projection = € P(F), a lattice homomorphism 7" € Hom(E, 7 F'), and positive
orthomorphisms oy, as € Orth(F')4 such that

a1 +ag=m, 7wl =T, 715 = asT, Im(T)LL =naF,
Im(7+T)) = Im(7xt T)H =7t F, 77y L7t

Moreover, T1 and T5 are disjoint if and only if we can choose a; and as disjoint.

For completeness of the presentation, we also reproduce the following auxiliary fact, which can be
found in [7, Proposition 3.12.B.4].
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Lemma 3.7. Given n pairwise disjoint nonzero real-valued lattice homomorphisms hi, ..., h, on
a vector lattice E, there exist pairwise disjoint elements x1,...,x, € E such that h;(x;) = d;; for all
i,j:=1,...,n (with d; j the Kronecker delta).

ProoF. Pick u; € E; with hi(u;) > 0 and put w:= uj; + -+ + u,. By the Kakutani—Kreins
Representation Theorem the order ideal E, in F generated by u can be identified with a norm dense
vector sublattice of C'(Q) containing constants and separating points, where C'(Q) is the Banach lattice
of continuous functions on a Hausdorff compact topological space ). Moreover, u corresponds under
this identification to the identically-one function 1o € C(Q). Then the restrictions hi|g,, ..., hn|g, are
pairwise disjoint nonzero lattice homomorphisms. Let h; stand for the extension of k|, to C(Q) by norm
continuity. Clearly, le, cee ﬁn are also pairwise disjoint nonzero lattice homomorphisms and so there exist
distinct points qi, . .., gn € Q such that h; coincides with the Dirac measure dg 1 — z(q) (z € C(Q)).
By the Tietze-Urysohn Theorem we can find pairwise disjoint continuous functions yi,...,y, € C(Q)
such that y;(g;) =1 and 0 < y;(¢) < 1forallq € Q and i:=1,...,n. Take g; € E, so that ||y; — 7;|| <
£ < 1/2 and note that h;(y;) —e > 1—2e > 0 and §; —elg < yi. Put z;:= (hi(7;) —€) 1 (7; —elg)t and
observe that {x1,...,2,} C F is the required collection. [

Theorem 3.8. Let E and F be vector lattices with F' Dedekind complete. For a finite collection
S1,...,5y, of order bounded disjointness preserving operators from E to F the sum S:= S1+---+ 5, is
purely n-disjoint if and only if Sy(E)* = ... = S,(E)*" and S, L S; for all 1 < k,1 <n, k # L.

PrOOF. The “only if” part is immediate from Lemma 3.5. Indeed, applying Remark 3.6 to the lattice
homomorphisms T; := |Sg| and T := |Sj| yields m = 0, since otherwise we can replace «|Si| + 7|S;| by
(a1 + a2)T for some lattice homomorphism T : E — F and arrive at the inequality 7|S| <>, 7[S;[+

7T with n —1 terms on the right-hand side, whence 7|S| is (n — 1)-disjoint, which contradicts Lemma 3.3.
Thereby |Sk| L |S;| and Im(|Sg|)t* = Im(|S;|)*+, or equivalently, Sy L S; and Im(Sg)++ = Im(S;)*++.

To verify the “if” part, suppose that Si,...,S, are pairwise disjoint and Si(E)*t = F for all
k=1,...,n. We can assume without loss of generality that Si,..., .S, are lattice homomorphisms, since
|S| = |S1| + -+ -+ |Sn| and Im(Sy)*+ = Im(|Sg[)*+ for all k:=1,...,n. Fix an arbitrary nonzero band
projection p € P(F) and verify that pS is not (n — 1)-disjoint. Since Sg(FE)**+ = \/{Sp(u)**: v e E.},
we can choose a nonzero band projection o < p and uy,...,u, € E, such that oSy (uy)** = o(F). Put
u=1u + -+ Up, v =51(u1) + -+ Sp(u,) and denote by E, and F, the order ideals in F and F
generated by v and v, respectively. Let S and Sy, stand for the respective restrictions of ¢S and oS}, onto
E,. Then S,..., S, are pairwise disjoint lattice homomorphisms from F,, into ¢ F, and S'k(Eu)Ll =oF,
forallk=1,...,n.

Identify oF, with C(Q) for some totally disconnected compact Hausdorff space @ and put H :=
Uk# Hy,;, where Hy,; is defined as

Hyp:={q € Q: |04(Sk + Si)x| = 6q(Sk + S1)(|z|) for all x € E,}

with J, denoting the Dirac measure at ¢ € Q). Then H is a closed subset of @), since such are Hy,, its
interior U := int(H) is clopen, and let 7 stands for the corresponding band projection in C(Q), i.e.,
7 f = xvf (f € CQ)). Clearly, 7(Sy + S)) is a lattice homomorphism by the definition of Hy; and,
by Lemma 3.5, we get the relation Im(7Sy) L Im(wS;) which is impossible by virtue of the equalities
Si(Ey)*t = S)(E,)** = oF,. Tt follows that 7 = 0 or, equivalently, H is nowhere dense. Thus, Q \ U
is dense in @, so there exists a real-valued lattice homomorphism h on F, (we can take h = ¢, with
g € Q\U) such that hoSy,...,hoS, are pairwise disjoint nonzero lattice homomorphisms on E,. By
Lemma, 3.7 there exist pairwise disjoint elements 0 < z1,...,z, € F, such that (ho S;)(x;) = i for all
k,l:=1,...,n (with the Kronecker delta dx;). It follows that

1= A (hoSk)(zx) = h( S(:z:k)> = h( A O—S(zk)>,
k=1 k=1 k=1

and we arrive at the relation 0 < oS(z1) A+ AoS(zy) < pS(x1) A+ A pS(zy). Consequently, S is not

(n — 1)-disjoint and the proof is complete. [J
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Corollary 3.9. Let E and F be vector lattices with F' Dedekind complete. Order bounded dis-
jointness preserving operators Sy, Sy : E — F are purely disjoint if and only if S; 1 Sy and Si(E)*+ =
So(E)*:+.

PrOOF. Evidently, if S; L Sy and S1(E)*t = Sy(E)*+ then S; and Sy are purely disjoint. There-
fore, it only needs to be noted that, in accordance with Definitions 3.1 and 3.4, if S; and Sy are purely
disjoint then S; 4 S2 is purely 2-disjoint and the required result follows from Theorem 3.8. [

REMARK 3.10. It was shown in Kusraev and Kutateladze [7, Theorem 3.8.7] that Lemma 3.5 is
a Boolean valued interpretation of the following simple fact: Every two real-valued lattice homomorphisms
on a vector lattice are either disjoint, or proportional. Similarly, we can show that Theorem 3.8 is
a Boolean valued interpretation of the assertion: The sum of a finite collection of real-valued lattice
homomorphisms is n-disjoint if and only if they are pairwise disjoint and the number of nonzero terms
is n.

§4. The Main Results

In this section, we answer the following two questions: Under what conditions is the finite sum of
disjointness preserving operators n-disjoint and in which sense the decomposition of a n-disjoint operator
into the sum of disjointness preserving operators is unique? We start with the two simple auxiliary facts.

Lemma 4.1. Let T : E — F be a lattice homomorphism and F = T(E)‘*. Then there exists
a Boolean isomorphism from the Boolean algebra C(T') of components of T' onto the Boolean algebra of
band projections P(F') such that ¢(S)oT = S for all S € C(T).

PRrROOF. See Kusraev [19, Proposition 3.3.4(1)]. O

Lemma 4.2. Let Si,...,Sn,T be lattice homomorphisms from a vector lattices E to a Dedekind
complete vector lattice F' and S; € T+ for all j < N. Then there exists a partition of unity 71, ..., 7N
in P(F') such that

ST+ +anSN =51V -V Sy.

PROOF. The operator S:= S;V---V Sy lies in the band 7"+, so that S is a lattice homomorphism.
Since 0 < §; < S by the Kutateladze Theorem, we can find o; € Orth(F) with S; = ;T and 0 < o; < I
(j = 1,...,N). There exists a partition of unity m1,...,my in P(F) such that ma; + -+ + "yay =
a1V---VayandsomS1+---+7nSy = (a1 V---Vayn)S. Using the Meyer Theorem, for every = € E,
we deduce

(a1 V---Vay)Sz = (a1Sx)V---V(anySz) =SV -V Syx = (S1V---VSy)x

and the proof is done. [

DEFINITION 4.3. Given two collections .7 := (T1,...,Ty) and .7 := (S, ..., SN) of linear operators
from E to F, say that .7 is a P(F')-permutation of . whenever there exists an N x N matrix (m; ;) with
entries from P(F'), whose rows and columns are partitions of unity in P(F), such that T; = Z;VZI i ;S;
forall i:=1,...,N (and so S; = Ei\ilﬂi,jTi for all j:=1,...,N).

We now present our first main result on the collections of order bounded disjointness preserving
operators Si, ..., Sy with purely n-disjoint sum |Sy| + --- + [Sn|.

Theorem 4.4. Let E and F be vector lattices with F' Dedekind complete and n, N € N with

n < N. For a collection of order bounded disjointness preserving operator Si,...,Sy from E to F' the
operator |Si|+-- -+ |Sn| is purely n-disjoint if and only if there exists a P(F')-permutation T, ...,Ty of
S1,...,SN such that Ty, ...,T, are pairwise purely disjoint and, whenever n < N, each of T41,...,TN is

representable asT; = Y | a; T}, for some pairwise disjoint 0 < oj1,..., 05, € Z(F) (j:=n+1,...,N).
PRrOOF. We can assume without loss of generality that S(E)*+ = F, where S = |S1| +--- + |Sn]|.
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Sufficiency. Assume that a P(F)-permutation (71,...,7n) of (S1,...,Sn) satisfies the hypothesis
of the theorem. Then S = 6111 + -+ + BT, with By := Ip + Zj'\f:nJrl ajr for all K = 1,...,n. Note
that B3y > Ir and hence (3 is invertible in Orth(F), so that Im(G8yT})*+ = Im(Ty)*+. Tt follows
Im(B1Th)* = - =Im(B,T,)*+ and S is purely n-disjoint by Theorem 3.8.

NECESSITY. Suppose S is purely n-disjoint. We will proceed in four steps.

STEP 1. We verify first that there is no loss of generality in assuming that Si,..., Sy are lattice
homomorphisms. Indeed, if the claim is true for lattice homomorphisms then there exists a P(F')-
permutation Ry,..., Ry of |Si],...,|Sn|such that Ry, ..., R, are pairwise purely disjoint and, whenever
n < N, each of Ry4+1,..., RN is representable as R; = 22:1 a; Ry, for some pairwise disjoint 0 <
Q1,05 € Z(F) (j:=n+1,...,N). Let (m;;) be the N x N matrix of P(F)-permutation as in
Definition 4.3 and put T; = Z;VZI m; ;S5 for all i:=1,...,N. Then |T;| = R; and hence T} ...,T;, are
pairwise purely disjoint. By Corollary 2.3 there exists an orthomorphism 7; of the form p; — pf‘, pi € P(F),
such that T; = 7;R; for all i = 1,...,N. Now, if n < N and n < j < N then, putting o, := 70, 7% We
deduce

n n n
T; =7;R; = ZTjaj,kRk = ZTde’kaTk = Zaj’ka'

k=1 k=1 k=1
STEP 2. By Theorems 2.7 and 3.8 there exist pairwise disjoint lattice homomorphisms R;,..., R,
with S = Ry + --- + R, and Ry(E)*+ = --- = R,(E)**. Denote by [Ry] the band projection onto the
band Ré-J- in L"(E, F). Define lattice homomorphisms 77, ...,7T, from E to F' by putting
Tjp := [Re](S1 V-V SN) = [R](S1) V-V [R](Sn) (k=1,...,n). (1)
It follows from NS < S;V---vVSy < Sand S = Ry +---+ R, that N"'R, < T), < Ry, so that
TkJ-J- = R,i-J-. In particular, T1,...,7T, are pairwise disjoint. Moreover, Ty := 11 + --- + T, is purely

n-disjoint, since so are S1+ .-+ Sy and Ty = S1 V---V Sy. By Lemma 4.2 we can find a partition of
unity 7y 1, ..., 7N in P(F) such that

Tyo:= mpa [Re]S1 + -+ + v [Re] Sy = [Rp](S1 V-V SN) (k:=1,...,n).

Ensure that my, j[R;]S; = 7 ;S; for all & < n and j < N. Since every component of a lattice homo-
morphism H : E — F is of the form 7H with 7 € P(F), we can pick a band projection 7 ; in F
such that [Ry]S; = 73,;S; for all j = 1,...,N. If my € P(F) satisfy m9 < 71 ; and mo7; = 0, then
0= ﬂoTkijj = Fo[Rk]Sj = Wo[Rk]Fk’ij = 7TOTk. It follows that T — 0 as Tk(E)J‘J‘ =F by Lemma 4.1,
so that 7y, ; < 73 ;. Thus my j[Rg]S; = 7k 7k jS; = 7k ;S and we arrive at the representation

Tjp:= 7181+ -+ NSy = [Re)(S1 V-V Sy) (j:=1,...,N).

Observe also that the band projections my j,...m, ; are pairwise disjoint for every j < N. Indeed,
if mp := m; A m; for some k # [, then the lattice homomorphisms moT}, = mS; and 71} = mS; are
disjoint as 7y, ; Ty = my ;Sj, m ;1) = m ;S; and T}, L T;. This implies that 0 = m9S; = moT}, and, applying
Lemma 4.1 to T}, we obtain mg = 0 which is equivalent to m ; L m ;.

STEP 3. Put pj:= >} ;7 ;. In order to construct Ty11,...,Tn, we need to find an (N —n) x N
matrix (7 j)nt+1<k<nN,j<nN Whose rows are partitions of unity in P(F') and the equality Zé\f:nﬂ Thj = ,oj-
holds for every j:=1,..., N. In this event we define T} := Zjvzl 7,95 for all n < k < N. We apply
an algorithm similar to the so-called northwest-corner method of allocation which appears in virtually
every text-book chapter on the transportation problem. We have in mind the following interpretation:
the amounts o := pf, e, ON = pﬁ of N supply variables need to be allocated over the values d,,+1 =
Ip,...,0ny = Ir of N —n demand variables with total supply being equal to total demand:

N N
Sef= 3 m= N ik
j=1 j=n+1
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The balance ratio is easily verified:

N

N n n N
St =3 (e = Yom ) = Ne = 33y = N =l = (N =
j=1 k=1

j=1 k=1 j=1

According to the northwest-corner method select the north west corner (n + 1,1) of the desired matrix
and put w44 1:= 0 for all 1 <k < N, whenever o1 = 0; otherwise put m,41,1:= 01 = pf and 7y 1:=0
for all 2 < k < N. Adjust 01 and 61 as 01 := 01 — Tpy1,1 and 1 := 61 — Tp4q,1. If it turns out that
01 = 0, then put my41,; = 0 for all 2 < 5 < NN, otherwise define m,112:= 02 — m,41,1. In the latter case,
adjust o9 and 01 as 09:= 09 — Tn41,2 and §1:= ;1 — Tp+1,2-

Working with these new o9 and d1, put m,412 = 0 for all 1 <k < N whenever 0; = 0; if we find that
o9 =0, put mp41; = 0 for all 3 < j < N and we set Tp113:= 02(Tnt1,1 + Tnt1,2)" otherwise. In the
latter case we again adjust o2 and 01 as 09:= 02 — 41,3 and 01 := d1 — mp41,3. Continuing, after IV steps,
we obtain pairwise disjoint band projections m,11,...,Tph4+1,8 Whose sum is equal to Ir in accordance
with the balance relation.

To continue, find the least jo € N with 7,42, # 0 and repeat the above reasoning, starting with
(n+ 2, jo) as the new north-west corner. As a result, we obtain the required (N —n) x N matrix.

STEP 4. It follows from (1) that [Ry]S; < Tj and S; < Ty + ---+ T, for all j < N. By Kutateladze
Theorem there exist 0 < (3;, € Orth(F) such that S; = Y, ;i for all j < N. Moreover, if
Bj := Bjr N Bjy for some k # [, then S; > B3;(Ty, + T;), which implies that 3; = 0, since otherwise
Bj(Ty, +T;) is a nonzero lattice homomorphism contradicting purely n-disjointness of 71 + - - - +T,. Thus

. N
Bjk L Bj; and putting a1k := ijl Tn+1,50j,k we deduce
N N n n
Top1 =Y Tni159 =Y Tnirg D BikTh =D oni1sTh,
j=1 j=1 k=1 k=1

N N N
Qnt1k N\ Qpy1) = E § 1, Tn+1,i05.k08i1 = E Tn+1,i 85,6051 = 0.

j=1i=1 j=1
The same reasoning works for T, 12, ...,Tn and the proof is complete. [
REMARK 4.5. If Sj,..., Sy are pairwise disjoint then the operator |Si| + --- 4+ |Sn| is purely n-

disjoint if and only if so is S1 +-- -+ Sy, since |S1 +---+ Sn| = [S1|+ -+ |Sn|. Therefore, in this case
in Theorem 4.4 we can replace |Si|+---+ |Sny| by S1+--- + Sn.

Lemma 4.6. Consider two collections 7 := (Th,...,Ty) and . :== (S1,...,SN) of order bounded
disjointness preserving operators from a vector lattice E to a Dedekind complete vector lattice F'. If
both . and . consists of pairwise purely disjoint operators and Ty + -+ +Tnx = S1 + --- + Sy, then
each of 7 and . is a P(F)-permutation of another.

PROOF. We may assume without loss of generality that Tj(E)*+ = S;(E)*t = F for all 1 <
J,k < N. By an argument similar to that used in the proof of Theorem 4.4, Step 2, we deduce the
representation T}, := 7151 + - - - + 7, v Sy with a partition of unity 7y 1,..., 7 n in P(F). Moreover,
T,; L Ty whenever k # [. Since 7y, jT), = 7y, ;5;, we have

N N N N N
DpiSi =20 mriTe =D S pyi= D ey
j=1 k=1 k=1

j=1k=1

It follows that Zé\f:l(Ip — p;j)S; = 0 and hence p; = --- = py = I, since Si,..., Sy are pairwise purely
disjoint. Thus, .7 is a P(F')-permutation of .# with the N x N matrix (7 ;). O

DEFINITION 4.7. A collection (k1,71),. .., (ki,m) is said to be a decomposition series in P(F') when-
ever 1 < k; < --- < k; are naturals and {71,...,m} is a partition of unity in P(F') with nonzero terms.
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We say that an n-disjoint operator T' has a decomposition series (ki,71), ..., (k;,m) in P(F) if, in addi-
tion to the above, k; < n and there exist order bounded disjointness preserving operators 11, ..., Ty, from
E to F such that T' = T1 +- - -+ T}, and m;11,. .., T}, are pairwise purely disjoint for every i = 1,...,1.

Note that in this event, for every ¢ <[, we have the representation m;T" = m;T1 + - - - + m; T}, which is
unique up to P(m; F')-permutation by Lemma 4.6.

Corollary 4.8. Let F and F be vector lattices with F' Dedekind complete and n,N € N with

n < N. For a collection of order bounded disjointness preserving operators Si,...,Sy from E to F
the operator |Si1| + --- + |Sn| is n-disjoint if and only if there exist a P(F')-permutation T1,..., Ty of
Si,...,Sn and a unique decomposition series (ki,71), ..., (ki,m) in P(F') such that for each 1 < i <[ the
operators m;11,..., Ty, are pairwise purely disjoint and, whenever k; < N, each of m;Ty,+1,...,m1TN
is representable as m;T; = le’zl ;s Ts for some pairwise disjoint 0 < ;j1,...,05 5% € Z(mF) (j:=
ki—i-l,...,N).

PROOF. Assume that T := |Si| + --- + |Sn| is n-disjoint. By Theorem 3.2 there exist a unique
decomposition series (ki,71),. .., (k;, ™) such that k; < n and m;T is purely k;-disjoint for all i:=1,... 1.
By Theorem 4.4 there exists a P(m; F')-permutation T; 1, ..., T; y of m;S1,...,mSy such that T; 1,. .., Ti g,
are pairwise purely disjoint and, whenever k; < N, each of T}y, 41,...,T; n is representable as

k;
T:; = E ik Tik
k=1

for some pairwise disjoint 0 < ; j1,..., ik € Z(mF) (j:=k;+1,...,N). Define now T} by putting
Ty=T;+ - +1i;

It is not difficult to verify that T} satisfy the required conditions. [J

Next we state our second main result answering to the uniqueness question of the decomposition
of an order bounded n-disjoint operator in terms of pairwise purely disjoint operators that preserve
disjointness.

Theorem 4.9. FEach order bounded n-disjoint operator T' from a vector lattice E to a Dedekind
complete vector lattice F' has a unique decomposition series (k1,m1), ..., (k, ) in P(T(E)*L).

PrROOF. By Theorem 2.7 a representation T' = S7 + --- + .5, holds with disjointness preserving
operators Si,...,S, from F to F. According to Theorem 3.2 there exists a unique decomposition series
(k1,71), ..., (k;,m) in P(F') such that 7;T is purely k;-disjoint for all ::=1,...,l. Apply Theorem 4.4 with
N :=n and n:= k; to the operators m;S1, ..., 7S, and find a pairwise purely disjoint P(7; F')-permutation
Tixy-.., Ty of mS1,...,mSy. If k; < n then, just as in the proof of sufficiency in Theorem 4.4, T; ; is
replaced by 3; ;1 ; with §; j:= Ip + ZZZkiH o j 1 for some pairwise disjoint «; j, € Orth(m; F'), keeping
the same designation T; ; for the new operator. Clearly, T; 1, ..., T; s, are disjointness preserving operators
from F to mF and T;1 + -+ - + Ti,, = miS1 + -+ + miSp. Now, for k; < j < k1 and 1 <4 < define
T;: E— F by Tj:=Ty,;+---+1;;. It can be easily seen that T1,...,T}, are order bounded disjointness
preserving operators from E to F and

1

k; l k; [ k; l l l kg [ n

IED A I IIED O N ED W LSS

j=1 i=1 j=1 i=1 j=1 s=1 i=1 Ns=1j=1 i=1 j=1
Since m1; = T;; for j < k; and mTy,+; = 0 for 1 < j < k; — k; by construction, the operators
w11, ..., mT}y, are pairwise purely disjoint for every ¢ = 1,...,[ and this completes the proof according
to Definition 4.7. [

REMARK 4.10. The problem of finding conditions for a finite sum of order bounded disjointness
preserving operators to be n-disjoint was treated in the book by Kusraev and Kutateladze |7, Section 3.8]
using Boolean valued analysis. Theorem 4.4 coincides essentially with Theorem 3.8.7 in [7]. However,
the above proof uses the standard toolkit and does not depend on the Boolean valued approach.
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