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Abstract. Let PBy, be the category of all principal fibred bundles with m-dimensional
bases and their principal bundle homomorphisms covering embeddings. We introduce the
concept of the so called (7, m)-systems and describe all gauge bundle functors on PB, of
order r by means of the (r,m)-systems. Next we present several interesting examples of
fiber product preserving gauge bundle functors on PBy, of order r. Finally, we introduce
the concept of product preserving (r, m)-systems and describe all fiber product preserving
gauge bundle functors on PBy, of order r by means of the product preserving (r, m)-systems.
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INTRODUCTION

Let Mf be the category of all manifolds and maps, M f,, the category of m-
dimensional manifolds and their embeddings, F M the category of all fibred manifolds
and their fibred maps, FM,, the category of fibred manifolds with m-dimensional
bases and fibred maps with embeddings as base maps, Gr the category of all Lie
groups and their homomorphisms, PB,, the category of all principal fiber bundles
with m-dimensional bases and their principal bundle homomorphisms covering em-
beddings, VB the category of vector bundles and their vector bundle maps and V13,
the category of vector bundles with m-dimensional bases and their vector bundle
maps covering embeddings.

By Definition 2.1 in [4], a gauge bundle functor on PB,, is a covariant functor
E: PB,, — FM satisfying the following conditions:

(i) Base preservation. For any PB,,-object P = (p: P — M) with the base M
the induced FM-object EP = (mp: EP — M) is a fibred manifold over the
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same base M. For any PB,,-morphism f: P — P, covering f: M; — M, the
induced F M,,-map Ef: EP, — EP, is also over f.

(ii) Locality property. For any PB,,-object p: P — M and any open subset U C M
the FM-map Fiy: E(P|y) — EP (induced by the inclusion iy: Ply — P) is
a diffeomorphism onto 75" (U).

(iil) Regularity property. FE transforms smoothly parametrized families of PB,,-
morphisms into smoothly parametrized families of F M-morphisms.

By Definition 2.2 and Lemma 2.3 in [4], a natural transformation n: E — E! of
gauge bundle functors on PR, is a family of fibred maps np: EP — E'P covering
idys for any PB-object P — M such that E'f onp = ng o Ef for any PB,,-
morphism f: P — Q.

By Definition 2.5 in [4], a gauge bundle functor E: PB,, — FM is of order r if
the following condition is satisfied:

For any PB,,-morphisms f1, fo: P — @ between PB,,-objects P — M and @
and any x € M, from j7(f1) = j5(f2) it follows that (Ef1)|g,pr = (Ef2)|E,P-

A gauge bundle functor E: PB,, — FM is fiber product preserving if (EP;) X ps
(EPy) = E(Py X Py) for any PB,,-objects with the same base M (the identification
is induced by the E-prolongation of the fiber product projections).

Given a PB,,-object P — M with the structure Lie group G we have a principal
connection bundle QP := J!P/G of P (sections of QP are in bijection with principal
(right invariant) connections on P). Given a PB,,-map f: P — P; covering the
embedding f: M — M; with the Lie group homomorphism v;: G'— G1, the map
J'f: J'P — J'P, factorizes into the FM-map Qf: QP — QP,. In this way
we obtain a gauge bundle functor Q: PB,, — FM of order 1. It is fiber product
preserving.

Given a PB,,-object P — M we have the r-th order principal prolongation
WTP := P"M xp J'P (see Section 15 in [2]). Any PB,,-map f: P — P, cov-
ering f: M — M, induces a fibred map W' f := P"f x; J"f: P"M xp J'P —
P"M;y X, J"Pr. In this way we obtain a gauge bundle functor W PB,, > FM
of order r. The functor W7 is not fiber product preserving.

In the present paper, we describe all gauge bundle functors PB,, — FM of order r
by means of the so called (r, m)-systems. Next, we describe fiber product preserving
gauge bundle functors E: PB,, — F M of order r by means of the product preserving
(r,m)-systems.

All manifolds considered in the paper are assumed to be Hausdorff, finite dimen-
sional, second countable, without boundary and smooth, i.e., of class C*°. Maps
between manifolds are assumed to be of class C*°.
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1. A CHARACTERIZATION OF GAUGE BUNDLE FUNCTORS ON PB,, OF ORDER 7
BY MEANS OF (7,m)-SYSTEMS

Using the results of Section 15 in [2] we see that in fact we have W": PB,, — PB,,.
Indeed, we have a functor W} : Gr — Gr sending any Lie group G into its r-th order
prolongation group W) G = G}, x T G in dimension m (see Section 15 in [2]) and
any Lie group homomorphism v: G — G into a Lie group homomorphisms W) v :=
idgr xT)v: Wi,G — W} Gy (that W],v is a Lie group homomorphism follows from
the formula on prolongation group multiplication from Section 15 in [2]). Now, given
a PB,,-object P — M with the structure Lie group G, W" P is again a PB,,-object
with the structure Lie group W/ G (see Section 15 in [2]). Moreover, given a PB,,-
map f: P — P covering f: M — M; and with the Lie group homomorphism
vi: G = G, W'f: W'P — W"P,; is a principal bundle homomorphism with the
Lie group homomorphism W, vs: W] .G — W/ G1 (which follows from the formula
on the principal prolongation bundle right actions from Section 15 in [2]). The above
fact is a particular case of a more general result of [1], too.

Suppose we have a system (F,«) consisting of a regular functor F': Gr — Mf
sending a Lie group G into a manifold FG and a Lie group homomorphism v:
G — (1 into an induced map Fv: FG — FG;p, and of a family a of smooth
left actions ag: W, G x FG — FG for any Lie group GG. The regularity means
that F' transforms smoothly parametrized families of Lie group homomorphisms into
smoothly parametrized families of maps.

Definition 1. A system (F, «) as above is called an (r, m)-system if for any Lie
group homomorphism v: G — G; the map Fv: FG — FG; is (W G, W/ G;)-
invariant over W)v: Wi G — W/ G1, ie., Fv(g-v) = W/ v(g) - Fv(v) for any
v € FG and any g € W] G.

The system (W, ) consisting of the functor W}, : Gr — Gr (mentioned above)
treated as the functor W/, : Gr — M f and the collection /5 of actions fg: W] G x
W G — W G (defined by the prolongation group multiplication) for any Lie group

G is an example of an (r, m)-system.

Given an (r,m)-system (F,a) we can construct a gauge bundle functor E(F®):

PB,, — FM of order r as follows.

Example 1. For any PB,,-object P with the structure Lie group G we put
EFp = W"P[FG, ag).
For any PBp,-map f: P — P; with the homomorphism v;: G — G we put
EF) f — W f[Fuvs]: WTP[FG,ag] — W Pi[FG1,aq,].
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If u: (F,a) — (F', ') is a homomorphism of (r,m)-systems (i.e., u: F — F*
is a functor transformation such that ug: FG — F'G is a smooth W/ G-invariant
map for any Lie group G') we have a natural transformation n(*) : E(F:®) — EF )
given by

7755) = Wr(idp)[uc]; EF)p E(Fl,al)P

for any PB,,-object P — M with the structure Lie group G.
Conversely, suppose we have a gauge bundle functor E: PB,, — FM of order r.
We construct an (r,m)-system (F(F) o)) as follows.

Example 2. We define a functor F(F): Gr — Mf by
FEIG .= Ey (R x G) and FPy := Ey(idgm x v)

for any Lie group G and any Lie group homomorphism v: G — G;. For any Lie
group G we define an action a(GE): WG x FE)G - FE)G by

ol (g.v) = Bop(v), 9= jloee € WhG, ve FPG

(we identify elements of W G with r-jets at 0 of (local) principal bundle isomor-
phisms with idg as Lie group homomorphisms and covering embeddings preserving
0 as in Section 15 in [2]).

If n: E — E'is anatural transformation of gauge bundle functors E, E': PB,, —
FM of order r we have a homomorphism pu(™: (F(E) o) — (FE) oE)) of
(r,m)-systems given by

1
M(C?) = (Mrmxa)o: FE)G 5 FEIG.

Clearly, the above constructions from Examples 1 and 2 are mutually inverse. In
(B)

particular, a PB,,-natural isomorphism ©: E(* o) 5 F can be given by

Op: BEF72)p 5 EP, Op([g,0]) == Ep(v), g=jl¢c WP, veFEG

for any PB,,-object P — M with the structure Lie group G (we identify elements
of WP with r-jets at 0 of (local) principal bundle isomorphisms R™ x G — P with
idg as the Lie group homomorphisms as in Section 15 in [2]).

In general, categories K3 and Ky are weak equivalent if there are functors Hi:
K1 — Kq and Ha: Ko — Ky such that Hy o Hy = idk, and Hy o Hy = idg,.

Thus we have proved the following theorem.
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Theorem 1. The category of gauge bundle functors E: PB,, — FM of order r
and their natural transformations is weak equivalent to the category of (r, m)-systems
(F, o) and their homomorphisms.

2. THE CASE OF FIBER PRODUCT PRESERVING GAUGE BUNDLE FUNCTORS
ON PB,, OF ORDER r

Many important gauge bundle functors on PB,, are fiber product preserving. We
present several examples of such functors.

(a) The functor J": PB,, — FM sending any PB,,-object P — M into its r-jet
prolongation bundle J"P = {jlo; o0: M — P is a locally defined section of P —
M} and any PBp,-map f: P — Py covering f: M — M, into J"f: J'P — J"P
(given by J" f(jro) = j;(x)(f ocogo i_l)) is a fiber product preserving gauge bundle
functor of order 7.

(b) The functor J): PB, — FM sending any PB,-object P — M into its
vertical r-jet prolongation bundle J/P = {jlo; o: M — P,} and any PB,,-map
f: P — Py covering f: M — M, into Jj f: JJP — JJP1, given by J] f(jro) =
j;(x)(fx ogo i_l), is a fiber product preserving gauge bundle functor of order r.

(c) Let A be a Weil algebra of order . The functor V4: PB,, — FM sending

any PB,,-object P — M into its A-vertical bundle VAP = |J TAP, and any
zeM
PBp-map f: P — P into VAf = |J TA(f.): VAP — VAP, is a fiber product
reM
preserving gauge bundle functor of order r. In particular, if A = D is the algebra of

dual numbers, then T4 = T is the tangent functor and V4 = V: PB,, - FM is
the vertical functor.

(d) The above functors are particular cases of product preserving bundle functors
E: FM,, — FM applied to PB,,-objects and PB,,-maps treated as F M,,-objects
and F M,,,-maps, respectively. The full description of fiber product preserving bundle
functors E: FM,, - FM can be found in [3].

(e) Let E: FM,, — FM be a fiber product preserving bundle functor. The right
action of the structure Lie group G on an PB,,-object P (treated as an F.M,,-object)
induces (in an obvious way) a right action of G on EP. Thus we have the functor
QF: PB,, — FM sending any PB,,-object P — M into QF P := EP/G and any
PB,,-map f: P — P; into the quotient Q¥ f: QP — QFP, of Ef: EP — EP;.
The functor Q¥: PB,, — FM is again a fiber product preserving gauge bundle
functor. In particular, if £ = J!, then QF = Q: PB,, — FM is the principal
connection bundle functor mentioned in the introduction. Below, we consider the
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right invariant vertical vector field functor Qv : PB,, — FM (sections of Q¥ P are in
bijection with right invariant vertical vector fields on P). In fact, QV': PB,, — VB.

(f) Let G: M f,, — VB be a vector bundle functor (for example the p-form bundle
functor APT*: M f,, — VB). Thus we have the functor £¢: PB,, — FM sending
any PB,,-object P — M into (vector bundle) K¢P := GM ® QV P and any PB,,-
map f: P — P covering f: M — M into (vector bundle) map KCf = GfoQV f:
K¢P — K¢P;. The functor K¢: PB,, — FM is a fiber product preserving gauge
bundle functor. In fact, K&: PB,, — VB. In particular, if G = A2T*: M f,, — VB
we obtain the principal connection curvature functor K¢ = K: PB,, — FM (the
curvature tensor of a principal connection on P can be treated as a section of KP).

(¢) Let E: FM,, — FM be a fiber product preserving bundle functor. Thus
we have the functor E': PB,, — FM sending any PB,,-object P — M with the
structure Lie group G into E'P := FE(M x G) and any PB,,-map f: P — P,
covering f: M — M; and with the Lie group homomorphism vy: G — G into
E'f:=E(f xvy): E'P — E'P;. The functor E': PB,, — FM is a fiber product
preserving gauge bundle functor.

(h) Let E: VB,, — FM be a fiber product preserving gauge bundle functor
(a full description of such functors can be found in [5]). Thus we have the functor
E°: PB,, - FM sending any PB,,-object P — M with the structure Lie group G
with the Lie algebra £(G) into E°P := E(M x £(G)) and any PB,,-map f: P — P,
covering f: M — M; with the Lie group homomorphism vy: G — Gy into E°f :=
(f x L(vy)): E°P — E°P;. The functor E°: PB,, — FM is a fiber product
preserving gauge bundle functor.

Definition 2. An (r,m)-system (F,«) is product preserving if F': Gr — Mf is
product preserving.

It is easily seen that if (F, «) is a product preserving (r, m)-system, then the gauge
bundle functor E(F>*): PB,, — FM of order r (from Example 1) is fiber product
preserving. Conversely, if E: PB,, — FM is a fiber product preserving gauge
bundle functor of order r, then the (r,m)-system (F) o)) (from Example 2) is
product preserving. Thus we have proved the following fact.

Theorem 2. The category of fiber product preserving gauge bundle functors
E: PB,, — FM of order r and their natural transformations is weak equivalent to
the category of product preserving (r,m)-systems (F, «) and their homomorphisms.
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