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Abstract. We consider the existence of single and multi-peak solutions of the
following nonlinear elliptic Neumann problem

—Au+22u = Q) |ulP2u in RY,
3
ﬁ — f(x,u) on aRY,

where A is a large number, p € (2, N—fz) for N > 3, f(x, u) is subcritical about # and

Q is positive and has some non-degenerate critical points in ]R_"\_'. For A large, we can get
solutions which have peaks near the non-degenerate critical points of Q.
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1. Introduction

In this paper, we consider the multiplicity of single and multi-peak positive solutions of
the following problem:

2 -2 . N
—Au+Au=Q0x)|ul’""u in RY, 0
8 .
a—u = f(x,u) on 8R$ = RN
n

where 1 € R and g—”j denotes the outward unit normal on B]Rﬁ 12 < p < 2F(2F =
%), N > 3; Q(x) and f(x, t) satisfy the following conditions:

Qp): 0 =0,0 € C3(Rﬁ), DiQ are bounded on RY, i = 0, 1, 2, 3; there exist k
pointsa’ € RY, j =1,...,k suchthat Q(a’) > 0, DQ(a’) = 0,det(D*Q(a’)) #
0;
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(f1): f(x,0) =0, fi(x,0) =|fo(, fi(x, 1) € CRN=1 x R);
(x,t

(f2): 3y > 0, such that lirr(l) S < 00, uniformly for x € RN-L
r—

(f3): lim L&Dl — 0 4 e (1,2, — 1) (2, = 2¥=2), uniformly for x € RV~!,
t—oo 7 N-2
The semilinear elliptic equations in Rﬁ’ with nonlinear boundary condition have received
a great deal of research in recent years, for example [8, 15-17,19]. In [15], Wu Tsung-fang
has investigated the following equation

{—Au +u=gx)|u’>u in RQ\_’, P)

Wy f)u2u =0 ondRY = RN,

where 1 < g < min{p, 24},2 < p < 2%, g(x) = 1 + Aa(x). He got that under suitable
decay assumptions on f and a,

0 < f <Crexp(—rrlx]); a(x) = Crexp(—rq4lx]); a(x) = 0,|x] - o0

for some constants C1, C2, 1y, 1, > 0, there exists a positive number A, such that the
equation (P) has at least three positive solutions for A € (0, A,) and one positive solution
for A € {0} U [Ay, 00). In [16], Wu considered the multiplicity of positive solutions of (P)
with sign-changing coefficient in which g(x) = a(x) + ub(x), f(x) = —Ac+(x) —c_(x)
and a(x), b(x), c(x) also satisfy some asymptotic properties.

For problem (1.1) in RY, the existence of positive solutions has been established by
several authors. For example, in [1], the authors have got a positive solution in which
QO (x) is required to satisfy

0(x) = 0, Q(x)— Q> —Cexp(—2—36|x|), as|x| > oo,

for some constants Q, C,5 > 0. In [2], the authors considered that (1.1) in unbounded
domain has at least one positive solution under condition

Q(x) — Q > —Cexp(—8|x|), as|x| — oo.

The above results are derived by variational method, and because of the loss of com-
pactness on unbounded domain, the authors recovered the compactness partially by adding
asymptotic decay condition to coefficients. We have to mention that in [3,5,9,11, 18], this
kind of asymptotic property is removed, for example, Cao in [5] has considered the exis-
tence of positive multi-peak solutions for equation (1.1) in RY under condition (Qy). If
Xo is a strict local minimum point of Q(x), it is proved in [11] that the problem (1.1) in
RY has a multi-peak solution with all its peaks near xg. The results in [9] tell us that the
above result is not true for the strict local maximum point of Q.

We also mention that, when f = 0, and €2 is a bounded smooth domain in RN the
problem (1.1) has also been considered by several authors in [4,6,7,12,14]. In [7], Cao et
al. considered (1.1) subject to homogeneous Dirichlet boundary condition, if the coeffi-
cient Q(x) has k non-degenerate critical points, then the problem has only k single-peak
solutions. In [4], the following problem

—eAu+u =ul™! in ,

0
_u:0 on 092
on
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has a solution whose peak near the local strict maximum or minimum point of the mean
curvature of the boundary €2 for ¢ small enough. In these papers, both the topology of ©2
and the shape of Q play an important role in the existence of positive solutions of (1.1)
and on the location of their peaks.

In the present paper, stimulated by [3,15,18], we consider the single and multi-peak
solutions of (1.1). To state our results more precisely, we introduce some notation first. Let
U be the ground state solution of the problem

—Au+u=u"u in RV,

ue H'RY), u(0) = max u(x). (1.2)

xeRN
It is known in [10] that U is a positive decreasing radial function, and
lim U(x)e"x|N=D/2 =€ > 0.
|x|—o00

Fora e Rﬁ, U, denotes the translate of U by a. Our main result is the following.

Theorem 1.1. Assume condition (Qy) holds,2 < p < 2*, N > 3, (f1) (f2) and (f3) hold.
Then there exists Ay > 0 large enough such that for » > g, (1.1) has 2¥ — 1 positive
solutions satisfying: foranyl = 1, ..., k, there are C,l(: = w solutions of the
form

1
wpg =2P2 [Za,»,.z/(x(y —al —x7()) + wj,mxy)} :
i=1

in which J = (ji.....j0, ji € (... k} ji # jm. if j # m; x/ () € RN wy, €
H 1(}Rﬁ), and satisfying

xdi A =0, aj — (Q(aj"))_l/(p_z), wy,; — 0 strongly in Hl(Rf),

as A — oo.

2
Setv(y) = A~ 7 2u(3), then (1.1) becomes

{—Av—i—v: Q(% [v|P~2v  in Rﬁ, 13

—p 2
g_’vi =AP2f (%’)\P—2U> on B]RJA:.

If u; is a solut_ion of (1.3), and by a translation for u; we set v, (y) = u;(y + ra’),
yE Rﬁ — {\a’}, then v, satisfies the following equation:

{—Avx+v;\ =0 (3 +aj) v’ v, inRY — {ra’}, 0

: =z o2 .
% =Ar2f (% +a’, )»P*H);L) on aRY — {a’}.



22 Page 4 of 26 Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:22

When L — oo, for y € 8Rﬁ — {xa’}, we have |y| — oo, and (1.4) becomes
—Au+u=0@)ulP*u in RV,

Now we are trying to find the solutions of (1.3) in the form Z i—1 Olj MUy — ral —
xk) + w;.(y), in which a/ is the non-degenerate critical point of Q, x)\ and w,,_ are small

perturbations. If v(y) = ijl aj(MUQy— ral — xk) —+ wy () is a solution of (1.3), then

2 2 . :
up(y) = Ar-2v(Ay) = Aﬁj[zlj:l a;(MU@Ry — ra’ — x){) + w,\(y)] is a solution of
(1.1).
Throughout this paper, we denote Hl(Rﬁ) by H'. Define lull i) = (fQ [Vul> +

uzdx)%. Let (-, -)q denote the usual scalar product in H 1(Q). For simplicity, we write
-1=1- ”Hl(Rﬁ) and (-, ) = (, )Rﬁ Set
B,(0) = {x e RY, |x| < p}, and fix

o > 0 small enough so that {Bs, (a')} are disjoint;

Ep:{(al,...,al,xl,...,xl):
R S B .
aj € (=p+Qa’) 72, p+ Qa’) 72),x) € B,(0),j =1,....1%
Mi’n = {(al,...,al,xl,...,xl,w) :
(@, ...,a,x", .. xh) e Zap,w € Ey 1 s lwll < n};

E, v1, x = {ue H], (U, Usgisxi) = <u, M> =0,

J
ax;

Define the corresponding functional K of problem (1.3) as follows:

1 1 =r 2
Ko = 3l = /R 0 () ulrdy — 272 fRN F(2.37u) do,
+ IRy

in which F(x, 1) = [5 f(x,s)ds. For (1, ..., a5, x', ..., x',w) € M, we define
D, x, w) = K (B Us g7 + w).
PROPOSITION 1.1

There exist no > 0 small enough and Ao > 0 large enough such that for . > X,
n € (0, no), (a1, ..., al,xl, oxl w) € M)[M7 is a critical point of Jj, in M)lw7 if and

only ifu = le:l U, i i + wis a critical point of K;, in Hl(Rf).

The proof of Proposition 1.1 is quite similar to the proof of Lemma AS in [5], and so is
omitted. Notice that by Lagrange multiplier theorem, (o, x, w) € M, ! 1s a critical point
of J; if and only if there exist constants B;, yum;, j=1,...,[; m = 1 , N such that
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g =0, j=1...0
9 _ . 82U}»01+\J L . — .
ax,.f_m;”"’f<w’ xin dx! » i=L.. N j=1....5 (1.5)
aJ; 7 S N o, W g (R
(o 9) = > Bilo, Upgigxi) + > Ymj Q. =) g € ( +)-
m=1 m=1j=1 i

Our arguments are essentially similar to those in [5,13] and based on a reduction method
and fixed point argument. In section 2, we establish the existence of one peak solutions of
(1.3), and multi-peak solutions in section 3.

2. The existence of single peak solution

Theorem 2.1. Assume condition (Q1) holds with a € Rﬁ. Then there exists a constant
Ao > O such that for any ) > Ao, (1.1) has a solution of the form

2
up(y) = 272 (a Uy — Aa — x;3) + wi(y)),
1
satisfying that as A — 00, ) — (Q(a)) 72, x; = 0, wy, — 0in H', w; € Ej x, .

Without loss of generality, we may assume that Q(a) = 1. If u, (y) is a solution of (1.1)

in the form )\ﬁ (aAU()\y —Aa —X;) + wy (y)), then by easy computation, it is known
that o) Upg+x, () + wi(y) is a solution of (1.3). Hence, to find the solution of (1.1), it
suffices to find a critical point of K in the form u(y) = aUjg4+x(¥) + wa(y), wi € Ej x.
By Proposition 1.1, this is equivalent to finding a critical point («, x, w) € Mxl,n of Jj.
Thus we only need to prove that for small n and large A, there exist scalars y, B;(j =
I,...,N),x, € B,(O)and w € E,_,,, such that

aJy

— =0, 3
" ()

N 2

8./)L a UAa—i—x .

— = i(w, —— ), i=1,...,N, 3
ax; X::'BJ <w axj'axi > l )
8.])L Uka+x 1

<%,§0> Y Ura+x, ¢) + Z.BJ< ox; ) >, peH. (Bw)

Now we will solve the equations in (3,), (3;), 3w). The proof of Theorem 2.1 will be
divided into several propositions in the following.

PROPOSITION 2.1

Assume that condition (Q1) holds withxg = a € Rﬁ . Thenthere exist .y > 0, p > 0small
and a continuous map U such that for any (A, x), . > Ao, |x| < p, AA, x) = wy x € Ej «
in which wj,_ , satisfies (3y,) for some (y, B1,...,BN) € RN*L. Moreover, there is a
constant C > 0, such that
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||wk,x|| <=

= 2.1)

Proof. We follow the argument due to Cao [3]. Expand J, in a neighbourhood of w = 0
in E; x, and by the definition of J,, we have

Do, x, w) = (e, x,0) + Ly(w) + Fr(w) + R(w)
Li(w) = —/ 0 (3) @V M wdy — 17
]RQ N a-—+x

/ f
()RN

p—1 y _
Fw) = Slwl? - =—— /RN 0 () @Usain)wdy — 27
+

/N

y _2_
e )»!'*ZotU;LaH) wdo,

2

(Y % 2
= A 2aUg4x ) wdo,
aRY T \A
N

Rw) = O(llw|”), p = min{p,3}.

Claim 1.

1
IL:ll =0 <ﬁ> (2.2)

In fact, by the property of U, we have

_ aU,,
/ (Usatx)? " twdy = (w, Upgiy) — / — do
RY oRY  On

aU
=/ 22ratx hdo = 0@ ) ||w). (2.3)
oRY QYN

for some suitable T > 0 small enough and it may change from line to line. If X is large
enough, then it follows from assumptions on Q, (2.3) and with mean value theorem that,

fR X (3) @Usar)~ wdy

=/ Q<Z+x +a> (@U ()P w(z + ra + x)dz
IN>—AAN—XN

A
= / (Q (ﬂ + a> - Q(a)) (U 2)" 'w(z + ra + x)dz
IN>—AAN —XN A
+ 0™ |wll
= % 1z 4+ x12(@U ()P 'w(z 4 ra 4+ x)dz + O™ ||lw||

IN>—AAN—XN
C
3z wl. 2.4

IA
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By the assumption (f2) and (f3), we have
Ve >0, 3A, > 0, s.t. | f(x, )| < glt] + Aglt]|?.

Thus

|
NF

2
/;]RN f (% 7205U)~a+x) wdo

.
A P2 er
N
aRY

_2_
2

A, ()»P*

L
-2

q
Wyair) |wldo

IA

aUgtxwldo + 1= 2/
aRY

20—
< e Hwll + CA T e ], 2.5)

>0

Hence we have, for A large enough,

—£ y
AP2 f (—,)\P*
aRY " \A

2 c
*aUsatr) wdo < 5wl

and (2.2) follows.

Claim 2. For some § > 0, we have
lwl® = (p = 1) / Usarn)" 2 widy = §llw]?, Vw € Exx.
R+
(see Appendix). As in (2.4), we have

1
/RNQ( ) @Usar0)"? 2dy—f @Uas)" 2c1y+0< )nwu.

For A large enough, and due to (f2),

—P_ , y 2 2 —P_ 2 14 2
AP2 f (—,k ZotU;LaH) w do < CAr-2 ()»P*ZaU;\a_H) w*do
aRY T \A aRY

2y—p
< CA P2 e X7 ||w|?.

By (o, x,w) e M A e have |& — 1| < p. Hence for p > 0 small, there hold
8 = 2
R = Sl =% [ p (2 et
aRY T \A

8 2y—p
w’do > Enwn2 —CAr2 e MY w2

For A large enough, we get F; (w) > p’[|w||%>. Then by Riesz representation theorem, we
candenote L; and Fy by Ly (w) = (L, w), L € E; ,Yw € E; y and Fj (w) = (Aw, w),
Yw € E, y, respectively. Here A is a continuous and coercive symmetric bilinear form on
E) . Therefore,
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aJ

=L +2Aw + R (w),
Jw Ej x

and (3y,) is equivalent to L + 2Aw + R’ (w) = 0.
Set Fy x(L,w) = L+2Aw + R'(w) : E; y» X E;, yx — E,_x, then we have

oF " " -2
F(0,0) =0, %(L,w) =2A+ R"(w), R"(w) = O(Jw|?™).

If ||w]|| is small. Then g—g is invertible, and by implicit theorem, there exists (L, w; (L))
such that F (L, w (L)) = 0. That is, (L, w) + 2(Aw, w) + (R'(w), w) = 0 and ||w| <
CILI.

Now (2.1) follows from (2.2) and this completes the proof. O

PROPOSITION 2.2

Let p, X and w;, x be such that Proposition 2.1 holds, we have the equivalence that (3y)
holds, if and only if o =1+ W (A, x, @), in which W is a continuous function of A, x, o
and WA, x,a) = ( 5 ). Moreover, there exists an o« such that (3y) holds for |a — 1] < p.

Proof.

aJ,
—2 = a||Urasx I + (w, Uratx)
Ja
y B
- /N 0 (x) laUsatx + w|p 2(05Um+x + w)Upa4xdy
R+

L
- / S (X9 “2aUatx + w) Usa+xdo,
aRY T \A

y _
/N 0 (X) leUsa+x +w|? 2(O‘U)»a+x + w)Usg+xdy
RY

y - D—
= /R L Q@S A+ (p = D™ 208! WA Upaax O(lwP~1))dy
y
=L+ 5L+

Asin (2.3) (2.4) and (2.5), we have

y _ P 1
/RN Q (X) Aa+xdy /RN U}»a—i-xdy +0 <)»_2) ’
+ +

Lo ()
0 (2) Urasx 0P~y = 0w,
f

N
Jur oG

N T\A

y

1

R
_ A
A / <_’ “2aUpg4+x + w) Usgyxdo <A™ /
aRN AL aRY

-1 C
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i i
[ P2 @Usatn + w) + Ap (A7 @Upgrr +0)) ]Lua+xda

= 0.

Let A, = ||Uka+x||2a B, = fIM Ufa+xdy,A = ||U||H1(RN). Then we have as A —

00, A) — A2 B, — A%and A, = By + O(e” T)‘) for some t small.

Then we get M* = aA; —a?7 1B + 0()@) Therefore, M = 0 is equivalent to
a=14+0(% 7)- Hence it follows from the Brouwer fixed point theorem that there exists
an « such that (3,) holds. O
PROPOSITION 2.3

Let p, & and wj,_x be such that Proposition 2.1 holds and o be such that Proposition 2.2
holdsVk=1,..., N, we have

Bh _—o8 Z Di.m Q(a)xp, +0( : ) and (3i) < x = W(x, 4),

8xk

where B is some positive constant and W : B_p — RN is a continuous mapping satisfying
W(x, 1) = 0, as A — oo uniformly in B,.

Proof. By the definition of J and direct calculations, we have

0J, aU.
T _ o2 M’ Usatx
00Xy 0Xy
y _ U,
_“/ 0 (3) 10Usars + wlP 2@t +w) =" dy
RY A 0Xy
L aU.
—ar7! / f <X7 Z2aUpg4x + w) hata do
aRY T \A Xk
+

aU, _1 dU
2 ha+x y p—1 ra+x
(e N [ (Y ;
o < Ok Aa+x> o /]Rfﬁ 0 3 ha+x Ixk y
-1 y p—2 3UAa+x -1
—alf ,/RN 0 (X) U ™ wdy — ai

2 U
[y 7 GaT s+ w) 40+ 0GP,
oRY dxk

A

Claim 1.

<8Uxa+x

,UMﬂ>=0@*H.
0Xp
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It is known that <alg*“+"
X

, UAH+X>RN = 0, so we may derive,

aU, iU aU
< )La+X’U)La+X>:—/ V_VU+_U
IN<—AAN—XN

0Xy 8xk 0Xy
—TA U~ 2 aUAa+x
=0 " )/ Usasix e wdy

= [, (0 (%)—1) % @

p—2 aU}»aer
+,/];£ U)»a+x ax dy
T

1 2 aU)La+x
— pP—
=0 ( ) lwll +/ Usasx ot wdy.

2
Fory € dRY,|y—Aa—x| > Aay +xy, so |“3]%| < C e *V=*N by Holder inequality
k

and Sobolev embedding theorem,

aUM+x Ura+x / 3 Usatx
1 Ul wdy = w) — 2 Phatx d
(p )/ ra+x T o y dxx w aRY Bx,g wdo

82U,
= —/ — M wdo = 0™ ||wll.
aRY Bxk

As before, we have

Xy,

2
= Aa +x

=< f [8)\]’ 2(@Upgyx +w) + Ac(A P2 (@Ujpgyx + w))q] do
3R

=0 ™),

dJx p—1 OUsa+x 1
8_m=_apAQQ(A)UMH dx + 0 lwll

+o(wl”™H + 0™

y) ) p—1 Usatx
= —a? = 1)U —dx
o /Rﬂ (Q<)» ra+x dxx
_1 9U,, 1
D Up 1 a+xd o
o '/]1;1 ra+x Bxk x+o )»2

—ar Y
= 22 Z Dj,mQ(a)/ (yj+)»aj+Xj)(ym+kam+xm)

N>—)LaN—xN

jm—l Y

UPr- a—dy—l—o( )
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U
_ 5 Djn Q@ [ (34 3a; +5)0m + A+ 50U e

jom=1
P
+— Z D;jnQ(a) (vj +2aj + %)) + Ay + Xn)

A jm=1 YN=—Aan—xy
oU 1

ur-t—d
9 Yk yio </\2>

1
= 11+12+0<ﬁ>'
By the same calculation as in [5], we have I = _gsz ,1:/,:1 Dj m Q(a)xy, in which

daU

f]RN y,-%dy > 0. As for I, by the exponential decay of U an Ty e have

L= o( 5 ). Hence, we have

0J —aPB 1
3—x:= v ZkaQ<a)xm+o( )

From the equation above, equation (3x) is equivalent to

N N 2

—alB 0 Unatx

7 n;Dk,mQ(a>xm=Zlﬂj<w,W + ( ). k=1,.
= j=

2
Due to Proposition 2.1, we have proved that <w 8 UM’“> = 0( %)- We claim that ; =

> 0x;0xk
aUAa+r

0(/\2) Setting ¢ = in (3y), we obtain

N
aJ,. 8U}»u+x 8U}»u+x aU)»aer aU}«er
s =Y U)La—&—x, E .

w 0Xx ox; X

By the above estimates, it follows that

aU.
<UAa+Xs )»a+x> = 0(671'1)‘)
0xy
and
aU. oU.
<ﬂ, ﬂ> = 0(e™ ™), fork £ j
0x; Xy
Therefore,

,Bk _ <<%’ aUAa+x>+ O(C_rl)“)> /<||3Uka+x ” + O(C_QA)>
ow 0Xy d
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Notice that || "%7‘1“ | < Co, and by direct calculation we have

1
=002)
Then (3x) becomes

N
—Ba? 1
5 2 DemQ@xm =0 (ﬁ> :

m=1

aJ,
0Xy

% BUMH—X
dw’  Oxk

and since det(D?Q(a)) # 0, for x € B,(0), we have
x = W(x,A),
in which W(x, A) = o(1), as A — o0. This completes the proof of Proposition 2.3. (Il

By Proposition 2.3, we deduce that for large A, W(x, A) maps Bp into itself. Thus the
Brouwer fixed point theorem guarantees the existence of a fixed point in B,. We have

u), = o3 Upgrx + wy

is a solution of (1.3). By Proposition 2.1 and 2.2, o, — 1, w;, — 0 as A — oo. Finally,
we prove that u;, is positive. Set u, =max{0, —u;}. Then

2
_ » _ y _ ou, _
S/(u)”d>§||u||2=/Q—(u)”d—/ u-do,
<R§j P g RY <)») P oRY 0x,

and because of u, < ay|wyl,

du, _ 2
u, do|<r 2
aRN 0Xy aRY

/M 0(3) @) dy = C/M (u;)" dy.

From this, and if u,” # 0, we deduce that

fN(u;)pdyZC>O,
R

+

2
£ (37| g ldo <2772 Cllus | — o,

but fM (u;)Pdy < af fM w}dy — 0. Hence, u; = 0.

3. Existence of multi-peak solutions

In this section, we will assume Q has two non-degenerate critical points and we construct
solutions with two peaks for (1.3). We still follow the method in section 2, so we will be
sketchy.

Theorem 3.1. Assume that condition (Q2) holds with a', a®. Then there exists a constant
Ao > 0, such that for each A € (Mg, 00), (1.3) has a solution of the form

w,(y) = a1 U(y — ra' —x' () + 02U (y — 2a® — x*(0) + wy,
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and satisfying that for A — o0,

o —> (Q(ai))_ﬁ, ) >0, i=1,2;

lwill = 0, wx € E; 10,200

in which

=0,

oU, i .
EA’XI’XZ - {U < HI(R‘];{) : <U, Ukaf+xj) = 09 <U, M>

axi

j:1,2;i:1,...,N}.

Let M/%,n’ K., J, be defined as in section 1. By Proposition 1.1, Theorem 3.1 will follow
if we establish the existence of a critical point («q, o3, x!, X2, w) € Mf’n for J,. Thus
we only need to get that, for small 1 and large A, there exist scalars y1, 2, /3}, ,sz (=

1,2,...,N),x1,x2 € By, w € E) ., such that
aJ,
20, i=1,2, (4o)
30li
N 2
aJs, 1 0 U)\1+X1 .
—Z = w, ———), i=1,...,N, 41
ax.l Zﬁ]< axjaxi ( ll)
i /:l
N 2
a5 2 07Uy 2412 .
_— = . s T | = la L) N1 4 i
axiz IZIIB/ <w ijaxi 1 ( 21)

aJ.

N
+Z,¢<M <p>+yz(U 2412, 9)
J X ’ rac+x“>

1
j=I1 9 J
N
aU, 2, 2
+Y B 5 ), peH! (4w)
j=1 8xj

The proof of Theorem 3.1 is included in the following propositions.

PROPOSITION 3.1

Assume (Q2) holds, for p > 0 small enough. Then there exist a constant Ao > 0 and a C !
map such that for any (;, x!, x2) € [Ao, 00) X B, X By, associates w;_ 1 2,

L xhxh) - w; y1 42 [Ao, 00) X Bp X Bp = E; 12
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such that (4y) is satisfied for some (y1, v, ﬂ} , ,321, ey ,311\,, ,312, ceey /3]2\,) € R2N+2 And
there exists C > 0, such that

”w)\,x] x2 ” = ﬁ
Proof. Like in Proposition 2.1, we start by Taylor expansion at w = 0. Write

Jilar, az, x1, X2, w) = Ji(ar, a2, x1, x2,0) + Ly(w) + Fr.(w) + R(w).

2 ) o
_ ) o 3 X | o
L)L(w) = <§O{z U)\az+xt, w> 'A\QN Q ()\’> (Z o U)Laz_;’_x,) wdy
= Y s
— - Yy 2
» /BRZ f (}\ (Z Qi U)»a’+x1)) wdo,
1 ( 1) p—2
P
Fi(w) = Slwl 12 — / (ZO(,UM +x,> wldy

= L
—Ap2 /BRN (% = (Za’UM +Xl>) do

R(w) = O(|wl|?)

Claim 1. ||L;|| = O (%z) Because of (a + b)? < Cp(a” + bP) and U decays as e/,

By (2.4), we have

c .
= zlwll. i=1,2.

l/N O (/M) Us iy yi)? ™ wdy
R+

By the same calculation as in (2.5),

)\.P;—pz /BRN < )LP (Z o UAczl+xl>> wdo = O(e_r)\)”w”-

Then we have Claim 1.
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Claim 2. There exists p’ such that F(w) > p/||w|?, for w € E; ;1,2 and A is large
enough. We first show

2 p=2
f (Z ot,-UMieri) w’dy
RY \%
+ i=1

2
= /R ., [Z (@ Usgini)” "+ O(e_“)j| w?

i=1

and by mean value theorem, as we do for (2.4), we have

2 p=2
/RN Q (%) (Z o U)Lai+xi> wzdy
2
/ ( )Z U i)’ widy + 0 (€74) )
i=1
/ Z 0@ (Ui i) w 2c1y+0(;>||wn

+ll

For A large enough and (f2),

— 2
a2 fRN ( A2 <Za,Um +)) w’do = 0@ ) wl?,
a

for large X.

1 L
Here the parameter o; € (—p + Q(a') 72, p + Q(a') »72), if we choose p small
enough, by Proposition A2 and the above estimates, we have

p—2
Fy(w) > —||w|| -(p-1 [ (Zaluwﬂz) w’dy
—AT
+ 0@ |w|?
2 p—2

1 2 )
=z 5||w|| - (p- 1)/]Rﬁ (; U)Lai+xi> w-dy

—(p— DIQ@ ) (@) = 1] fR LU wrdy

+

1
—(p — DIQ@)(@)"* - 11/ zixzwzdy+0( )uwn2
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2
8 2 &p p=2 2 1 2
> lhw] —E/RNZUM,-H,-w dy +0 (= ) lwl

+ =1

Then by Resize representation theorem, we can denote L, and F), in the form
Ly(w) =(L,w),L € E; ;1 ,2, w€ E, 1,2 F(w)=(Aw, w),w € E; .1 2.
A is a continuous and coercive symmetric on £, .1 2. Hence we have

aJ
g =L 424w+ R (w),

811) A,xl,xz_
and (4y) is equivalent to L + 2Aw + R'(w) = 0. Set F; »(L,w) = L + 2Aw +
R'(w): E; 1,2 X E 11,2 — E; 1 ,2. Then we have

oF " " -2
F(0.0) =0, o (L,w) =24+ R"(w), R'(w)=0(w]"?).

If ||w]| is small, % isinvertible, and there exists (L, w;_,1 ,2(L)), suchthat F (L, w; .1 ,2)
= 0, that is, (L, w) + 2{Aw, w) + (R'(w), w) = 0 and ||w| < C|L||. Now we get a
w € E; x, x, satisfying Proposition 3.1. |

PROPOSITION 3.2

If p is small enough and ) > Ag, for (a1,a2,xl,x2) € Xpand w = W; (142 as in
Proposition 3.1,

3 iy= 72 1.2 ; .
— =0% o —0@) 2=V, x ,x", ), =12

in which Vi (e, x', x*, 1) = 0(55).

Proof. Take the derivative of J, with respect to «;,

9J 2 y

A

—:E‘Uii,Uii_ (—)

o <i:1al hattaty Tha +X> /RﬂQ A
2

( E o U)\ai_;’_xi + w> U)\ai-l-xidy

i=1

2
—r y -2

i=1

2 p=2
ZaiU)»a"H" +w

i=1

As in Proposition 2.2, by the same estimates, we have

dJx 2 p—1 Y\ p —rT
da =V, e [0 (3) Ul pady + 0™

_ 2 p—1 1 1
=a1|Ulgy — o /]RN Ofa )Updy+0<ﬁ>.
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dJy 2 _1 I .2 1
87”:0@0“& —al7 0@HA*+ 0 7)) =0
=55 1
a;=0Q(@) 2 +0 Z)
The situation is similar to o. (Il

PROPOSITION 3.3

Assume that p is small enough and ). > ,g. For (o, a2, xt x2) € Xpandw = w; 41 2
as in Proposition3.1,Yk=1,..., N,

N
d0Jy A; . 1
g = 12 LDk o 53).
j=1
(417), (42) holds < x' = Wi (x', 1),

in which Wi (x?, A)isa continuous function B,(0) — RN, and Wi(x', 1) = o(1), A —
oo, uniformly for x* € B,(0).

The proof of this result is quite similar to that given earlier for Proposition 2.3, and so is

omitted. The proof of Theorem 3.1 follows from Propositions 3.1, 3.2, 3.3 as in the proof
of Theorem 2.1.

Appendix
PROPOSITION Al
There is a positive constant 8, independent of w, such that

-2
Wl = (=) [ UL 2wty = sl Vi € B
+

As the arguments in [4], we first consider the eigenvalue problem

-2 .
—Ap+o=pUf ¢ inRY,
3 (A1)
% =0 on BRf
on

which is equivalent to

—Ap+g=pUP 2 inQ;, ={y eRY : yy > —hay —xn},
9 (A2)
ad =0 on 02;.
on

Denote the j-th pair of eigenvalues and eigenfunctions of problem (A2) by (ux,;, ¢a, ;)
forj=1,....,N+ 1 with up 1 <--+ < pa N+1. As A — 00, the limiting equation of
(A2) is as follows:

—Agp+¢=uUP2p inRV. (A3)
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Denote the j-th pair of eigenvalues and eigenfunctions of problem (A3) by (1}, ¢;) for
j=1,...,N+1withpu; <--- < un+1. Then by [4], we have u; = 1, u2 = un4+1 =
p—Lopr=U, ¢ Espan{aU" ci=1,...,N}forj=2,....,N+1

3Xi

Lemma Al. Let A — oo. We have the following facts:
Wij = i, J=12,....,N+1; ¢ ;— ¢; in H'(Z), RY c © e RY;

- U, . -
¢ € span a—:l:l,...,N, j=2,...,N+1; ¢1 =CU;
X

f |V¢A,j—V<l;j|2+(¢x,j—<l;j)2—>0, A—>o0, j=1,...,N+1
Q2

Proof. The first eigenvalue of problem (A2) is defined by u; 1 = inf{ fm |Vul? 4 u? :

uec Hl(Q)n)’ fQ)L Up—2u2 = 1} Set u = %)LI{/+(1)X)I/2 Then

2 2
/ |Vu|2+u2dx=f9‘|vu| U — 1, A — oco.
Q)\ -[QA Updx

Thus ;.1 < 14 o(l), so we can assume that p; | — /ff as A — oo and /ﬁf < 1. First,
1 # 0, else we have [, UP=2¢? | — 0as A — oo, which is a contradiction with

fQA UP_2¢)2“l = 1. Because ¢; 1 is bounded in Hl(Q;L) and

0.1
an

I — A1+ P = a1 UP 2 inQ, ={y eR" : yy > —hay —xy},

=0 on 082y,

/Q Vo1 VY + ¢y =m,1/ U2 ¢, Yy e H'(RY),

Q)

we have that ¢, 1 — (]51 in H(®), for Rﬁ C T CcRM. Leth — oo,

f Vo1 - VY + drydx = / WiUP 2 Grydy,
RN RN
thus
—AG + ¢ = iU g in RY
and (u}, é1) is a pair of eigenvalue and eigenfunction of (A3) and 0 < u} < 1. Hence,
pwi=1land ¢y = CU.

By induction, we can get the rest of the conclusion. Suppose for2 < k < N + 1, we
have
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$r.j = ¢ inH' (D), T CRY, ¢; €span

ou
{U,—":i:l,...,zv}. j=12,... k—1.
The k-th eigenvalue of (A2) is characterized by

.k = inf {/ IVul® + u’dx :u € HY(Q;),
Q2

/ UP2udx =1, (u, ¢ j)a, =0, j = 1,...,k—1}.
Q;

Claim 1. 1im; o iy k = p — 1. Atfirst, let us prove u; x < p—1+o0(1). Choose 1, ; =

W] =1.... k=10 espan{U. 3 :i = 1,... N)\span{dh.i = |
and
/ IVOP> +|U)Pdx = p —1, / UP~20%x = 1.
RN Q.
U-Y 5"\ .
Setu) = =/ - r7z- Then u, satisfies
(fszA Ur20-"2 6 60.0))
/ UP~2uddx =1, (us, s j)e, =0, j=1,....k—1,
Q;
hence

Mak < (up,up)g, —p—1, j=1,....,k—1, asA — oo.
As before, we have
Gk — ¢f in H'(D)

and

fV¢12k'V¢+¢7§1/f=/ HUP2 gy, Yy e H'RY).
N RN

R

From (¢ «, ¢35, /)0, =0, j =1,...,k— 1, we get that (qﬁ,f,qgj) = 0. Thus

aU. -
M,’gzp— 1, ¢>,fespan{U,a_x: i:l,...,N}\span{d)j,j:l,
X;

For k = N + 2, by similar argument we can get lim) _, oo itx N+2 = UN42 >

e k—1}
ce k=13
p—1 04
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Proof of Proposition Al. For all w € E) x, we set w(y) = w(y + Aa + x), then w(y)
satisfies (w(y), U)q, = (W(y), g—;{)gk =0,i =1,..., N. Then the problem becomes

lilg, —(p—1 i UP=2m%dx = p' |||, . Yw € Ej .
A

Let
b= (i, pri)e,$ri + Ri,
=

~ 2 ~ 2 2 2
1B13, = 3 6. dn.i), I i lB, + IR, .
i=1

So, it is not hard to derive

IR, = 1 ns2 f UP-2R2x

A

N+1

= ), N42 |:/ UP~20%dx — 2 Z(ﬁ), i),
S i=1

N+1
fg Uri + Z@,m,»ék}
A

i=1

N+1
= [rN+2 [/Q UPT2idx 4+ ) (D, ¢ri)g, + 0(1)||1b||mi| .
78

i=1

This implies

N+1
l@lle, = maN+2 [ / UP~Ridx + Y (i, m,»éi
. i=1
N+1
+ ) (. ¢, i + o(1).
i=1

AU,
> 0x;

Because ¢ ; — éi € span{U ci=1,, N}, (W, ¢.i) = 0as L — 00;

191, = sz [ UP 205+ oD,
Hence, by u; y+2 > p — 1 for large A, there exists a small constant p’ > 0 such that

lillg, — (p— 1 ; UP~2itdx > /||, .
A
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which is equivalent to
-2
i = =) [ U2 = ol
+

PROPOSITION A2

There exists a positive constant § independent of w, such that for large X,
Zo(p-1 U U P=2wdy > 8|lw|?, Yw € E
”w” (p ) N( Aa1+x| + )La2+x2) w y - ”w” ) w e }L’xlyxz-
R+

With the help of Proposition A1, we can show this result by a similar argument in [4].

Proof. Set

Akzinf{/ Vw)> +w?: we E; 12,
RY T

+

/‘N(U)\a1+x1 + U)Laz_”z)p*zwzdy =1g.
Ry

It suffices to show that A, > p — 1 + ¢p, for some positive number ¢y, as X large enough.
By contradiction, suppose there is a sequence A, — oo: lim, 0 Aj, = A < p — 1.
Namely, there exists w, € H 1 (Rﬁ ):

/N Vwy - VU, iy +wn U, gigidy =0, i=1,2; (A4)
R+
AU, i i U, it
/ Vi - v nab D g g
RY ij 8xj
i=12 j=1,...,N; (AS)

-2
fRN IVw, | + widy = A, /RN (Up atoxt +Up 2402)’ " wldy;  (A6)

+ +

/N Vw, - VY +wpprdy = Ay, /N(anal+xl + U)\naerxz)p_zwnlﬂdy,
R RY

+

VU € Ey 0. (A7)

Set Wy, (x) = wy(x + Agal + x1), Q, = Rﬁ — {)L,,a1 + xl}. Then we have

22 2 22
/S\2 |an| + wn = A)tn / (U + U)\naz"rxz—)nnal—xl)p wl’l'
n An

We can assume that for some w € H'(RV), there holds

lim @, =W, weakly in H'(Z), V RY c = c RV,

n—oo
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Then from (3) and (4) we have

/ Vw - VU +wUdy =0, (AB)
RN
oU oU
/ Vo -V—+w—-ady=0, j=1,...,N. (A9)
RN Xj 8Xj
We claim that
/ Vo> + |0 = Af UP~29%dy. (A10)
RN RN
Now we are to choose numbers [, 1,/5,,2, ..., 5, 2v+2 such thatv € E; 1.2 in which

wkx) = wlx — apal — xl),

V=w — l)»n,l Uknal+x1 - l)»n,ZU)\nuz—&—xz
N

; AU, g1 4y ; U, g24x2
- Z M2 1 Tt Ntj2— 5 |-
: 0x; J0x*
i=1 j J

This is equivalent to the following system of linear equations

2
(w’ U)»,,al-i-x') =L U a4t 17 + 1, 2 (Ukna1+x' ’ Ukna2+x2>

al 8U}Lna1+x1
+ Zlkn,j-‘rz Tl Uy, al 42!
J

j=1

N U, 2,2
n
+) lxn,N+j+2<—a;2+x ,Ukna|+x1>, (A11)
j=1 j

2
<w, U)\"aerxz) =1, 2||Ukna2+x2|| + b1 <Ukna1+x1’ U)\"a2+x2>

oUu
T Zl)‘n 1+2< 2ad +x UAna2+x2>
/

U, 242
+ lenmwm <+2+" ana2+x2>, (A12)
Jj=1 j

BU)»na]+x' BU)»na]+x'
w, Tll =L, 1 {Us,al 421> Tll

AU, 14,1
+ b2 <}m—a1+x’ Ukna2+x2>
0x

i
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N
oU, 1,1 U, 1.1
+ Zl)\,,,j+2< Ana'+x 7 Ana'—+x >
j=1

1 1
axj ox;
N AU, 22 U, g1
Ana=+x Ana'+x
+y 1 : e ; Al3
Z A,,,N+j+2< asz. ax] > (A13)

aUAnaz—i-xz aU}»na2+x2
w, T = l)%l U)Lnal_’_xl, T

1 1

aU, 2.,.2
+ l)»n,z < Ana2+x > U)»na2+x2>
0x

i

N
oU, 1.1 U, 2,2
+Zl)‘n,]‘+2< fnd 4 ’ fnd >

j=1

1 2
ij 0x;
N U, 2,2 oU, 2,2
Ana=+x Ana=+x
+ E l i “ s “ . Al4
poe )Ln,N+1+2< asz axlz > ( )

To solve the system of linear equations, we need to establish estimates of the coefficients.
We know that

(Usarax1> Upg2i2) = 0o(l), A — o0;

U oUu oUu
< Aal—+xl,uml+xl>:/9 V— - VU+_—-U=o0(l), »— o0
78

o] ox; oxj
Similarly,
oU, i i
2 Uk ) =0(1), A= o00, i=1,2; k=1,2;
8x;
U aigai* = A% A= o0, i =127 A% = Ul gw,
2
AU, iy i
HL > B’ A—>o00, i=1,2 j=1,...,N;
ox’
J
B> = | VU3 -
By (6) we have

(W, U, g1441) = /N Vw - VU, i +wU, gi4,0dy
RY

=/ Vw(x+kna1+x1)~VU+w(x+knal+x1)Udy
RY —{anal +x1}

— Vw-VU 4+ wUdy =0, X, — oo.
RN
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Similarly,
oU, 1.1
<w,Ll+x>=0(l), A — 00, j=1,...,N;

0x:

J
_ ~ 1 1 2 2
(w, UAna2+x2> —/ Vw - VU 4+ Apa +x — ra” —x°)

Rﬁ—kaz—xz

+ U (x + Apa' +x' — Apa® — xz)dy.
By (3) and w,, — w, we have
(w, Uy, g2452) = o(1).

BU)»naerxz >
9x2
'] . . . .
we know that the system of linear equations is equivalent to

Similarly, (w, =o(l),A, — o0, j =1,..., N. Owing to the above estimates,

api ayp o A12N+2 I o(l)
az 1 ap o 22N+42 I o(l)
AIN42,1 A2N42,2 *** AIN42,2N42 Iy oN+2 o(l)

inwhicha;; = o(1)ifi # j,a;; > ap > 0,fori, j =1,...,2N +2. Therefore, (10)—(13)
hasasolutionand /) ; = o(1),i =1, ...,2N 4 2. Next, we will give the proof of (9). Set

Up =W — l)»n,lU)»naler' - l)»n»QUA,,aerxz

N
U, 41441 U, g24x2
—Z bojr2— 7 — TlhawnN+jr2— 35— |

1 2
= axj 8xj

such that v, € E; 1,2 and substitute ¥/ = v, into (6). We have

/N Vw, - Vw + wywdy = A;, fN(UAna1+x] + Ukna2+x2)p_2wnwdy
RY RY
- A)‘” I:l)hn’l \/\N(U)L"al"l'xl + U)Hla2+xz)p_2wn U)Lnal"l‘xldy
RY

+ lln,2fN(UAna1+x' + Uknaz+x2)p_2wnukna2+x2dy
RY

ZN: ! p—2 8U)L,,al—&-xl
+ An,j+2 RN(U)\,lal-i—xl + Uknaz+x2) Wn
i +

1
i ij

_ aU, 242
+l)\,n,j+2+N/ (Ukna1+x1 + U)L,,az-i-xz)p an++x dy:l
RY 8xj



Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:22 Page 25 of 26 22

Thus fRf—/\ual—xl Vw, - Vo + w,wdy — fRN |V|? + w2dy, and the right-hand side
of the equation — A [py UP72%2.If % # 0, then A = p — 1. In fact, by (7) and (8),

p—1ginf{/ |Vu|2+u2:ueH‘(RN),/ Ur—2y? =1,
RN RN

oUu
(u,U>RN=<u,—> =0}§A§p—l.
axi RN

Therefore i is an eigenfunction with eigenvalue p— 1, € Span{2¥ i =1, ..., N}. This

ax;’

is a contradiction with (8). We have w = 0. So, i, — 0in H'(2),V X : Rﬁ C T CcRV,
Similarly, 0, = w, (x + A,a® + x2), W, — 0, in H'(X). Then we have

1= /RN(U)‘"‘II‘HI + U)waz_,_xz)P*zw2
:LNU” 1+Xlw,§+/]R U" 2+2wn+0(1)
+

=/ Up_2u7712+/ UP~20,% + o(1)
Rf —Apal—x! R]X —Apal—x2

— 0.

Hence it is a contradiction. Thus A, > p — 1 + ¢p, for A large enough. ]

References

(1]
(2]
(3]
(4]
(5]
(6]
(7]

(8]

(9]
[10]

[11]

Bahri A and Li Y, On a min-max procedure for the existence of a positive solution for certain
scalar field equations in RN , Rev. Mat. Iberoamericana 6(1-2) (1990) 1-15

Bahri A and Lions P, On the existence of a positive solution of semilinear elliptic equations in
unbounded domains, Ann. Inst. H. Poincaré Anal. Non Linéaire 14(3) (1997) 365-413

Cao D, and Noussair E, Multiplicity of positive and nodal solutions for nonlinear elliptic
problems in RN, Ann. Inst. H. Poincaré Anal. Non Linéaire 13(5) (1996) 567-588

Cao D and Kupper T, On the existence of multi-peaked solutions to a semilinear Neumann
problem, Duke Math. J. 97(2) (1999) 261-300

Cao D, Noussair E and Yan S, Solutions with multiple peaks for nonlinear elliptic equations,
Proc. Roy. Soc. Edinburgh Sect. A 129(2) (1999) 235-264

Cao D, Noussair E and Yan S, Existence and uniqueness results on single-peaked solutions of
a semilinear problem, Ann. Inst. H. Poincaré Anal. Non Linéaire 15(1) (1998) 73-111

Cao D and Noussair E, Multi-peak solutions for a singularly perturbed semilinear elliptic
problem, J. Differential Equations 166(2) (2000) 266289

Chipot M, Chlebik M, Fila M and Shafrir I, Existence of positive solutions of a semilinear
elliptic equation in R’i with a nonlinear boundary condition, J. Math. Anal. Appl. 223(2) (1998)
429-471

Dancer E and Yan S, On the existence of multipeak solutions for nonlinear field equations on
RN, Discrete Contin. Dynam. Systems 6(1) (2000) 39-50

Kwong M, Uniqueness of positive solutions of —Au + u = u? in RY | Arch. Rational Mech.
Anal. 105(3) (1989) 243-266

Noussair E and Yan S, On positive multipeak solutions of a nonlinear elliptic problem, J.
London Math. Soc.(2) 62(1) (2000) 213-227



22 Page 26 of 26 Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:22

[12]
[13]
[14]
[15]
[16]
[17]
(18]

[19]

Noussair E and Cao D, Multiplicity results for an inhomogeneous nonlinear elliptic problem,
Differential Integral Equ. 11(1) (1998) 47-59

Rey O, The role of Green’s function in a non-linear elliptic equation involving the critical
Sobolev exponent, J. Funct. Anal. 89(1) (1990) 1-52

Wang Z, On the existence of multiple, single-peaked solutions for a semilinear Neumann
problem Arch. Rational Mech. Anal. 120(4) (1992) 375-399

Wu T, Existence and multiplicity of positive solutions for a class of nonlinear boundary value
problems, J. Differential Equations 252(5) (2012) 3403-3435

Wu T, Multiplicity of positive solutions for a semilinear elliptic equation in Rﬁ with nonlinear
boundary condition, Commun. Pure Appl. Anal. 9(6) (2010) 1675-1696

Wu T, Multiple positive solutions of a nonlinear boundary value problem involving a sign-
changing weight, Nonlinear Anal. 74(12) (2011) 4223-4233

Xie Z, Multiplicity of positive and nodal solutions for nonlinear elliptic problems in RN Proc.
Roy. Soc. Edinburgh Sect. A 128(5) (1998) 1069-1097

Yu X, Liouville theorem for elliptic equations with nonlinear boundary value conditions and
finite Morse indices, J. Math. Anal. Appl. 421(1) (2015) 436-443

COMMUNICATING EDITOR: S Kesavan



	Positive solutions with single and multi-peak for semilinear elliptic equations with nonlinear boundary condition in the half-space
	1.  Introduction
	2.  The existence of single peak solution
	3.  Existence of multi-peak solutions
	Appendix
	References




