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Abstract. We consider the existence of single and multi-peak solutions of the
following nonlinear elliptic Neumann problem

⎧
⎨

⎩

−�u + λ2u = Q(x)|u|p−2u in R
N+ ,

∂u

∂n
= f (x, u) on ∂RN+ ,

where λ is a large number, p ∈ (2, 2N
N−2 ) for N ≥ 3, f (x, u) is subcritical about u and

Q is positive and has some non-degenerate critical points in R
N+ . For λ large, we can get

solutions which have peaks near the non-degenerate critical points of Q.

Keywords. Elliptic equation; multi-peak solutions; singular perturbation; nonlinear
boundary condition.
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1. Introduction

In this paper, we consider the multiplicity of single and multi-peak positive solutions of
the following problem:

⎧
⎨

⎩

−�u + λ2u = Q(x)|u|p−2u in R
N+ ,

∂u

∂n
= f (x, u) on ∂RN+ ∼= R

N−1,
(1.1)

where λ ∈ R and ∂u
∂n denotes the outward unit normal on ∂RN+ ; 2 < p < 2∗ (2∗ =

2N
N−2 ), N ≥ 3; Q(x) and f (x, t) satisfy the following conditions:

(Qk): Q ≥ 0, Q ∈ C3(RN+), Di Q are bounded on R
N+ , i = 0, 1, 2, 3; there exist k

points a j ∈ R
N+ , j = 1, . . . , k such that Q(a j ) > 0, DQ(a j ) = 0, det(D2Q(a j )) �=

0;

http://crossmark.crossref.org/dialog/?doi=10.1007/s12044-018-0397-0&domain=pdf


22 Page 2 of 26 Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:22

(f1): f (x, 0) = 0, ft (x, 0) = 0, ft (x, t) ∈ C(RN−1 × R);
(f2): ∃ γ > 0, such that lim

t→0

| ft (x,t)|
|t |γ < ∞, uniformly for x ∈ R

N−1;

(f3) : lim
t→∞

| ft (x,t)|
|t |q−1 = 0, q ∈ (1, 2∗ − 1) (2∗ = 2N−2

N−2 ), uniformly for x ∈ R
N−1.

The semilinear elliptic equations inRN+ with nonlinear boundary condition have received
a great deal of research in recent years, for example [8,15–17,19]. In [15], Wu Tsung-fang
has investigated the following equation

{
−�u + u = g(x)|u|p−2u inRN+ ,
∂u
∂n + f (x)|u|q−2u = 0 on ∂RN+ ∼= R

N−1,
(P)

where 1 < q < min{p, 2∗}, 2 < p < 2∗, g(x) = 1 + λa(x). He got that under suitable
decay assumptions on f and a,

0 ≤ f ≤ C1 exp(−r f |x |); a(x) ≥ C2 exp(−ra |x |); a(x) → 0, |x | → ∞
for some constants C1,C2, r f , ra > 0, there exists a positive number λ∗ such that the
equation (P) has at least three positive solutions for λ ∈ (0, λ∗) and one positive solution
for λ ∈ {0} ∪ [λ∗,∞). In [16], Wu considered the multiplicity of positive solutions of (P)
with sign-changing coefficient in which g(x) = a(x)+μb(x), f (x) = −λc+(x)− c−(x)
and a(x), b(x), c(x) also satisfy some asymptotic properties.

For problem (1.1) in R
N , the existence of positive solutions has been established by

several authors. For example, in [1], the authors have got a positive solution in which
Q(x) is required to satisfy

Q(x) → Q̄, Q(x) − Q̄ ≥ −C exp(−2 − δ|x |), as |x | → ∞,

for some constants Q̄,C, δ > 0. In [2], the authors considered that (1.1) in unbounded
domain has at least one positive solution under condition

Q(x) − Q̄ ≥ −C exp(−δ|x |), as |x | → ∞.

The above results are derived by variational method, and because of the loss of com-
pactness on unbounded domain, the authors recovered the compactness partially by adding
asymptotic decay condition to coefficients. We have to mention that in [3,5,9,11,18], this
kind of asymptotic property is removed, for example, Cao in [5] has considered the exis-
tence of positive multi-peak solutions for equation (1.1) in R

N under condition (Qk). If
x0 is a strict local minimum point of Q(x), it is proved in [11] that the problem (1.1) in
R

N has a multi-peak solution with all its peaks near x0. The results in [9] tell us that the
above result is not true for the strict local maximum point of Q.

We also mention that, when f = 0, and � is a bounded smooth domain in R
N , the

problem (1.1) has also been considered by several authors in [4,6,7,12,14]. In [7], Cao et
al. considered (1.1) subject to homogeneous Dirichlet boundary condition, if the coeffi-
cient Q(x) has k non-degenerate critical points, then the problem has only k single-peak
solutions. In [4], the following problem

⎧
⎨

⎩

−ε�u + u = u p−1 in �,

∂u

∂n
= 0 on ∂�
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has a solution whose peak near the local strict maximum or minimum point of the mean
curvature of the boundary ∂� for ε small enough. In these papers, both the topology of �

and the shape of Q play an important role in the existence of positive solutions of (1.1)
and on the location of their peaks.

In the present paper, stimulated by [3,15,18], we consider the single and multi-peak
solutions of (1.1). To state our results more precisely, we introduce some notation first. Let
U be the ground state solution of the problem

− �u + u = |u|p−2u in R
N ,

u ∈ H1(RN ), u(0) = max
x∈RN

u(x). (1.2)

It is known in [10] that U is a positive decreasing radial function, and

lim|x |→∞U (|x |)e|x ||x |(N−1)/2 = C̄ > 0.

For a ∈ R
N+ , Ua denotes the translate of U by a. Our main result is the following.

Theorem 1.1. Assume condition (Qk) holds, 2 < p < 2∗, N ≥ 3, (f1) (f2) and (f3) hold.
Then there exists λ0 > 0 large enough such that for λ > λ0, (1.1) has 2k − 1 positive
solutions satisfying: for any l = 1, . . . , k, there are Cl

k : = k(k−1)···(k−l+1)
l! solutions of the

form

uJ,λ = λ2/p−2

[
l∑

i=1

α ji U (λ(y − a ji − x ji (λ))) + wJ,λ(λy)

]

,

in which J = ( j1, . . . , jl), ji ∈ {1, . . . , k}, ji �= jm, if j �= m; x ji (λ) ∈ R
N , wJ,λ ∈

H1(RN+), and satisfying

x ji (λ) → 0, α ji → (Q(a ji ))−1/(p−2), wJ,λ → 0 strongly in H1(RN+),

as λ → ∞.

Set v(y) = λ
− 2

p−2 u(
y
λ
), then (1.1) becomes

{−�v + v = Q
( y

λ

) |v|p−2v in R
N+ ,

∂v
∂n = λ

−p
p−2 f

(
y
λ
, λ

2
p−2 v

)
on ∂RN+ .

(1.3)

If uλ is a solution of (1.3), and by a translation for uλ we set vλ(y) = uλ(y + λa j ),
y ∈ R

N+ − {λa j }, then vλ satisfies the following equation:

{−�vλ + vλ = Q
( y

λ
+ a j

) |vλ|p−2vλ in R
N+ − {λa j },

∂vλ

∂n = λ
−p
p−2 f

(
y
λ

+ a j , λ
2

p−2 vλ

)
on ∂RN+ − {λa j }. (1.4)
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When λ → ∞, for y ∈ ∂RN+ − {λa j }, we have |y| → ∞, and (1.4) becomes

−�u + u = Q(a j )|u|p−2u in R
N .

Now we are trying to find the solutions of (1.3) in the form
∑l

j=1 α j (λ)U (y − λa j −
x j
λ) + wλ(y), in which a j is the non-degenerate critical point of Q, x j

λ and wλ are small

perturbations. If v(y) = ∑l
j=1 α j (λ)U (y−λa j − x j

λ)+wλ(y) is a solution of (1.3), then

uλ(y) = λ
2

p−2 v(λy) = λ
2

p−2
[∑l

j=1 α j (λ)U (λy − λa j − x j
λ) + wλ(y)

]
is a solution of

(1.1).
Throughout this paper, we denote H1(RN+) by H1. Define ‖u‖H1(�) = (

∫

�
|∇u|2 +

u2dx)
1
2 . Let 〈·, ·〉� denote the usual scalar product in H1(�). For simplicity, we write

‖ · ‖ = ‖ · ‖H1(RN+ ) and 〈·, ·〉 = 〈·, ·〉
R
N+ . Set

Bρ(0) = {x ∈ R
N , |x | ≤ ρ}, and fix

ρ > 0 small enough so that {B4ρ(ai )} are disjoint;
�ρ = {(α1, . . . , αl , x

1, . . . , xl) :
α j ∈ (−ρ + Q(a j )

− 1
p−2 , ρ + Q(a j )

− 1
p−2 ), x j ∈ Bρ(0), j = 1, . . . , l};

Ml
λ,η = {(α1, . . . , αl , x

1, . . . , xl , w) :
(α1, . . . , αl , x

1, . . . , xl) ∈ �4ρ,w ∈ Eλ,x1,...,xl , ‖w‖ < η};

Eλ,x1,...,xl = {u ∈ H1, 〈u,Uλa j+x j 〉 =
〈

u,
∂Uλa j+x j

∂x j
i

〉

= 0,

j = 1, . . . , l; i = 1, . . . , N }.

Define the corresponding functional Kλ of problem (1.3) as follows:

Kλ(u) = 1

2
‖u‖2 − 1

p

∫

R
N+
Q
( y

λ

)
|u|pdy − λ

−p
p−2

∫

∂RN+
F
( y

λ
, λ

2
p−2 u

)
dσ,

in which F(x, t) = ∫ t
0 f (x, s)ds. For (α1, . . . , αl , x1, . . . , xl , w) ∈ Ml

λ,η, we define

Jλ(α, x, w) = Kλ(�
l
j=1α jUλa j+x j + w).

PROPOSITION 1.1

There exist η0 > 0 small enough and λ0 > 0 large enough such that for λ ≥ λ0,
η ∈ (0, η0), (α1, . . . , αl , x1, . . . , xl , w) ∈ Ml

λ,η is a critical point of Jλ in Ml
λ,η if and

only if u = ∑l
j=1 α jUλa j+x j + w is a critical point of Kλ in H1(RN+).

The proof of Proposition 1.1 is quite similar to the proof of Lemma A5 in [5], and so is
omitted. Notice that by Lagrange multiplier theorem, (α, x, w) ∈ Ml

λ,η is a critical point
of Jλ if and only if there exist constants β j , γmj , j = 1, . . . , l; m = 1, . . . , N such that
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⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂ Jλ
∂α j

= 0, j = 1, . . . , l;
∂ Jλ
∂x j

i

=
N∑

m=1
γmj 〈w,

∂2U
λa j+x j

∂x j
m∂x j

i

〉, i = 1, . . . , N ; j = 1, . . . , l;

〈 ∂ Jλ
∂w

, ϕ〉 =
l∑

m=1
β j 〈ϕ,Uλa j+x j 〉 +

N∑

m=1

l∑

j=1
γmj 〈ϕ,

∂U
λa j+x j

∂x j
m

〉, ϕ ∈ H1
(
R

N+
)
.

(1.5)

Our arguments are essentially similar to those in [5,13] and based on a reduction method
and fixed point argument. In section 2, we establish the existence of one peak solutions of
(1.3), and multi-peak solutions in section 3.

2. The existence of single peak solution

Theorem 2.1. Assume condition (Q1) holds with a ∈ R
N+ . Then there exists a constant

λ0 > 0 such that for any λ ≥ λ0, (1.1) has a solution of the form

uλ(y) = λ
2

p−2
(
αλU (λy − λa − xλ) + wλ(y)

)
,

satisfying that as λ → ∞, αλ → (Q(a))
− 1

p−2 , xλ → 0, wλ → 0 in H1, wλ ∈ Eλ,xλ .

Without loss of generality, we may assume that Q(a) = 1. If uλ(y) is a solution of (1.1)

in the form λ
2

p−2
(
αλU (λy − λa − xλ) + wλ(y)

)
, then by easy computation, it is known

that αλUλa+xλ(y) + wλ(y) is a solution of (1.3). Hence, to find the solution of (1.1), it
suffices to find a critical point of Kλ in the form u(y) = αUλa+x (y)+wλ(y), wλ ∈ Eλ,x .

By Proposition 1.1, this is equivalent to finding a critical point (α, x, w) ∈ M1
λ,η of Jλ.

Thus we only need to prove that for small η and large λ, there exist scalars γ, β j ( j =
1, . . . , N ), xλ ∈ Bρ(0) and w ∈ Eλ, xλ , such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ Jλ
∂α

= 0, (3α)

∂ Jλ
∂xi

=
N∑

j=1

β j

〈

w,
∂2Uλa+x

∂x j∂xi

〉

, i = 1, . . . , N , (3i)

〈
∂ Jλ
∂w

, ϕ

〉

= γ 〈Uλa+x , ϕ〉 +
N∑

j=1

β j

〈
∂Uλa+x

∂x j
, ϕ

〉

, ϕ ∈ H1. (3w)

Now we will solve the equations in (3α), (3i), (3w). The proof of Theorem 2.1 will be
divided into several propositions in the following.

PROPOSITION 2.1

Assume that condition (Q1) holdswith x0 = a ∈ R
N+ . Then there existλ0 > 0, ρ > 0 small

and a continuousmapA such that for any (λ, x), λ ≥ λ0, |x | < ρ,A(λ, x) = wλ,x ∈ Eλ,x

in which wλ,x satisfies (3w) for some (γ, β1, . . . , βN ) ∈ R
N+1. Moreover, there is a

constant C > 0, such that
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‖wλ,x‖ ≤ C

λ2 . (2.1)

Proof. We follow the argument due to Cao [3]. Expand Jλ in a neighbourhood of w = 0
in Eλ,x , and by the definition of Jλ, we have

Jλ(α, x, w) = Jλ(α, x, 0) + Lλ(w) + Fλ(w) + R(w)

Lλ(w) = −
∫

R
N+
Q
( y

λ

)
(αUλa+x )

p−1wdy − λ
−p
p−2

∫

∂RN+
f
( y

λ
, λ

2
p−2 αUλa+x

)
wdσ,

Fλ(w) = 1

2
‖w‖2 − p − 1

2

∫

R
N+
Q
( y

λ

)
(αUλa+x )

p−2w2dy − λ
−p
p−2

∫

∂RN+
f ′ ( y

λ
, λ

2
p−2 αUλa+x

)
w2dσ,

R(w) = O
(‖w‖ p̄), p̄ = min{p, 3}.

Claim 1.

‖Lλ‖ = O

(
1

λ2

)

. (2.2)

In fact, by the property of U , we have

∫

R
N+
(Uλa+x )

p−1wdy = 〈w,Uλa+x 〉 −
∫

∂RN+

∂Uλa+x

∂n
wdσ

=
∫

∂RN+

∂Uλa+x

∂yN
wdσ = O(e−λτ )‖w‖. (2.3)

for some suitable τ > 0 small enough and it may change from line to line. If λ is large
enough, then it follows from assumptions on Q, (2.3) and with mean value theorem that,

∫

R
N+
Q
( y

λ

)
(αUλa+x )

p−1wdy

=
∫

zN>−λaN−xN
Q

(
z + x

λ
+ a

)

(αU (z))p−1w(z + λa + x)dz

≤
∫

zN>−λaN−xN

(

Q

(
z + x

λ
+ a

)

− Q(a)

)

(αU (z))p−1w(z + λa + x)dz

+ O(e−λτ )‖w‖
≤ C

λ2

∫

zN>−λaN−xN
|z + x |2(αU (z))p−1w(z + λa + x)dz + O(e−λτ )‖w‖

≤ C

λ2 ‖w‖. (2.4)
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By the assumption (f2) and (f3), we have

∀ε > 0, ∃Aε > 0, s.t. | f (x, t)| ≤ ε|t | + Aε|t |q .

Thus

λ
−p
p−2

∫

∂RN+
f
( y

λ
, λ

2
p−2 αUλa+x

)
wdσ

≤ λ
−p
p−2

∫

∂RN+
ελ

2
p−2 αUλa+x |w|dσ + λ

−p
p−2

∫

∂RN+
Aε

(
λ

2
p−2 αUλa+x

)q |w|dσ

≤ C

λ
e−τλ‖w‖ + Cλ

2q−p
p−2 e−τλ‖w‖. (2.5)

Hence we have, for λ large enough,

λ
−p
p−2

∫

∂RN+
f
( y

λ
, λ

2
p−2 αUλa+x

)
wdσ ≤ C

λ2 ‖w‖

and (2.2) follows.

Claim 2. For some δ > 0, we have

‖w‖2 − (p − 1)

∫

R
N+

(Uλa+x )
p−2 w2dy ≥ δ‖w‖2, ∀w ∈ Eλ,x ,

(see Appendix). As in (2.4), we have

∫

R
N+
Q
( y

λ

)
(αUλa+x )

p−2 w2dy =
∫

R
N+

(αUλa+x )
p−2 w2dy + O

(
1

λ2

)

‖w‖2.

For λ large enough, and due to (f2),

λ
−p
p−2

∫

∂RN+
f ′ ( y

λ
, λ

2
p−2 αUλa+x

)
w2dσ ≤ Cλ

−p
p−2

∫

∂RN+

(
λ

2
p−2 αUλa+x

)γ

w2dσ

≤ Cλ
2γ−p
p−2 e−λτγ ‖w‖2.

By (α, x, w) ∈ M1
λ,η, we have |α − 1| ≤ ρ. Hence for ρ > 0 small, there hold

Fλ(w) ≥ δ′

2
‖w‖2 − λ

−p
p−2

∫

∂RN+
f ′ ( y

λ
, λ

2
p−2 αUλa+x

)

w2dσ ≥ δ′

2
‖w‖2 − Cλ

2γ−p
p−2 e−λτγ ‖w‖2.

For λ large enough, we get Fλ(w) ≥ ρ′‖w‖2. Then by Riesz representation theorem, we
can denote Lλ and Fλ by Lλ(w) = 〈L , w〉, L ∈ Eλ,x , ∀w ∈ Eλ,x and Fλ(w) = 〈Aw,w〉,
∀w ∈ Eλ,x , respectively. Here A is a continuous and coercive symmetric bilinear form on
Eλ,x . Therefore,
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∂ Jλ
∂w

∣
∣
∣
Eλ,x

= L + 2Aw + R′(w),

and (3w) is equivalent to L + 2Aw + R′(w) = 0.
Set Fλ,x (L , w) = L + 2Aw + R′(w) : Eλ,x × Eλ,x → Eλ,x , then we have

F(0, 0) = 0,
∂F

∂w
(L , w) = 2A + R′′(w), R′′(w) = O(‖w‖p−2).

If ‖w‖ is small. Then ∂F
∂w

is invertible, and by implicit theorem, there exists (L , wλ,x (L))

such that F(L , wλ,x (L)) = 0. That is, 〈L , w〉 + 2〈Aw,w〉 + 〈R′(w),w〉 = 0 and ‖w‖ ≤
C‖L‖.

Now (2.1) follows from (2.2) and this completes the proof. �

PROPOSITION 2.2

Let ρ, λ and wλ,x be such that Proposition 2.1 holds, we have the equivalence that (3α)

holds, if and only if α = 1 + W (λ, x, α), in which W is a continuous function of λ, x, α

and W (λ, x, α) = O( 1
λ2 ).Moreover, there exists an α such that (3α) holds for |α−1| ≤ ρ.

Proof.

∂ Jλ
∂α

= α‖Uλa+x‖2 + 〈w,Uλa+x 〉

−
∫

R
N+
Q
( y

λ

)
|αUλa+x + w|p−2(αUλa+x + w)Uλa+xdy

− λ−1
∫

∂RN+
f
( y

λ
, λ

2
p−2 αUλa+x + w

)
Uλa+xdσ,

∫

R
N+
Q
( y

λ

)
|αUλa+x + w|p−2(αUλa+x + w)Uλa+xdy

=
∫

R
N+
Q(

y

λ
)(α p−1U p

λa+x+(p − 1)α p−2U p−1
λa+xw+Uλa+x O(|w|p−1))dy

= I1 + I2 + I3.

As in (2.3) (2.4) and (2.5), we have

∫

R
N+
Q
( y

λ

)
U p

λa+xdy =
∫

R
N+
U p

λa+xdy + O

(
1

λ2

)

,

∫

R
N+
Q
( y

λ

)
U p−1

λa+xwdy ≤ C

λ2 ‖w‖,
∫

R
N+
Q
( y

λ

)
Uλa+x O(|w|p−1)dy = O(|w|p−1),

λ−1
∫

∂RN+
f
( y

λ
, λ

2
p−2 αUλa+x + w

)
Uλa+xdσ ≤ λ−1

∫

∂RN+
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[

ελ
2

p−2 (αUλa+x + w) + Aε

(
λ

2
p−2 (αUλa+x + w)

)q
]

Uλa+xdσ

= O(e−λτ ).

Let Aλ = ‖Uλa+x‖2, Bλ = ∫

R
N+ U p

λa+xdy, A = ‖U‖H1(RN ). Then we have as λ →
∞, Aλ → A2, Bλ → A2 and Aλ = Bλ + O(e−τλ), for some τ small.

Then we get ∂ Jλ
∂α

= αAλ − α p−1Bλ + O( 1
λ2 ). Therefore, ∂ Jλ

∂α
= 0 is equivalent to

α = 1 + O( 1
λ2 ). Hence it follows from the Brouwer fixed point theorem that there exists

an α such that (3α) holds. �

PROPOSITION 2.3

Let ρ, λ and wλ,x be such that Proposition 2.1 holds and α be such that Proposition 2.2
holds ∀ k = 1, . . . , N , we have

∂ Jλ
∂xk

= −α p B

2λ2

N∑

m=1

Dk,mQ(a)xm + o

(
1

λ2

)

and (3k) ⇔ x = W (x, λ),

where B is some positive constant and W : Bρ → R
N is a continuous mapping satisfying

W (x, λ) → 0, as λ → ∞ uniformly in Bρ .

Proof. By the definition of Jλ and direct calculations, we have

∂ Jλ
∂xk

= α2
〈
∂Uλa+x

∂xk
,Uλa+x

〉

− α

∫

R
N+
Q
( y

λ

)
|αUλa+x + w|p−2(αUλa+x + w)

∂Uλa+x

∂xk
dy

− αλ−1
∫

∂RN+
f
( y

λ
, λ

2
p−2 αUλa+x + w

) ∂Uλa+x

∂xk
dσ

= α2
〈
∂Uλa+x

∂xk
,Uλa+x

〉

− α p
∫

R
N+
Q
( y

λ

)
U p−1

λa+x
∂Uλa+x

∂xk
dy

− α p−1
∫

R
N+
Q
( y

λ

)
U p−2

λa+x
∂Uλa+x

∂xk
wdy − αλ−1

∫

∂RN+
f
( y

λ
, λ

2
p−2 αUλa+x + w

) ∂Uλa+x

∂xk
dσ + O(‖w‖p−1).

Claim 1.

〈
∂Uλa+x

∂xk
,Uλa+x

〉

= O(e−τλ).
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It is known that
〈
∂Uλa+x

∂xk
,Uλa+x

〉

RN
= 0, so we may derive,

〈
∂Uλa+x

∂xk
,Uλa+x

〉

= −
∫

zN<−λaN−xN
∇ ∂U

∂xk
∇U + ∂U

∂xk
U

= O(e−τλ)

∫

R
N+
Q
( y

λ

)
U p−2

λa+x
∂Uλa+x

∂xk
wdy

=
∫

R
N+

(
Q
( y

λ

)
− 1

)
U p−2

λa+x
∂Uλa+x

∂xk
wdy

+
∫

R
N+
U p−2

λa+x
∂Uλa+x

∂xk
wdy

= O

(
1

λ2

)

‖w‖ +
∫

R
N+
U p−2

λa+x
∂Uλa+x

∂xk
wdy.

For y ∈ ∂RN+ , |y−λa−x | ≥ λaN +xN , so | ∂2Uλa+x

∂x2
k

| ≤ C e−λaN−xN , by Hölder inequality

and Sobolev embedding theorem,

(p − 1)

∫

R
N+
U p−2

λa+x
∂Uλa+x

∂xk
wdy =

〈
∂Uλa+x

∂xk
, w

〉

−
∫

∂RN+

∂2Uλa+x

∂x2
k

wdσ

= −
∫

∂RN+

∂2Uλa+x

∂x2
k

wdσ = O(e−τλ)‖w‖.

As before, we have

∫

∂RN+
f
( y

λ
, λ

2
p−2 αUλa+x + w

) ∂Uλa+x

∂xk
dσ

≤
∫

∂RN+
[ελ 2

p−2 (αUλa+x + w) + Aε(λ
2

p−2 (αUλa+x + w))q ]∂Uλa+x

∂xk
dσ

= O(e−τλ),

∂ Jλ
∂xk

= −α p
∫

R
N+
Q
( y

λ

)
U p−1

λa+x
∂Uλa+x

∂xk
dx + O

(
1

λ2

)

‖w‖

+ O(‖w‖p−1) + O(e−τλ)

= −α p
∫

R
N+

(
Q
( y

λ

)
− 1

)
U p−1

λa+x
∂Uλa+x

∂xk
dx

− α p
∫

R
N+
U p−1

λa+x
∂Uλa+x

∂xk
dx + o

(
1

λ2

)

= −α p

λ2

N∑

j,m=1

Dj,mQ(a)

∫

yN>−λaN−xN
(y j + λa j + x j )(ym + λam + xm)

U p−1 ∂U

∂yk
dy + o(

1

λ2 )
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= −α p

λ2

N∑

j,m=1

Dj,mQ(a)

∫

RN

(y j + λa j + x j )(ym + λam + xm)U p−1 ∂U

∂yk
dy

+ α p

λ2

N∑

j,m=1

Dj,mQ(a)

∫

yN≤−λaN−xN
(y j + λa j + x j )(ym + λam + xm)

U p−1 ∂U

∂yk
dy + o

(
1

λ2

)

:= I1 + I2 + o

(
1

λ2

)

.

By the same calculation as in [5], we have I1 = −α p B
2λ2

∑N
m=1 Dk,mQ(a)xm, in which

B = − ∫

RN yi
∂U
∂yi

dy > 0. As for I2, by the exponential decay of U and ∂U
∂yi

, we have

I2 = o( 1
λ2 ). Hence, we have

∂ Jλ
∂xk

= −α p B

2λ2

N∑

m=1

Dk,mQ(a)xm + o

(
1

λ2

)

.

From the equation above, equation (3k) is equivalent to

−α p B

2λ2

N∑

m=1

Dk,mQ(a)xm =
N∑

j=1

β j

〈

w,
∂2Uλa+x

∂x j∂xk

〉

+ o(
1

λ2 ), k = 1, . . . , N .

Due to Proposition 2.1, we have proved that
〈
w,

∂2Uλa+x
∂x j ∂xk

〉
= O( 1

λ2 ). We claim that β j =
O( 1

λ2 ). Setting ϕ = ∂Uλa+x
∂xk

in (3w), we obtain

〈
∂ Jλ
∂w

,
∂Uλa+x

∂xk

〉

= γ

〈

Uλa+x ,
∂Uλa+x

∂xk

〉

+
N∑

j=1

β j

〈
∂Uλa+x

∂x j
,
∂Uλa+x

∂xk

〉

.

By the above estimates, it follows that

〈

Uλa+x ,
∂Uλa+x

∂xk

〉

= O(e−τ1λ)

and

〈
∂Uλa+x

∂x j
,
∂Uλa+x

∂xk

〉

= O(e−τ2λ), for k �= j

Therefore,

βk =
(〈

∂ Jλ
∂w

,
∂Uλa+x

∂xk

〉

+ O(e−τ1λ)

)/(

‖∂Uλa+x

∂xk
‖2 + O(e−τ2λ)

)

.



22 Page 12 of 26 Proc. Indian Acad. Sci. (Math. Sci.) (2018) 128:22

Notice that ‖ ∂Uλa+x
∂xk

‖ ≤ C0, and by direct calculation we have

∣
∣
∣
∣

〈
∂ Jλ
∂w

,
∂Uλa+x

∂xk

〉∣
∣
∣
∣ =

∣
∣
∣
∣
∂ Jλ
∂xk

∣
∣
∣
∣ = O

(
1

λ2

)

.

Then (3k) becomes

−Bα p

2λ2

N∑

m=1

Dk,mQ(a)xm = o

(
1

λ2

)

,

and since det(D2Q(a)) �= 0, for x ∈ Bρ(0), we have

x = W (x, λ),

in which W (x, λ) = o(1), as λ → ∞. This completes the proof of Proposition 2.3. �

By Proposition 2.3, we deduce that for large λ, W (x, λ) maps B̄ρ into itself. Thus the
Brouwer fixed point theorem guarantees the existence of a fixed point in B̄ρ . We have

uλ = αλUλa+x + wλ

is a solution of (1.3). By Proposition 2.1 and 2.2, αλ → 1, wλ → 0 as λ → ∞. Finally,
we prove that uλ is positive. Set u−

λ =max{0,−uλ}. Then

S

(∫

R
N+
(u−

λ )pdy

) 2
p ≤ ‖u−

λ ‖2 =
∫

R
N+
Q
( y

λ

)
(u−

λ )pdy −
∫

∂RN+

∂u−
λ

∂xn
u−

λ dσ,

and because of u−
λ ≤ αλ|wλ|,

∣
∣
∣
∣
∣

∫

∂RN+

∂u−
λ

∂xn
u−

λ dσ

∣
∣
∣
∣
∣
≤λ

− 2
p−2

∫

∂RN+

∣
∣
∣ f
( y

λ
, u−

λ

)∣
∣
∣ · |u−

λ |dσ ≤λ
− 2

p−2 C‖wλ‖ → 0,

∫

R
N+
Q
( y

λ

) (
u−

λ

)p
dy ≤ C

∫

R
N+

(
u−

λ

)p
dy.

From this, and if u−
λ �= 0, we deduce that

∫

R
N+

(
u−

λ

)p
dy ≥ C > 0,

but
∫

R
N+ (u−

λ )pdy ≤ α
p
λ

∫

R
N+ w

p
λ dy → 0. Hence, u−

λ = 0.

3. Existence of multi-peak solutions

In this section, we will assume Q has two non-degenerate critical points and we construct
solutions with two peaks for (1.3). We still follow the method in section 2, so we will be
sketchy.

Theorem 3.1. Assume that condition (Q2) holds with a1, a2. Then there exists a constant
λ0 > 0, such that for each λ ∈ (λ0,∞), (1.3) has a solution of the form

uλ(y) = α1U (y − λa1 − x1(λ)) + α2U (y − λa2 − x2(λ)) + wλ,
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and satisfying that for λ → ∞,

αi → (Q(ai ))−
1

p−2 , xi (λ) → 0, i = 1, 2;

‖wλ‖ → 0, wλ ∈ Eλ,x1(λ),x2(λ)

in which

Eλ,x1,x2 =
{

v ∈ H1(RN+) : 〈v,Uλa j+x j 〉 = 0,

〈

v,
∂Uλa j+x j

∂xi

〉

= 0,

j = 1, 2; i = 1, . . . , N

}

.

Let M2
λ,η, Kλ, Jλ be defined as in section 1. By Proposition 1.1, Theorem 3.1 will follow

if we establish the existence of a critical point (α1, α2, x1, x2, w) ∈ M2
λ,η for Jλ. Thus

we only need to get that, for small η and large λ, there exist scalars γ1, γ2, β
1
j , β

2
j ( j =

1, 2, . . . , N ), x1, x2 ∈ B̄ρ, w ∈ Eλ,x1,x2 such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ Jλ
∂αi

= 0, i = 1, 2, (4α)

∂ Jλ
∂x1

i

=
N∑

j=1

β1
j

〈

w,
∂2Uλ1+x1

∂x j∂xi

〉

, i = 1, . . . , N , (41i)

∂ Jλ
∂x2

i

=
N∑

j=1

β2
j

〈

w,
∂2Uλa2+x2

∂x j∂xi

〉

, i = 1, . . . , N , (42i)

〈
∂ Jλ
∂w

, ϕ

〉

= γ1
〈
Uλa1+x1 , ϕ

〉

+
N∑

j=1

β1
j

〈
∂Uλa1+x1

∂x1
j

, ϕ

〉

+ γ2
〈
Uλa2+x2 , ϕ

〉

+
N∑

j=1

β2
j

〈
∂Uλa2+x2

∂x2
j

, ϕ

〉

, ϕ ∈ H1 (4w)

The proof of Theorem 3.1 is included in the following propositions.

PROPOSITION 3.1

Assume (Q2) holds, for ρ > 0 small enough. Then there exist a constant λ0 > 0 and a C1

map such that for any (λ, x1, x2) ∈ [λ0,∞) × B̄ρ × B̄ρ, associates wλ,x1,x2 ,

(λ, x1, x2) → wλ,x1,x2 : [λ0,∞) × B̄ρ × B̄ρ → Eλ,x1,x2
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such that (4w) is satisfied for some (γ1, γ2, β
1
1 , β1

2 , . . . , β1
N , β2

1 , . . . , β2
N ) ∈ R

2N+2. And
there exists C > 0, such that

‖wλ,x1,x2‖ ≤ C

λ2 .

Proof. Like in Proposition 2.1, we start by Taylor expansion at w = 0. Write

Jλ(α1, α2, x
1, x2, w) = Jλ(α1, α2, x

1, x2, 0) + Lλ(w) + Fλ(w) + R(w).

Lλ(w) =
〈

2∑

i=1

αiUλai+xi , w

〉

−
∫

R
N+
Q
( y

λ

)
(

2∑

i=1

αiUλai+xi

)p−1

wdy

− λ
−p
p−2

∫

∂RN+
f

(
y

λ
, λ

2
p−2 (

2∑

i=1

αiUλai+xi )

)

wdσ,

Fλ(w) = 1

2
‖w‖2 − (p − 1)

2

∫

R
N+
Q
( y

λ

)
(

2∑

i=1

αiUλai+xi

)p−2

w2dy

− λ
−p
p−2

∫

∂RN+
f ′
(
y

λ
, λ

2
p−2

(
2∑

i=1

αiUλai+xi

))

w2dσ

R(w) = O(‖w‖p)

Claim 1. ‖Lλ‖ = O
(

1
λ2

)
. Because of (a + b)p ≤ Cp(a p + bp) and U decays as e−|x |,

∫

R
N+
Q
( y

λ

)
(

2∑

i=1

αiUλai+xi

)p−1

wdy

≤ Cp

∫

R
N+
Q
( y

λ

)
[(α1Uλa1+x1)p−1w + (α2Uλa2+x2)p−1w]dy.

By (2.4), we have

∣
∣
∣
∣
∣

∫

R
N+
Q(y/λ)(αiUλai+xi )

p−1wdy

∣
∣
∣
∣
∣
≤ C

λ2 ‖w‖, i = 1, 2.

By the same calculation as in (2.5),

λ
−p
p−2

∫

∂RN+
f

(
y

λ
, λ

2
p−2

(
2∑

i=1

αiUλai+xi

))

wdσ = O(e−τλ)‖w‖.

Then we have Claim 1.
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Claim 2. There exists ρ′ such that Fλ(w) ≥ ρ′‖w‖2, for w ∈ Eλ,x1,x2 and λ is large
enough. We first show

∫

R
N+

(
2∑

i=1

αiUλai+xi

)p−2

w2dy

=
∫

R
N+

[
2∑

i=1

(
αiUλai+xi

)p−2 + O(e−λτ )

]

w2,

and by mean value theorem, as we do for (2.4), we have

∫

R
N+
Q
( y

λ

)
(

2∑

i=1

αiUλai+xi

)p−2

w2dy

=
∫

R
N+
Q
( y

λ

) 2∑

i=1

(
αiUλai+xi

)p−2
w2dy + O

(
e−λτ

) ‖w‖2

=
∫

R
N+

2∑

i=1

(
Q(ai )

(
αiUλai+xi

)p−2 )
w2dy + O

(
1

λ2

)

‖w‖2.

For λ large enough and (f2),

λ
−p
p−2

∫

∂RN+
f ′
(
y

λ
, λ

2
p−2

(
2∑

i=1

αiUλai+xi

))

w2dσ = O(e−λτ )‖w‖2,

for large λ.

Here the parameter αi ∈ (−ρ + Q(ai )−
1

p−2 , ρ + Q(ai )−
1

p−2 ), if we choose ρ small
enough, by Proposition A2 and the above estimates, we have

Fλ(w) ≥ 1

2
‖w‖2 − (p − 1)

∫

R
N+
Q
( y

λ

)
(

2∑

i=1

αiUλai+xi

)p−2

w2dy

+ O(e−λτ )‖w‖2

≥ 1

2
‖w‖2 − (p − 1)

∫

R
N+

(
2∑

i=1

Uλai+xi

)p−2

w2dy

− (p − 1)[Q(a1)(α1)
p−2 − 1]

∫

R
N+
U p−2

λa1+x1w
2dy

− (p − 1)[Q(a2)(α2)
p−2 − 1]

∫

R
N+
U p−2

λa2+x2w
2dy + O

(
1

λ2

)

‖w‖2
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≥ δ

2
‖w‖2 − ερ

C

∫

R
N+

2∑

i=1

U p−2
λai+xi

w2dy + O

(
1

λ2

)

‖w‖2

≥ ρ′‖w‖2.

Then by Resize representation theorem, we can denote Lλ and Fλ in the form

Lλ(w) = 〈L , w〉, L ∈ Eλ,x1,x2 , w ∈ Eλ,x1,x2 . Fλ(w) = 〈Aw,w〉, w ∈ Eλ,x1,x2 .

A is a continuous and coercive symmetric on Eλ,x1,x2 . Hence we have

∂ Jλ
∂w

|E
λ,x1,x2 = L + 2Aw + R′(w),

and (4w) is equivalent to L + 2Aw + R′(w) = 0. Set Fλ,x (L , w) = L + 2Aw +
R′(w) : Eλ,x1,x2 × Eλ,x1,x2 → Eλ,x1,x2 . Then we have

F(0, 0) = 0,
∂F

∂w
(L , w) = 2A + R′′(w), R′′(w) = O(‖w‖p−2).

If ‖w‖ is small, ∂F
∂w

is invertible, and there exists (L , wλ,x1,x2(L)), such that F(L , wλ,x1,x2)

= 0, that is, 〈L , w〉 + 2〈Aw,w〉 + 〈R′(w),w〉 = 0 and ‖w‖ ≤ C‖L‖. Now we get a
w ∈ Eλ,x1,x2 satisfying Proposition 3.1. �

PROPOSITION 3.2

If ρ is small enough and λ ≥ λ0, for (α1, α2, x1, x2) ∈ �ρ and w = wλ,x1,x2 as in
Proposition 3.1,

∂ Jλ
∂αi

= 0 ⇔ αi − Q(ai )−
1

p−2 = Vi (αi , x
1, x2, λ), i = 1, 2;

in which Vi (αi , x1, x2, λ) = O( 1
λ2 ).

Proof. Take the derivative of Jλ with respect to αi ,

∂ Jλ
∂αi

=
〈

2∑

i=1

αiUλai+xi ,Uλai+xi

〉

−
∫

R
N+
Q
( y

λ

)
∣
∣
∣
∣
∣

2∑

i=1

αiUλai+xi + w

∣
∣
∣
∣
∣

p−2

(
2∑

i=1

αiUλai+xi + w

)

Uλai+xi dy

− λ
−p
p−2

∫

∂RN+
f

(
y

λ
, λ

2
p−2

(
2∑

i=1

αiUλai+xi

))

Uλai+xi dσ

As in Proposition 2.2, by the same estimates, we have
∂ Jλ
∂α1

= α1‖U‖2
H1(RN )

− α
p−1
1

∫

RN
Q
( y

λ

)
U p

λa1+x1 dy + O(e−λτ )

= α1‖U‖2
RN − α

p−1
1

∫

RN
Q(a1)U pdy + O

(
1

λ2

)

.
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∂ Jλ
∂α1

= 0 ⇔ α1A
2 − α

p−1
1 Q(a1)A2 + O

(
1

λ2

)

= 0,

α1 = Q(a1)
− 1

p−2 + O

(
1

λ2

)

.

The situation is similar to α2. �

PROPOSITION 3.3

Assume that ρ is small enough and λ ≥ λ0. For (α1, α2, x1, x2) ∈ �ρ and w = wλ,x1,x2

as in Proposition 3.1, ∀ k = 1, . . . , N ,

∂ Jλ
∂xik

= Ai

λ2

N∑

j=1

Dj,k Q(ai )xij + o

(
1

λ2

)

,

(41i), (42i) holds ⇔ xi = Wi (xi , λ),

in which Wi (xi , λ) is a continuous function Bρ(0) → R
N , and Wi (xi , λ) = o(1), λ →

∞, uniformly for xi ∈ Bρ(0).

The proof of this result is quite similar to that given earlier for Proposition 2.3, and so is
omitted. The proof of Theorem 3.1 follows from Propositions 3.1, 3.2, 3.3 as in the proof
of Theorem 2.1.

Appendix

PROPOSITION A1

There is a positive constant δ, independent of w, such that

‖w‖2 − (p − 1)

∫

RN+
U p−2

λa+xw
2dy ≥ δ‖w‖2, ∀w ∈ Eλ,x .

As the arguments in [4], we first consider the eigenvalue problem

⎧
⎨

⎩

−�ϕ + ϕ = μU p−2
λa+xϕ in R

N+ ,

∂ϕ

∂n
= 0 on ∂RN+

(A1)

which is equivalent to
⎧
⎨

⎩

−�ϕ + ϕ = μU p−2ϕ in �λ = {y ∈ R
N : yN > −λaN − xN },

∂ϕ

∂n
= 0 on ∂�λ.

(A2)

Denote the j-th pair of eigenvalues and eigenfunctions of problem (A2) by (μλ, j , φλ, j )
for j = 1, . . . , N + 1 with μλ,1 ≤ · · · ≤ μλ,N+1. As λ → ∞, the limiting equation of
(A2) is as follows:

−�ϕ + ϕ = μU p−2ϕ in R
N . (A3)
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Denote the j-th pair of eigenvalues and eigenfunctions of problem (A3) by (μ j , φ j ) for
j = 1, . . . , N + 1 with μ1 ≤ · · · ≤ μN+1. Then by [4], we have μ1 = 1, μ2 = μN+1 =
p − 1;φ1 = U, φ j ∈ span { ∂Ux

∂xi
: i = 1, . . . , N } for j = 2, . . . , N + 1

Lemma A1. Let λ → ∞. We have the following facts:

μλ, j → μ j , j = 1, 2, . . . , N+1; φλ, j ⇀ φ̃ j in H1(�), R
N+ ⊂ � � R

N ;

φ̃ j ∈ span

{
∂Ux

∂xi
: i = 1, . . . , N

}

, j = 2, . . . , N + 1; φ̃1 = CU ;

∫

�λ

|∇φλ, j − ∇φ̃ j |2 + (φλ, j − φ̃ j )
2 → 0, λ → ∞, j = 1, . . . , N + 1.

Proof. The first eigenvalue of problem (A2) is defined by μλ,1 = inf{∫
�λ

|∇u|2 + u2 :
u ∈ H1(�λ),

∫

�λ
U p−2u2 = 1}. Set u = U (x)

(
∫

�λ
U pdx)1/2 . Then

∫

�λ

|∇u|2 + u2dx =
∫

�λ
|∇U |2 +U 2dx
∫

�λ
U pdx

→ 1, λ → ∞.

Thus μλ,1 ≤ 1 + o(1), so we can assume that μλ,1 → μ∗
1 as λ → ∞ and μ∗

1 ≤ 1. First,
μ∗

1 �= 0, else we have
∫

�λ
U p−2φ2

λ,1 → 0 as λ → ∞, which is a contradiction with
∫

�λ
U p−2φ2

λ,1 = 1. Because φλ,1 is bounded in H1(�λ) and
⎧
⎨

⎩

−�φλ,1 + φλ,1 = μλ,1U
p−2φλ,1 in �λ = {y ∈ R

N : yN > −λaN − xN },
∂φλ,1

∂n
= 0 on ∂�λ,

∫

�λ

∇φλ,1 · ∇ψ + φλ,1ψ = μλ,1

∫

�λ

U p−2φλ,1ψ, ∀ψ ∈ H1(RN ),

we have that φλ,1 ⇀ φ̃1 in H1(�), for RN+ ⊂ � ⊂ R
N . Let λ → ∞,

∫

RN
∇φ̃1 · ∇ψ + φ̃1ψdx =

∫

RN
μ∗

1U
p−2φ̃1ψdx,

thus

−�φ̃1 + φ̃1 = μ∗
1U

p−2φ̃1 in R
N

and (μ∗
1, φ̃1) is a pair of eigenvalue and eigenfunction of (A3) and 0 < μ∗

1 ≤ 1. Hence,
μ∗

1 = 1 and φ̃1 = CU.

By induction, we can get the rest of the conclusion. Suppose for 2 ≤ k ≤ N + 1, we
have
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φλ, j ⇀ φ̃ j in H1(�), � ⊂ R
N , φ̃ j ∈ span

{

U,
∂Ux

∂xi
: i = 1, . . . , N

}

. j = 1, 2, . . . , k − 1.

The k-th eigenvalue of (A2) is characterized by

μλ,k = inf

{∫

�λ

|∇u|2 + u2dx : u ∈ H1(�λ),

∫

�λ

U p−2u2dx = 1, 〈u, φλ, j 〉�λ = 0, j = 1, . . . , k − 1

}

.

Claim 1. limλ→∞ μλ,k = p− 1. At first, let us prove μλ,k ≤ p− 1 + o(1). Choose tλ, j =
〈φλ, j ,Ũ 〉�λ

μλ, j
, j = 1, . . . , k−1, Ũ ∈ span{U, ∂Ux

∂xi
: i = 1, . . . , N }\span{φ̃i , i = 1, . . . , k−1}

and

∫

RN
|∇Ũ |2 + |Ũ |2dx = p − 1,

∫

�λ

U p−2Ũ 2dx = 1.

Set uλ = Ũ−∑k−1
j=1 tλ, jφλ, j

( ∫
�λ

U p−2(Ũ−∑k−1
j=1 tλ, jφλ, j )

2
)1/2 . Then uλ satisfies

∫

�λ

U p−2u2
λdx = 1, 〈uλ, φλ, j 〉�λ = 0, j = 1, . . . , k − 1,

hence

μλ,k ≤ 〈uλ, uλ〉�λ → p − 1, j = 1, . . . , k − 1, as λ → ∞.

As before, we have

φλ,k ⇀ φ∗
k in H1(�)

and

∫

RN

∇φ∗
k · ∇ψ + φ∗

kψ =
∫

RN

μ∗
kU

p−2φ∗
kψ, ∀ψ ∈ H1(RN).

From 〈φλ,k, φλ, j 〉�λ = 0, j = 1, . . . , k − 1, we get that 〈φ∗
k , φ̃ j 〉 = 0. Thus

μ∗
k = p − 1, φ∗

k ∈span

{

U,
∂Ux

∂xi
: i=1, . . . , N

}∖
span{φ̃ j , j =1, . . . , k − 1}.

For k = N + 2, by similar argument we can get limλ→∞ μλ,N+2 = μN+2 > p − 1. �
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Proof of Proposition A1. For all w ∈ Eλ,x , we set w̃(y) = w(y + λa + x), then w̃(y)
satisfies 〈w̃(y),U 〉�λ = 〈w̃(y), ∂U

∂yi
〉�λ = 0, i = 1, . . . , N . Then the problem becomes

‖w̃‖2
�λ

− (p − 1)

∫

�λ

U p−2w̃2dx ≥ ρ′‖w̃‖2
�λ

, ∀w ∈ Eλ,x .

Let

w̃ =
N+1∑

i=1

〈w̃, φλ,i 〉�λφλ,i + Rλ,

‖w̃‖2
�λ

=
N+1∑

i=1

〈w̃, φλ,i 〉2
�λ

‖φλ,i‖2
�λ

+ ‖Rλ‖2
�λ

.

So, it is not hard to derive

‖Rλ‖2
�λ

≥ μλ,N+2

∫

�λ

U p−2R2
λdx

= μλ,N+2

[∫

�λ

U p−2w̃2dx − 2
N+1∑

i=1

〈w̃, φλ,i 〉�λ

∫

�λ

U p−2w̃ +
N+1∑

i=1

〈w̃, φλ,i 〉2
�λ

]

= μλ,N+2

[∫

�λ

U p−2w̃2dx +
N+1∑

i=1

〈w̃, φλ,i 〉2
�λ

+ o(1)‖w̃‖�λ

]

.

This implies

‖w̃‖2
�λ

≥ μλ,N+2

[∫

�λ

U p−2w̃2dx +
N+1∑

i=1

〈w̃, φλ,i 〉2
�λ

]

+
N+1∑

i=1

〈w̃, φλ,i 〉2
�λ

μλ,i + o(1).

Because φλ,i → φ̃i ∈ span{U, ∂Ux
∂xi

: i = 1, ·, N }, 〈w̃, φλ,i 〉 → 0 as λ → ∞;

‖w̃‖2
�λ

≥ μλ,N+2

∫

�λ

U p−2w̃2dx + o(1)‖w̃‖2
�λ

.

Hence, by μλ,N+2 > p − 1 for large λ, there exists a small constant ρ′ > 0 such that

‖w̃‖2
�λ

− (p − 1)

∫

�λ

U p−2w̃2dx ≥ ρ′‖w̃‖2
�λ

,
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which is equivalent to

‖w‖2 − (p − 1)

∫

R
N+
U p−2

λa+xw
2dx ≥ ρ′‖w‖2.

PROPOSITION A2

There exists a positive constant δ independent of w, such that for large λ,

‖w‖2 − (p − 1)

∫

R
N+
(Uλa1+x1 +Uλa2+x2)p−2w2dy ≥ δ‖w‖2, ∀w ∈ Eλ,x1,x2 .

With the help of Proposition A1, we can show this result by a similar argument in [4].

Proof. Set

�λ = inf

{∫

R
N+

|∇w|2 + w2 : w ∈ Eλ,x1,x2 ,

∫

R
N+
(Uλa1+x1 +Uλa2+x2)p−2w2dy = 1

}

.

It suffices to show that �λ > p − 1 + c0, for some positive number c0, as λ large enough.
By contradiction, suppose there is a sequence λn → ∞: limn→∞ �λn = � ≤ p − 1.
Namely, there exists wn ∈ H1(RN+):

∫

R
N+

∇wn · ∇Uλnai+xi + wn ·Uλnai+xi dy = 0, i = 1, 2; (A4)

∫

R
N+

∇wn · ∇ ∂Uλnai+xi

∂xij
+ wn · ∂Uλnai+xi

∂xij
dy = 0,

i = 1, 2; j = 1, . . . , N ; (A5)
∫

R
N+

|∇wn|2 + w2
ndy = �λn

∫

R
N+

(
Uλna1+x1 +Uλna2+x2

)p−2
w2
ndy; (A6)

∫

R
N+

∇wn · ∇ψ + wnψdy = �λn

∫

R
N+
(Uλna1+x1 +Uλna2+x2)p−2wnψdy,

∀ψ ∈ Eλn ,x1,x2 . (A7)

Set w̃n(x) = wn(x + λna1 + x1), �λn = R
N+ − {λna1 + x1}. Then we have

∫

�λn

|∇w̃n|2 + w̃2
n = �λn

∫

�λn

(U +Uλna2+x2−λna1−x1)p−2w̃2
n .

We can assume that for some w̃ ∈ H1(RN ), there holds

lim
n→∞ w̃n = w̃, weakly in H1(�), ∀ R

N+ ⊂ � ⊂ R
N .
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Then from (3) and (4) we have

∫

RN
∇w̃ · ∇U + w̃Udy = 0, (A8)

∫

RN
∇w̃ · ∇ ∂U

∂x j
+ w̃

∂U

∂x j
dy = 0, j = 1, . . . , N . (A9)

We claim that

∫

RN
|∇w̃|2 + |w̃|2 = �

∫

RN
U p−2w̃2dy. (A10)

Now we are to choose numbers lλn ,1, lλn ,2, . . . , lλn ,2N+2 such that v ∈ Eλn ,x1,x2 , in which
w(x) = w̃(x − λna1 − x1),

v = w − lλn ,1Uλna1+x1 − lλn ,2Uλna2+x2

−
N∑

j=1

(

lλn , j+2
∂Uλna1+x1

∂x1
j

+ lλn ,N+ j+2
∂Uλna2+x2

∂x2
j

)

.

This is equivalent to the following system of linear equations

〈
w,Uλna1+x1

〉 = lλn ,1‖Uλna1+x1‖2 + lλn ,2
〈
Uλna1+x1 ,Uλna2+x2

〉

+
N∑

j=1

lλn , j+2

〈
∂Uλna1+x1

∂x1
j

,Uλna1+x1

〉

+
N∑

j=1

lλn ,N+ j+2

〈
∂Uλna2+x2

∂x2
j

,Uλna1+x1

〉

, (A11)

〈
w,Uλna2+x2

〉 = lλn ,2‖Uλna2+x2‖2 + lλn ,1
〈
Uλna1+x1 ,Uλna2+x2

〉

+
N∑

j=1

lλn , j+2

〈
∂Uλna1+x1

∂x1
j

,Uλna2+x2

〉

+
N∑

j=1

lλn ,N+ j+2

〈
∂Uλna2+x2

∂x2
j

,Uλna2+x2

〉

, (A12)

〈

w,
∂Uλna1+x1

∂x1
i

〉

= lλn ,1

〈

Uλna1+x1 ,
∂Uλna1+x1

∂x1
i

〉

+ lλn ,2

〈
∂Uλna1+x1

∂x1
i

,Uλna2+x2

〉
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+
N∑

j=1

lλn , j+2

〈
∂Uλna1+x1

∂x1
j

,
∂Uλna1+x1

∂x1
i

〉

+
N∑

j=1

lλn ,N+ j+2

〈
∂Uλna2+x2

∂x2
j

,
∂Uλna1+x1

∂x1
i

〉

, (A13)

〈

w,
∂Uλna2+x2

∂x2
i

〉

= lλn ,1

〈

Uλna1+x1 ,
∂Uλna2+x2

∂x2
i

〉

+ lλn ,2

〈
∂Uλna2+x2

∂x2
i

,Uλna2+x2

〉

+
N∑

j=1

lλn , j+2

〈
∂Uλna1+x1

∂x1
j

,
∂Uλna2+x2

∂x2
i

〉

+
N∑

j=1

lλn ,N+ j+2

〈
∂Uλna2+x2

∂x2
j

,
∂Uλna2+x2

∂x2
i

〉

. (A14)

To solve the system of linear equations, we need to establish estimates of the coefficients.
We know that

〈Uλa1+x1 ,Uλa2+x2〉 = o(1), λ → ∞;
〈

∂Uλa1+x1

∂x1
j

,Uλa1+x1

〉

=
∫

�λ

∇ ∂U

∂x j
· ∇U + ∂U

∂x j
·U = o(1), λ → ∞.

Similarly,

〈
∂Uλai+xi

∂xij
,Uλak+xk

〉

= o(1), λ → ∞, i = 1, 2; k = 1, 2;

‖Uλai+xi ‖2 → A2, λ → ∞, i = 1, 2; A2 = ‖U‖2
H1(RN )

,

∥
∥
∥
∥
∂Uλai+xi

∂xij

∥
∥
∥
∥

2

→ B2, λ → ∞, i = 1, 2; j = 1, . . . , N ;

B2 = ‖∇U‖2
H1(RN )

.

By (6) we have

〈w,Uλna1+x1〉 =
∫

R
N+

∇w · ∇Uλna1+x1 + wUλna1+x1 dy

=
∫

R
N+−{λna1+x1}

∇w(x + λna
1 + x1) · ∇U + w(x + λna

1 + x1)Udy

→
∫

RN
∇w̃ · ∇U + w̃Udy = 0, λn → ∞.
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Similarly,

〈

w,
∂Uλna1+x1

∂x1
j

〉

= o(1), λn → ∞, j = 1, . . . , N ;
〈
w,Uλna2+x2

〉 =
∫

R
N+−λa2−x2

∇w̃ · ∇U (x + λna
1 + x1 − λna

2 − x2)

+ w̃U (x + λna
1 + x1 − λna

2 − x2)dy.

By (3) and w̃n ⇀ w̃, we have

〈w,Uλna2+x2〉 = o(1).

Similarly, 〈w,
∂U

λna2+x2

∂x2
j

〉 = o(1), λn → ∞, j = 1, . . . , N . Owing to the above estimates,

we know that the system of linear equations is equivalent to

⎛

⎜
⎜
⎜
⎝

a1,1 a1,2 · · · a1,2N+2
a2,1 a2,2 · · · a2,2N+2
...

...
...

...

a2N+2,1 a2N+2,2 · · · a2N+2,2N+2

⎞

⎟
⎟
⎟
⎠

·

⎛

⎜
⎜
⎜
⎝

lλ,1
lλ,2
...

lλ,2N+2

⎞

⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎝

o(1)

o(1)
...

o(1)

⎞

⎟
⎟
⎟
⎠

,

in which ai j = o(1) if i �= j , aii > a0 > 0, for i, j = 1, . . . , 2N +2. Therefore, (10)–(13)
has a solution and lλ,i = o(1), i = 1, . . . , 2N + 2. Next, we will give the proof of (9). Set

vn = w − lλn ,1Uλna1+x1 − lλn ,2Uλna2+x2

−
N∑

j=1

(

lλn , j+2
∂Uλna1+x1

∂x1
j

+ lλn ,N+ j+2
∂Uλna2+x2

∂x2
j

)

,

such that vn ∈ Eλn ,x1,x2 and substitute ψ = vn into (6). We have

∫

R
N+

∇wn · ∇w + wnwdy = �λn

∫

R
N+
(Uλna1+x1 +Uλna2+x2)p−2wnwdy

− �λn

[

lλn ,1

∫

R
N+
(Uλna1+x1 +Uλna2+x2)p−2wnUλna1+x1 dy

+ lλn ,2

∫

R
N+
(Uλna1+x1 +Uλna2+x2)p−2wnUλna2+x2 dy

+
N∑

j=1

(

lλn , j+2

∫

R
N+
(Uλna1+x1 +Uλna2+x2)p−2wn

∂Uλna1+x1

∂x1
j

dy

+lλn , j+2+N

∫

R
N+
(Uλna1+x1 +Uλna2+x2)p−2wn

∂Uλna2+x2

∂x2
j

)

dy

]

.
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Thus
∫

R
N+−λna1−x1 ∇w̃n · ∇w̃ + w̃nw̃dy → ∫

RN |∇w̃|2 + w̃2dy, and the right-hand side

of the equation → �
∫

RN U p−2w̃2. If w̃ �≡ 0, then � = p − 1. In fact, by (7) and (8),

p − 1 ≤ inf

{∫

RN
|∇u|2 + u2 : u ∈ H1(RN ),

∫

RN
U p−2u2 = 1,

〈u,U 〉RN =
〈

u,
∂U

∂xi

〉

RN
= 0

}

≤ � ≤ p − 1.

Therefore w̃ is an eigenfunction with eigenvalue p−1, w̃ ∈ Span{ ∂U
∂xi

, i = 1, . . . , N }. This

is a contradiction with (8). We have w̃ = 0. So, w̃n ⇀ 0 in H1(�), ∀ � : R
N+ ⊂ � ⊂ R

N .

Similarly, ŵn = wn(x + λna2 + x2), ŵn ⇀ 0, in H1(�). Then we have

1 =
∫

R
N+
(Uλna1+x1 +Uλna2+x2)p−2w2

n

=
∫

R
N+
U p−2

λna1+x1w
2
n +

∫

R
N+
U p−2

λna2+x2w
2
n + o(1)

=
∫

R
N+−λna1−x1

U p−2w̃n
2 +

∫

R
N+−λna2−x2

U p−2ŵn
2 + o(1)

→ 0.

Hence it is a contradiction. Thus �λ > p − 1 + c0, for λ large enough. �
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