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Abstract: We study the Cauchy problem for the retarded functional differential equations that model
the dynamics of some living systems. We find certain conditions ensuring the existence, uniqueness, and
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and prove the continuous dependence of solutions on the initial data on finite time intervals.
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Introduction

Many mathematical models describing the dynamics of living systems can be expressed as

dz;(t
O _ ftw) — (gt w)e), 20, (1)
zi(t) =i(t), tel,=[-w,0], 1<i<m, (2)
where z(t) = (z1(t),...,2m(t))? is the number of species in the living system at time ¢, z;(¢) is the

number of type i elements, ;(t) is the initial number of type i elements, for 1 < ¢ < m, while w > 0
is some constant, z; : I, — R™ is a retarded variable defined as z;(0) = z(t + ) for § € I, and t > 0;
for t = 0, taking (2) into account, we put xo(0) = ¥(0) = (¢1(), ..., ¥ (0))T for 6 € I,. The right-hand
side of (1) determines the rate of change of z;(t), where f;(¢,z;) is the birth rate of type i elements in
the system, (u; + gi(t,x¢))z;(t) is the death rate of type i elements, their passage to other systems, or
transformation into elements of type j # 4, for 1 < 4,5 < m.

To further formalize (1), (2) and study of the model, we will use the following notation and definitions.
Denote the m x m identity matrix by I and the norm of a vector v € R™ by |[v|gm = > i~ |vi]. Given
u,w € R™, the inequalities ©u < 0, v > 0, v < w, and v > w are understood componentwise. For
J = [a,b] C R and A C R™, denote by C(J, A) the set of all continuous functions z : J — A. Given
v € Ry, C(J, R™) is a Banach space with the norm

I2lly = Igg}(e_ve\IZ(@)llRm), z€ C(J,R™).

In case 7 = 0 we use the standard notation |/z||o = ||z||. Denote the balls in C(I,, R™) by By = {z €
C(I,,R™) : ||z|| < d}. If z,y € C(J, A) then for each t € J we understand the inequality z(t) < y(t) as
the inequality between the corresponding vectors.

A functional h : C(I,, RT) — RT is called isotonic whenever h(z(})) < h(2(?)) for all z(1),2(?) ¢
C(L,, R7) with 2()(9) < 2()(0), where 0 € I,

Say that a functional K : C(I,,R7T) x C(I,,R}') — RT has the mized monotonicity property
if K(z,y) is isotonic in z and antitonic in y; namely, K(z(,yM) < K(z®,4®) for all (z(,4®) e
C(L,, R7) x C(L,, R™), for i = 1,2, with 2((9) < @ (0) and yM(9) > y(0), where 6 € L.
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Let us introduce a series of assumptions about the mappings, functions, and constants appearing
in (1), (2), and denote the collection of them for all 1 <14 < m by (HO):

(1) fi,gi : Ry x C(I,, A¢) = R, where A¢ = {u € R™ :u > ¢}, £ € R™, with £ <0 is a fixed vector;

(2) fiagi : R+ X C(IM,RT) — R+;

(3) fi(t,z) and g;(t, z) are continuous in (¢,2) € Ry x C(I,, A¢) and locally Lipschitz in z: for each
d € R with d > 0 there exist constants Lgf) = L?)(ﬁ, d) > 0 and ng) = ng) (&,d) > 0 such that

|filt,21) — filt, 22)] < LYl — 2], 1gi(t 21) — gilt 22)| < LY 21 — 2]

for all 21,22 € B4gN C (1L, A¢) and t € [0, 00);

(4) v; : I, — R4 is a continuous function;

(5) wi > 0.

We regard (1), (2) as a Cauchy problem for retarded functional differential equations. Refer as
a solution of the Cauchy problem (1), (2) on the finite interval [0,7) to a continuous function z =
(z1,...,2,)T on the interval I, U [0,7) which is continuously (componentwise) differentiable on the
interval [0,7) and satisfies the initial conditions (2) and equations (1) for all ¢ € [0, 7); for ¢ = 0 put

dt

= fi(0,9) — (i + 9:(0,9))¥:(0), 1<i<m.

Say that the Cauchy problem (1), (2) is uniquely solvable on the semiaxis [0, 00), or globally solvable,
whenever it has a unique solution on every finite interval [0, 7).

It is known [1, Chapter 2, Section 2.1] that finding a solution of the Cauchy problem (1), (2) is
equivalent to solving the system of integral equations

t
4 +/ﬁsxs—uﬁﬂww9mwbﬁ,1§i§mJZQ (3)
0

complemented with the initial data (2). Apart from (3), (2), there are other equivalent formulations of
the Cauchy problem (1), (2). Integrating (1), (2) by variation of constants, we arrive at the system of
integral equations

t

— [ (it+gi(s,@s)) ds f [ (pitgi(s,zs)) d
i (0) —|—/e a
0

zi(t)=e © f(a,ma)da, 1<i<m, t>0, (4)

complemented with the initial data (2). Moreover, we can also express (4) in another form, useful for
estimating the solutions to (1), (2). Namely,

a

) S (pitgi(s,zs)) ds
(o) + [ @) g )

zi(t) =€ ©
i ) it 9ia; Ta)

t
- f(ui—l-gi(S,i’?s)) ds
( g

1<i<m, t>0.

The goal of this article is to obtain a collection of conditions on the mappings f;(t, z) and g;(¢, z) for
1 < ¢ < m which will ensure:

(1) the global solvability of the Cauchy problem (1), (2);

(2) the nonnegativity and boundedness of solutions to this problem on [0, c0);

(3) continuous dependence of the solutions on the initial data on finite time intervals.
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1. Auxiliary Statements

Put
ft ) = (filt, o), .o fn(to )T,

g(t, ) = diag(g1(t, z¢), - - -, gm(t, ),
oty xe) = (Pr(ts ), - om(t, )T = F(tme) — (1 + gt @)z (t),
p(t,xe) = (pr(t,xe), .., pm(t, 1)) 7,
pi(t,xe) = fi(t, o) /(i + gi(t, 21)), 1<i<m, t>0,
p = diag(p1, - - - s ),

— [(u+g(s,@s)) ds — [(m1+g1(s,25)) ds — [ (hm+gm(s,@s)) ds
e a = diag(e @ yee.,€ @ ), t>a>0.

Rearrange the systems (3), (2) and (4), (2) as

t
)+ | pla,xq) t >0, (6)
o
z(t) =9¢(), tel, (7)
- t( (s,5)) ds ! t 8,Ts)) ds
z(t)=e Of e )+ /e af el fla,z4)da, t>0, (8)
0
o(t) =p(t), tel,. (9)

Refer as a solution to (6), (7) (or (8), (9)) on the interval [0, 7], where 7 > 0, to a continuous
function z on [—w, 7| satisfying (7) and (6) for all ¢ € [0, 7] (respectively (9) and (8)).
Lemma 1. On assuming (H0), if (6), (7) has a solution on [0, 7] then the later is unique.

PRrROOF. Take two solutions = and y to (6), (7) on some interval [0, 7], where 7 > 0. By definition,
x and y are continuous functions on [—w, 7],

a(t) =y(t) =¢(t) 20, tel,

t t
£(t) = $(0) + / o(arza)da, y(t) = $(0) + / ola,ya)da, 1€ [0,7];
0

moreover, x(t) > £ and y(t) > & componentwise for all ¢ € [—w, 7|, where the vector ¢ is specified
n (HO). Since  and y are continuous, there exists a constant d > 0 such that x(t),y(t) € B4NC(1,, A¢)
for t € [~w, 7|. Since x and y are bounded, while f;(¢,z) and g;(¢, z) have the local Lipschitz property,
introduce Lipschitz constants Lg) > 0 for the components ¢;(t, z) of the mapping ¢(¢,z) for 1 < i < m.
Estimate |x;(t) — yi(t)| for t € [—w, 7]. It is clear that |z;(t) — vy;(t)] = 0 for t € [~w,0]. Consider the
case t € [0, 7]. We have

t
/ SOZ a, Ia (pi(aaya)) da’7
0

t t
x;(t (a,xq) — @i(a,yq)| da < L@ To — Yol da, 1<i<m.
©
0 0
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This yields [|z(¢) — y(t)||gm = 0 for ¢t € 1, and
t
lo(t) — y()l g < M, / |20 — yall da, ¢ < [0,7],
0

where M, = >, Lg) > 0. Observe that the constant M, depends on 7, £, and d, but is independent
of t. Take t € [0,7] and 6 € I,,. Then

et +6) —y(t + 0)[am =0, t+0<0,
t+60 t
||w<t+e>>—y<t+e>|rRmSM¢/usca—ya\dasm/u:ca—yauda, t+6>0,
0 0

t
lze = yell = max|lz(t + 6)) — y(t +0)l|lr~ < Mso/ 120 — Yall da.
0

The Gronwall-Bellman Lemma yields ||z; — y:|| = 0 for ¢ € [0,7]. Thus, z(t) = y(¢) for all t € [~w, 7],
which completes the proof of Lemma 1. [

Fix 7 > 0. Denote by Cy C C([~w,7],R™) the set v € C([—w, 7], R™) such that z(t) = ¥(¢)
for t € I, and by Cyo C Cy, the set x € Cy with z(t) > 0 for t € [~w,7]. Take a function v =
v(t) = (vi(t),...,vm(t))T continuous on [~w, 7] with nonnegative components, including the case that
v =v(t) = (v1,...,um)T is a nonnegative vector, and denote by Cy o, the set of functions z € Cy
satisfying 0 < z(t) < v(t) for t € [—w,7]. Observe that the sets Cy ., Cypo, and Cy are closed
in C([-w, 7], R™). Consequently, for every v > 0 they are complete metric spaces with the norms |[/z||,
for z € C([~w, 7], R™).

Define the operator F' associating to F(z) € Cy o each z € Cy ¢ as

F(x)(t) = ¢(t)7 tel,,

t

t
~ [(utg(awa)) da b= [(utg(sas)) ds
F(z)(t)=e o ¥(0) +/e a fla,z,)da, te€]0,7].

0

Lemma 2. On assuming (HO), if there exists a set Cy o, of functions with F': Cy o, — Cy 0, then
(8), (9) has a unique solution x € Cy, and furthermore x € Cy -

PROOF. By definition,

0<z(t)<v* =(},...,v5)T, tel|-wr],

rYm

for all z € Cy 0., Where v] = maxyc[_y, - vi(t) > 0 for 1 <4 < m. To verify that F is a contraction
operator on Cy o, with respect to the norm | - ||, for some v > 0, take z,y € Cy,. Since 0 <
z(t),y(t) < v* for t € [~w, 7], there is d > 0 such that z(t),y(t) € BgN C(l,, A¢) for t € [—w,7]. Put

Ny» = {u € R? : u < v*}. The Lipschitz constants ng) and Lg) of f; and g; depend on ¢ and v*
for 1 < i < m. Since f; is continuous for all (t,z) € [0,7] x C(ly, Ny+), we have 0 < f;(t,z) < Mj(f),

where M]gi) > ( are constants depending on v* for 1 < i < m.
Fixing 1 <7 < m and some constant « > 0, estimate

e "Fy(2)(t) - Fi(y)(t)], t€[-w,7].
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The definition implies that e | F;(z)(¢t) — Fi(y)(t)| = 0 for t € I,. For t € [0, 7] we have
e (Fi(x)(t) — Fi(y)(t)) = e "' Bi(t) + e " Si(t)

t t

— [(#i+gi(a,za)) da — [(nitgi(aya)) da

0 —e 0 )¥i(0)
t

t
t
t/ — [ (pitgi(s,zs)) d — [ (pitgi(s,ys)ds
-
e a
0

—e (e

f(a,wa)—-e a fila,ya)) da.

The nonnegativity of g;(a,z,) and g;(a,y,) yields

t
— f(ui—i-gi(a,a:a)) da - f(ui+gi(a,ya)) da

e_7t|BZ~(t | = e_w]e 0 —e 0 [4i(0)

~—

< 4;(0)e"*

o

t
\9i(a, 20) — gi(a, ya)| da < ;(0)e / LY|zq — yal da
0

el

t
< L(’)w( 0)e” 7t/e”"e_wmax(”:l:(a+0) —yla+0)||gm)da
0

t

< L) [ @ max(e @ a(a+6) ~ y(a +6)|am) da
0

t
< L{;(0)e / e max max(e”" " la(a +6) —y(a+0)lzn) da

~+

< Lvi(0)e” / e max (e a(a+6) ~yla+ 0)|rn) da
0

- “ﬁi()ux —yly (-, tefo,7]

Furthermore, for ¢ € [0, 7] we have
t t
b= [(uitgi(sas) ds — [(ui+i(s,ys)) ds
- / ‘- faws) e @ fi(a,3) da

t
‘ —fgz (s,25) ds — [ 9i(s,ys) ds
] / el filarza) —e - (@ 0)) da
0

t
- *fgz 5,2s) ds — [ 9i(s,ys) ds
e milt=le fila,zq) —e @ fi(a,ya)| da

t t
< / e r(tm) (Lﬁf)uma — yal| + M) / L) s — ysl ds> da
0

a

t t
<Y / €% zq — yql|da+ ML / erili=e) ( / €|z — y ds) da.
0 0 a

<

o"\
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This implies that

(4) t t
L N
S0 < e~y 0 4 WP Loyl [ert0 ([ as) ao
0 a
() () 7 (3) L
3 M’ Ly 1 — e Hit
Tfnsc—yn (1—e 7t>+f*||x—y||7T, teo,7].

Combining the estimates, we infer that
e |Fy(2)(t) - Fi(y)(t)] < 7( LY9i(0) + LY + MO LD ) 2 — gl

for all ¢ € [0, 7].
Choose a constant v > 0 such that

1 , , N
q= ; Z(ng)d)i(O) + Lgf) + M](f)L!(]’)ui 1) <1.
i=1
We arrive at the estimate

IF(z) = F(y)lly = max (e™"||F(z)(t) — F(y)(t)||rm)

te[~w,T]
— max (e WZ R@0 - FOO) <l
Consequently, F' is a contraction on C¢707U Wlth respect to the norm || - ||,.

By assumption, Cy o, is invariant under F. By the contraction mapping principle, the equation
x = F(z) has a unique solution z* € Cy o,. Observe that z* is a solution to (8), (9) on the interval [0, 7]
and simultaneously a solution to the equivalent problem (6), (7) on this interval. Resting on Lemma 1,
we conclude that (8), (9) has a unique solution z* € Cy, and furthermore 2* € Cy .. The proof of
Lemma 2 is complete. [

2. Additional Assumptions and Invariant
Sets of Functions for the Operator F

Let us introduce a series of assumptions on the mappings f and p. Each of the assumptions below
serves as a base for constructing an invariant set Cy, o, for F":
(H1) for all (t,2) € Ry x C(I,, RT') we have the estimate f(¢,2) < h(z), where h : C(I,, R}') — RT
is a continuous isotonic functional;
(H2) there exists p € R such that f(t,z) < p for all (¢,2) € Ry x C(I,, RT});
(H3) for all (t,2) € Ry x C(I,, RT") we have the estimate
0
ft.2) <p+ [ aw(®):0)
—w
where p € R™*, while v is an m X m matrix with entries defined and nondecreasing on I,,, and the matrix
Av =v(0) — v(—w) has at least one positive entry;
(H4) for all (t,2) € Ry x C(l,, RT') we have the estimate p(t,z) < 3(z), where 5 : C(I,, R}') — RT
is a continuous isotonic functional;
(H5) there exists r € RY" such that p(t,z) < r for all (¢,2) € Ry x C(l,, RT);
(H6) for all (t,2) € Ry x C(I,, RT") we have the estimates
L(z,2) < p(t, z) < K(2,2),
where L, K : C(I,,RT}) x C(I,,R}') — R} are continuous functionals with the mixed monotonicity
property.
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Lemma 3. On assuming (HO) and (H1), if there exists ¢ € R!" with

h(q) < ug (10)

and the initial function v satisfies
< 11
max (t) < g (11)

then for each T > 0 the set Cy g 4 is invariant under F'.

PrOOF. Fix 7 > 0 and take € Cy 4. Since h is isotonic, we see that 0 < h(x) < h(q) for t € [0,7].
Resting on (11), we obtain 0 < F(x)(t) = 9(t) < g. Using (10) and (11), we establish for ¢ € [0, 7] the
estimates

t
0 < F(z)(t) < e~ p(0) + / e==9) f(q. ) da
0

¢ t
< e p(0) + / e =D p(z,) da < e H14p(0) + / e =h(g) da
0 0

= e "(0) + (I —e )" h(q) < q.

Consequently, F(x) € Cy 0,4 for all z € Cy o 4. The vector g is independent of 7. Since 7 is arbitrary, the
proof of Lemma 3 is complete. [J

Lemma 4. On assuming (HO0) and (H2), put
v = max{maxy(t); p”'p} € R (12)

Then for each T > 0 the set Cy ¢, is invariant under F'.

PrOOF. Using (H2) and (12), turn to Lemma 3 with h(z) = p for z € C(l,, RT") and ¢ = v. The
chosen h(z) and q satisfy the hypotheses of Lemma 3, which completes the proof. [

Lemma 5. On assuming (HO) and (H3), there exist ¢ € R™ with ¢ > 0 and n € R with n > 0 such
that for

v(t) = ce™, tER, (13)

and T > 0 the set Cy o, is invariant under F.

PROOF. Resting on (H3), turn to the matrix Av. By assumption, all its entries are nonnegative and
at least one of them is positive. Choose n > 0 so that ||Av|| < n. Following [2, Chapter 2, Section 2.4],
we infer that the matrix Q(n) = I —n~'Av is invertible and all entries of @ ~!(n) are nonnegative. Each
row of Q~1(n) obviously contains at least one positive entry. Fix some vector ¢ € R™ with ¢ > 0. Put

b = max{e +¥(0) + u " p; rtréz}x(e’"tw(t))} €R™,

c=Q Y(nbeR™, w(t)=ce™, tcR.
It is not difficult to observe that b > 0 and ¢ > 0. The choice of n and ¢ yields F(z)(t) = (t) < v(t)
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for t € I,,. For 0 <t < oo we obtain the following chain of relations:

P(0) + /t e M=) <p + /0 dv(0)v(a + e)) da
0

—w

0

¢
=1(0) + [ e#(=® (p + du(e)ce”(“w)) da
/ /

—w

¢
<(0) +utp+ / e M=) da Ave
0

t
<Y(0)+p tp+ /e”a daAve < (0) + p~tp+nte™ Avc
0
< be™ + 0 AvQ T (n)be™ = (Q(n) + 1t Av)Q T (n)be™
=T —ntAv 4+t Av)Q H(n)be™ = ce™.

Fix 7 > 0. Putting x € Cy ., we have

0 < F(z)(t) =9(t) <v(t), tel,

< (0) + / e H(t=a) (p + /O dv(0)v(a + 9)) da <w(t), telo,7].
0

—W

Consequently, F'(z) € Cy., for every z € Cy,. The parameters v(t) are independent of 7. Since 7 is
arbitrary, the proof of Lemma 5 is complete. [J

Lemma 6. On assuming (HO) and (H4), if there exists c € R!' with

Ble)<c (14)
and the initial function 1 satisfies
max Y(t) <c (15)
€L,

then for each T > 0 the set Cy . is invariant under F.

PRrROOF. Fix 7 > 0 and take x € Cy o .. Since [ is isotonic, we arrive at the inequalities 0 < B(x;) <
B(c) for t € [0,7]. Resting on (15), we obtain 0 < F(z)(t) = 9(t) < c¢. Using (14), (15), and the
expression

t a
— f(ui—f—gi(s,ms)) ds f(uri-gi(s,ms)) ds
F@)(t) =e (@bi(())—i—/pi(a,xa)deo ) | <i<m, t>0,

0

t
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for the components of F', we establish for ¢ € [0, 7] the estimates

= [(ntg(s,zs)) ds J (ntg(s,25)) ds
0<F(z)(t)<e © (¥(0) + (e® —1)B(c))
— [(utg(s,s)) ds — [(utg(s,2s)) ds
=e 0 P0)+ (I —e © )B(c) <e.

Consequently, F(z) € Cy o, for every x € Cy .. The vector c is independent of 7. Since 7 is arbitrary,
the proof of Lemma 6 is complete. [

Lemma 7. On assuming (HO) and (H5), put

d= max{?éz}f YP(t);r} € R (16)

Then for each T > 0 the set Cy, o 4 is invariant under F'.

Proor. Using (H5) and (16), turn to Lemma 6 with 8(z) = r for z € C(l,, R}") and ¢ = d. The
chosen (3(z) and c satisfy the hypotheses of Lemma 6, which completes the proof. [

Lemma 8. On assuming (HO) and (H6), if there exist u,w € R} with
u<w, u<Luw), w>Kw,u), (17)

and the initial function i satisfies
u<P(t) <w, tel,, (18)

then for each T > 0 the set
Cypuw={r€Cyp:u<a(t) <wforte|-w,T]|}

is invariant under F'.

PRrROOF. Fix 7 > 0 and take # € Cy . Using (H6) and the mixed monotonicity of L and K, we
arrive at the inequalities

L(u,w) < L(zy, z¢) < p(t,xy) < K(zg,2¢) < K(w,u), te]0,7]. (19)

This yields u < F(z)(t) = ¢(t) < w for t € I,,. Using (17)—(19) and the expression for the components
of F in Lemma 6, we establish the following estimates:

t t
— [(utg(s,s)) ds S (utg(s,zs)) ds
F(z)(t)<e o (¥(0) + (e — K (w,u))
— [(u+g(s,xs)) ds — [(u+g(s,@s)) ds
=e 0 PO)+(I—e © VK (w,u) < w,
t t
— f(u—i—g(s,xs)) ds f(u-i—g(s,ms)) ds
F(z)(t)>e o (¥(0) + (e —I)L(u,w))
— [(u+g(s,@s)) ds — [(u+g(s,@s)) ds
—e 0 P0)+ (I —e © VL(u,w) >u, tel0,T]

Consequently, F(z) € Cy 4 for every x € Cy . The vectors u and w are independent of 7. Since 7 is
arbitrary, the proof of Lemma 8 is complete. [J
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3. The Main Results
Proceed to study (8), (9) on using Lemmas 2-8.

Theorem 1. Assuming (HO) as well as one of (H2), (H3), and (H5), we have

(1) Problem (8), (9) is uniquely solvable on [0, 00) and its solution x on each interval [0, 7] depends
continuously on .

(2) The solution x to (8), (9) satisfies the estimates

0<z(t)<wv, 0<=z(t)<ce™, 0<z(t)<d, tcl0,00),

corresponding to assumptions (H2), (H3), and (H5), where v is specified in (12), the parameters ¢ and n
are given in Lemma 5, while d is specified in (16).

PRrROOF. Assume (HO) and (H2). Using Lemmas 2 and 4, we infer that for every fixed 7 > 0 (8), (9)
has a unique solution z € Cy and, furthermore, x € Cy ,, where v is specified in (12). Consequently,
(8), (9) is uniquely solvable on [0, 00) and its solution satisfies 0 < z(t) < v for t € [0, 00). Assuming (H3)
and then (H5), we apply Lemma 2 together with Lemma 5 (respectively Lemma 7) and justify the first
two claims of the theorem.

Fix the interval [0,7]. Take two functions ¥(!) and (? satisfying the requirement on 1 in (HO).
These functions correspond to the two operators F1) and F?) coinciding with the operator F for ¢ = (1)
and 9 = ¢?), as well as the solutions (1) and z(® to (8), (9) with F = F() and F = F® respectively.
Fixing (1), let 12 vary. It is not difficult to observe that, on assuming (H2) and (H5), we can replace
the vectors v and d specified in (12) and (16) by

1 . 2 .1 _ 1 . 2 .
v = max{max ™ (1); maxy® (1); n~'p},  d = max{max () maxy® (1);r}.
Assuming (H3), we can choose the parameters of the function v(t) defined in (13) so that v(t) > ™M (¢)
and v(t) > 3 (t) for t € I,,. Then under each of (H2), (H3), and (H5) there exists v* € R™ with v* > 0
such that 0 < (M (¢), 23 (t) < v* for all t € [~w, 7).

Verify that for every e > 0 there exists § > 0 such that |[/®) — M| < ¢ implies ||z(?) — 2zM|| < e.

Take some constant v > 0. Fix 1 <7 < m. We have

e (1) — 2P (1)] = e uP () — M (1) < 96
for all ¢ € [~w, 0]. Repeating the argument of Lemma 2, for ¢ € [0, 7] we obtain
e (1) = eV ()] = e ED @) 0) - B O (0)]

(@),,(1)

Ly ;7 (0

\+M
g

_ 1, @ D) (i) —
<0 -4 0) [2® 2Ol + 2 (L5 + MPLO ) 1a® =2,

Here the constants Léi), Lgf), and M](f), for 1 <4 < m, depend on £ and v*.
Choose v > 0 so that

1 — ; i D) () —
0= 2P0 + L+ MP L) <1
=1

Combining the estimates on [—w, 0] and [0, 7], we see that
12 — 2D, < @“ms + 6 + ql|lz? — 2V|,.

In consequence, ||z(?) — (M| < §(e?“*+)m + e77) /(1 — q). Choosing § = (1 — q)/(e?“+tm 4 17), we
arrive at the required inequality ||z(?) — z(|| < e. The proof of Theorem 1 is complete. [J

Theorem 2 is given without proof. Its validity is established on using Lemmas 2, 3, 6, and 8 by
analogy with the proof of Theorem 1.
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Theorem 2. Under the hypotheses of one of Lemmas 3, 6, and 8, we have the following claims.

(1) Problem (8), (9) is uniquely solvable on the semiaxis [0, o), and its solution = on each interval [0, 7]
depends continuously on 1.

(2) The solution z to (8), (9) satisfies the estimates

0<=z(t)<q, 0<z(t)<e¢, u<z(t)<w, tel0,00),

corresponding to (H1), (H4), and (H6), where ¢, ¢, and (u,w) satisfy (10), (14), and (17) respectively.

4. Examples

Below we present some models satisfying (HO) and some of the assumptions (H1)-(H6).

ExAMPLE 1. Denote by x(t) the population size of one species at time ¢. Suppose that the dynamics
of z(t) is described as

dz(t)  az?(t)
dt 1+ bx(t)

0
- (u +ya(t) + / A(0)z(t + 0) d9>9c(t), t>0, (20)

$(t) = w(t)v tel, = [_w70}7 (21)

where a > 0, b > 0, p > 0, v > 0, and w > 0 are some constants, A\(f) and (#) are nonnegative
continuous functions, and 6 € I,,. We can write

0
ft,xy) = az®(t) /(1 + bz(t), g(t,z) = yz(t) + / AO)x(t + 0) do.

It is not difficult to observe that (20), (21) satisfies (HO). Suppose that ¢ > 0 and x(¢) > 0. Then
f(t,z) < (a/b)z(t), which guarantees the fulfillment of (H3). Moreover, in the cases v = 0 and v > 0
assumptions (H4) and (H5) are satisfied respectively since

F(tswe)/(n+g(t,20)) < Bwe) = (a/w)a?(t) /(1 + ba(t)),

f(t,xe)/(n+ g(t,zt)) <r=a/(by) = const.

ExAMPLE 2. Consider the mathematical model describing protein synthesis regulation [3]:

dl’l(t) . 1
dt  1+al(t—w

7 pza(t), (22)

dra(t) 1+ koxd(t — wo)

dt 1+ kgaf(t— o) T1(B) —pza(t), 120, (23)

dxczlft) = l‘ifl(t) - ;Lil‘i(t), 1= 3, 4, 5, (24)

21(0) = 2, 2500) =2, 25(0) = 2, (25)

za(t) = Pa(t), ws(t) =Ps(t), te L, = [—max{wr,ws},0). (26)

In (22)—(26) the variables x1(t),...,z5(t) stand for the quantities of substances produced in the protein
synthesis under the influence of negative and positive feedback. All parameters in (22)—(24) are positive
and, moreover, ka > k4. The delays w; and wy are positive. In the initial conditions (25) and (26) we
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have :cf;o) >0 for 1 <4 < 3, while ¢4(t) and v5(¢) are nonnegative continuous functions for ¢ € I,,. The

model (22)—(26) satisfies (HO) and

1
t =— < =1

hlt) = T a0 < (ko R (1),

fa(t, o) = w2(t),  falt,xe) = 23(1),  f5(t,20) = 2a(?)

for all ¢ > 0 and z(t) > 0. Consequently, the model under consideration satisfies (H3). It is not difficult
to show that (H6) is satisfied together with (H3). Sufficient conditions for the asymptotic stability of

equilibrium in (22)—(26) were obtained in [4] on using (H6).

ExaMPLE 3. Consider the mathematical model describing the spread of tuberculosis in the adult
population of an isolated domain [5]. Denote by z1(t), z2(t), and z3(t) the numbers of susceptible species,
those infected with tuberculosis mycobacteria, and those sick with tuberculosis respectively. The model

equations are

dxét(t) = fit,my) — (1 + Azs(t))z1(t),
d$d2t(t) = fa(t, ) — (u2 + v + axs(t))za(t), t>0,
d:c;t(t) = f3(t,xs) — (n+ p3)ws(t),

21(0) =20, 22(0) =3, x3(t) =v3(t), tel,=[-w,0.

The components of f(t,x:) = (fi(t, z¢), fo(t, z¢), f3(t, )T are of the form

filt,zy) = 7(t — w) exp<— /w o(s)zs(t+ s —w) ds),
0

fa(t,z) = (1 — 0)Axy()xs(t) + nzs(t) + r(t — w) — fi(t, zy),

fa(t,z) = dAz1(t)z3(t) + (v + axs(t))za(t).

(27)
(28)

(29)

(30)

All parameters in (27)—(29) are positive, § < 1, the delay w is greater than zero, while z{ > 0 and 29 > 0.
The functions ¢(s) of s € [0,w] and 13(¢) of t € I, are continuous and nonnegative. The function r(s)
is continuous, nonnegative, and bounded above for s € [-w,00). The model (27)—(30) satisfies (HO).

Supposing that ¢ > 0 and z(t) > 0, we see that

fl(tvxt) < hl(mt) =r"= supr(t - w) < o0,
t>0

fa(t,xt) < ha(zy) = (1 — 6)Ax1(t)zs(t) + nxs(t) + r* / o(s)zs(t +s —w)ds,
0

fa(t,my) < hg(ze) = dAx1(t)z3(t) + (v + axs(t))za(t),

meaning that (H1) is satisfied. Note that in [5] there are obtained, using (H1), the conditions under

which the limits
lim z3(t) =0, lim x3(t) =0
t—4o00 t—400

exist for the solution to (27)-(30). O
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EXAMPLE 4. Consider the mathematical model used in [6, Chapter 2, Section 2.1] for studying the
dynamics of infectious diseases:

T bia (1)~ (ua + sz (0, @1

B2 — byt (st — )t — )~ paa(t), (32)

dxc‘;’;t) = baa(t) — (uz + Y3121 (t))as(t), ¢ >0, (33)

d$§ft) — by (£) — paza(t), (34)

ni(t) = 1(t), w(t) =s(t), tel,=[-w0], 2(0) =1L, z4(0) =2 (35)

This model uses the following notation: x1(t), z2(t), and x3(t) stand for the concentrations of antigens,
plasma cells, and antibodies respectively, while z4(¢) is a relative characteristic of the target organ
attacked by the antigens. All parameters appearing in (31)—(34) are positive, while by > p and w > 0.

In the initial conditions (35) we have xéo) > 0 and xio) > 0, while the functions ;(¢) and 3(t) are
nonnegative and continuous for ¢ € I,,. The function ¢(u) is given as

p(u) =1, ue0,u], @(u)=max{(l—u)/(L-u)i0}, u€ [u,o00),

where 0 < u, < 1 is a parameter. Model (31)—(35) satisfies (HO). At the same time, the structure of
its equations complicates the use of (H1)—(H6). In order to obviate this problem, apply to (31)—(35)
the method of steps. Consider (31)—(35) on the intervals of time ¢ € [nw, (n + 1)w) for n = 0,1,2,....
In (32) we have 0 < ¢(z4(t)) < 1, while the factor z;(t — w)x3(t — w) amounts to a nonnegative
continuous function. Consequently, on each of these intervals it suffices to use (H3), and the strategy
of proof of Theorem 1 works. Moving along the intervals [0,w), [w,2w), ... and redefining the initial
data, we establish the global solvability of the model (31)—(35), the nonnegativity of its solution, and the
continuous dependence of solutions on the initial data of (35) on each finite interval. [
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