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Abstract. The technique proposed to enhance the resolution of the point spread function (PSF) of an optical
system underneath defocussing and spherical aberrations. The method of approach is based on the amplitude and
phase masking in a ring aperture for modifying the light intensity distribution in the Gaussian focal plane (YD = 0)
and in the defocussed planes (YD = π and YD = 2π ). The width of the annulus modifies the distribution of the
light intensity in the side lobes of the resultant PSF. In the presence of an asymmetry in the phase of the annulus,
the Hanning amplitude apodizer [cos(πβρ)] employed in the pupil function can modify the spatial distribution of
light in the maximum defocussed plane (YD = 2π ), results in PSF with improved resolution.
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1. Introduction

The spatial distribution of the electromagnetic wave in
the focal region can be controlled by using shaded or
shaped apertures. Light distribution in the focal region
of the optical system is determined by the transmission
of light through the pupil function, which can be set
to achieve the desired resolution and suppressed side
lobes. By employing phase filters of different schemes,
there were a number of studies that consider the pos-
sibility of improving the axial and lateral resolution of
the PSF produced by the optical system [1–5]. Recently,
the phase filters had drawn more attention than the
amplitude filters for changing the size of the focal
spot, i.e. the spatial redistribution of the light flux in
the focal spot [6–10]. For instance, the pupil filters
using Toraldo concept were used for apodizing the point
spread function (PSF) in the transverse direction and
succeeded to improve the resolution of the transverse
PSF [11,12]. Similarly, the multiple annuli coded phase
pupils were investigated to modify zero positions and
intensities of the maxima and minima of the PSF in
the image plane [13]. However, the amplitude filters

were proved to be effective in the case of two-point
imaging studies, i.e. detecting the image of an object
which was hidden in the diffracted field of the neigh-
bouring object [14,15]. Such filters were also used to
apodize the optical system under the influence of defo-
cussing [16,17]. For improving the resolution of the
optical system, the phase pupil filters were presented
with optimum performance [18,19] and these studies
concluded that the phase filters can achieve the PSF
with the side lobes much lower than the Airy ones with
narrower central peak. A similar technique was used
to achieve axial and lateral resolutions in the confocal
scanning systems [20] and also applicable in explor-
ing the extra solar planets [21]. On the other hand, the
one-dimensional amplitude and phase filters were suc-
cessful in modifying the positions and intensities of the
minima and maxima of the PSF [22] and continued to
quantify the image quality criteria such as the FWHM,
HWHM of the PSF [23]. Even the one-dimensional
amplitude and phase pupils were proved as an effec-
tive filter to improve the imaging performance of the
optical system under the primary spherical aberration
[24].

http://crossmark.crossref.org/dialog/?doi=10.1007/s12043-018-1566-5&domain=pdf
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Principally, the suggested two-dimensional mask
filters which can correct the PSF of the optical system in
the presence of primary wave aberrations in the form of
ring apertures or coded annular apertures are discussed
in [13,18,19,25,26]. Here, we introduced the amplitude
and phase apodization together in the pupil plane of the
optical system and it shows that while the resolution of
the optical system degrades in the presence of primary
wave aberrations, it can be improved with the proposed
annular masks. Modifying the maxima and minima posi-
tions and narrowing the central peak of the PSF are
technically possible by employing the proposed mask

filters. The defocussing effect shifts the focal spot longi-
tudinally from the expected Gaussian point and causes
the light flux to spread out from the central maximum to
the side lobes. To correct such lens imperfection and also
spherical aberration, we proposed filters in the form of
ring apertures. In this article, filtering the high frequency
responses of the PSF leading to the reduced side lobes
are considered as ‘apodization’, while enhancement of
high frequency response which concomitantly reduces
the FWHM of PSF is considered as ‘super-resolution’.

The annulus width (b) and the shading parameter
(β) in the central circular region of the pupil fil-
ter together are capable of controlling the side-lobe
intensities to achieve the PSF with enhanced resolu-
tion. The PSF distribution in the transverse and axial
directions is modified by controlling the phase and
amplitude simultaneously in the pupil plane. The pupil
mask filters are very useful for achieving side-lobe
suppression in the resultant intensity distribution of
the PSF in the Gaussian focal plane (YD = 0) and
the defocussed planes (YD = π and YD = 2π ).
This work has reported various amounts of primary
spherical wave aberration (YS). The optical system
with the proposed apertures is linear and shift-variant.
The resultant field which is produced by the aberrated
aperture system is the convolution operation of the
PSF.

2. Design and mathematical formulation

From the Fresnel-diffraction scalar wave theory, the PSF
distribution in the focal region of the optical system is
the Fourier transform of the pupil function. In this work,
the analytical expression of the two-dimensional annular
mask is introduced in eq. (1). The general scheme of the

annular mask is illustrated in figure 1 which illustrates
the schematic design of the proposed annular mask fil-
ters. The annulus is divided into two equal halves with
the opposite phases and these two semicircular rings
have uniform width of b (black and white shaded regions
in figure 1). The central circular region of the annular
aperture is subjected to a Hanning amplitude mask. ρ is
the radial coordinate in the pupil, while β is the control-
ling parameter of the apodization in the central circular
region of the annular mask. Here, the transmitted ampli-
tude of the pupil also depends strongly on the annulus
width b.

Annular mask =
⎧
⎨

⎩

Left annulus, −i = e−iπ/2; −π/2 ≤ ϕ ≤ π/2
Hanning amplitude mask [cos(πβρ)]; 0 ≤ ϕ ≤ 2π

Right annulus, +i = eiπ/2; π/2 ≤ ϕ ≤ 3π/2
(1)

The complex amplitude distribution of the field of
eq. (1), would be eq. (2) as follows:

A(u, φ)

= −i
∫ 1

1−b

∫ π/2

−π/2
exp(iuρ cos(φ − ϕ))ρdρ dϕ

+
∫ 1−b

0

∫ 2π

0
cos(πβρ) exp

[

−i

(
YDρ2

2
+YSρ4

4

)]

× exp(iuρ cos(φ − ϕ))ρdρ dϕ

+ i
∫ 1

1−b

∫ 3π/2

π/2
exp(iuρ cos(φ − ϕ))ρ dρ dϕ, (2)

where u = k sin θ = (2π/λ) sin θ , λ is the wavelength
of the incident beam of radiation and u is the dimen-
sionless diffraction coordinate in the receiver plane of
the optical system. Here, θ is the angle of orientation.
cos(πβρ) is the Hanning amplitude mask in the cen-
tral circular zone (blue shaded region in figure 1) of the

Figure 1. General scheme of the annular mask.
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Figure 2. Amplitude transmittance of the Hanning ampli-
tude apodizer for different values of β.

proposed filter. Here, YD and YS are the defocussing
effect and the primary spherical aberration control
parameters, respectively. For different Hanning ampli-
tude apodizers, figure 2 illustrates a monotonic decrease
of the amplitude transmittance of the central circular
region with the radial coordinate ρ of the lens aper-
ture. At the centre of the pupil, the transmittance is set
to be maximised. For higher values of β, the transmit-
tance decreases and approaches minimum. Optimised
transmission is achieved when β → 1. In the surround-
ing ring, we consider two complex conjugated phase
elements with uniform amplitude transmittance. When
filtering takes place in the right-hand side of the PSF,
the square of the minimum intensity in the side-lobe
region is used to determine the width of the annulus (b).
The pupil function is employed in the form of antiphase
functions which can modify intensity distribution in the
diffraction field of the optical system. The parameter b is
also known as the controlling parameter of the antiphase
masking at the periphery of the lens aperture. The inten-
sity PSF of the focal spot, which is a real and measurable
quantity, is given by eq. (3):

I (u, φ) = |A(u, φ)|2 . (3)

The investigations of the results have been carried out
using eq. (3), which is useful to compute the side-lobe
levels and the central peak width of the PSF.

3. Results and discussion

To investigate the effect of defocussing and primary
spherical aberration on the light intensity distributions

as a function of diffraction coordinate u which is varied
from −12 to +12, we employed the Gaussian quadra-
ture method of numerical integration [27]. The method
developed is an efficient and accurate method to inves-
tigate the positions and the intensities of the central
peak, first minima and the first side lobes, while higher-
order maxima and minima are neglected. The efficiency
of the mask can be determined based on the intensity
of the first side lobes, the width of the central peak
and the positions of first minima in the PSF distribu-
tion. In this section, the mask efficiency is defined to
investigate the optimum values of b and β. In this sec-
tion, we investigate the central peak position and its
full width and the intensity of lower order side lobe
in the presence of various defocussing and spherical
aberrations for different values of the annulus width
around the Hanning amplitude apodizer in the pupil
plane.

The computed values in table 1 explain that as the
annulus width b increases from 0 to 0.094, the position
of the central maxima shifts towards the left-hand side
of the diffraction pattern in the Gaussian focal plane.
In the Airy distribution (β = 0 and b = 0), as the
amount of spherical aberration increases, the first mini-
mum position shifts away from the diffracted peak and
the first side-lobe intensity increases. For b = 0.04,
for given values of YS , the first side-lobe intensity on
the right-hand side of the main peak is obtained as
near zero values of 0.0027, 0.0031 and 0.0085. In this
case, the first side lobe is suppressed on the right-hand
side, which is much flatter than the non-apodized ones
(0.0174, 0.0186 and 0.0230). On the contrary, the first
side-lobe intensity on the left-hand side increases. The
first minimum position on the right-hand side shifts from
u = 4.4345 to 6.6412 (u is the normalised dimension-
less coordinate in the focal plane) and finally reaches
u = 6.4445 whereas on the left-hand side the first min-
imum position shifts away from the central peak with
the values of YS . For b = 0.094, in the presence of
high spherical aberration (YS = 2π ), the first mini-
mum position is shifted closer to the central peak at
u = 3.7666 whereas on the left-hand side the first mini-
mum position is found at 3.8963. In this case, the central
peak width (CPW) of the PSF is computed as 7.6629
whereas in the case of the Airy PSF (β = 0, b = 0
and YS = 2π ), the CPW is 8.0614. It is clear that for
the Gaussian focal plane (YD = 0), the presence of
high spherical aberration causes the central peak width
to decrease, which is less than that of the unapodized
one. It is also observed that for b = 0.094, for given
values of YS , the first side lobe on the right-hand side of
the PSF distribution is found with low intensity. How-
ever, it is obtained at the cost of higher left-hand side
lobe.
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Figure 3. Unapodized and apodized PSF distributions in the
presence of high spherical aberration for the Gaussian focal
plane (YD = 0) when β = 0.

Figure 3 illustrates that in the presence of high spher-
ical aberration (YS = 2π ), a non-zero first minima is
found on both sides of the Airy PSF of the Gaussian
focal plane (YD = 0) whereas for the apodized PSFs
(b = 0.04 and 0.094) the positions of the first minima
have modified on both sides of the main peak, i.e. on
the left-hand side of the PSF, the first minima approach
zero intensity level.

It is also observed that the CPW of the Airy PSF for
YS = 0 is computed as 7.6634 whereas the central peak
width of the aberrated Airy PSF (YS = 2π ) is 8.0614.
CPW of the apodized PSFs for b = 0.04, 0.094 in the
presence of high spherical aberration is computed as
10.3546 and 7.6629, respectively. It is concluded that
by adjusting the annulus width (b) of the pupil to the
optimum value, the resolution of the PSF in the axial
direction is improved in the form of suppressed side
lobes and the tailored central peak width.

On introducing the Hanning amplitude shade
(cos(πβρ), where β → 1) in the central circular region
of the lens aperture, the first minimum position on both
sides of the central peak are adjusted to the required
position. For b = 0, as the degree of the spherical aber-
ration increases from 0 to 2π in steps of π , the first
minimum position on the right side of the PSF shifts
from u = 2.4551 to 2.5853 and the intensity of the first
side lobe decreases from 0.06634 to 0.06215 and then
reaches 0.05087 in the PSF distribution of the Gaussian
focal plane. Similar trends are noticed for the first min-
imum positions in the defocussed planes, but the first
side-lobe intensities in the defocussed plane (YD = π )
are found to be lower than the first side-lobe intensity
values found in the Gaussian focal plane. It is clear that
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Figure 4. Variation in the axial distribution of the PSF under
the combined influence of high defocussing and spherical
aberrations.

the magnitude of the first side-lobe intensity depends on
the amount of defocussing effect (YD).

From figure 4, it is observed that in the presence
of high spherical aberration (YS = 2π ), the central
peak intensity produced by the circular Airy pupil is
decreased in low value for the maximum defocussed
plane (YD = 2π ), i.e. the interior energy of the cen-
tral peak to spread out into the side-lobe region, which
causes the PSF to almost lose its axial shape with
non-zero at first minima. As β increased from 0 to
1, the central peak has reshaped, the first minimum
positions are adjusted to the zero level and there is
a decrease in the size of the focal spot produced by
the shading lens aperture as a result of redistributed
PSF in the focal region. It is clear that by employ-
ing the circular shaded aperture (β = 1 and b = 0)
(values are listed in tables 1 and 3), for given val-
ues of the primary spherical aberration, the intensities
of the central peak found in the maximum defocussed
plane (YD = 2π ) are higher than that of the Gaussian
focal plane (YD = 0). From the computed values in
table 1, for β = 1, for all values of YS , as b increases
from 0 to 0.04, the first side lobe on the left-hand
side of the PSF has intensity values closer to the zero
level.

From the values listed in table 2, it is observed that
for the Airy case, as the value of YS increases from
0 to 2π , the first side-lobe intensity decreases from
0.03196 to 0.00812 and then reaches 0.01201 for the
defocussed plane (YD = π ). For β = 0, as the width
of the annulus increases from 0 to 0.04, the first side
lobe on the left-hand side is suppressed at the cost of
the enhanced first side lobe on the right-hand side of
the PSF, i.e. the magnitude of the side-lobe suppression
has increased with the YS value. For the same value of Ta
bl
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Figure 5. Tailoring the axial shape of the PSF under the influ-
ence of high spherical aberration in the defocussed plane for
different masking conditions in the pupil plane.

b (0.04), the first minimum position on the right-hand
side moves from u = 3.8311 to 3.2527 which is situated
very close to the central peak of the corresponding PSF.
In this case, the CPW for given values of the spherical
aberration is computed as 7.7409, 7.6221 and 7.9026.
The values obtained in this case are less than the val-
ues obtained for the Airy case in the defocussed plane
(YD = π ).

Forb = 0.094 (asβ → 0), as the value ofYS increases
from 0 to 2π , the first minimum position on the right-
hand side shifts from u = 3.4066 to 3.0639, whereas
on the left-hand side, it moves from u = 3.9287 to
4.0098. Meanwhile, the first side-lobe suppression has
been improved. In this case, the CPW of the PSF are
7.3353, 7.2164 and 7.1965.

Figure 5 illustrates the PSF distribution under the
combined influence of the spherical aberration (YS =
2π ) and the partial defocussing effect (YD = π ). It
is observed that for the Airy pupil, the image of the
point object is longitudinally displaced and the interior
energy of the central peak is displaced in the side-lobe
region. In this case, the shape of the PSF is modu-
lated by adjusting the annulus width (b) along with
the value of β. For b = 0.04, the positions of non-
zero first minima on both sides of the main peak have
been modified and the amount of energy enclosed in the
central disc has increased. For the apertures of β = 1
and β = 1, b = 0.04, the PSF distribution converts
into the required component. In both cases, the side-
lobe suppression has significantly improved and the first
minimum position on both sides of the central max-
imum approaches the zero-level intensity. The CPW
of the redistributed PSF in these cases are 6.0778 and
6.1924.

From the values listed in table 3, we can see that,
in the Airy case for the maximum defocussed plane, Ta
bl
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Figure 6. Intensity profile curves of the PSF in the presence
of the highest degree of spherical and defocussing aberrations.

as the amount of the spherical aberration increases, the
position of the first minimum shifts closer to the cen-
tral peak. For β = 0 and b = 0.04, as the values of
YS increase, the central peak initially shifts towards the
left-hand side and then retraces back for the maximum
spherical aberration. For given values of YS , the first
side-lobe intensity on the left-hand side is found with
almost zero-level intensity at the cost of increased first
side lobe on the right side of the PSF. Similar trends
are noticed for b = 0.094. By employing the circu-
lar shading mask (β �= 0 and b = 0), as the amount
of the spherical aberration increases, the first minimum
position shifts away from the central peak and the first
side-lobe intensity decreases from 0.01861 to 0.00843
and then reaches 0.01346. As the annulus width adjusts
to 0.04, the central peak shifts away from the centre
towards the left side of the pattern with the values of
YS and the first side-lobe intensity on the right side
decreases from 0.02299 to 0.00809 as the value of the
first side-lobe intensity on the left side decreases from
0.02398 to 0.01618. From this study, it is concluded that
in the presence of spherical aberration (YS), YD = 2π

is the best defocussed plane of the optical system with
the proposed filters.

Figure 6 depicts the PSF distributions for different
masking conditions in the pupil plane under the com-
bined influence of high defocussing effect (YD = 2π )
and high primary spherical aberration (YS = 2π ). It
is observed that for the unapodized case (Airy), the
PSF has lost its axial resolution, resulting in a non-
zero minima and enhanced side lobes. With apodized
lens aperture (β → 1 and b = 0.04), levels of the first
minima on both sides of the main peak approach zero
and the intensity of the lower- and higher-order side
lobes on the right side of the PSF are suppressed. It is
observed that the first dark region seen in the vicinity

of the central peak is extended towards the right-hand
side, which facilitates the detection of direct image of
the low-intensity object in the proximity of the bright
intensity object. This effect is very useful in astronom-
ical and spectroscopic observations. On the contrary,
the diffraction pattern on the left-hand side worsens as
a price of obtaining the pattern on the right-hand side.
The central peak width in this case is 7.2492, which is
lower than that of the unapodized one, i.e. the width of
the main peak with respect to the centre of the pattern
on the right side is decreased at the cost of increased
width on the left-hand side.

For the maximum defocussing (YD = 2π ), using
the annulus aperture of width b = 0.094, the central
peak becomes narrower and the first minima on both
sides are found with zero-level intensity. The first dark
region found on the right side has extended to certain
distance, which is helpful for resolving closely accom-
panied lines or objects with widely varying intensities.
The central peak width in this case is 6.5854, and it is
the optimum value obtained for the main peak produced
by the lens aperture, relatively with the other apodized
or unapodized cases.

4. Conclusions

It is concluded that for the Gaussian focal plane (YD =
0), the PSF with improved axial resolution has been
produced by the optimal pupil function. The PSF in
the Gaussian and defocussed planes is realised, with
simultaneous suppression of the first side lobes and
sharpening of the central peak is achieved on one side at
the cost of deteriorating its counterpart. In the presence
of spherical wave aberration, the first side lobe in the
PSF distribution is found with zero-level intensity for
the annulus width b = 0.04. For b = 0.094, the central
peak width became much narrower than the Airy one,
resulting in steep principal maxima, which are shifted
towards the left-hand side of the pattern. The apodiza-
tion efficiency of the aperture under the influence of
defocussing and the primary spherical wave aberrations
greatly depend on the values of b and β. The proposed
filters are found to be more effective in the defocussed
planes than in the Gaussian focal plane for redistribution
of the light energy in the focal region. For the defo-
cussed planes, by using optimum aperture, the resolution
of the PSF in axial and transverse directions has been
improved. This novel approach constitutes an effective
step in designing real-time optical structures to enhance
the resolving power of the imaging optics with optical
aberrations, which can be applicable in confocal scan-
ning systems and photonic structures for tight focussing
of light.
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