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We prove the generalized Hyers-Ulam stability of the wave equation with a source, 𝑢𝑡𝑡(𝑥, 𝑡) − 𝑐2𝑢𝑥𝑥(𝑥, 𝑡) = 𝑓(𝑥, 𝑡), for a class of
real-valued functions with continuous second partial derivatives in 𝑥 and 𝑡.

1. Introduction

The stability problem for functional equations or (partial)
differential equations started with the question of Ulam [1]:
Under what conditions does there exist an additive function
near an approximately additive function? In 1941, Hyers [2]
answered the question of Ulam in the affirmative for the
Banach space cases. Indeed, Hyers’ theorem states that the
following statement is true for all 𝜀 ≥ 0: if a function 𝑓
satisfies the inequality ‖𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦)‖ ≤ 𝜀 for
all 𝑥, then there exists an exact additive function 𝐹 such that‖𝑓(𝑥) − 𝐹(𝑥)‖ ≤ 𝜀 for all 𝑥. In that case, the Cauchy additive
functional equation, 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦), is said to have
(satisfy) the Hyers-Ulam stability.

Assume that𝑉 is a normed space and 𝐼 is an open interval
of R. The 𝑛th-order linear differential equation

𝑎𝑛 (𝑥) 𝑦(𝑛) (𝑥) + 𝑎𝑛−1 (𝑥) 𝑦(𝑛−1) (𝑥) + ⋅ ⋅ ⋅ + 𝑎1 (𝑥) 𝑦󸀠 (𝑥)+ 𝑎0 (𝑥) 𝑦 (𝑥) + ℎ (𝑥) = 0 (1)

is said to have (satisfy) the Hyers-Ulam stability provided the
following statement is true for all 𝜀 ≥ 0: if a function 𝑢 : 𝐼 →𝑉 satisfies the differential inequality

󵄩󵄩󵄩󵄩󵄩𝑎𝑛 (𝑥) 𝑢(𝑛) (𝑥) + 𝑎𝑛−1 (𝑥) 𝑢(𝑛−1) (𝑥) + ⋅ ⋅ ⋅ + 𝑎1 (𝑥) 𝑢󸀠 (𝑥)
+ 𝑎0 (𝑥) 𝑢 (𝑥) + ℎ (𝑥)󵄩󵄩󵄩󵄩󵄩 ≤ 𝜀 (2)

for all 𝑥 ∈ 𝐼, then there exists a solution 𝑢0 : 𝐼 → 𝑉 to the
differential equation (1) and a continuous function 𝐾 such
that ‖𝑢(𝑥) − 𝑢0(𝑥)‖ ≤ 𝐾(𝜀) for any 𝑥 ∈ 𝐼 and lim𝜀→0𝐾(𝜀) = 0.

When the above statement is true even if we replace 𝜀
and 𝐾(𝜀) by 𝜑(𝑥) and Φ(𝑥), where 𝜑,Φ : 𝐼 → [0,∞)
are functions not depending on 𝑢 and 𝑢0 explicitly, the
corresponding differential equation (1) is said to have (satisfy)
the generalized Hyers-Ulam stability. (This type of stability is
sometimes called the Hyers-Ulam-Rassias stability.)

These terminologies will also be applied for other differ-
ential equations and partial differential equations. For more
detailed definitions, we refer the reader to [1–9].

To the best of our knowledge, Obłoza was the first author
who investigated the Hyers-Ulam stability of differential
equations (see [10, 11]): assume that 𝑔, 𝑟 : (𝑎, 𝑏) → R are
continuous functions with ∫𝑏

𝑎
|𝑔(𝑥)|𝑑𝑥 < ∞ and 𝜀 is an

arbitrary positive real number. Obłoza’s theorem states that
there exists a constant 𝛿 > 0 such that |𝑦(𝑥)−𝑦0(𝑥)| ≤ 𝛿 for all𝑥 ∈ (𝑎, 𝑏) whenever a differentiable function 𝑦 : (𝑎, 𝑏) → R

satisfies the inequality |𝑦󸀠(𝑥) + 𝑔(𝑥)𝑦(𝑥) − 𝑟(𝑥)| ≤ 𝜀 for
all 𝑥 ∈ (𝑎, 𝑏) and a function 𝑦0 : (𝑎, 𝑏) → R satisfies𝑦󸀠0(𝑥) + 𝑔(𝑥)𝑦0(𝑥) = 𝑟(𝑥) for all 𝑥 ∈ (𝑎, 𝑏) and 𝑦(𝜏) = 𝑦0(𝜏)
for some 𝜏 ∈ (𝑎, 𝑏). Since then, a number of mathematicians
have dealt with this subject (see [3, 12, 13]).

Prástaro andRassias are the first authors who investigated
the Hyers-Ulam stability of partial differential equations
(see [14]). Thereafter, the first author [15], together with Lee,
proved the Hyers-Ulam stability of the first-order linear
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partial differential equation of the form, 𝑎𝑢𝑥(𝑥, 𝑦) +𝑏𝑢𝑦(𝑥, 𝑦) + 𝑐𝑢(𝑥, 𝑦) + 𝑑 = 0, where 𝑎, 𝑏 ∈ R and 𝑐, 𝑑 ∈ C are
constants with R(𝑐) ̸= 0. As a further step, the first author
proved the generalized Hyers-Ulam stability of the wave
equation without source (see [16, 17]).

One of typical examples of hyperbolic partial differential
equations is the wave equation with a spatial variable 𝑥 and a
time variable 𝑡,

𝑢𝑡𝑡 (𝑥, 𝑡) − 𝑐2𝑢𝑥𝑥 (𝑥, 𝑡) = 𝑓 (𝑥, 𝑡) (3)

where 𝑐 > 0 is a constant, whose solution is a scalar function𝑢 = 𝑢(𝑥, 𝑡) describing the propagation of a wave at a speed 𝑐
in the spatial direction.

In this paper, applying ideas from [16, 18], we investigate
the generalized Hyers-Ulam stability of the wave equation
(3) with a source, where 𝑥 > 𝑎 and 𝑡 > 𝑏 with 𝑎, 𝑏 ∈
R ∪ {−∞}. The main advantages of this present paper over
the previous papers [16, 17] are that this paper deals with the
wave equation with a source and it describes the behavior
of approximate solutions of wave equation in the vicinity of
origin while the previous one [17] can only deal with domains
excluding the vicinity of origin. (Roughly speaking, a solution
to a perturbed equation is called an approximate solu-
tion.)

2. Main Results

We know that if we introduce the characteristic coordinates

𝜉 = 𝑥 + 𝑐𝑡,𝜂 = 𝑥 − 𝑐𝑡, (4)

then the wave equation, 𝑢𝑡𝑡(𝑥, 𝑡) = 𝑐2𝑢𝑥𝑥(𝑥, 𝑡), is transformed
into 𝑢𝜉𝜂(𝜉, 𝜂) = 0, which seems to be handled easily.

Given real constants 𝑎 and 𝑏 with 𝑎, 𝑏 ∈ R ∪ {−∞}, we
define

𝑈 fl {(𝑥, 𝑡) ∈ R ×R : 𝑥 + 𝑐𝑡 > 𝑎, 𝑥 − 𝑐𝑡 > 𝑏} ,
𝑊 fl {(𝜉, 𝜂) ∈ R ×R : 𝜉 > 𝑎, 𝜂 > 𝑏} . (5)

We note that the map (𝑥, 𝑡) 󳨃→ (𝜉, 𝜂), where 𝜉 = 𝑥 + 𝑐𝑡 and𝜂 = 𝑥 − 𝑐𝑡, is a one-to-one correspondence from 𝑈 onto 𝑊
(see Figure 1).

Theorem 1. Assume that 𝑓 : 𝑈 → R and 𝜑 : 𝑈 → [0,∞) are
continuous functions with the properties

∫∫
𝑈

󵄨󵄨󵄨󵄨𝑓 (𝑥, 𝑡)󵄨󵄨󵄨󵄨 𝑑𝑥 𝑑𝑡 < ∞,
∫∫
𝑈
𝜑 (𝑥, 𝑡) 𝑑𝑥 𝑑𝑡 < ∞. (6)

If a function 𝑢 : 𝑈 → R has continuous second partial deriva-
tives and satisfies the inequality󵄨󵄨󵄨󵄨󵄨𝑢𝑡𝑡 (𝑥, 𝑡) − 𝑐2𝑢𝑥𝑥 (𝑥, 𝑡) − 𝑓 (𝑥, 𝑡)󵄨󵄨󵄨󵄨󵄨 ≤ 𝜑 (𝑥, 𝑡) (7)

for all (𝑥, 𝑡) ∈ 𝑈, then there exists a function V : 𝑈 → R with
continuous second partial derivatives such that V is a solution
to the wave equation (3) and

|𝑢 (𝑥, 𝑡) − V (𝑥, 𝑡)| ≤ 12𝑐 ∫∫
𝑈𝑎,𝑏,𝑥,𝑡

𝜑 (𝑝, 𝑞) 𝑑𝑝 𝑑𝑞 (8)

for all (𝑥, 𝑡) ∈ 𝑈, where 𝑈𝑎,𝑏,𝑥,𝑡 is the interior of the parallelo-
gram having the points

(𝑎 + 𝑏2 , 𝑎 − 𝑏2𝑐 ) ,
(𝑥 + 𝑎 − 𝑐𝑡2 , −𝑥 + 𝑎 + 𝑐𝑡2𝑐 ) ,

(𝑥, 𝑡) ,
(𝑥 + 𝑏 + 𝑐𝑡2 , 𝑥 − 𝑏 + 𝑐𝑡2𝑐 )

(9)

as its vertices.

Proof. We introduce the characteristic coordinates (4) andwe
set

𝑤 (𝜉, 𝜂) fl 𝑢(𝜉 + 𝜂2 , 𝜉 − 𝜂2𝑐 ) = 𝑢 (𝑥, 𝑡) ,
𝑔 (𝜉, 𝜂) fl 𝑓(𝜉 + 𝜂2 , 𝜉 − 𝜂2𝑐 ) = 𝑓 (𝑥, 𝑡) ,
𝜓 (𝜉, 𝜂) fl 𝜑(𝜉 + 𝜂2 , 𝜉 − 𝜂2𝑐 ) = 𝜑 (𝑥, 𝑡)

(10)

for all (𝑥, 𝑡) ∈ 𝑈 and corresponding (𝜉, 𝜂) ∈ 𝑊 with the
relations in (4).

By the chain rule, we get

𝑢𝑥 (𝑥, 𝑡) = 𝑤𝜉 (𝜉, 𝜂) 𝜕𝜉𝜕𝑥 + 𝑤𝜂 (𝜉, 𝜂) 𝜕𝜂𝜕𝑥= 𝑤𝜉 (𝜉, 𝜂) + 𝑤𝜂 (𝜉, 𝜂) ,
𝑢𝑡 (𝑥, 𝑡) = 𝑤𝜉 (𝜉, 𝜂) 𝜕𝜉𝜕𝑡 + 𝑤𝜂 (𝜉, 𝜂) 𝜕𝜂𝜕𝑡= 𝑐𝑤𝜉 (𝜉, 𝜂) − 𝑐𝑤𝜂 (𝜉, 𝜂)

(11)
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and hence,

𝑢𝑡𝑡 (𝑥, 𝑡) − 𝑐2𝑢𝑥𝑥 (𝑥, 𝑡)
= ( 𝜕𝜕𝑡 − 𝑐 𝜕𝜕𝑥)( 𝜕𝜕𝑡 + 𝑐 𝜕𝜕𝑥) 𝑢 (𝑥, 𝑡)
= ( 𝜕𝜕𝑡 − 𝑐 𝜕𝜕𝑥) (2𝑐𝑤𝜉 (𝜉, 𝜂)) = −4𝑐2𝑤𝜉𝜂 (𝜉, 𝜂)

(12)

for all (𝑥, 𝑡) ∈ 𝑈 and corresponding (𝜉, 𝜂) ∈ 𝑊 with the
relations in (4).

It then follows from (7) and (10) that󵄨󵄨󵄨󵄨󵄨𝑢𝑡𝑡 (𝑥, 𝑡) − 𝑐2𝑢𝑥𝑥 (𝑥, 𝑡) − 𝑓 (𝑥, 𝑡)󵄨󵄨󵄨󵄨󵄨= 󵄨󵄨󵄨󵄨󵄨−4𝑐2𝑤𝜉𝜂 (𝜉, 𝜂) − 𝑔 (𝜉, 𝜂)󵄨󵄨󵄨󵄨󵄨 ≤ 𝜓 (𝜉, 𝜂) (13)

or 󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑤𝜉𝜂 (𝜉, 𝜂) + 14𝑐2𝑔 (𝜉, 𝜂)󵄨󵄨󵄨󵄨󵄨󵄨󵄨 ≤ 14𝑐2𝜓 (𝜉, 𝜂) (14)

or

− 14𝑐2𝜓 (𝜉, 𝜂) − 14𝑐2𝑔 (𝜉, 𝜂) ≤ 𝑤𝜉𝜂 (𝜉, 𝜂)
≤ 14𝑐2𝜓 (𝜉, 𝜂) − 14𝑐2 𝑔 (𝜉, 𝜂) (15)

for any (𝜉, 𝜂) ∈ 𝑊.
Considering the conditions in (6) and Figure 2, we can

integrate each term of the last inequality from 𝑎 to 𝜉 with
respect to the first variable and then we integrate each term of
the resulting inequality from 𝑏 to 𝜂with respect to the second
variable to obtain

− 14𝑐2 ∫𝜂𝑏 ∫𝜉𝑎 𝜓 (𝜎, 𝜏) 𝑑𝜎 𝑑𝜏 − 14𝑐2 ∫𝜂𝑏 ∫𝜉𝑎 𝑔 (𝜎, 𝜏) 𝑑𝜎 𝑑𝜏
≤ ∫𝜂
𝑏
∫𝜉
𝑎
𝑤𝜎𝜏 (𝜎, 𝜏) 𝑑𝜎 𝑑𝜏

≤ 14𝑐2 ∫𝜂𝑏 ∫𝜉𝑎 𝜓 (𝜎, 𝜏) 𝑑𝜎 𝑑𝜏
− 14𝑐2 ∫𝜂𝑏 ∫𝜉𝑎 𝑔 (𝜎, 𝜏) 𝑑𝜎 𝑑𝜏

(16)

for any (𝜉, 𝜂) ∈ 𝑊.
If we define the function 𝑧 : 𝑊 → R by

𝑧 (𝜉, 𝜂) fl − 14𝑐2 ∫𝜂𝑏 ∫𝜉𝑎 𝑔 (𝜎, 𝜏) 𝑑𝜎 𝑑𝜏 + 𝑤 (𝜉, 𝑏)
+ 𝑤 (𝑎, 𝜂) − 𝑤 (𝑎, 𝑏) , (17)

then we have

󵄨󵄨󵄨󵄨𝑤 (𝜉, 𝜂) − 𝑧 (𝜉, 𝜂)󵄨󵄨󵄨󵄨 ≤ 14𝑐2 ∫𝜂𝑏 ∫𝜉𝑎 𝜓 (𝜎, 𝜏) 𝑑𝜎 𝑑𝜏 (18)
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for all (𝜉, 𝜂) ∈ 𝑊. Moreover, we get

𝑧𝜂𝜉 (𝜉, 𝜂) = − 14𝑐2𝑔 (𝜉, 𝜂) . (19)

We now set V(𝑥, 𝑡) fl 𝑧(𝜉, 𝜂) = 𝑧(𝑥 + 𝑐𝑡, 𝑥 − 𝑐𝑡) and,
analogously to (11), we compute the partial derivatives:

V𝑥 (𝑥, 𝑡) = 𝑧𝜉 (𝜉, 𝜂) + 𝑧𝜂 (𝜉, 𝜂) ,
V𝑥𝑥 (𝑥, 𝑡) = 𝑧𝜉𝜉 (𝜉, 𝜂) + 2𝑧𝜉𝜂 (𝜉, 𝜂) + 𝑧𝜂𝜂 (𝜉, 𝜂) ,
V𝑡 (𝑥, 𝑡) = 𝑐𝑧𝜉 (𝜉, 𝜂) − 𝑐𝑧𝜂 (𝜉, 𝜂) ,
V𝑡𝑡 (𝑥, 𝑡) = 𝑐2𝑧𝜉𝜉 (𝜉, 𝜂) − 2𝑐2𝑧𝜉𝜂 (𝜉, 𝜂) + 𝑐2𝑧𝜂𝜂 (𝜉, 𝜂) .

(20)

In view of (10), (12), (19), and (20), we get

V𝑡𝑡 (𝑥, 𝑡) − 𝑐2V𝑥𝑥 (𝑥, 𝑡) = −4𝑐2𝑧𝜉𝜂 (𝜉, 𝜂) = 𝑔 (𝜉, 𝜂)
= 𝑓 (𝑥, 𝑡) (21)

for all (𝑥, 𝑡) ∈ 𝑈, that is, V is a solution to wave equation (3).
We compute the Jacobian determinant

𝐽 (𝑥, 𝑡) = det(𝜕𝜉𝜕𝑥 𝜕𝜉𝜕𝑡𝜕𝜂𝜕𝑥 𝜕𝜂𝜕𝑡) = det(1 𝑐1 −𝑐) = −2𝑐. (22)

By (10) and (18), we obtain

|𝑢 (𝑥, 𝑡) − V (𝑥, 𝑡)| ≤ 14𝑐2 ∫𝜂𝑏 ∫𝜉𝑎 𝜓 (𝜎, 𝜏) 𝑑𝜎 𝑑𝜏
= 12𝑐 ∫∫

𝑈𝑎,𝑏,𝑥,𝑡

𝜑 (𝑝, 𝑞) 𝑑𝑝 𝑑𝑞 (23)

for all (𝑥, 𝑡) ∈ 𝑈 (see Figure 2).

Remark 2. In general, it is somewhat tedious to estimate the
upper bound of inequality (8). However, in view of (10) and
(18), we can compute the upper bound less tediously:

|𝑢 (𝑥, 𝑡) − V (𝑥, 𝑡)| ≤ ∫𝜂
𝑏
∫𝜉
𝑎

14𝑐2𝜓 (𝜎, 𝜏) 𝑑𝜎 𝑑𝜏
= ∫𝑥−𝑐𝑡
𝑏

∫𝑥+𝑐𝑡
𝑎

14𝑐2𝜑(𝜎 + 𝜏2 , 𝜎 − 𝜏2𝑐 ) 𝑑𝜎 𝑑𝜏 (24)

for all (𝑥, 𝑡) ∈ 𝑈.



4 Journal of Function Spaces

When 𝑎 = 𝑏 = −∞ in Theorem 1, 𝑈 = 𝑊 = R × R. In
that case, byTheorem 1 and Remark 2, we have the following
corollary.

Corollary 3. Assume that 𝑓 : R × R → R and 𝜑 : R × R →[0,∞) are continuous functions satisfying the conditions
∫∞
−∞

∫∞
−∞

󵄨󵄨󵄨󵄨𝑓 (𝑥, 𝑡)󵄨󵄨󵄨󵄨 𝑑𝑥 𝑑𝑡 < ∞,
∫∞
−∞

∫∞
−∞

𝜑 (𝑥, 𝑡) 𝑑𝑥 𝑑𝑡 < ∞. (25)

If a function 𝑢 : R × R → R has continuous second partial
derivatives and satisfies the inequality󵄨󵄨󵄨󵄨󵄨𝑢𝑡𝑡 (𝑥, 𝑡) − 𝑐2𝑢𝑥𝑥 (𝑥, 𝑡) − 𝑓 (𝑥, 𝑡)󵄨󵄨󵄨󵄨󵄨 ≤ 𝜑 (𝑥, 𝑡) (26)

for all 𝑥, 𝑡 ∈ R, then there exists a function V : R×R → Rwith
continuous second partial derivatives such that V is a solution
to the wave equation (3) and

|𝑢 (𝑥, 𝑡) − V (𝑥, 𝑡)|
≤ 14𝑐2 ∫𝑥−𝑐𝑡−∞ ∫𝑥+𝑐𝑡

−∞
𝜑(𝜎 + 𝜏2 , 𝜎 − 𝜏2𝑐 ) 𝑑𝜎 𝑑𝜏 (27)

for all 𝑥, 𝑡 ∈ R.
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im. Komisji Edukacji Narodowej. Prace Matematyczne, no. 13,
pp. 259–270, 1993.

[11] M. Obłoza, “Connections between Hyers and Lyapunov sta-
bility of the ordinary differential equations,” Rocznik Nauk-
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