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APPROXIMATION BY SUBLINEAR OPERATORS

G. A. ANASTASSIOU

ABSTRACT. In this paper, we study the approximation of functions by positive sub-
linear operators under differentiability. We produce general Jackson type inequali-
ties under initial conditions. We apply them to a series of well-known Max-product
operators. So our approach is quantitative by producing inequalities with their
right hand sides involving the modulus of continuity of a high order derivative of
the function under approximation.

1. INTRODUCTION

The main motivation here is the monograph by B. Bede, L. Coroianu, and S. Gal
4], 2016.

Let N € N, the well-known Bernstein polynomials ([6]) be positive linear op-
erators, defined by the formula

N

W B =Y () ) -a s (). el e,
k=0
T. Popoviciu in [6] 1935 proved for f € C([0,1]) that
5 1
(2) B (f)(@) = fl@)| < Jwr (1, ﬁ) for all z € [0, 1],
where
(3) 9= swp |f@) =Wl 5>0
|z—y|<o

is the first modulus of continuity.
G. G. Lorentz in [5, p. 21, 1986] proved for f € C1([0,1]) that

! ) for all € [0,1].

3 !
(4) |Bn (f)(z) = f(2)] < W“l(f’ﬁ
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In [4, p. 10], the authors introduced the basic Max-product Bernstein operators
N
Vilopna@)f (%)

\/kN:o pN,k(iU)

where \/ stands for maximum, py x(z) = (]]Z)xk(l —z)N "k and f:[0,1] - Ry =
[0, 00).

These operators are nonlinear and piecewise rational.

The authors [4] studied similar nonlinear operators such as: the Max-product
Favard-Szasz-Mirakjan operators and their truncated version, the Max-product
Baskakov operators and their truncated version, and also many other similar spe-
cific operators. The study [4] is based on presenting the general theory of sublinear
operators. These Max-product operators tend to converge faster to the on hand
function.

So as mentioned in [4, p. 30] for f: [0,1] — R, continuous, we have the estimate

(5) BYV(f) () ,  NeN,

6)  [BL(f)(@) - f2)] < 12w (ﬁ \/T;H) for all N € N, z € [0,1].

Also from [4, p. 36], we mention that for f: [0,1] — Ry being concave function,
we get

(7) BYO()(a) ~ @) < 2 (£, ) forallae[0,1]

a much faster convergence.

In this article, we expand the study [4] by considering smoothness of functions,
which is not done in [4]. So our inequalities are with respect to w; (f("), 5), 6 >0,
n € N.

At first,we present general related theory of sublinear operators, and then we
apply it to specific as above Max-product operators.

2. MAIN RESULTS

Let I C R be a bounded or unbounded interval, n € N, and
CBY(I)={f:I—=Ry: @ is continuous and bounded on I,

for all i = 0,17...,n}.
Let f € CB(I) and any x,y € I. By Taylor’s formula, we have

(8)

@ 50 =210 UG 4y [ 00 - @)

We define for
feCBy(I)={f: I =Ry : fis continuous and bounded on I},

the first modulus of continuity

wi(f,8) = sup [f(x) = f(y)l,

r,ycl:
lz—y|<8
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where 0 < ¢ < diameter(I).
We call the remainder of (9)
1 Y n— n n
(10) Ruw) = gy [ =0 (10 = (@) foralay el

By [1, p. 217] and [2, Chapter 7, (7.27), p. 194], we get

11 n(z,y)| < ——|z —y|/" (1 + ——= for all z,y € 1, .
(1) [RaCe,)| < =55 =y (14 5s) - forally €1, 6> 0
We may rewrite (11) as
wi(f™, ) n, |z =yt
< N 0
(12) |Rn(z,y)| < ol “I yI™* + (n+ 105 ] for all xz,y € I, 6 > 0.
That is,
no gy (n) § _
N i x)’<w1(f O |zl
13)  |fw gf (@)= | < 2 eyl + T |
for all x,y € I, 6 > 0.
Furthermore, it holds
LI — "), §) |z — y|"+!

_ < (3) ‘ ly — x| wi (f, _n Y
(1) 170 = )] < 3|0 B + == [l o+ ]
for all x,y € I, 6 > 0.

In case of f()(2) =0 fori=1,...,n, for a specific x € I, we get
wl(f(n)v 6) n |"1j B yln—H

_ < 22N 7 _ .

(15) |f(y) = f(=z)] < p [|x yl* + CESVTE } forally eI d§>0

In case of n = 1, we derive

(16) 1)~ @] <17 @)lly = al +wn(f,0) |l =yl +

for all z,y € I, 6 > 0.
In case of n =1 and f/(z) = 0, for a specific z € I, we get

(z —y)?
2

T — 2
(17 150~ f@] <0l -+ ESE] pranyer >0

Call CL(I) ={f: I - Ry : f is continuous on I}.

Let Ly: C(I) - CB.(I), n, N € N, be a sequence of operators satisfying the
following properties (see also [4, p. 17]):

(i) (positive homogeneous)

(18) Ly(af) =aLy(f) forall« >0, fe Cy(I),
(i) (Monotonicity)
(19) if f,g € Cy(I) satisty f < g, then Ly(f) < Ly (g) forall N €N,

and
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(iii) (Subadditivity)
(20) Ln(f+9) < Ln(f)+ Ln(g) for all f,g € CL(I).

We call Ly positive sublinear operators.
In particular, we study the restrictions LN‘CB_’;(I) : OB} (1) = CBy(I).
As in [4, p. 17], we get that for f,g € CB4(I),

(21) ILn(f)(x) = Ln(9)(2)] < Ln(|f —gl)(x)  forallz € 1.
Furthermore, also from [4, p. 17], we have
(22)

[Ln(f)(@) = f@)] < Ln(1F() = F(@)))(@) + | f(@)][ Ly (1)(x) =1 for all z € I.
Using (14) in (22), we obtain
(23)
[Ln (f)(x) = f(2)|

) (g _
< 1@ex @) 11+ 3 Oy )
+ wl(f(n)’é)

n!

. _pnt1
(|- 2| )(;v)] forallz eI, 6 > 0.

(n+1)6
If Ly(1) =1 and f®(2) =0,i=1,...,n, x is fixed in I, we derive that

[Ln (- —al") (@) +

w (n) Pt (g
) () - ) < LI Ly ol + 2O,
6 > 0.
We assume and choose
(25) 5= (Ln(l - —2"*Y)(x)) ™ > 0.

Therefore, we get

w1 (£, (Ly (|- —al™1) (@) ™)
n!

\Ln(f)(x) = f(z)| <
(26)

g [Pt ()T

Using (16) in (22), we also obtain
Ly (f)(@) = f(@)| < f@)| Ly (D) (@) = 1+ |f' (@) Ln(] - —2]) ()

(27) [ Ly (( = w)Q)(w)}

+wi(f,0)|Ln(] - —z])(z) + 55

forallz € I, § > 0.
Assuming Ly (1) =1 and f/'(z) = 0, for a specific x € I, we get from (27) that
(n =1 case)

Ly((-—2)°)(2)

8) [Lx(£)(0) = 1) < wn(0) L - o)) + 22

| o0
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Assume and choose
(29) 0= LN((- - x)2)(x) >0,
then it holds
(30)
Ln(N)(@) = f@)] < w1 (/I (= 2)°) @)
Ly ((-—2)?)(x)
2

x [LN(|~—x|)(x)+ ] for all N € N.

We present Holder’s inequality for positive sublinear operators.

Theorem 1. Let L: C(I) — CBL(I) be a positive sublinear operator and
fyg € Cy(I). Furthermore let p,q > 1: % + % = 1. Assume that L ((f (-))") (s4),

L((g(-)") (sx) >0 for some s, € I. Then

(31) L(f()g()(52) < (L)) ()7 (L ((9()?) (52))7

Q=

Proof. Let a,b>0,p,q>1: % + % = 1. The Young’s inequality says
a? b
(32) ab < — + e
Then
f(s) g(s)
(33) (L((f(-)V'z ;())) (L((9())") Es*(»;)q
s g (s
S IO I R T OIS R
Hence it holds
L(f()g()) (s4)
Gy (LEOP) D)7 TGO ()
(LU () | (LU () 1 1,
PLOP) ) @@ ) p gt reh
proving the claim. O

By (25), (31), and Ly(1) =1, we obtain

(35) Ln (|- =) (2) < (Ln (|- —2[™*Y) (2)) 77 .
In case of n = 1 we derive
(36) Ln(|- —a)(@) </ (Ln((- — 2)2) ().

We have proved the following result.
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Theorem 2. Let (LN)NGN be a sequence of positive sublinear operators from
Cy(I) into CBL(I), and f € CBY(I), where n € N and I C R a bounded or
unbounded interval. Assume Ly(1) = 1 for all N € N, and fO(z) = 0, i =

1,...,n, for a fired x € I. Furthermore, assume that LN(| . fx|”+1)(:c) > 0 for
all N € N.
Then

wy (f), ) () TET
L (P(@) - fla)| < U En (] Za @) ™)
(37) n: Il ,I|"+1)(x))n11
[Pl e (n+1)

for all N € N.
We give (n =1 case).

Corollary 3. Let (Ln)ycy be a sequence of positive sublinear operators from
Cy(I) into CBy(I), f € CBL(I), and I C R a bounded or unbounded interval.
Assume Ly(1) =1 for all N € N, and f'(x) =0 for a fived x € I. Furthermore,
assume that Ly ((- — z)?) (z) > 0 for all N € N.

Then

Ly (£)(@) — F@)] < @i (£ 1) (L (-~ 2)?)(@))
J@x (- @2)(@)]

2

(38)

X | L (|- = x]) (z) +

for all N € N.

Remark 4.
(i) to Theorem 2: Assuming f(™ is uniformly continuous on I, and
Ly(|-—x"™)(z) — 0 as N — oo, using (35), we get that (Ly(f))(z) — f(x)
as N — oo.
(ii) to Corollary 3:  Assuming f’ is uniformly continuous on I, and
Ly((- = 2)?)(x) — 0 as N — oo, using (36), we get that (Ly(f)) (z) — f(z)
as N — oo.

(iii) The right hand sides of (37) and (38) are finite.
We also give the basic result (n = 0 case).

Theorem 5. Let (Ln)yey be a sequence of positive sublinear operators from
Ci(I) into CB4(I), and f € CB4(I), where I C R a bounded or unbounded
interval. Assume that Ly (|- —z|) (x) > 0 for some fivzed x € I and for all N € N.

Then: 1)
(30) [Ln(f)(x) = f(2)] < f(z) [Ly(1)(x) =1
+ [Ln (D) (@) + Yo (f, L (|- —2|) ()

for all N € N.
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2) When Ly (1) =1, we get
(40)  [Ln(f)(x) = f(@)] < 2wi (f, L (|- —=[) (x))  forall N €N.
Proof. From [4, p. 17], we get

- 17]
ILn(f)(z) = f(2)| < f(2) [Ly(1)(2) — 1]

41
“ 4 [Ln (V@) + L (] =)&) e (£.0),
where § > 0.
In (41), we choose § = Ly (| - —z]|) () > 0. O

Remark 6. (to Theorem 5) Here x € I is fixed.

(i) Assume Ly (1)(z) = 1as N — oo, and Ly (] - —z|) () — 0 as N — oo, given
that f is uniformly continuous we get that L, (f)(z) — f(z) as N — oo (use
of (39)). Notice here that Ly (1)(z) is bounded.

(ii) Assume that Ly (1) =1, Ly (] - —z|) () — 0 as N — oo, and f is uniformly
continuous on I, then L, (f)(x) — f(z) as N — oo (use of (40)).

(iii) The right hand sides of (39) and (40) are finite.
(iv) Variants of Theorem 5 have been applied extensively in [4] and [3].

3. APPLICATIONS

Here we give applications to Theorem 2 and Corollary 3.

Remark 7. We start with the Max-product Bernstein operators

_ \/kN:()pN,k(z)f (%)
Vilopxi(e)
pnk(T) = (g)zk(lfx)Nfl, z € [0,1], \ stands for maximum, and f € C, ([0,1])=
{f:]0,1] — Ry is continuous}.
Clearly BI(VM) is a positive sublinear operator from C.([0,1]) into itself with
B](VM)(l) = 1. Furthermore, we notice that

(42) B (f) () for all N € N,

N m
(43) B (|- —2|™) (x) = Vio px,k(@ boa"
Vo P k(@)

for all z € (0,1) and any m € N, N € N.
By [4, p. 31], we have

6
VN +1

Notice that |- — z|™ " < 1, therefore,

(44) BUM (|- —a|) () < for all z € [0,1], N € N.

|- =z = |- —a|| —a|™ < |- —z|, mEN,
hence by (19),
M M
BY (|- —a™)(x) < BGV (|- —a))(2),
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that is,

(45)  BUD (- —al™) () < ——

for all x € [0,1], m, N € N.
T VN+1 0.1]

Denote
CY([0,1]) = {f : [0,1] = R, n-times continuously differentiable}, n € N.
We get

Theorem 8. Let f € C7([0,1]), a fized x € (0,1), such that f&(z) = 0,
i=1,...,n. Then

wi (f0), (=L T
(46) BYY (f)(x) - f(x)’ < (f ( N+1> )

for all N € N. We get BJ(VM)(f)(x) — f(z) as N — oo.
Proof. By Theorem 2. O

The case n = 1 follows.

Corollary 9. Let f € C1([0,1]), a fired x € (0,1), such that f'(x) = 0. Then

BV ) — 1) < o (1 )
(47) ’ 7
x[ N+1+2(4N+1)} for all N € N.
Remark 10. Let f € C? ([a,b],Ry), then
(48) lf@) = fWI <l lz—yl  forallz,y € [a,b],
and
(49) @) = PO < o lz =yl forall z,y € [a,b].

That is, f, f' are Lipschitz type functions.
Next, we provide examples so that

(50) 1 oo < 1 e -

i) Let f(z) =sinz, f'(z) = cosx and f”(x) = —sinz, here || f"]|oco = || t]|co =
1 for z € [0, 7]. Notice also that for x = 7, we have f’ (g) =cos g =0.

ii) Let z € [0,7], f(z) = (x —1)3 + 1, f'(z) = 3(z — 1)?, f’(z) = 6(z — 1)
and f/(1) = 0. Notice that ||f'|lcc = 3(m — 1)? and ||f"|lcc = 6(7 — 1) by
|z — 1] <7 — 1. Because 6(r — 1) < 3(7 — 1)2, we get that ||f"||oc < ||f/]lco-
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So over Lipschitz classes of functions with Lipschitz derivatives, we would like to
compare (6) to (47).

Thus some calculations, we get
V6 { 6 V6 } 12

+ < —

VN+I[VN+1 2(VYN+1) N+1
true for all N e N, N > 7.

Similarly, we get

1 6 = 6 1 6 =2 12
(2 )ﬂ + ( ) }g ,
n!\/N +1 N+1 (n+1)\V/N+1 N+1

for large enough N € N.
Therefore, (46) and (47), over differentiability, can give better estimates and
speeds than (6).

(51)

)

We continue with the following remark.

Remark 11. Now, we focus on the truncated Favard-Szasz-Mirakjan operators
(53)

Vo swa(@) f (&

T30 (f) (@) = =0 )

N
Vi—o n.k(T)
_ (Noy*

snk(z) = =y, see also [4, p. 11].
By Theorem 3.2.5, [4, p. 178], we get

forall x € [0,1], N e N, f e C.([0,1]),

(54) M (F) () — f(:c)‘ < 6wy ( £, J%) forall N e N, z € [0,1].

Also from [4, p. 178-179], we get
(55)

N (Na)* |k _
_ Vieo a— |% — 2] < 3 forall z € [0,1], N € N.

T (|- —2) (2)

For m € N, clearly, it holds
M m M
T8 (|- —a|™) () < TGV (|- —2)) ()
and

56)  TM (|- —2™) () forall z € [0,1], N€N, m e N.

3
< =
VN
The operators T ](VM) are positive sublinear from C,([0,1]) into itself with
TJ(VM)(l):L Also it holds

(M) Vfcv ()" ﬁ_w‘m
m _ =0 k! N
(57) TG0 (| —afm) (o) = HERE N L
Vk:O k!

for all z € (0,1], m € N, N € N.

We get the following theorem.
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Theorem 12. Let f € C7([0,1]), = fizred in (0,1], such that f@(z) = 0,
i=1,...,n. Then

w1<f(n)7(\/iﬁ)ﬁ).

n!
X [ + ! <3>11] for all N € N.

(M) xr) — x
o T8 (D& =1 )| <

Proof. By Theorem 2. O

The case n = 1 follows.

Corollary 13. Let f € C1([0,1]), z € (0,1], and f'(x) = 0. Then

) |00 - 1) <a(r 2 ) [ e Y] rainen

From (58) and/or (59), we get TI(V )(f)(x) — f(z) as N — oc.
We make some remarks.

Remark 14. We compare (58) and (59) to (54). We have

V3T 3 V3 6 1 3v3
(60) - — + = <— &= =<—,

VN VN 2vVN VN v N 6
true for large enough N € N.

Also we find that

1,3\ 3 1 3\ 6
61 — (== ——+ —— (= < —
(61) 2 (v) [m CES) (m) }—m

=
1 _ -y

(62) 2(n+1\)/N < n+\l/§ ’
true for large enough N € N.

Therefore, (58) and (59), over differentiability, give better estimates and speeds
than (54).

Remark 15. Next, we study the truncated Max-product Baskakov operators
(see [4, p. 11])

\/fcvzo bk () f (%)
Vilo b k(@)

63) U (f)(2) = . wel0,1), feC(0,1), NeN,

where

_ ok
(64) by k(z) = (N +: 1) (YO
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From [4, pp. 217-218], we get (z € [0, 1])

N k
UM e (2) = Vk:obNJe(x”N_x’
o (U0 =aD) (@) VAN
_2v3(V2+2)
— \/m )
Let f € C4+([0,1]), then (by [4, p. 217]).

N>2 NcN.

(66) U](\,M)(f)(:c)—f(x)‘§24w1<f,\/%+1), NeN, N>2 zel0,1).

See here that &
‘N—x‘gl for all z € [0,1].
Let m € N, then it holds

_2v3(v2+2)

@) (UR7( M) @) < T ams, N22 NeN

Also it holds U ](éw)(l)(m) =1land U ](\,M) are positive sublinear operators from
C4(]0,1]) into itself. Also it holds
M
U (1 =al™) (@) > 0
for all x € (0,1], m € N, N e N.
We give the following theorem.

Theorem 16. Let f € C%7([0,1]), = € (0,1] fized, such that f)(z) = 0,
i=1,...,n,n € N. Then

o (f(n)’ (wﬁwﬁm)#l)

UG (@) - fl) < Tl
2V3 (V2 +2) 1 2V3(V2+2)\7h
o X[ N+1 +(n+1)< 1) }_{1}
for all N € N.
Proof. By Theorem 2. O

The case n =1 follows.
Corollary 17. Let f € C1([0,1]), = € (0,1] fized f'(x) = 0. Then

s ()

y [2\/§(ﬂ+2) +1(2\/§(\/§+2));]

VN +1

(@) UNTT T2

for all N e N—{1}.

From (68) and/or (69), we get U](\,M)(f)(x) — f(z) as N — oc.
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Remark 18. Next we compare (68) and (69) to (66). We notice that

2V3(V2+2)\3 [2V3(V2+2) | 1/2V3(V2+2)\3 24
( N+J; )[ N+J; +5( \/Niﬂ >}S N+1

(70) =
1 24 —V3(vV2+2)

YNATT L VBV +2) (23 (V2 +2))

true for large enough N € N — {1}.
We also observe that

2\/§<ﬂ+2>)#

) l<2\/§<\/§+ 2))#1 {2\/§(ﬁ+ 2) ( N1 2
'\ VN+1 N+1 (n+1) ~VN+1
—
_ VB(VE+2)
(72) (n+1)!

1 ]
YN T nVW V3(V2+2)

true for large enough N € N — {1}.
Therefore, (68) and (69), over differentiability, give better estimates and speeds
than (66).

We continue with the following remarks.

Remark 19. Here we study Max-product Meyer-Koning and Zeller operators
(see [4, p. 11)] defined by

Vico snk(@) f (ﬁ)
Vizo snk(2)

sn(x) = (VM)ak, 2 e [0,1).
By [4, p. 248], we obtain

) zM () = for all N € N, f e Cy([0,1]),

(74) ’Z](VM)(f)(x)—f(x)‘§18w1<f,m>, N >4, zelo1l.

By [4, p. 253], we get

8(1+v5) vz(l — )

(M)
() 2y el (@) < =y Nic

for all z € [0, 1].

Let m € N, then

’ m

N
(16 20D (|- —af) () = Vim0 SNA) i

Viv sk (x) = ZJ(VM) (I =) (=),
—0 SN,
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so that
(76) 28 (|- —am) (@) < 21 . YD ﬁ(jﬁ‘ % o)

forall z € [0,1], N >4, m € N.
Also it holds that Z](VM) (1) =1, and ZJ(VM) are positive sublinear operators from
C+(]0,1]) into itself. Also it holds that

(77) 230 (|- —2™) () > 0
for all x € (0,1), m € N, N € N.

Theorem 20. Let f € C?([0,1]), n € N, z € (0,1), and fO@) =0,i=
1,...,n. Then

w1 (S, (pla)) ™ )

IR e T
for all N >4, N € N.
Proof. By Theorem 2. _

The case n = 1 follows.
Corollary 21. Let f € C1([0,1]), = € (0,1), and f'(z) = 0. Then

(79) 1207 ()(@) = F(@)] < wi(F V(@) [p@) + ,)2@)}

forall N >4, N € N,
From (78) and (79), we get that ZI(VM)(f)(x) — f(x) as N — oo.

We finish with the remark.

Remark 22. Next we compare (78) and (79) to (74).
We notice that

p(x)] _ 18(1 —2)Vx
) |ota) + Y| < PO
(80) —
1 3 (27—2(1+\/5)>2
VN ~ 8(14+VB)vz(1—z)\  4(1+/5)
true for large enough N >4, N € N, z € (0,1).
We also observe that
(p(z)) ™1 (p(x) ™7 _ 18(1 - 2)v@
(s1) D7 oty + D] B0

(82)

R 3 ( otnl 1 )n+1
VN~ 8(1+V5) va(l—2)\4(1++5) n+1/

true for large enough N >4, N € N, z € (0, 1).
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Therefore, (78) and (79), under differentiability, perform better than (74).
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