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PHASELESS INVERSE PROBLEMS THAT USE WAVE INTERFERENCE
V. G. Romanov UDC 517.958

Abstract: We consider the inverse problems for differential equations with complex-valued solutions
in which the modulus of a solution to the direct problem on some special sets is a given information
in order to determine coefficients of this equation; the phase of this solution is assumed unknown.
Earlier, in similar problems the modulus of the part of a solution that corresponds to the field scattered
on inhomogeneities in a wide range of frequencies was assumed given. The study of high-frequency
asymptotics of this field allows us to extract from this information some geometric characteristics of
an unknown coefficient (integrals over straight lines in the problems of recovering the potential and
Riemannian distances between the boundary points in the problem of the refraction index recovering).
But this is physically much more difficult to measure the modulus of a scattered field than that of
the full field. In this connection the question arises how to state inverse problems with the full-field
measurements as a useful information. The present article is devoted to the study of this question. We
propose to take two plane waves moving in opposite directions as an initiating field and to measure
the modulus of a full-field solution relating to interference of the incident waves. We consider also the
problems of recovering the potential for the Schrédinger equation and the permittivity coefficient of
the Maxwell system of equations corresponding to time-periodic electromagnetic oscillations. For these
problems we establish uniqueness theorems for solutions. The problems are reduced to solving some
well-known problems.
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§1. Statement of the Problem

The study of inverse problems for differential equations with complex-valued solutions whose coeffi-
cients are determined with the use of the modulus of a solution to some direct problem on some special
sets began comparatively recently. For the first time, this problem was proposed for the Schrodinger
equation in Chadan—Sabatier’s monograph [1] 40 years ago. The authors explain the necessity of the
study of the phaseless inverse problem of recovering the potential in the Schrodinger equation by the
fact that physical experiments on accelerators often occur in high energy conditions and thus we cannot
really measure the phase of a strongly oscillating field in contrast of the modulus of this field. Newton in
his book [2] pointed out that this problem is of a great importance. A possibility of finding the phase by
using the modulus of a field in this problem was established in the articles by Klibanov [3-5]. But these
articles do not contain any constructive ideas of determining the phase. The first results on the study
of the phaseless inverse problem for the Schrodinger equation were obtained in the articles by Klibanov
and Romanov [6,7] and Novikov [8,9]. In [6,7] the problem of the potential recovering is reduced to
the classical tomography problem of constructing a function from the values of its integrals over straight
lines. Some method for the phase construction is proposed [8, 9] that is based on auxiliary measurements
in a medium with additional given potentials. Next, similar statements of phaseless inverse problems
are studied for the generalized Helmholtz equation in [10-14]. In these articles the problem of determin-
ing the refraction coefficient (the quantity inverse to the speed of signals) is considered with the use of
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measurements of the modulus of a solution to the direct problem for high frequencies, where the field
is initialized either by the pointwise sources or incident plane waves from infinity. It is demonstrated
that the initial problem is reduced to the celebrated inverse kinematic problem of recovering the speed
of signals inside a compact domain with the use of traveling time of waves between the boundary points.

More general as compared with the Helmholtz equation is the inverse problem for the system of
equations of electrodynamics relating to time-periodic electromagnetic oscillations. The problem is to
define the permittivity coeflicient modulo the vectors of electric or magnetic intensity measured under
high frequencies. It is established in [15,16] that the phaseless problem of recovering the permittivity
coefficient can be also reduced to solving the inverse kinematic problem.

The characteristic peculiarity of the phaseless inverse problems, considered in [6, 7,10-16], is that the
unknown coeflicient is assumed a known constant beyond some given compact domain €2 with a smooth
boundary S and the modulus of a scattered field initiated by either pointwise sources localized on S or
incident plane waves from infinity is given on S. By definition, a scattered field is the difference between
the full field in an inhomogeneous medium and the field relating to a homogeneous medium. Namely,
specifying a scattered field allows us to reduce the initial problem to the well-known tomography problem
and the problem of inverse kinematics. But to measure a scattered field is rather difficult, it is simpler to
measure the modulus of a full field. One of such statements with the modulus of a full field given for the
Helmholtz equation is considered in [12] (see problem PISP 2) in a linear approximation. In the exact
statement the former leads to a strongly nonlinear problem that is not studied at all.

In this article we propose the “correct” statement of the direct problem such that the phaseless
inverse problem with the modulus of the full field measured possesses the same properties as that with the
scattered field; namely, it admits reduction to the same well-known problems. We restrict exposition to
the case of a field initiated by plane incident waves from infinity. In what follows, Q = {z € R? | |2| < R}
is the ball of radius R and S = {z € R3 | |z| = R} is the boundary of Q. For definiteness, we consider the
Schrédinger equation (A + k2 — g(x))u = 0. In the above-cited articles connected with the Schrédinger
equation and the initiating plane wave ug(z, k,v) = exp(ikz - v), where v € S? is a unit vector, the
modulus of a scattered field us. = u — ug is given on the set S;(v) = {z € S|z -v > 0} as a function
of x and the parameters k and v. Instead of this information, we propose to consider two plane incident
waves with directions v and —v and to measure the modulus of a field arising as the result of the wave
interference on Sy (v); i.e., the modulus of the sum u(z, k, v) +u(x, k, —v) for all k and v € S2. Tt turned
out that this information about the field leads to the same results as specification of the modulus of
a scattered field.

If for some reasons it is not convenient for a given plane reference wave initiating oscillations with
the direction v € S? to employ the wave with the direction —v then for a given v we can use alternative
auxiliary initiating plane waves e***#" with the unit directions 87 = #(v) € S?, j = 1,2....,m, which
satisfy the two conditions:

- >0, j=12,...,m; S.(v)C U S, (—3). (1.1)
j=1

In this case for a given j, the modulus of the sum of two waves arising as a result of interference of
the incident waves from infinity with the directions v and 37 is defined on S, (—37). The information
obtained as a result is sufficient for unique recovery of the coeflicient in question.

In Section 2 we consider the phaseless inverse problem of recovering the potential in the Schrodinger
equation relying on the idea of the interference of two waves. The statement of the problem is given for
the cases of the wave interference initiated by the plane waves e*** and e ¥ or e**% and e*#
j=1,2....,m, incident from infinity. In Section 3 we consider the problem of recovering the permittivity
coefficient in the Maxwell system of equations based on the measurements of the sum of two opposite
electromagnetic waves incident from infinity. Some auxiliary material of use in the study of the last
problem is exposed in Section 4.
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§ 2. The Schrédinger Equation

Consider the equation
(A+Kk*>—q(z)u=0, zecR3 (2.1)

in which k is an oscillation frequency, £ > 0, and g(x) is a potential. Let Q be a ball of radius R
centered at the origin, = {z € R? | |z| < R}. The boundary of { is denoted by S. Assume that the
potential ¢(z) satisfies the conditions

q(z) >0, q(z) € C*(R?), suppq(z) C Q. (2.2)

Put ‘
uo(z, k,v) = eV, 1y e S (2.3)

The function ug(z, k, v) satisfies (2.1) for ¢(x) = 0. We require that the function us.(x, k,v) = u(x, k,v)—
uo(x, k,v) satisfies the radiation conditions

Ouge

Use(z, k,v) = O(ril), o

—ikuse = o(r7!) as r=|z—y| = co. (2.4)

In this case usc(z,k,v) describes the wave scattered on the potential g(z) presenting a solution to the
equation
(A + K — q(2)use = q(@)uo(z, k,v), z€R3, (2.5)

and the function u(z, k,v) = ug(x, k,v) + usc(x, k,v) is a solution to (2.1) initiated by the plane wave
uo(x, k,v) incident from infinity. It is established in [7] that under conditions (2.2) the function us.(z, k, v)
as k — oo has the following asymptotics:

Z‘eik(m-y) x

1
use(x, k,v) = — ok /q(m —sv)ds+ O <k2) as k — oo. (2.6)
0

Let kg be a positive number. Below we consider two statements of the inverse problem of recovering the
potential.

Problem 1. Let the function
f(z, k,v) = |u(z, k,v) +u(z, k,—v)]?, zcS.(v), ve$? k> k, (2.7)

be defined on S (v) ={x € S|z -v > 0}. Given f(x,k,v), find q(z).

Problem 2. Assume that some system of the unit vectors 3/ = 3'(v), j = 1,2,...,m, meets
conditions (1.1), the functions

95 (. k,v) = |u(z, k,v) +u(a, k, #)[, (2.8)
$€S+(—,8j), 1/6827 k>ko, j=1,2,...,m,

are defined on S (—(/) = {z € S | —z-(/ > 0}. Find q(x) using the functions g;(z,k,v), j = 1,2,...,m.

Theorem 1. Fach of Problems 1 and 2 has at most one solution. Moreover, each of these problems
is reduced to the tomography problem: Find a function q(z) inside () given the integrals

/q(x — sv)ds = h(z,v), z€S,(v), ves (2.9)
0
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PRrROOF. First, we consider Problem 1. In accord with (2.6) and the inclusion of the support of g(z)
in Q, we infer

1
w(z, k,—v) = e **v L O as k — o0, z € S, (v), veS§?
52

Hence,
f@, kyv) = u(@, k,v) + u(z, k, —v)[>

o),

. %)
ikx-v Z'ezk:cw) —tkx-v
=le -~ or q(x —sv)ds+e

0
r €Sy (v), veES? k> k.

Elementary calculations yield

o0

(2k 1
f(z,k,v) =2+ 2cos(2kx - v) + sin(2ka - V/qx—sy ds—i—O(k),
0

re Sy (v), ves? k>k.
Fix z € S, (v) and v € S? in this equality and put
k= k(zv)=[r/2+2r]/(2x - v),
where [ is a positive integer, [ € N. In this case cos(2kz - v) = 0 and sin(2kz - v) = 1. Putting

h(z,v) = llggo ki[f(x, ky,v) — 2], z€8.(v), ves?

we arrive at (2.9). ' '
In Problem 2, for all v € S? and unit vectors 3 = 3/(v), j = 1,2,...,m, satisfying (1.1), we have

. o 1 ‘ .
u(z, k,B7) = ek L0 (l@) ask —oo, €S (-3, B es? j=1,2,...,m
Hence,

gi(x, k,v) = |u(z, k,v) +u(z,k,37)

2
1
+0();

zeS (-p), FeS k>k, j=12...,m

zkz v
zkm v

o0
/ x —sv)ds+ etk B
0

In this case

gi(z,k,v) =2+ 2cosx[k(z - v —x - ()]
infk(z-v—x-3 T
gkl =280 [y wyas o (L),
0

reS (=3, FeS? k>ky, j=12,...,m

Fix v € §%, B/ 6'82, and z € S;(v) NSy (—B3%) in this equality. In this case z-v > 0, —z - 3/ > 0 and
thus z-v—x -3’ > 0. Put

k= kyy(2.0, ) = [r/2 +207) (@ - v — 2 ),
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where [ is a positive integer, [ € N. Define the function

h(z,v) = lim kylg;(z, ki, v) = 2], z € 5:(v)N Si(—=p), ves?

Since the union of the sets S, (—3’) includes S, (v), the function h(z,v) is defined for all z € Sy (v)
and v € S2. Hence, we obtain (2.9) as in Problem 2.

Since ¢(z) is compactly supported, (2.9) leads to the following tomography problem: Find ¢(x) from
the integrals of g(x) over all straight lines. As is known, the solution to this problem is unique. There
exist numerous and effective algorithms of its numerical solution. [

The statement of the problem of recovering the refraction index n(z) in the Helmholtz equation
(A + E*n?(z))u(x,v) = 0 is rather similar to those for Problems 1 and 2 and this problem can be
studied by means of the same scheme as that for the Schrodinger equation with the use of high frequency
asymptotics (see [13]).

§ 3. Equations of Electrodynamics

Consider Maxwell’s system of equations which corresponds to a nonmagnetic nonconducting medium
and time-periodic electromagnetic oscillations; i.e., we have

rot H = —iwe(z)E, rotE =iwuoH. (3.1)

In these equations py > 0 is a constant permeability coefficient, ¢(x) stands for the permittivity coeffi-
cient, and w > 0 is the frequency of oscillations. The vectors E = (E1, Es, E3) and H = (H;, Ho, H3)
characterize the intensities of electric and magnetic fields, respectively.

Let © C R3 and let S be the ball of radius R centered at the origin and its boundary. We assume
that the permittivity coefficient is an infinitely differentiable function in R® agreeing with a prescribed
positive constant £y beyond the domain €2 and the support of e(z) — g¢ lies strictly inside 2. Denote
by n(x) = \/e(x)po the refraction index in an inhomogeneous medium and by ng = /Zopg its value in
a homogeneous medium.

We examine a special solution to equations (3.1) of the plane wave type incident from infinity on
the domain ) which satisfies the radiation conditions. To describe it, we introduce the vector and scalar
potentials A and ¢, respectively, as follows:

wH =rot A, F =iwA— V. (3.2)

Choosing ¢ so that

¢ = _ divA, n(z)=+poe(z),

iwn?(z)
we obtain the equation for A in the form
—w?n?(z)A — AA + (div A)V log(e(x)) = 0. (3.3)

In a homogeneous medium (for n(x) = ny), there exists a solution to (3.3) of the plane wave type
of the form A%(z,w,v, %) = j%“m0%" swhere v and j° are arbitrary unit vectors orthogonal to each
other. This solution describes a harmonic wave that propagates in the direction v and is polarized in the
direction j°.

Denote by A%¢(z,w, v, j°) = A(z,w, v, j°) — A%(z,w, v, j°) the vector potential relating to a scattered
field. The function A%¢(x,w, v, j°) satisfies the Sommerfeld radiation condition

aASC
or

The existence of a solution to (3.3) which satisfies (3.4) is established in [16].

A%(z,w,v,7°) = O(r™Y), —iwngA*¢ = o(r~') asr=|z| = co. (3.4)
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Given A, the vectors F and H are calculated as

1 . 1 .
H = % rot A, E =iw |:A + mv div A:| . (35)

An electromagnetic field in a homogeneous medium corresponding to a harmonic wave is defined by
the equalities

1
Ho(x,w,l/,jo) = —rot AO($7W7V7JO)7
Ho

3.6)

1 (

B0, ,1) — i {A"(x,w,u,j‘)) L QVdivA"(w,w,u,j“)] |
w no

where A°(x,w,v,5°) is determined from the formula A°(z,w, v, j°) = j0ewnozv,

We can now formulate the problem of recovering the permittivity coefficient which is considered
below. Put ST(v) ={x € S|v -z > 0}.

Problem 3. Given is the function
f(x’ w’ V’ ]0) = |E(:E’ w? V? jo) + E(l"w7 _V’ ]0>|27 (3'7)

reST(v), veS?, w>w>0,

defined for allv € S?, x € S*(v), and the frequencies w beginning with some frequency wg > 0. Find &(x)
inside ).

REMARK. The electric field F in the statement of Problem 3 can be replaced with the magnetic
field H.

Given a unit vector v, denote by y° = y°(v) = —Rv a point on S and by %(v) = {y € R? |
(y —4°) - v = 0} the plane passing through 3° and orthogonal to v. Also define the function ¢(z,v) as
follows: ¢(z,v) = nox - v for - v < 3°-v and it is a solution to the Cauchy problem for the eikonal
equation

Vap(z, )] = n’(2),  o(z,v)lsw) = noy” - v, (3-8)

such that o(z,v) > ngy®-v for x-v >y v. This solution corresponds to the case that Vo (z,v)-v >0
for z - v > y° - v. The characteristics of the eikonal equation are geodesics of the Riemannian metric
dr = n(x)|dz|, n(z) = \/e(x)up. These geodesics are orthogonal to the plane X (v), since Vo (z, V) = nov
on X(v).

We will study Problem 3 assuming that the following two assumptions are made.

Assumption 1. The function n(x) belongs to C*°(R?) and the Riemannian metric dr = n(z)|dz| is
such that every point x € R? can be joined with the plane X(v) only by one geodesic T'(x,v) orthogonal
to X(v).

A geodesic field I'(x, v) satisfying this assumption is called regular. Note that the regularity of the
families of geodesic lines is presented in some form in the articles [12-16] connected with the study of
inverse problems for the Helmholtz and Maxwell equations without phase information and also in [17-20],
where the inverse kinematic problem is studied.

Let C(v) C R3 be a cylindrical domain consisting of the rays z = 2° + sv, s € [0,00) such that
2 € S; (v). Obviously, for z € R3\ (QUC(v)), geodesics I'(z, v) are segments of straight lines orthogonal
to the plane X(v).

The Riemannian length of the geodesic I'(x, v) is denoted by 7(z, ). Note that the functions ¢(z,v)
and 7(z,v) are connected by the simple relation ¢(z,v) =y -v — 7(z,v) for z-v < y° - v and p(z,v) =

YO -v+T7(z,v) forz-v>y0 v
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Assumption 2 is connected with the main term of the asymptotic expansion of the vector potential
and the set Sy (v) is the support of the data of Problem 3. It is established in [16] that the functions
A(z,w,v,;°) for high frequencies have the asymptotics

1
A(z,w,v,7°) = exp(iwp(z, v)) [a(x, v,i%) +0 <)] as w — 00, (3.9)
w
where the function a(z,v, j°) is a solution to the Cauchy problem for the transport equation

2(Ve - V)a(z,v,j°) + a(z, u,jO)Agp(:p, v) — (a(z,v, 7% - Vo(z,v))V log e(z) =0,

(3.10)
alsi) = 4.
Obviously, a(z,v, j°) = j° for z € R\ (QU C, (v)).
Assumption 2. The inequality
alz, v, -°>0, xS, (v), veSs? (3.11)

holds for all x € S4(v) and v € 2.

Lemma 2, proven in Section 4, provides sufficient conditions on the refraction index n(z) for As-
sumption 2 to be valid.

Theorem 2. Under Assumptions 1 and 2, Problem 3 has at most one solution. Moreover, this
problem is reduced to solving the inverse kinematic problem: Find n(x) inside (2, given

h(z,v) =7(x,v), z€S.(v), reSi (3.12)
PROOF. We employ the high frequency asymptotics that is found in [16].

In an inhomogeneous medium the asymptotics of F(z,w,v) is defined by the formula

1
w

E(z,w,v, %) = iwexp(iwp(z, v)) [aJ‘(a:, 1,79+ 0 ( )] as w — 00, (3.13)
in which o™ (z,v,j°) = a(z,v,j°) — n=2(z)(a(z, v, ;°) - Vo(z,v))Ve(z,v) is the projection of the vector

a(z,v, j°) into the plane orthogonal to the vector Vo(z,v).
In a homogeneous medium (n(x) = ng) the asymptotics of E°(z,w, v, j°) is defined by the formula

1
E%z,w,v,;%) = iwexp(iwngz - v) [jo +0 <>] as w — 00. (3.14)
w

In accord with (3.13) and (3.14), we infer

1
E(z,w,—1v,j%) = E%z,w, —v,j°) = iw exp(—iwngz - v) [jo +0 (w)]

asw — o0, © € ST(v).

Putting z € S*(v), we infer that

1 1
— flz,w,v,5°) = —|E(z,w,v,5°) + E(z,w, —v,1°) ] = |a* (2,1, > + 1
w

w2 2
1
+2at (z, v, §°) - j° cos (w(p(z, v) + noz - V) + O () as w — 00. (3.15)
w
Prove that
aJ‘(x,y,jO)-jO:a(x-’y’jo)-jO, .’L‘GS+(V). (316)
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This follows from the fact that Vo(z,v) = v for x € S (v). Indeed, if we assume that Vo(z,v) # v at
some point z € S (v) then the geodesic line I'(x, ) after its propagation beyond Q2 (beyond the domain
it is extended as a straight line) intersects some geodesics orthogonal to the plane X(v) and disjoint
with Q (hence, they are straight lines). This contradicts Assumption 1 about the regularity of the field
of geodesic lines. So, (3.16) takes place. In accord with Assumption 2, o™ (z,v,5°)-j° > 0 for z € S, (v).

Fix x € ST(v) and v € S?. In this case p(z,v) +noz - v = n(z,v) > 0. The function f(z,w, v, j°)/w?
is a function of only one variable w almost periodic in this variable. Since w is not bounded above,
the period n(z,v) # 0 of this function is uniquely defined from (3.16) with any accuracy. Hence, the
function ¢(z,v) = n(z,v) —noz - v for all x € ST(v), v € S? is uniquely defined as well. Note that
7(z,v) = h(z,v) = x-v for x € S\ ST(v), v € S®. As a result, we arrive at the following problem:
Find n(z) inside ©, given the traveling times 7(z,v) between x € S and the plane X(v) for all v € S%.
Only by form this statement differs from the standard inverse kinematic problem on recovering the speed
field inside 2 for prescribed traveling times between the boundary points. The known results (see [17-20])
justify the uniqueness theorem for solutions to this problem. [

§ 4. Sufficient Conditions for Validity of Assumption 2

Using the eikonal equation, we can write out the equation for the geodesics I'(x,v). Introduce the
orthogonal triple of vectors ey, k = 1,2, 3, as follows: e; = v, ea = j°, e3 = e1 X ea. Represent y € X(v)
as y = 3°(v) + agea + asze3 and consider the pencil of geodesics ¢ = £(s, ag, as, V) intersecting the plane
() ={y e R¥| (y — y°(v)) - v = 0} orthogonally. Recall that y"() belongs to S and %(v) is tangent
to S at this point. The varying parameter s on a geodesic is counted from the plane X (v), with s = 0 at
a point £ € ¥(v) and s > 0 for points on geodesics in the half-plane (z — y°(v)) - v > 0. For s < 0, the
geodesic is the straight line ¢ = y°(v) + agea + azes + sv. Denote p(z,v) = Vi(z,v). For fixed v and
s > 0, the geodesic lines and the quantities p(&,v) and 7(£,v) depending on the parameters s, as, ag and
solving the Cauchy problem for the system of ordinary differential equations

¢ p dp ar _
& wE ds - Vleen® =1 (4.1)

&ls=0 = yO(V) + agex +ages, pls—o =nov, T|s=0 =0.

From this system it follows that s > 0 coincides with the Riemannian length counted from the plane X(v).
The system (4.1) defines the functions £ = (s, as, as,v) and p = p(s, ag, as,v). To find them for a fixed v
as functions of the variables x1, 22, and x3, we need to solve the equation z = £(s, az,as,v), for s, as,
and ag and express the latter trough x. In view of Assumption 1 we can do so uniquely. Thereby, we have
a one-to-one correspondence between the coordinates of a point  and the parameters s, as,as. In this
case s = s(x,v) = 7(z,v), as = az(x,v), ag = ag(x,v), and the equations for geodesics are representable
as £ = ((zv) = £(s(x,v), a2(x,v),a3(x,v),v). The function Vp(z,v) = p(z,v) is determined uniquely
as well.

Introduce the Jacobian
& 0% 983
— 1 2 3
J = det Taz Taz Tag

9 0% 08
das das das

Lemma 1. Along the geodesics line I'(x,v) we have

dlogJ
ds

div(n~(€)Ve(&,v)). (4.2)
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ProoF. Calculating the derivative of J along the trajectories, we have

Q(%) 06 0 [23Y Q(%) 083
dJ 5% 8 8 S8 5% N A
P X T o A Vil A
0 o
70 (5y) 2 e e () e
06 0% Q(a&a)
1 2 3
+det | Gt Ger 74y (B5)
06 0& i(aﬁs)
das das das \ Os

To calculate the determinants, we use the formulas

o [0\ 0 & A 2(w)pr) 06w,
5o (52) = o om = 3 S gy,

9 (&N 0 g = O Ep) %, _
g (5] = gl em = 30 X I 15 1,

and we can find that i
i Jdiv(n=2(&)p(&,v)) = J div(n () Ve(€,v)).

The last formula validates (4.2). O
Since in view of (4.1) for s =0

o v e 0 ¢

%_Fo_no’ 87@—627 87%:637
J =1/ng for s = 0. Integrating (4.2), we arrive at
1
J = L €xXp / div(n=2(§)Ve(&,v)) ds. (4.3)
0

I(zv)
Formula (4.3) implies that J is positive along I'(z,v). Actually, it follows from Assumption 1.
Lemma 2. Under Assumption 1, let the refraction index n(zx) satisfy the conditions
0 <n(z) <ni, € R% supp(n(z) —no) CQ  |V(n(x))™ <5, §>0. (4.4)
Then Assumption 2 holds under the condition

30ny diam Q < 2log 2. (4.5)

PROOF. Divide both parts of (3.10) by 2n? and employ (4.1), (4.2), and the equality e(x) = n?(z)/uo.
Then we can write the Cauchy problem for defining a(x,v) as

da 1 (dlogJ

ds §a ds

- Vn () -p) + i(a PV (€ =0, alsw) = 5" (4.6)

Introduce the new function & = v/Ja. In this case (4.6) is transformed to the problem

da X
O ST )+ (- D)V O =0, alio = = (4.7)
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Take x € Sy (v) arbitrarily and denote the intersection point of the geodesic I'(z, v) with S_(v) = S\ S+ (v)
by &%, and the corresponding value s relating to this point by s; = s1(z,v). Since Vn=2(¢) = 0 for all
¢ € (R3\Q), (4.7) implies that &(¢,v) = j°//ng for € € T'(¢},v). Integrating (4.7) and involving the initial
data we infer that & satisfies the integral equation along the geodesic I'(x,v), with ¢ € (T(z,v)\T'(¢,v)),
and

&€, v) / [a )(Vn2 ) - pl€, )

1

Laew) -p(f',u»w?(s')} a (4.9

where s = s(&,v), & = €(s',az,as3,v), and s’ is a variable parameter on the geodesic. Using for ¢ €
(D(z,v) \ T'(£Y, v)) the inequalities |p| < n(€)| and n(£)|Vn=2(¢)| < 26, we find that

e, v)| < i + /| V|ds, s> si. (4.9)
Hence,
|a<s,u>|<¢%€35“‘“”2, s1< 5 < s(a,). (4.10)
Equation (4.8) yields
60) 0 = =+ 3 [ |6l PUTn ) ple' )
~5@l€ ) AT HE )| 52
Thus,
(&) j _F—/|a£’ v)|ds'
1/ 30 / 36(s'—s1)/2 /) 1 ss(s—sy))2
> \/770(1 5 /e ds' | = \/770(2 e ) (4.11)

S1

For s; < s < s(z,v) = 7(x,v), we have that s —s; < ni|z — &' < ny diam Q and so from (4.11) it follows
that

a(z,v) - 0 L(z _dmdiamQ/2) o6 (). (4.12)

ﬁ

If (4.5) is fulfilled then we find that
a(z,v)-7° >0

for x € Sy (v). The latter is equivalent to the inequality a(z,v)-j° > 0 for x € S, (v) which agrees with
Assumption 2. [
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