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Abstract. We investigate the Zassenhaus conjecture regarding rational conjugacy of tor-
sion units in integral group rings for certain automorphism groups of simple groups. Re-
cently, many new restrictions on partial augmentations for torsion units of integral group
rings have improved the effectiveness of the Luther-Passi method for verifying the Zassen-
haus conjecture for certain groups. We prove that the Zassenhaus conjecture is true for the
automorphism group of the simple group PSL(2,11). Additionally we prove that the Prime
graph question is true for the automorphism group of the simple group PSL(2,13).
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1. INTRODUCTION AND MAIN RESULTS

Let U(ZG) be the unit group of the integral group ring of a finite group G. It is
well known that
U(ZG) = {£1} x V(ZG),

where V(ZG) is the group of units of augmentation one. Throughout this article,
G is always a finite group and torsion units will always represent torsion units in
V(ZG) \ {1}. A very important conjecture in the theory of integral group rings is:

Conjecture 1.1. If G is a finite group, then for each torsion unit v € V(ZG)
there exists g € G, such that |u| = |g| where |u| and |g| are the orders of u and g,
respectively.

A stronger version of this conjecture was formulated by Hans Zassenhaus in [37],
which states

Conjecture 1.2. A torsion unit in V(ZQ) is rationally conjugate to a group ele-
ment if it is conjugate to an element of G by a unit of the rational group algebra QG.
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This conjecture was confirmed for some classes of solvable groups in [24], nilpotent
groups in [36], [31] and cyclic-by-abelian groups in [18]. The Luthar-Passi method
(which was introduced in [29]) is the main investigative tool for simple groups G in
relation to the Zassenhaus conjecture for ZG. It was confirmed true for all groups
up to order 71, As, Ss, central extensions of S5 and other simple finite groups in
[26], [29], [30], [4], [5]. Partial results were given for Ag in [34] and the remaining
cases were dealt with in [21]. Higher order alternating groups were also considered
in [33], [32]. It was also proved for PSL(2, p) when p = {7,11, 13} in [22], PSL(2,p)
when p = {8,17} in [20] and PSL(2,p) when p = {19,23} in [2]. Further results
regarding PSL(2, p) can be found in [25].

Let H be a group with a torsion part ¢t(H) (i.e. the set of elements of H of finite
order) of finite exponent and let #H be the set of primes dividing the order of
elements from the set ¢(H). The prime graph of H (denoted by w(H)) is a graph
with vertices labeled by primes from #H, such that vertices p and ¢ are adjacent
if and only if there is an element of order pq in the group H. The following was
composed as a problem in [27], Problem 37:

Question 1.1 (Prime graph question). If G is a finite group, then 7(G) =
m(V(ZG)).

This question was upheld for Frobenius and Solvable groups in [28] and was also
confirmed for some Sporadic Simple groups in [17], [11], [6], [14], [15], [8], [9], [3], [10],
[7], [13], [12]. We use the Luthar-Passi method to obtain our results. Our results are
the following:

Theorem 1.1. The Zassenhaus conjecture is true for the integral group ring of
the automorphism group of the group PSL(2,11).

Theorem 1.2. Let G be the automorphism group of PSL(2,13) and let u be
a torsion unit of V(ZG). The following conditions hold:
(i) If |u| € {2,3,13}, then u is rationally conjugate to some g € G.
(ii) There are no elements of order 21, 26, 39 and 91 in V(Z@).
(iil) If |u| =4, then v,, =0 for all rx ¢ {vaa, vap, Vaa} and

(V2a, Vab, Vaa) € {(2,0,-1),(0,0,1),(-2,0,3),(3,1,-3),
(1,1,-1),(-1,1,1),(=3,1,3)}.

(iv) If |u| =6, then v, = 0 for all rx ¢ {voq, Vop, V3a, Vea } and

(VQav V2by V3a,s VGa) € {(07 _27 Oa 3)7 (Oa _2a 37 O)a (07 Oa 07 1); (07 07 37 _2)a
(07 2; 07 _1)7 (1a _]-a 07 1)) (17 ]-a 07 _1)}
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(v) If |u| =7, then v, =0 for all ra ¢ {vr74, Vs, V7. } and

(Via, Voo, V7e) € {(2,-3,2),(2,-2,1),(1,-2,2),(2,-1,0),(1,-1,1),(0,-1, 2),

(2,0,-1),(1,0,0), (0,0, ) (-1,0,2),(2,1,-2),(1,1,-1),
(0,1,0),(-1,1,1),(-2,1,2),(2,2,-3),(1,2,-2),(0,2, -1),
(-1,2,0),(-2,2,1),(=3,2,2)}.

Consequently, we obtain the following result:

Corollary 1.1. The Prime graph question is true for the integral group ring of
the automorphism group of the group PSL(2, 13).

Let w = ) aqg be a torsion unit of V(ZG). Then the sum > a4 satisfies
geXC
Y. ag4 € Z which is the partial augmentation (denoted by ec(u)) of u with respect
geXE

to its conjugacy classes X in G. Let v; = ¢, (u) be the i-th partial augmentation
of u. It was proved that v1 = 0 and v; = 0 if the conjugacy class C; consists of
a central element by Higman and Berman [1]. Therefore vo +v5+ ...+ 1, = 1 where
! denotes the number of non-central conjugacy classes of G.

Proposition 1.1 ([19]). Let u be a torsion unit of V(ZG). The order of u divides
the exponent of G.

The following propositions provide relationships between the partial augmenta-
tions and the order of a torsion unit.

Proposition 1.2 ([23], Proposition 3.1). Let u be a torsion unit of V(ZG). Let
C be a conjugacy class of G. If p is a prime dividing the order of a representative of
C' but not the order of u then the partial augmentation satifies ec(u) = 0.

Proposition 1.3 ([22], Proposition 2.2). Let G be a finite group and let u be
a torsion unit in V(ZG).

(i) If w has order p™, then e5(u) = 0 for every x of G whose p-part is of order
strictly greater than p™.

(ii) If z is an element of G whose p-part for some prime, has order strictly greater
than the order of the p-part of u, then £, (u) = 0.
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Proposition 1.4 ([29]). Let u be a torsion unit of V(ZG) of order k. Then u is
conjugate in QG to an element g € G if and only if for each d dividing k there is
precisely one conjugacy class C;, with partial augmentation ec, (u) # 0.

For any character x of G and any torsion unit u of V(ZG), clearly x(u) =

> vix(h;) where h; is a representative of a non-central conjugacy class C;.
i=2

Proposition 1.5 ([29] and [22], Theorem 1). Let p be equal to zero or a prime
divisor of |G|. Suppose that v is an element of V(ZG) of order k. Let z be a primitive
k-th root of unity. Then for every integer | and any character x of G, the number

1 _
(e, x,p) = ¢ D Trggayoi{x(@h)z""}
d|k

is a nonnegative integer.

We will use the notation g (u,x,*) when p = 0. The LAGUNA package [16] for
the GAP system [35] is a very useful tool when calculating p;(u, x, p).

2. PROOF OF THEOREM 1

Let G = Aut(PSL(2,11)). Clearly |G| = 1320 =23 -3-5- 11 and exp(G) = 660 =
22.3-5-11. Initially for any torsion unit of V(ZG) of order k we have that

Vg + V3q + Vsq + Usp + Vea + Vila + Vob + Vag + Vioa + Viob + V124 + Vi2p = 1.

By Proposition 1.1, we need only to consider torsion units of V(ZG) of order 2, 3,
4,5, 6,10, 11, 12, 15, 20, 22, 33 and 55. We will now consider each case separately.

Case 1: Let u € V(ZG) where |u|] = 2. Using Propositions 1.2 and 1.3,
Voq + v2p = 1. Applying Proposition 1.5, we obtain:

po(u, X2, %) = (v +1) > 0; pur(u, x2,%) = 3(=v+1) >0

where v = va, — vgp. Clearly, v € {1, —1}. It follows that the only possible integer
solutions for (va4,vap) are (0,1) and (1,0). Therefore, u is rationally conjugated to
some element g € G by Proposition 1.4.

Case 2: Let u € V(ZG) where |u| = 3. By Proposition 1.2, v, = 0 for all

kx € {2a,5a,5b, 6a,11a, 2b, 4a, 10a, 10b, 12a, 12b}.
Therefore, u is rationally conjugated to some element g € G by Proposition 1.4.
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Case 3: Let u € V(ZG) where |u| = 4. Using Propositions 1.2 and 1.3, vo, + vop +
v4q = 1. Clearly, x(u?) = x(2a). Applying Proposition 1.5, we obtain:

po(u, x2,%) = 2(v1 +2) > 05 pa(u, x2, %) = (=71 +2) > 0;

po(u, Xa,%) = (=72 +8) = 0;  p2(u, xa,%) = 3(72 +8) = 0;

MO(U7X37 11) = %(73 + 2) = 0; IU‘O(ua X4, 11) = i(PM + 2) =20
where y1 = 2v9, — 209y — 2044, Y2 = 4V2q — 4Vaa, Y3 = —2V2q — 2v0p + 214, and
Y4 = —2v9q + 2v9 — 2v4,. It follows that the only possible integer solutions for

(v2q, Vo, Vaa) are (0,1,0), (1,0,0) and (0,0, 1). Therefore, u is rationally conjugated
to some element g € G by Proposition 1.4.

Case 4: Let uw € V(ZG) where |u|] = 5. Using Propositions 1.2 and 1.3,
Usq + sy = 1. Applying Proposition 1.5, we obtain

Ml(%XW 11) = %(71 + 7) = 0; :U’l(uaX:i) 11) - %(_71 +3) = 0;

where 1 = 3vs, — 25 and 2 = 2v5, — 3vsp. It follows that the only possible integer
solutions for (vs4, vsp) are (0,1) and (1,0). Therefore, u is rationally conjugated to
some element g € G by Proposition 1.4.

Case 5: Let v € V(ZG) where |u] = 6. Using Proposition 1.2 and 1.3,

Vaq + Vap + V3¢ + Ve = 1.

Let 71 = v2q — V34 + V6a, 72 = 2V24 — V3q¢ — V6as V3 = V2a — 2V6a + Vop and 74 =
29, — 4vgq — 219. We will now separately consider the following cases involving
x(u™) for n € {2,3}:

> x(u?) = x(2a) and x(u?) = x(3a). Applying Proposition 1.5, we obtain:

po(u, x3,%) = $(4y1 +8) = 0;  pz(u, x3, %) = 5(—471 +4) > 0;
pro(t, X4, %) = $(=292 +10) 2 0; po(u, xa,%) = g(12 +7) = 0;
po(u, x3,11) = (=273 +2) = 0;  pa(u, x3,11) = 2(y3 +2) > 0.

Clearly v € {—2,1} and v, € {—7,—1,5}. It follows that the only possible integer
solution for (vaq, Vop, V34, Vea) is (0,0,1,0).
> x(u?) = x(2b) and x(u?) = x(3a). Applying Proposition 1.5, we obtain
pro(u, X3, %) = (471 + 6) > 0;
pro(u, Xa; %) = §(=72 +12) = 05 pua(u, x4, %) =
ps(u, X4, %) = $(272 +12) = 03 po(u, x3,11) =
p(u, xa, 11) = §(1a +2) > 0.
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Clearly v; € {0} and v € {—6,-3,0,3,6}. It follows that there are no possible
integer solutions for (vau, Vop, V3a, Vea)-
Therefore u is rationally conjugated to some element g € G by Proposition 1.4.
Case 6: Let u € V(ZG) where |u| = 10. Using Propositions 1.2 and 1.3,

Vaq + Vsq + Vs + Vap + V1ga + Viop = 1.

Let v1 = Vsa + Vsp — 4V + Vioa + Viob, V2 = 2Vs5a — 3Vsp + 2025 + 2100 — 3V10b,
V3 = 354 — 2U5p — 2V + 3100 — 20106, Va4 = —4V24 + 205, + 205, — 4vg, + 61104 + 6r108
and 5 = —4va + 2054 + 255 + 4oy — 61104 — 61105 We will now separately consider
the following cases involving x(u") for n € {2,5}:

> x(u®) = x(2a) and x(u?) = x(5a). Applying Proposition 1.5, we obtain

Mo(ua X3, *) = %(SVQ(L + 12) 2 0
ps(u, X10,%) = 15271 +10) = 0; po(u, x10,%) = 15(—271 + 10)
lu‘l(uaXI()v *) = 1_10(72 + 15) = 0, MO(U7X37 11) = 1_10(74 + 4) = 07

MO(U')X4a 11) = 1_10(75 + 4) 2 0.

) /’[/5(U7X37 *) = 1_10(_81/2a + 8) 2 0,
= 0;

Clearly, 12, € {1} and 2 € {-5,0,5}. It follows that there are no possible integer
solutions for (vag, Vsa, Vsb, V2b, V10a, V10b)-
> x(u®) = x(2a) and x(u?) = x(5b). Applying Proposition 1.5, we obtain

pio(u, x3,%) = 15 (8v2a + 12) 2 0;  ps(u, x3,%) = 15(—8v2q + 8) = 0;
15 (u, X10,%) = 15271 +10) = 05 po(u, x10, %) = 5(—271 4 10) >
p2(u, X10,%) = 15 (v3 +15) = 05 po(u, x3,11) = & (74 +4) > 0;
pro(u, xa,11) = 15 (75 +4) > 0.

Clearly, v2, € {1} and 2 € {—5,0,5}. It follows that there are no possible integer
solutions for (v2q, Vsa, Vsk, Vb, V10as V10b)-
> x(u®) = x(2b) and x(u?) = x(5a). Applying Proposition 1.5, we obtain

0;
0.

)

po(u, x3,%) = 1—10(81/2a +10) > 0;  wus(u, x3,%) = %0(_8V2a +10) >
w5 (U, X10,%) = (271 +8) = 0; po(u, x10,%) = 15(—271 +12) >
pi(u, 10, %) = %(’72 +13) > 0.

Clearly, v2, € {0} and 72 € {—4,1,6}. It follows that the only possible integer

solution for (vaa, Vsa, Vsb, V2b, Y10as V10b) 18 (0,0,0,0,0,1).
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> x(u®) = x(2b) and x(u?) = x(5b). Applying Proposition 1.5, we obtain

0;
0

Y

po(u, X3, %) = 75 (8v2a +10) = 05 ps(u, x3,%) = 75(—8v2a +10) >
ps (U, x10,%) = 15271 +8) > 05 pro(u, xr0,%) = (=2 +12) >
p2(u, x10, %) = %(’73 +17) >0

Clearly, 1o, € {0} and v € {—4,1,6}. It follows that the only possible integer
solution for (vaa, Vsa, Vsb, V2b, Y10as V10b) 18 (0,0,0,0,1,0).

Therefore (in all cases), w is rationally conjugated to some element g € G by
Proposition 1.4.

Case 7: Let u € V(ZG) where |u| = 11. By Proposition 1.2, v, = 0 for all kz €
{2a,3a,5a, 5b, 6a, 2b,4a,10a, 10b,12a,12b}. Therefore, u is rationally conjugated to
some element g € G by Proposition 1.4.

Case 8: Let u € V(ZG) where |u| = 12. Using Propositions 1.2 and 1.3,

Vaq + V3q + Vea + Vap + Vaq + V124 + V126 = 1.

Consider the cases x(u%) = x(2k) where k € {a,b}. Applying Proposition 1.5 (when
k = a), we obtain

/’LO(U7X37 *) = %(871 + 12) 07 ,UG(U;X& *) = %(_871 + 12) > 07
po (U, X4, %) = 15(=272 +2) 2 05 pg(u, x4, %) = 75 (472 + 8) = 0;
/J/l(u;XGa*) = %(673 +6) 2 07 /J’5(U'5X6)*) = 1_12(_673 +6) 2 0

where 1 = Vo, —V3a+V6a, V2 = 2020 — V30— V6a —2V4a+V124+V12p and ¥3 = Vi2q—V12p.
Clearly v1 € {0}, 72 € {1} and 73 € {-1,1}. It follows that the only poss-
ible integer solutions for (vaa,V3a,VéasV2b, Vaas V124, V126) are (0,0,0,0,0,0,1) and
(0,0,0,0,0,1,0). Therefore, u is rationally conjugated to some element g € G by
Proposition 1.4.

When k = b, it follows that there are no possible integer solutions for (va4, V3a,
V6as V2bs Vaas V12a,V12b) since pg(u, x2,%) = 1/6.

Case 9: Let u € V(ZG) where |u| = 15. Using Propositions 1.2 and 1.3, v, +
Usq + vsp = 1. Consider the cases x(u®) = x(5k) where k € {a,b}. Applying
Proposition 1.5, we obtain the following system of inequalities:

13ty X, %) = 25 (4030 +6) 2 05 po(u, X3, %) = 15 (—16v34 + 6) > 0.

Clearly, there are no possible integer solutions for (Vsa, Vsa, Vsb)-
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Case 10: Let u € V(ZG) where |u| = 20. Using Propositions 1.2 and 1.3, v, +
Usa + Usp + Vap + Vag + Vioa + viop = 1. Consider the cases x(u'’) = x(2m1) and
x(u®) = x(4mz) and x(u?) = x(5m3) and x(u?) = x(10my), where

(mla maz,ms, m4) € {(a’ﬂ a, a, a’)v (a’a a, a, b)v (a’a a, ba a’)v (a’a a, ba b)v

(b’ a? a” a)7 (b’ a? a” b)7 (b’ a? b’ a)7 (b’ a? b’ b)}'

Now

Ml(U,Xm*)Z—%

when (my, ma, ms,m4) € {(a,a,aqa,a),(a,a,a,b),(a,a,b,a),(a,a,b,b)}. Also,

,LL5(U,X2, *) = %

when (mq1,mae,mg,mq) € {(b,a,a,a),(b,a,a,d),(b,a,b,a),(babb)}. Therefore,
there are no possible integer solutions for (vaq, Vsa, Vsb, V2b, Vaa, Y104 V10b)-

Case 11: Let u € V(ZG) where |u| = 22. Using Propositions 1.2 and 1.3, v, +
Vita + vap = 1. Let v1 = vaa + V110 — Vo, V2 = 2020 — V11 and 73 = =202 — Vi1a.
We will now separately consider the following cases involving x(u™) for n € {2,11}:

> x(u'l) = x(2a) and x(u?) = x(11a). Applying Proposition 1.5, we obtain

)

;o pa(u, X2, %) = 55(—n+ 1) >

ul(uaXQa*):%(vl_l) 0 0
0;  pa1(u, x3,%) = 55(=572 — 1) > 0.

IU‘O(ua X3, *) = %(572 + 1)

Vv

It follows that there are no possible integer solutions for (vaq, V114, Vob)-
> x(ull) = x(2b) and x(u?) = x(11a). Applying Proposition 1.5, we obtain

lu’l(uaXQa*) = %(71 + 1) > Oa ,LLQ(U;XQa*) = %(_’yl - 1) > 07
NO(UaX:Sa*) = %(72) 2 0; ﬂll(UaX?n*) = %(_72) 2 0;
1
pi(u, X3, %) = 95 (v2 +11) = 05 pro(u, x4, %) = ﬁ(%) >0

p11(w, X4, %) = 55(—73) = 0.

It follows that there are no possible integer solutions for (vaq, V114, Vob)-

Case 12: Let u € V(ZG) where |u| = 33. Using Propositions 1.2 and 1.3, v, +
V110 = 1. Now x(u'!) = x(3a) and x(u?®) = x(11a). Applying Proposition 1.5, we
obtain
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where v = 20v3, + 10v114. It follows that there are no possible integer solutions for
(V3a) Vila)-

Case 13: Let u € V(ZG) where |u| = 55. Using Propositions 1.2 and 1.3, v, +
Usy + V114 = 1. Consider the cases y(u'!) = x(5k) where k € {a,b}. Applying
Proposition 1.5, we obtain

pa1(, X3, %) = 2= (+100110) = 05 po(u, X3, %) = 25(—400114) = 0;
pi1(u; X3, %) = 55 (=110 + 11) > 0.

It follows that there are no possible integer solutions for (vsg,Vsp, V114) and this
completes the proof. O

3. PROOF OF THEOREM 2

Let G = Aut(PSL(2,13)). Clearly, |G| = 2184 = 23-3-7-13 and exp(G) = 1092 =
22.3.7.13. Initially for any torsion unit of V(ZG) of order k we have that

Vaq +Vrq + Vb + Ve + Vida + Vb + Vide +V2p + V34 + Voa + Vaa + V124 +V12p + V134 = 1.

In order to prove that the Zassenhaus conjecture holds, it is necessary to consider
units of order 2, 3, 4, 6, 7, 12, 13, 14, 21, 26, 28, 39 and 91, by Proposition 1.1. We
shall now separately consider units of V(ZG) of order 2, 3, 4, 6, 7, 13, 21, 26, 39
and 91. Note that we are not considering torsion units of V(ZG) of order 12, 14 and
28 due to their complicated computations.

Case 1: Let u € V(ZG) where |u| = 2. Using Propositions 1.2 and 1.3, va, +
vop = 1. Applying Proposition 1.5, we obtain

Ml(U7X27*):%(’Y+1)>07 /J,O(’U,,XQ,*):%(—’}/—Fl)}O

where v = vy, — vg. Clearly, v € {1,—1}. It follows that the only possible integer
solutions for (vo4, vay) are (0,1) and (1,0). Therefore, w is rationally conjugated to
some element g € G by Proposition 1.4.

Case 2: Let u € V(ZG) where |u| = 3. By Proposition 1.2, v, = 0 for all
kx € {2a,7a,7b,7c,14a,14b, 14¢, 2b, 6a, 4a,12a,12b,13a}. Therefore, u is rationally
conjugated to some element g € G by Proposition 1.4.

Case 3: Let u € V(ZG) where |u| = 4. Using Propositions 1.2 and 1.3, vo, + vop +
v4q = 1. We shall now separately consider the following cases involving x(u?):

> x(u?) = x(2a). It follows that there are no possible integer solutions for
(v2q, Vab, Vaa) since, pi(u, x2,0) = 1/2.
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> x(u?) = x(2b). Applying Proposition 1.5, we obtain

/’LO(U7X27 *) = %(_271 + 2)

> 0;
pro(u, X3, %) = §(—4vaq +12) >

; MQ(U7X27*) = %
0;  pz(u, x3, %) = 1(4v20 +12) 20

where v1 = vo, — vop + Vaq. Clearly v1 € {—1,1} and 1o, € {k; =3 < k < 3}. It
follows that the possible integer solutions for (v2q, Vap, Va,) are listed in Theorem 1.2.
Case 4: Let u € V(ZG) where |u| = 6. Using Propositions 1.2 and 1.3, va, + vop +
V3q+V6a = 1. Let y1 = 2005 — V34 — Vea, Y2 = Vab —V3a+V6a, 13 = —4V02p + 234 + 2064
and v4 = —4vgp — 2v34 + 215,. We shall now separately consider the following cases
involving x(u™) for n € {2,3}:
> x(u?) = x(2a) and x(u?) = x(3a). Applying Proposition 1.5, we obtain

po(u, x11,%) = (271 +12) = 05 pa(u, x11,%) = (1 +15) > 0;
p3(u, x13, %) = & (492 + 18) = 05 po(u, x13, %) = $(—472 + 18) > 0;
)

ps(u, x11, %) = g(y3 +12) > 0.

Clearly, 1 € {—6,-3,0,3,6} and 72 € {—3,0,3}. It follows that the only possible
integer solutions for (vau, vop, V3a, Vea) are (1,—1,0,1) and (1,1,0,—1).
> x(u?) = x(2b) and x(u?) = x(3a). Applying Proposition 1.5, we obtain

po(u, X11, %) = %(271 +14) > 05 pa(u, x11,%) = %(’h +13) > 0;
p2(, X13,%) = (2792 +10) = 05 po(u, x13,%) = 2(—4y2 + 16) > 0;
ps(u, x11, %) = §(13 +10) = 05 pao(u, x14,%) = g(72 +10) =0

Clearly, 11 € {—7,—4,—1,2,5} and 2 € {—5,—2,1,4}. It follows that the only poss-
ible integer solutions for (va, vap, V34, Vea) are (0,2,0,—1), (0,0,0,1), (0,-2,0,3),
(0,0,3,—-2) and (0,—2,3,0).

Case 5: Let u € V(ZG) where |u| = 7. Using Propositions 1.2 and 1.3, vz, +v7p +
v7e = 1. Applying Proposition 1.5, we obtain

pa(u, xs,%) = 2(y1 +12) 2 05 pa(u, x3,%) = 2(y2 + 12) > 0;

where 71 = —bvrq + 27 + 2V7¢, Y2 = 2U74 + 2v7, — Sv7e and y3 = 2v7, — Sug, +
2v7.. Clearly, v € {1,—1}. It follows that the only possible integer solutions for
(v7a, Vb, V7c) are listed in Theorem 1.2.

Case 6: Let u € V(ZG) where |u| = 13. By Proposition 1.2, v, = 0 for all
kx € {2a,7a,7b,7c,14a,14b, 14c, 2b, 3a, 6a,4a,12a,12b}. Therefore, u is rationally
conjugated to some element g € G by Proposition 1.4.
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Case 7: Let u € V(ZG) where |u| = 21. Using Propositions 1.2 and 1.3, vz, +
vrp + v7e + 34 = 1. Consider the cases x(u’) = x(3a) and x(u®) = myx(7a) +
max(7a) + msx(7a). Applying Proposition 1.5, we obtain

po(u, X3, %) = 57 (491 +14) = 05 pr(u, x3, %) = 57(—27 + k1) > 0;

po(u, X3, %) = 2= (292 + k2) = 05 pa(u, x3,%) = o (=72 + k) = 0;

po(u, X3, %) = 37 (273 + ka) = 05 pa(u, x3, %) = 37 (=73 + ks) = 0;
po(u, X0, %) = 57 (74 + k) =0

where v1 = v7q + vy + Vi, Y2 = 2074 + 2U7, — BV7e, V3 = 274 — DU7y + 207, and
Yo = —12v7q — 1207, — 1207, 4 1213, for all possible m;, k;. It follows that there are
no possible integer solutions for (v7q, V7p, V7e, V34) for all possible m;, k;. Note that

all possible values for m;, k; are listed in Table 1.

(m1,ma,m3) (K1, k2, ks, ka, ks, ke) (m1,ma,m3) (K1, ko, ks, ka, ks, ke)
(1,0,0)  (7,14,7,14,14,9) _ (0,1,0) (14, 14,14, 14, 14,9)

(0,0,1) (14,7,14,14,7,9)  (2,-3,2) (0,0,0,14,0,9)

(2,-2,1) (0,7,0,14,7,9) (1,-2,2) (7,0,7,14,0,9)

(2,-1,0)  (0,14,0,14,14,9)  (1,-1,1)  (7,7,21,7,14,7)

(0,—1,2)  (14,0,14,14,0,9)  (2,0,—1)  (0,21,0,14,21,9)
(-1,0,2)  (21,0,21,14,0,9)  (2,1,—-2)  (0,28,0,14,28,9)
(1,1,-1)  (7,21,7,7,14,21)  (=1,1,1)  (21,7,7,21,14,7)
(=2,1,2)  (28,0,28,14,0,9)  (2,2,-3)  (0,35,0,14,35,9)
(1,2,-2)  (7,28,7,14,28,9) (0,2,1)  (14,21,14,14,21,9)
(=1,2,0)  (21,14,21,14,14,9) (=2,2,1)  (28,7,28,14,7,9)
(=3,2,2)  (35,0,35,14,0,9)

Table 1. Possible values for m;, k;-units of order 21.

Case 8: Let u € V(ZG) where |u| = 26. Using Propositions 1.2 and 1.3, v, +
Vab + Viza = 1. Let v1 = —voq + vop + V13a, Y2 = 2024 + V13q and 3 = 212q — Vi3a-
We shall now separately consider the following cases involving x(u™) for n € {2,13}:

> x(u'?) = x(2a) and x(u?) = x(13a). Applying Proposition 1.5, we obtain

lu’l(uaXQa*) = 26(71 + 1) 2 0; ,LLQ(U;XQa*) = %(_’yl - 1) 2 0;
po(u; X3, %) = 95 (672 — 1) > 03 p13(u, X3, %) = 55(—672 + 1) > 0.

It follows that there are no possible integer solutions for (vo4, Vap, V134)-
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> x(u'?) = x(2b) and x(u?) = x(13a). Applying Proposition 1.5, we obtain

i, x2,%) = 551 — 1) 2 0 po(u, xo, %) = g5 (= + 1) = 0;
po(w, X6, %) = 56(73) = 05 paa(u, X6, %) = 55(—73) = 0;
pu(u, X3, %) = 55(=72 +13) = 0.

>
>

It follows that there are no possible integer solutions for (voq4, Vap, V134)-

Case 9: Let u € V(ZG) where |u| = 39. Using Propositions 1.2 and 1.3, v, +
V130 = 1. Now x(u'®) = x(3a) and x(u®) = x(13a). Applying Proposition 1.5, we
obtain

p13(u, x3, %) = 25 (+120130) = 05 po(u, X3, %) = 25 (—24v134) = 0;
p1(u, x3, %) = 75 (—v13a + 13) > 0.

It follows that there are no possible integer solutions for (34, 134)-

Case 10: Let u € V(ZG) where |u| = 91. Using Propositions 1.2 and 1.3, v7, +
Uz + V7e + 1134 = 1. Consider the cases x(u'?) = m1x(7a) +max(7b) + mzx(7c) and
x(u”) = x(13a) where

(mlvaa m3) € {(L 0, O)a (07 1, 0)7 (Oa 0, 1); (27 -3, 2)a (27 -2, 1)7 (1a -2, 2)7
(2a _]-a 0)7 (1a _]-a 1)7 (Oa _]-a 2)7 (2a _]-a O)a (_]-a 0; 2)7 (2a 1; _2)7
(1,1,-1),(-1,1,1),(-2,1,2),(2,2,-3),(1,2,-2), (0,2, -1)}.

Applying Proposition 1.5, we obtain

where v = v7q + v7p + V7e — 31134. It follows that there are no possible integer
solutions for (v7q, v7p, V7, V13a)-

We will now consider the prime graph of G = Aut(PSL(2,13)). Clearly [2, 3] and
[2,7] are adjacent in 7(G) and consequently adjacent in 7(V (ZG)). However, [2,13],
[3,7], [3,13] and [7,13] are not adjacent in 7(G). Clearly 7(G) = n(V(ZQG)), since
there are no torsion units of order 21, 26, 39 and 91 in V(ZG). This completes the
proof. O
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