Pramana — J. Phys. (2018) 91:88
https://doi.org/10.1007/s12043-018-1658-2

© Indian Academy of Sciences

@ CrossMark

Nonlinear propagation of ion plasma waves in dust-ion plasma

including quantum-relativistic effect

H SAHOO!'®-*, K K MONDAL? and B GHOSH!

! Department of Physics, Jadavpur University, Kolkata 700 032, India
2Sovarani Memorial College, Jagatballavpur, Howrah 711 408, India
*Corresponding author. E-mail: himangshusahoo @ gmail.com

MS received 26 January 2018; revised 7 April 2018; accepted 15 May 2018; published online 13 October 2018

Abstract. In this paper we have theoretically investigated the quantum and relativistic effects on ion plasma wave
in an unmagnetised dust-ion plasma. By using the method of normal mode analysis, we have obtained a linear
dispersion relation. It has been analysed numerically for quantum and relativistic effects on the propagation of ion
plasma wave. By using the standard reductive perturbation technique, we have derived a Korteweg—de Vries (KdV)
equation which describes the nonlinear propagation of the wave. Numerically, it is shown that only compressive type
of soliton can exist in the plasma under consideration. It is found that the solitary wave profile depends significantly
on the quantum and relativistic parameters. The dust size, dust charge and the dust number density are also shown
to have significant influences on these solitary waves. The results of this present investigation have some relevance
to the nonlinear propagation of ion plasma wave in some astrophysical, space and laboratory plasma environments.
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1. Introduction

In recent years, dusty plasma has become an important
area of plasma research. Dusty plasma is ubiqui-
tous in astrophysical, space and in some laboratory
plasma environments. Relativistic and quantum effects
in plasma are a relatively new and rapidly growing
field of research in plasma physics. The relativistic
and quantum effects in plasmas can be important in
many practical situations such as in metal nanostruc-
tures [1], space plasma [2,3], Van Allen radiation belts
[4], laser—solid interaction experiments [5], cool vibes
[6], semiconductor devices [7,8], dense astrophysical
environments [3,9], etc. Many researchers have reported
the linear and nonlinear behaviour of waves in dusty
plasma by considering classical non-relativistic plasma
[10-12]. Rao et al [13] first predicted theoretically the
propagation of dust-acoustic wave in a dusty plasma.
Here the dust grains provide the inertia and pressure
of electrons and the ions provide the necessary restor-
ing force. In some dusty plasmas, it may so happen
that almost all the electrons in the plasma system may
get attached to the surface of the dust grains. In this
situation, we have a dust-ion plasma. Such a plasma

has practical existence in Saturn’s F-ring [14], Halley’s
Comet [15] and some laboratory plasma experiments
[16].

In dust-ion plasma, heavier dust particles may be
assumed to be at rest and provide a uniform neutralising
background. If ions are displaced from their equilibrium
position, an electrostatic field is generated due to charge
separation and it tries to bring the ions back to their origi-
nal position. Thus, we can have an ion oscillation similar
to the electron oscillation in a two-component electron—
ion plasma. These oscillations lead to the propagation
of a wave mode which is the ion plasma wave mode.

For lower number density and higher temperature, the
plasma can be treated classically and the quantum effect
is negligible. However, ion number density in some
dusty plasma may become very high and plasma tem-
perature may be relatively low. In such dusty plasma,
the quantum effect cannot be ignored. It may signif-
icantly influence the linear and nonlinear propagation
of the wave. On the other hand, the relativistic effect
may become important in a variety of environments and
laboratories where the ion velocity is very high. The
relativistic effect is also likely to influence the linear
and nonlinear propagation of the wave in the dust-ion
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plasma. The importance of relativistic effect for the
formation of ion-acoustic solitary waves in the pres-
ence of particle streaming was first pointed out by Das
and Paul [17]. Recently, some researchers [18—23] have
considered the relativistic effect on different types of
waves and obtained a few interesting results relevant to
some space and laboratory plasmas. Gill et al [24] have
studied the relativistic effect on ion-acoustic solitons in
electron—positron—ion (epi) plasma. Many works on rel-
ativistic effect on the waves in dusty plasma have been
carried out by considering the classical plasma. But, for
high-density and low-temperature plasmas, the thermal
de-Broglie wavelength of plasma particles may become
comparable to the interparticle distances. In such sit-
uations, wave functions of the neighbouring particles
may overlap and the quantum effect becomes impor-
tant. Quantum effects in plasma cannot be neglected in
many situations such as dense astrophysical and cosmo-
logical plasmas and laser—solid interaction experiments
[25,26]. Ali and Shukla [27] have studied the nonlin-
ear properties of dust-acoustic wave in unmagnetised
quantum dusty plasma with inertial charged dust par-
ticles. Only a few works on the relativistic effect in
quantum plasma have been reported so far. Recently,
by considering relativistic electrons and non-relativistic
ions, Sahu [28] has studied the relativistic effect on
ion-acoustic solitary waves in quantum plasma in the
weak relativistic limit. Gill et al [29] have investigated
the quantum-relativistic effect on ion-acoustic shock
waves in epi plasma. The relativistic effect on the char-
acteristics of the electron plasma waves in quantum
plasma has been investigated by Ghosh et al [30]. Elec-
trons, because of their lighter mass, attain relativistic
speed faster than ions. However, there are some practi-
cal environments where ions can also attain relativistic
speed. For example, in laser—plasma interaction experi-
ment, ions, because of their collective effect in plasma,
can gain relativistic speed at relatively less laser inten-
sity compared with the direct laser acceleration of ions
[31]. Compact astrophysical objects such as neutron
stars, white dwarfs and block holes are sources of ener-
getic plasma flow. As the surrounding plasma cloud is
attracted towards the compact object, ions are accel-
erated to relativistic speeds [32-34]. In solar flare and
pulsar wind, where the ion temperature is very high,
the relativistic ion motion becomes important [35].
Different space plasma observations indicate that the
presence of large-amplitude plasma wave can drive ions
to relativistic speed. An example of such a situation is
the pulsar relativistic wind in which the strong elec-
tromagnetic radiation drives ion to relativistic speed
[36].

Stenflo and Tsintsadze [37] have shown that even a
small-amplitude wave, in the presence of an external
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magnetic field, can make the ion motion relativistic.
Stenflo and Shukla [38] have shown that the inclusion
of relativistic ion motion in dust-ion plasma leads to the
generation of low-frequency circularly polarised elec-
tromagnetic wave. Thus, the inclusion of relativistic ion
motion in dust-ion plasma becomes important.

A survey of the past literature shows that no work
has been reported on the ion plasma waves in dust-
ion plasma including the combined effects of quantum
nature and relativistic motion of plasma particles. The
purpose of the present work is to study quantum-
relativistic effect on the propagation of ion wave in
dust-ion plasma.

This paper is organised as follows: in §2 the basic
equations governing the dynamics of the waves have
been presented. In §3 we have derived a general type of
linear dispersion relation. In §4 we have made nonlinear
analysis for the wave propagation. In §5 we have pre-
sented and discussed the results. Finally, in §6, we give
some concluding remarks.

2. Basic equations

Let us consider a two-component homogeneous quan-
tum and relativistic plasma containing negatively char-
ged dust grains and positively charged ions. In this two-
component dust-ion plasma, we assume that almost all
the electrons from the surrounding plasma are attached
to the dust grains and we have a two-component dust-ion
plasma which has relevance to some space and astro-
physical environments. We assume the dust particles to
be cold and ions streaming with some constant velocity.
The basic equations that govern the dynamics of one-
dimensional ion plasma wave in this two-component
dust-ion plasma are the following:
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where ni, m; and u; are the number density, mass and
velocity of the ions, respectively, and nq, mq and uq
are the corresponding quantities of the dust; zq4, ¢, &
and 7 denote the number of electrons attached to the
dust grain, electric potential, free space permittivity and
the Planck constant divided by 27, respectively; p; is
the pressure of the ions, njg is the equilibrium number
density of the ions and eq. (6) represents the quasineu-
trality condition. In eq. (7) we have assumed a weakly
relativistic limit. The plasma particles are assumed to
behave as one-dimensional Fermi gas at zero temper-
ature. So they will obey the following pressure law
[39,40]:

2
MiVE 3 _ 2kg Tr; 3

ny = n?, 8
3n120 ! ! ®)

pi =
3njy
where kg is the Boltzmann constant, 7F; is the ion Fermi
temperature and v; is the ion Fermi velocity. Note that
eq. (2) is the hydrodynamic equation of motion for
the quantum-relativistic ion fluid. The factor y; takes
care of the relativistic variation of ion mass. The sec-
ond term on the right-hand side represents the force
arising out of quantum-statistical effect and the third
term on the right-hand side is a quantum force related
to the quantum Bohm potential [41]. Now, after nor-
malisation eqs (1)—(5) can be rewritten in the following
form:
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where all the velocities are given by the quantum ion-
acoustic speed cis = +/2kpTri/m;, time (¢) by the
inverse of ion plasma frequency, wp; = (eznio / miso) s
potential ¢ by 2kp TF; /e and all number densities by njg.
In the above equation Q = mgq/m; is the normalised
dust mass and H = fiwy;/2kg TF; is a non-dimensional
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quantum parameter which is a measure of quantum
diffraction effect.

3. Linear wave

In order to examine the linear characteristics of ion
plasma wave, the following perturbation expansion is
made for the field quantities F (ni, nq, ui, uq, @):

F=F+F+- -, (14)

where Fy(1, ngo, uio, 0, 0,) represents the equilibrium
values and Fi(ni1, ndi1, Uir, 4d1, 1) represents the first-
order perturbed values. Substituting perturbation expan-
sion (14) into eqs (9)—(13) and linearising, we obtain
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where we have used the weakly relativistic limit given by
eq. (7). In order to consider plain-wave propagation, the
field parameters are assumed to vary harmonically with
space and time according to exp[i(k - ¥ — wt)], where
w is the normalised wave frequency and k is the wave
number. Using the standard normal mode analysis, we
obtain the following linear dispersion relation for the
propagation of ion plasma wave:
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Figure 1. Quantum effect on the linear dispersion of ion
plasma wave.

The dispersion law (20) can also be written as
Aw* + Bw® + Co* + Do + E =0, 21)

where A = Q = ma/mi, B = (Qk/uio)(Bo* —
2ayioud), C = Qk*a(vioud — B) — vio(z3ndox +
Qvi0). D = ((z§naok) /uio) Qayiouzy — po?) and E =
Z3ndok*a (B — vious).

An examination of eq. (21) reveals that the disper-
sion character of ion plasma wave depends on both
the quantum and relativistic effects in an intricate way.
To study the dependence of the dispersive character of
the wave on quantum and relativistic parameters, we
have numerically analysed eq. (21) by using typical
plasma parameters appropriate to Saturn’s F-ring and
Halley’s Comet. Equation (21) is a fourth-degree equa-
tion in w and has four roots. In the parametric region
under consideration, we find two negative roots which
are unphysical; one positive root greater than wp; and
another positive root smaller than wp;. As we are inter-
ested in the low-frequency ion plasma wave mode, for
our study, we consider that the root is smaller than wp;.

In figure 1 we show the quantum effect on the linear
dispersion characteristic of ion plasma wave. It shows
that as the quantum diffraction parameter H increases,
the wave frequency also increases. In figure 2 we show
the relativistic effect on the linear dispersion character
of the ion plasma wave. It shows that as the relativis-
tic parameter o increases, the wave frequency also
increases.

4. Nonlinear wave

In order to study the nonlinear propagation of the wave,
the following stretched coordinates are introduced:
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Figure 2. Relativistic effect on the linear dispersion of ion
plasma wave.

n= 6‘1/2()6 —vt) and T = 83/2t, (22)
where ¢ is a smallness parameter. Following the stan-
dard procedure, eqs (9)—(13) are first written in terms
of the stretched coordinates n and t. Then the follow-
ing perturbation expansion is introduced for the field
quantities X (nj, nq, Ui, ud, P):

X=Xo+eX +Xo+X34+---, (23)
where Xo(1, nqo, 4io, 0, 0,) stands for the equilibrium
values of the field quantities: X1 (ni1, na1, Ui1, 4d1, @1),
X2 (nig, naz, uiz, uq2, ¢2) and X3(ni3, nq3, uis, ud3, ¢3)
stand for the first-order, second-order and third-order
perturbed quantities, respectively. Now, by solving the
lowest-order equations in ¢ with the boundary condition
¢1 — Oas|n| — oo, we obtain the following solutions:

((uio/c*) — &) ¢1

T o — v ayo + ((uio/c?) —a)’ -
I e
.t —Zg? ' 27)

Considering the next higher-order equations and follow-
ing standard technique, we finally obtain the following
desired KdV equation for the ion plasma wave:

(28)
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in which & = (vo?/ujp) — e and T = yipxr (ujp — v)>
+ &. An examination of the KdV equation (28) shows
that the nonlinear coefficient a depends on the relativis-
tic parameter o, whereas the dispersive coefficient b
depends on both the relativistic parameter o and the
quantum diffraction parameter H.

With a view to find a steady-state solution of eq. (28),
we introduce a new variable u = n — M1, where M is
normalised by quantum ion-acoustic speed cis. Applying
the following boundary conditions:

o 3°¢

_7 Y % b

o’ I

we obtain the following stationary wave solution of the
KdV equation (28):

¢1 = P sech’(u/A), (29)

where ¢,, is the amplitude and A is the width of the
soliton. These are given by

¢m =3M/a and A = ./4b/M.

Note that the amplitude of the solitary wave depends
only on the relativistic parameter o, whereas the width of
the solitary wave depends on both quantum diffraction
parameter H and the relativistic parameter o.

u — £o0, ¢,

(30)

5. Results and discussion

Here we have investigated quantum and relativistic
effects on the ion plasma wave in a two-component
dust-ion plasma model which is pertinent to many
astrophysical and laboratory plasma environments such
as Saturn’s F-ring, surroundings of Halley’s Comet, rel-
ativistic cosmic structures and laser—solid interaction
experiments. To begin with, we have examined quantum
and relativistic effects on the linear dispersion char-
acteristic of the ion plasma wave. Numerically, it is
shown that both the quantum and the relativistic effects
increase the wave frequency. Next, to describe the non-
linear propagation of the wave, we have derived a KdV

equation including the quantum and relativistic effects.
From its solution, it is shown that the ion plasma wave
can propagate as a solitary wave whose amplitude and
width significantly depend on quantum and relativistic
parameters. The plasma model under consideration is
found to support only the compressive type of a soliton.

To study the relativistic effect on the solitary wave
propagation, we have plotted in figure 3 the solitary
wave profile for different values of relativistic stream-
ing factor o. It shows that the amplitude of the soliton
increases and the width of the soliton decreases with
increase in relativistic streaming factor o. Physically, it
indicates the increase of nonlinearity in the system due
to the relativistic effect.

In order to study the effect of quantum diffraction
on the solitary wave propagation, we have plotted in
figure 4 the solitary wave profile for different values
of quantum diffraction parameter H. It shows that the
amplitude of the soliton remains unaffected by quantum
effect but the width of the soliton increases significantly
with an increase in quantum diffraction parameter H.
Physically, it indicates that the quantum effect increases
dispersion in the system.
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Figure 3. Relativistic effect on the solitary wave profile.
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Figure 5. Solitary wave profile for different values of the
dust mass Q.

The solitary wave profile is also found to depend on
other plasma parameters such as dust size Q, dust num-
ber density ngo and dust charge zq. Figure 5 shows the
solitary wave profile for different values of dust size.
Obviously, both the amplitude and width of the solitary
wave increase with the increase in dust size Q.

6. Concluding remarks

To conclude, we have investigated linear and nonlinear
properties of ion plasma waves in a dust-ion plasma
model including the quantum and relativistic effects.
The quantum effect is found to increase dispersion in the
system, whereas the relativistic effect tends to increase

Pramana — J. Phys. (2018) 91:88

nonlinearity in the system. The result of this investi-
gation has relevance to Saturn’s F-ring, surroundings
of Halley’s Comet, laser—solid interaction experiments,
cosmic relativistic structures such as active galactic
nuclei, y-ray bursts, supernova remnants and presum-
ably the early period of evolution of the Universe.
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