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GENERALIZED RIGID GROUPS: DEFINITIONS,
BASIC PROPERTIES, AND PROBLEMS
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Abstract: We find a natural generalization of the concept of rigid group. The generalized rigid groups
are also called r-groups. The terms of the corresponding rigid series of every r-group can be characterized
by both 3-formulas and V-formulas. We find a recursive system of axioms for the class of r-groups of
fixed solubility length. We define divisible r-groups and give an appropriate system of axioms. Several
fundamental problems are stated.
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1. Introduction

About a decade ago the author defined the concept of rigid (soluble) group. Assume that a group G
has the normal series

G=G1 >G> >Gp>Gpy =1, (1)

with abelian quotients G;/G;+1. The action of G on G; by conjugation endows G;/G;+1 with the structure
of a (right) module over the group ring Z[G/G;]. The group G is called rigid whenever these modules
are torsion-free for all ¢; i.e., each nonzero element of Z[G/G;| acts nontrivially on each nonzero element
of G;/Git+1. The class of rigid groups contains free soluble groups and iterated wreath products of torsion-
free abelian groups. This class turned out very appropriate in algebraic geometry over groups and model
theory. The author, together with Myasnikov, obtained the following results in this area. Every rigid
group is shown to be equationally Noetherian [1], which enabled us to develop algebraic geometry over
rigid groups and, in particular, construct dimension theory [2]. Following [3], a rigid group G is called
divisible whenever the elements of G;/G;y1 for every ¢ are divisible by nonzero elements of Z[G/G;]. It is
established that each rigid group embeds into a divisible one. The divisible rigid groups are characterized
as the algebraically closed objects in the class of rigid groups [4, 5]. The coordinate groups of irreducible
algebraic sets over a divisible rigid group are described in [6]. We found and proved in [7] a reasonable
statement for Hilbert’s Nullstellensatz in algebraic geometry over rigid groups. We gave a recursive
system of axioms for the theory of divisible rigid groups of fixed solubility length, established that this
theory is complete in [5] and w-stable, and described saturated models in [8,9]. Ovchinnikov described
the automorphisms of an arbitrary divisible rigid group in [10].

This article presents a rather natural generalization of the concept of rigid group. The new generalized
rigid groups are also called r-groups. It is established that the terms of the corresponding rigid series of
an r-group can be characterized by both 3-formulas and V-formulas. We find a recursive system of axioms
for the class of r-groups of fixed solubility length. We define divisible r-groups and give an appropriate
system of axioms. Several fundamental problems concerning r-groups are stated. The author is not very
optimistic that it would be possible to carry over many results on rigid groups to r-groups; the length 2
soluble case is, however, more promising.
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2. Condition (rl)
Given elements x,y, x1,...,x, of a group, we usually write

v =y lzy, [zyl =y ey, [z, xe, .. xn] = [ [T, @), ] )
Denoting the commutator subgroup of a group G by G’ or [G,G], put G© = @, GV = @, and
G = [G=D G=D] for n > 1.

Say that the pair (G, A), where A is a proper abelian normal subgroup of G, satisfies condition (r1)
whenever all nontrivial elements of A do not commute with any element of G \ A or, in other words, A
coincides with the centralizer of each nontrivial element of itself.

Say that a group G satisfies condition (r1) whenever G has a normal series (1) with abelian quotients
such that all pairs (G/Gi+1,Gi/Gi+1) satisfy condition (rl).

Theorem 1. A group G with condition (rl) and the corresponding series (1) has the following
properties.

(1) The solubility length of the group is exactly m.

(2) Ifg1 EGl\GQ, g2 6G2\G37..., 17égm EGm, then

Gi:{l“[m7givgi+17"'7gm]:1}, 'L:l,,m

(3) In the standard group signature, the terms of (1) can be defined by both 3-formulas and V-
formulas; in particular, this series consists of automorphically closed subgroups and is uniquely deter-
mined by G itself.

PROOF. Observe that if G satisfies (rl) then so do all quotients G/G 1.

(1) Using induction, we may assume that the solubility length of G/G,, is m — 1. Then the (m —1)th
commutator subgroup G~ does not lie in G,,. Take g € G(m~1 \Gm and 1 # a € G,,. We have
1# [g,a] € G D and then 1 # [g, [g,a]] € G"™). Hence, the solubility length of G is at least m. Since
the normal series in (1) of length m has abelian quotients, this length is at most m.

(2) For i = m everything is clear. Take i < m and, by induction, assume that

Git1=1{z | [, i+1, giv2s - - - gm]| = 1}.

Then [z, g;, gi+1,---,9m) = 1 implies that [z, ¢;] € G;+1. Hence, = centralizes g; modulo G;41, and so
x € G;. Conversely, if z € G; then [z, g;, gi+1,---,9m] = 1.

(3) For i = 1,...,m denote the set {z;; | 1 < j < 2071} of 2i~! variables by X;. Consider the
standard commutator ¢;(X;) defining GU=1) as a verbal subgroup. By definition, d1(x11) = z11 and
5i+1(Xi+1) = [6i(Xz(+1)7 51(XZ/S,_1)] for ¢ > 1, where

Xl ={zi | 1< <271, o ={miy | 27 1< <2}

Since the solubility length of the group G/G;+1 is i + 1, some value of the word §;(X;) lies outside G; ;.
It is known that this value lies in G;. Basing on that and claim (2), we may assert that each of the
following two formulas characterizes G;:
®i(z) = 31X IXit1 ... X ([0:(X0), 0i1 (Xit1), - - -, 6m(Xim)] # 1
Az, 6i(Xi), 0ip1(Xig1), - - -, 0m(Xm)] = 1), (2)
\Ill(:c) = VXZ' VXH_l .. .\V/Xm ([37, 52(Xz)a (5¢+1(Xi+1), PN ,5m(Xm)] = 1). (3)
The proof of Theorem 1 is complete. [
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Theorem 2. In the standard group signature, the class of length m soluble groups satisfying con-
dition (r1) is defined by some finite system of axioms Al,.

PRrROOF. Use the group word ¢;(X;) and the formula ®;(z) defined in the proof of some previous
theorem. Firstly, take the axioms VX,41(0m+1(Xm+1) = 1) and 3X,, (0 (Xm) # 1), which mean that
the solubility length of the group under consideration is exactly m. Then add the axiom

Vo Vy Yz VX ((0m(Xm) 7# 1) A ([6m(Xim), 2] = 1)
AN # DA ([z,y] = 1) A([z,2] = 1)) = [y, 2] = 1). (4)

This axiom implies the following: The elements commuting with G(™) constitute an abelian subgroup,
denoted by G,n; since the subgroup G(™ is normal, so is Gyy; and the pair (G, Gy,) satisfies condition (rl).
Also, we may assert that ®,,(z) characterizes Gy, in G.

The next axiom results from (4) once we replace m with m — 1 and every equality of the form v = 1,
where v is a word in the variables, by ®,,(v); accordingly, the inequality v # 1 is replaced by =®,,(v).
In other words, this is an analog of axiom (4) for the group G/G,,. Following that, we define the
subgroup G,_1 as the centralizer of G~ modulo G,,. This subgroup is characterized in G by the
formula ®,,_1(z). It should be clear to the reader how the construction of axioms continues. [

3. Condition (r)

Consider an abelian normal subgroup A of some group GG. The action of G on A by conjugation
endows A with the structure of a right ZG-module, even a Z|G/A]-module. Denote by ©(A) the annihi-
lator of A in ZG which is a two-sided ideal. Take the ring R = ZG/©(A), so that we can regard A as
an R-module.

Say that the pair (G, A), where A is a proper abelian normal subgroup of G, satisfies condition (r)
whenever G satisfies condition (rl) and the following condition (r2): the module A lacks R-torsion; i.e.,
if0#a € Aand 0# u € R then au # 0.

The definition directly implies the following statement.

Lemma. Suppose that a pair (G, A) satisfies condition (r). Then

(1) the canonical ring epimorphism Z[|G/A] — R is injective on G/A;

(2) the ring R has no zero divisors.

Say that a group G satisfies condition (r) or G is an r-group whenever G has a normal series (1) with
abelian quotients such that every pair (G/Git+1,Gi/Git1) satisfies condition (r). Refer to (1) as a rigid
series for G and write G; = p;(G) as in the case of rigid groups which satisfy condition (r).

Theorem 3. In the standard group signature, the class of length m soluble r-groups is defined by
some recursive system of axioms A,,.

PROOF. By Theorem 2, a finite system of axioms Al determines length m soluble groups with
condition (rl). Theorem 1 indicates the formulas ®;(z) characterizing the subgroups G; = p;(G) in
length m soluble groups with condition (rl). For each k with 1 < k < m, a positive integer n, and a tuple
(a1,...ay) of integers, add to AL the axiom

Vo Vy Vay .. Ve, (Pr(z) A —~Pri1(z) A Pp(y) A —Pri1(y)
/\_\(I)k+1(xa1w1+---+anzn)) _>_\(I)k+1(ya1x1+---+anxn))7 (5)
where x@1%1++n®n stands for the product z; 'z . .. 2, 2%z,
It is not difficult to understand that the new axioms do realize condition (r2). O

As [11] shows, the integer group ring of a soluble group without zero divisors is a (right and left) Ore
domain. Let us strengthen this result.
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Proposition. Consider a soluble group G and a proper ideal I of the group ring ZG. If the quotient
ring R = ZG/I lacks zero divisors then R is a (right and left) Ore domain.

PRrROOF. For definiteness, we prove that R is a right Ore domain. We may assume that G embeds
into R. The claim is obvious if GG is an abelian group. Assume therefore that the solubility length of G is
at least 2. Suppose that a normal subgroup Hy has smaller solubility length than G does, and Hj includes
the commutator subgroup; i.e., G/Hy is an abelian group. For our purposes we may assume that G is
finitely generated over Hy. Suppose that G = (g, g1,...,9n, Ho) and H = (g1, ..., gn, Hp). By induction
on n, and in the case of absence of the elements g;, on the solubility length of the group, assume that the
subring R(H) generated by H is an Ore domain. Clearly, R is a right R(H)-module generated by the

powers of g. Take a row (a, b) of nonzero elements of the ring R. We should find a nonzero column (5)
such that (a,b) (5) = 0. If necessary, we can multiply the row (a,b) on the right by the diagonal matrix

d . . .
< 01 c(l) ) with nonzero entries di,d2 € R on the main diagonal. Therefore, we assume that
2

a=wug+gur+-+g"un, b=vo+gvi+--+9"vm,
where
ui,vj € R(H), ug#0, vo#0, u,#0, vp#0, n>m, n>1.
Induct on n + m. Since R(H) is an Ore domain, there is a column ( > of nonzero elements in R(H )

C

d

such that (un, g™ "vmg" ™) ( n-mg 1

) = 0. Then the first element of the row (a, b) < 0) has smaller

degree with respect to g than n, while the second equals b. By induction, there is a nonzero column (Z))

(s ()0
(5) - (9”Cmd (1)) <Z>

is nonzero and (a, b) (5) = 0. This justifies the claim. [

of elements in R such that

It is clear that the column

Given an r-group G with a rigid series (1), consider the tuple of rings (Ry,..., Ry), where R; arises
from the pair (G/Git1,Gi/Git1). By the Lemma and the Proposition, these rings are (right and left)
Ore domains. Denote by (Q1, ..., Q) the corresponding tuple of skew fields of fractions. Refer to G as
a divisible r-group if each quotient G;/G;11 is a divisible R;-module. In this situation we can regard the
quotient as a vector space over the skew field Q);.

Theorem 4. In the standard group signature, the class of length m soluble divisible r-groups is
determined by some recursive system of axioms A,

PRrOOF. Given k with 1 < k < m, a positive integer n, and a tuple (aq,...,ay,) of integers, append
to A,, the axiom

Va Vap .. Vo, ((Pg(x) A P (z a1m1+...+anzn))
— Ely(q)k(y) A @kJrl('r lya1$1+ Jrana:n))). (6)

This axiom means that if u = a1z + - - - + apx, represents a nonzero element in the ring Ry then every
nonzero element £Gj1 of the Rg-module G /G, is divisible by it, just as we want. [J
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4. Problems
In closing, let us state some natural questions.
Problem 1. Is every r-group equationally Noetherian?
Problem 2. Is the universal theory of a finitely generated metabelian r-group decidable?

Problem 3. Does every divisible r-group embed into a divisible r-group of the same solubility

length?

Problem 4. Does every divisible r-group split into a semidirect product of abelian subgroups iso-

morphic to appropriate quotients of a rigid series?

Problem 5. Is the elementary theory of arbitrary divisible r-group decidable?

The answers to all these questions for rigid groups are positive, and they actually serve as a basis for

studying various aspects of the theory of rigid groups.

10.
11.
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