Czechoslovak Mathematical Journal, 65 (140) (2015), 389—-397

NON SUPERCYCLIC SUBSETS OF LINEAR ISOMETRIES
ON BANACH SPACES OF ANALYTIC FUNCTIONS

ABBAS MORADI, KARIM HEDAYATIAN, BAHRAM KHANI ROBATI,
MOHAMMAD ANSARI, Shiraz

(Received March 24, 2014)

Abstract. Let X be a Banach space of analytic functions on the open unit disk and T’
a subset of linear isometries on X . Sufficient conditions are given for non-supercyclicity of I'.
In particular, we show that the semigroup of linear isometries on the spaces SP (p > 1), the
little Bloch space, and the group of surjective linear isometries on the big Bloch space are
not supercyclic. Also, we observe that the groups of all surjective linear isometries on the
Hardy space HP or the Bergman space L5 (1 < p < oo, p # 2) are not supercyclic.
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1. INTRODUCTION AND PRELIMINARY RESULTS

Let X be a Banach space over the field of complex numbers and dim X > 1.
By B(X) we mean the set of bounded linear operators on X. A set I' C B(X)
is hypercyclic (supercyclic) if there exists a vector z € X such that O(z,T") =
{Tz: T €T} (C-O(z,T') = {\Tx: T € T', A € C}) is a dense subset of X.
An operator T € B(X) is called hypercyclic (supercyclic) if the semigroup I' =
{T": n € Ng} (C-T ={AT™: n € Ny, A € C}) is hypercyclic (supercyclic). Here
No = {0,1,2,3,...}.

In 1969, Rolewicz [19] showed that any scalar multiple AB of the unilateral back-
ward shift B is hypercyclic on £, (1 < p < 0o) whenever |[A\| > 1. Some researchers
believe that the linear dynamics is a branch of functional analysis, which was born
in 1982 with the Toronto Ph.D. thesis of Kitai [15]. For decades, hypercyclic and
supercyclic operators have been the focus of much works in linear dynamics. The
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reader can see [2] to get more information about hypercyclic and supercyclic opera-
tors. It was proved by Ansari [1] that if T' is hypercyclic then so is T™ for any n > 2,
with the same hypercyclic vectors. Later, this fact was proved in a general form by
Bourdon and Feldman [5] who say that the T-orbits of each x € X is either dense or
nowhere-dense in X.

Ledn-Saavedra and Miiller [16] proved that if the semigroup I' = {AT™: n €
No, |A| = 1} is hypercyclic then so is the operator T. In 2007, Conejero, Miiller
and Peris [6] showed that if the Cy-semigroup I' = {(T});: ¢ > 0} is hypercyclic then
each individual operator T}, (to > 0) is also hypercyclic. Recall that a one-parameter
family of operators (7});>0 is a Cp-semigroup (or strongly continuous semigroup) if
To =1, Tyys = TiTs for any t,s > 0 and %Eﬂ Ti(x) = Ty(z) for each s > 0 and all
zeX.

The set of all unitary operators on a Hilbert space is supercyclic, see [9], page 183.
Also, there are examples of supercyclic group of isometries on Banach spaces. The
group of all isometries on LP(y) (1 < p < oo0) where u is a homogeneous measure
is supercyclic, see [12]. Moreover, for 1 < p < oo, the group of all isometries on
the Banach space LP(X, u) is also supercyclic, where X is the disjoint union of an
uncountable family of copies of the interval [0, 1] and p is a certain measure on X,
see [3]. In this paper, we study the supercyclicity behavior of sets of linear isometries
on some spaces of analytic functions on the unit disc D. In Section 2, we show that
the semigroup of linear isometries on the spaces SP (p > 1) and the little Bloch space
By is not supercyclic and neither is the group of surjective linear isometries on the
big Bloch space B. In Section 3, we prove that the groups of all surjective linear
isometries on the Hardy space H” and the Bergman space L? (1 < p < o0, p # 2)
are not supercyclic.

2. BANACH SPACES OF ANALYTIC FUNCTIONS

For each Banach space X with the norm [|-|| there is a norm ||-|| on X equivalent
to ||-]| such that the set of all surjective linear isometries on (X, ||-|) is {\: |A\| = 1}
where [ is the identity operator on X, see [14]. Thus, there is a Banach space on
which the group of surjective linear isometries is not supercyclic. On the other hand,
the set of all unitary operators on a Hilbert space is supercyclic. Therefore, if H is
a Hilbert space with the norm ||-|| induced by the inner product of H, then there is
a norm [|-|| on H equivalent to ||-|| such that (H,|||) is not a Hilbert space.

By a Banach space of analytic functions on D, we mean the Banach space X
consisting of functions that are analytic on D such that for each z € D the functional
e;: X — C of evaluation at z given by e.(f) = f(z) is bounded and there exists
a sequence of unit vectors in X converging pointwise to zero.
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Some classical examples of such spaces run as follows:
1. The Hardy space H?, 1 < p < o0, consists of those functions f analytic in D for
which || f||%, = sup [ [f(rz)[? dm(z) < oo where dm is the normalized arc length
0<r<1

measure on T, where T = {z € C: |z] = 1}.
2. The space of all bounded analytic functions on D, H*, with the norm || f||co =

sup |£(2)
3. The weighted Bergman space AP (1 < p < oo, @ > —1) is defined as the space
of all f in H(D) such that

/1

s = ([ 1repa - e 1)dA(Z)>1/,, <o,

where dA is the normalized Lebesgue area measure on D.
4. The weighted Dirichlet-type space D? (1 < p < 0o, —1 < e < 00) is the space
of all f € H(D) such that f’ € AP, equipped with the norm

/1

pr = |fO)] + || f']| az, < o0.

5. The big Bloch space B which is the set of all analytic functions f on D such
that f(0) =0 and

171l = sup{|f(2)|(1 — |2*]): 2 € D} < oo,

and the little Bloch space By, the subspace of B spanned by the polynomials.

6. The space D, the set of analytic functions f on D such that || f|| = sup{|f(z)|(1—
|z|?): 2 € D} < oo, and the subspace Dy of D, which is Dy = {f’: f € Bo}.

7. The space SP, 1 < p < 0o, consisting of all analytic functions f on D for which

1= flloo + £ Il > < o0.

8. The space H;°(D), (p > 0) with the standard weights v,(z) = (1 — |z2)P,
consisting of all analytic functions f on D such that

| £1lv, = supvp(2)|f(2)] < co.
zeD

9. The analytic Besov space BP, 1 < p < oo, is defined as the set of all analytic
functions in the disk such that

115 = [FOP +(—1) /D /()P = |27 dA(2) < oo
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We note that when X = H? (1 < p < 0), ||[z"]| =1 for n > 0. Also if X is the
Bloch space, ||2"]|x = (2n/(n+1))-((n —1)/(n+ 1))("71)/2 which converges to 2/e
as n — co. Moreover, |[2"||p = 2/(e*(n+2)), ||z"|ls» =1+ n? and ||2"| a2 = ( +
1)B(np/2+1, a+1), where S(x, y) is the beta function given by fol t*=1(1—t)¥~1 dt for
z > 0andy > 0. Furthermore, ||2"||pr = nP(a+1)((n — 1)p/2+1, a+1), [|2" |’ =
n?(p=1)B((n — 1)p/2+1,p—1) and ||z"[|,, = (1—n/(n + 2p))?(n/(n + 2p))"/?. Since
B(x,y) =T(x)T'(y)/T(z + y) where I'(+) is the gamma function and limit asymptotic

approximation is lim T'(v + «a)/(T'(v + B)r*=?) = 1 (see [8], page 62), it is easy to
V—00
verify that if X is any of the above spaces then

lim &—0, z e D.

oo [lznx

We remark that if X is a separable reflexive Banach space consisting of functions
that are analytic on D such that for each z € D the functional e, is bounded then
there exists a sequence of unit vectors in X weakly converging to zero. Indeed, X*
is separable and ball(X) is weakly compact, so it is weakly metrizable. On the other
hand, the weak closure of the unit sphere of X is ball(X); thus there exists a sequence
(zn)n of unit vectors which weakly converges to zero. Hence such X is a Banach
space of analytic functions.

Definition 2.1. Let X be a Banach space of analytic functions on D. A se-
quence (T},), in B(X) is said to converge pointwise evaluation to T' € B(X) if
li_>m (Tnf)(z) = (Tf)(z) for all f € X and all z € D.

n o0

Theorem 2.2. Let X be a Banach space of analytic functions on D and let
I’ ¢ B(X) be bounded away from 0 and co at each point of X, i.e., for each f € X
there exist two positive constants ¢y and dy such that cg|| f|| < |Tf|| < df| f]| for
all T € T'. If each sequence (T},),, in I has a subsequence which converges pointwise
evaluation to some T € I then I' is not supercyclic.

Proof. Assume, on the contrary that f € X is a unit supercyclic vector for I'.
So, for any g € X there is a sequence (o, ), in C and a sequence (7T},),, in I" such that
li_}rn anTo(f) = g. Thus, |an| < (|lg|l +1)/cy for sufficiently large n, which implies
Zh;toliin oy, = « exists for some subsequence (o, )k. Now, (T, ), has a subsequence

which converges pointwise evaluation to some T € I' and, without loss of generality,
we may assume that this subsequence is (7),,)r. So g(z) = li]1€n o, (T f)(2) =

a(Tf)(z), for all z in D, which implies that X = {aT'f: a € C, T € T'}. Let {fn}n
be the sequence of unit vectors converging pointwise to zero. Hence for each n there
is an operator S, € I' and A\, € C such that
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It follows that there exist subsequences (A,,)r and (Sy, )k such that A, — A, for
some nonzero constant A and S,, — S € I' pointwise evaluation. Hence A\(Sf)(z) =
1i]£n Any (Sn f)(2) = li}gn fn,(2) =0for all z in D. Thus, ||f|| = 0, which is impossible.

O

In the sequel, we need the following lemmas.

Lemma 2.3. For r > 0 let D, = {z: |z| < r}. Suppose that |\,| =1 and a,, € D,
for all n, where 0 < r < 1. If ¢, (z) = Au(z2 — ay)/(1 —a,z) converges pointwise to
some function ¢ on D,, then ¢(z) = A(z — a)/(1 — Gz) where A = kli_}rgo An,, for some
subsequence (An, )i, a = —(0)/A and |a| < r. In particular, when ¢,, n=1,2,3, ...
are rotations then ¢ is also a rotation.

Proof. Since nli_{r;o(—/\nan) = nh_{r;o ©n(0) = ¢(0), |¢(0)| < 7, the sequence (ay,),,
has a subsequence (ay,, )r which converges to some point a. On the other hand,
the sequence (A, )r has also a convergent subsequence which is denoted, with-
out loss of generality, again by (A,,)r. So we have —\,, an,, — —a\ for some
Ain T. Thus, —aX = ¢(0) and clearly |a|] < r. Hence ¢(z) = kli_>n; On,(2) =
leI&Ank(z—ank)/(l—Enkz)z)\(z—a)/(l—ﬁz). O

Recall that H(D) is the space of all analytic functions on D for which f, — f
in H(D) if and only if f, converges to f uniformly on all compact subsets of D.
Moreover, a family F C H(D) is normal if each sequence in F has a subsequence
which converges to a function f in H(D).

Lemma 2.4. The set of all automorphisms of the unit disk is normal in H(D).

Proof. Denote the set of all automorphisms of D by Aut(D). Let zop € D.
Since the set {¢(z0): ¢ € Aut(D)} is bounded, it has a compact closure in C. We
show that Aut(D) is equicontinuous at zy. To see this, let € > 0 and let p(z) =
Az —a)/(1 —az) be an arbitrary element in Aut(D). Let |z — 29| < 1 — |29|. Then

(z—a)(1 —azp) — (20 —a)(1 —az)

CORECVE T T
| = )0 = Ja?) 2 = 20
(1-a2)(1 —az0)| ~ (1 lallz)(1 ~ |all20])
|z — 20| < |z — 20

S (=@ = zol) T (1 =]z = 20l = |20]) (1 |z0l)]

It is easy to see that
|z — 20|

(1 = |z = 20| = [20])(1 = [20])

<e€
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if and only if
e(l — |z0))”

Z — Z < — .
| ol 1+e(1—|20))

Since £(1 — |20])?/(1 +&(1 — |20])) < 1 — |20| it is enough to consider |z — 29| < § =
e(1 —20])2/(1 + (1 — |20])). Thus, Aut(D) is normal, by applying the Arzela-Ascoli
Theorem [7]. O

For ¢ € Aut(D) we define a bounded linear functional Z, on X by Z,f = f(¢(0))
and a composition operator C,, on X by C, f = f o ¢ for each function f in X.

Theorem 2.5. Let X be a Banach space of analytic functions on D. Suppose that
I = {\(¢)*Cy + BZ,): ¢ € Aut(D), |p(0)] < 7, || = 1} for constants a € RT,
B € Rand 0 < r < 1. If T is a subset of linear isometries on X, then I' is not
supercyclic.

Proof. Suppose that (A, ((¢n")*Cy, + BZ,,))n is a sequence in I'.  Without
loss of generality we assume that the sequence (\,), converges to a unimodular
constant A. By Lemmas 2.3 and 2.4 there is a subsequence (¢n,)r and an au-
tomorphism ¢ with [¢(0)] < r such that ¢, — ¢ in H(D). If f € X then
kliﬁng() A ((0n ) Cop,o f+BZg,,, f)(2) = M(¢")*Cop f+8Z, f)(2) for all z € D. Hence
Any, ((n,,")*Cop,,, +BZ,,, ) converges pointwise evaluation to A((¢')*Cy +5Z,) € T'.
Now the result follows from Theorem 2.2. O

Take o = 8 =r = 0 in Theorem 2.5. Since the set of all isometries on S? is of the
form I' = {\Cy,: ¢ is a rotation, |A| =1}, see [18], we have

Corollary 2.6. The semigroup of linear isometries on the space SP, p > 1 is not
supercyclic.

Corollary 2.7. The semigroup of linear isometries on the little Bloch space By
and the group of surjective linear isometries on the big Bloch space B are not super-
cyclic.

Proof. Let « =0, f = —1 and r = 0 (note that every function in the Bloch
space vanishes at zero) in Theorem 2.5. Since the set of all linear isometries on By
and the set of all surjective linear isometries on B has the form I' = {A\(C, — Z,):
¢ is a rotation, |A| = 1}, see [10], the result follows. O
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Corollary 2.8. The semigroup I' = {C,: ¢ € Aut(D) and C, is an isometry}
is not supercyclic on the weighted Bergman space AP, (1 < p < o0), the analytic
Besov space BP (2 < p < oo), the weighted Dirichlet-type space D?. (1 < p < oo,
—1 < a < 00) and the space H;° (D) (p > 0).

Proof. For all of these spaces I' = {C,: ¢ is a rotation}. The relevant refer-
ences are respectively, see [17], Theorems 1.3 and 1.4, [11], Corollary 2.3, and [4],
Corollary 12. Thus, the result follows from Theorem 2.5. 0

Corollary 2.9. Let X be the space H' or L} and let T’ be the set of all surjective
linear isometries on X such that 0 < ¢ < |(T'1)(0)| for all T € T' and some constant c.
Then T" is not supercyclic.

Proof. Regarding Theorem 2.5, put « = 1, # = 0 for H' and a = 2, B = 0
for L., see [10], page 88, and [13]. We see that |(T'1)(0)| = (1 — |»(0)|?)® > ¢; thus,
e(0)] < VI —ct/e. O

Corollary 2.10. Let I" be the set of all surjective linear isometries on H*° such
that |T'(id)(0)] < ¢ < 1 for all T € T’ and some constant ¢ where id(z) = z for all
z € D. Then T is not supercyclic.

Proof. If T €T then T = AC,, for some |A| =1 and some automorphism ¢, see
[10], page 80. Thus, |¢(0)| = |T'(id)(0)| < ¢. Now apply Theorem 2.5. O

3. REFLEXIVE BANACH SPACES

For the algebra B(X) of all bounded operators on a Banach space X, the weak
operator topology (WOT) is the one in which a net T, converges to T' if and only if
T.(z) — T(x) weakly for all x € X. By the notation x, - * we mean z,, converges
to x weakly.

Theorem 3.1. Let X be an infinite dimensional reflexive Banach space and T’
a subset of B(X) that is bounded and bounded away from 0 at each point of X. If
I' is WOT-closed in B(X) then I' is not supercyclic.

Proof. Suppose that zg € X is a unit supercyclic vector for I". So for any
x € X there is a sequence (o), in C and a sequence (T3), in I' such that
lim a,T,(z9) = x. Since I' is bounded away from 0 there is a positive constant
n—oo

¢p such that | Tx| > c;||z|| for all T € T'. Therefore, |a,| < (||z]| +1)/cg, for
sufficiently large n, which implies that (by passing to a subsequence) lima,, = «
n
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exists. Since the unit ball of B(X) is WOT-compact, (7,,), has a WOT-convergent
subnet (T,,,); with limit 7 € T ie., T),,(z) = T(z) for all z € X. In particular,
n; T (z0) 2 aT(zp). On the other hand, ;T (20) X 2, which implies that
X =A{aT(z9): a € C, T € I'}. Since the weak closure of the unit sphere of X is
ball(X), there exists a net (z,) of unit vectors weakly converging to zero. There-
fore, for each « there is an operator S, € T" and A, € C such that A\, S (20) = Za.
It follows that there exist subnets (A4, )a; and (Sa;)a; such that A,, — A for
some nonzero constant A, and S, WOT' g ¢ T. Hence, in the weak topology,

AS(x0) = lim Ay, Sa, (2o) = limx,, = 0. Thus, ||zo| = 0, which is impossible. O
7 K]

Proposition 3.2. Let X be the Hardy space HP or the Bergman space LP (1 <
p < oo, p#2). If T is the group of all surjective linear isometries on X then the
WOT-closure of T is T" U {0}.

Proof. If T, € T then T, = pn(¢},)*Cy, where |u,| =1, a =1/por a =2/p
and v (2) = An(z — an)/(1 — @, z) (see [10], [13]). Suppose that T, YOI 7. Now we
have two cases: if |¢,(0)] < r < 1 for all n, then by applying Lemma 2.3 we see that
T = p(¢')*C, where ¢ € Aut(D) and |p| = 1. Hence T' € T'. Otherwise, by passing
to a subsequence if necessary, we can assume that (¢,(0)), converges to some point
on the unit circle. An easy computation shows that (p, ), converges pointwise to
some point with unimodular 1 and also (¢!,), converges pointwise to zero. This, in
turn, implies that T, (p(z)) — 0 for every polynomial p. Since the polynomials are

dense in X we conclude that 7= 0. O

Proposition 3.3. Let X be the Hardy space H? or the Bergman space L (1 <
p < oo, p#2). If T is the group of all surjective linear isometries on X then I is
not supercyclic.

Proof. Assume, on the contrary, that f € X is a unit supercyclic vector for I'.
There are sequences (fin )y in C and (S, )y in I' such that nh—>néo tn Sy (f) = id. Thus,
nlgngo |ttn] = 1, which implies that liin tn, = p exists for some subsequence (fin, k-
Now, (Sp)» has a subsequence which converges (WOT) to some S € ' and, with-
out loss of generality, we denote this subsequence by (Sp,)k- SO fin, Sn, wor S,
which implies that (g, Sn,)(f) — wS(f). Hence uS(f) = id. This gives that
[ =p1tS7id) = pu1(¢)*C,(id) where p(z) = ANz —a)/(1 —az) and a = 1/p
or « = 2/p, which implies that f(a) = 0. In a similar way, for the constant
function 1 € X, there is a scalar § and an operator 7' € T' satisfying T f = 1.
Thus, f = 871 (Y)*Cy(1) = B~ = B~ (n(1 — |b]?)/(1 — b2)?)™ where (2) =
n(z —b)/(1 — bz). This equation gives f(a) # 0, which is a contradiction. O
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