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1 Introduction
In 1960, the Polish Mathematician Opial [36] proved an inequality involving integrals of
functions and their derivatives;

b b— b
/ (e[ 6)| e < = / (o) dt, (L.1)

where x is an absolutely differentiable continuous function on [a, b], x(a) = x(b) = 0, x(t) >
0, and the constant ]ff" is sharp, in the sense that ]ff" cannot be replaced by a smaller
constant.

Since the publication of the above result in 1960, numerous papers with new evidence,
different speculations, and augmentations have showed up in the literature. Inequalities
which involve integrals of functions and their derivatives are of great importance in mathe-
matics with applications in the theory of differential equations, approximations and prob-
ability [1-4, 7, 17, 18, 21, 22, 28, 29, 34].

As a generalization of (1.1), Beesack [10] proved that: If x is an absolutely continuous

function on [a, b] with x(a) = 0, then

b 171 b )
/ l(@)||«' ()| dt < = / — dt/ )| ()] dt, (1.2)
a 2 a r(t) a
where r is a positive and continuous function with ab % < 00.
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Yang [44] simplified the Beesack proof and extended the inequality (1.2) as follows: If x
is an absolutely continuous function on (4, b) with x(a) = 0, then

b ) 1 b 1 b ,
/ﬂ q(t)|x(0)| | (t)|dt§§/a @dt/u r(t)q(t)|x (t)|2dt, (1.3)

where 7 is a positive and continuous function with f: % < oo and ¢ is a positive, bounded,
and nonincreasing function on [a, b].

Recently, the theory of time scales, which has been initiated by Stefen Hilger in his Ph.D.
thesis [30] in order to unify discrete and continuous analysis, has gained a lot of atten-
tion. During the previous decade, an impressive number of dynamic imbalances have been
given by numerous creators who were inspired by certain applications (see [5, 6, 9, 12, 13,
16, 19, 20, 23-27, 31, 35, 37, 39, 41]). The general thought is to demonstrate a result for
a dynamic inequality where the domain of the unknown function is a so-called time scale
T, which is an arbitrary nonempty closed subset of real numbers. The three best-known
time scalesare T=R, T=Z and T = q_Z ={q°:z € Z} U {0} where g > 1. The books [14]
and [15] organize and summarize much of time scales calculus.

In [11], Bohner and Kaymakcalan introduced a dynamic Opial inequality which ex-
tended the continuous version inequality (1.1) to a general time scale and studied if
x:[a,b] N T — R is delta differentiable with x(a) = 0, then

b b
/ |x(2) + 27 (8)| |x° (8)]| At < (b - a) / x2@)]* At. (1.4)

Dynamic Opial’s inequalities on time scales got a lot of consideration and numerous pa-
pers have been composed; see [11, 33, 38, 40, 42, 43] and the references cited therein.

Also in [11] the authors extended the inequality (1.3) of Yang and proved that: If r and
q are positive rd-continuous functions on [a, b], f: % < 00, q is nonincreasing and x :

[a,b) N T — R is delta differentiable with x(a) = 0, then

b o o A b At b A 2
/ q° (£)]x(2) + 27 (8] [x* (£)| At 5/ @/ r®)q@)|x* )| At (1.5)
Karpuz et al. [33] established the same inequality as in (1.5) by replacing ¢® with g of
the form
b b )
/ q(t)|x(t)+x"(t)||xA(t)|At§I(q(a,b)/ |xA(t)| At, (1.6)

where g is a positive rd-continuous function on [a, b]t, x: [4,b] N T — R is delta differ-
entiable with x(a) = a, and

b
Ky(a,b) = (2/ qz(u)(a(u)—a)Au> .

For p > 1, Karpuz and Ozkan [32] proved that: If y : [@, 7] N'T — R* is delta differentiable
with y(a) = 0 and y* does not change sign in (a, ), then we have

/ s@)|y) +5” @)|° |y ®)|" Ax < Ki(a, 7,0, 9) / @)y ()| Ax, (1.7)

a
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where

q q 4

PAl [T pg L\r/ " 1 pract o

Kita =2 (1) [/ Fol) ([ o™ Ax] q
pPt+tq a r(x) a ypptq-1 (t)

+ 2771 max (L’(x)s(x))

a<x<t r(x)

P, q are positive real numbers such that p > 1, and r, s are nonnegative rd-continuous
functions on (a, T)T such that f; r!ﬁlfl (t) At < 0.

In the same paper, the authors proved that: If y : [t,b] N T — R* is delta differentiable
with y(b) = 0 and y* does not change sign in (z, b)t, then we have

b b
f @@ + 5 @ |y 0| Ax < Kz, b,p,q) f @)y )] A, (1.8)

T T

where

% b . 1 b p+q-1 %
Kz(f,b,p,q):?”‘l(L)pq[/ spf(x)(i)lﬂ(/ %At) Ax}”
p+q T r(x) x pprel(g)

+ 2771 max (7,u1’(x)s(x))

T<x<b r(x)

P, q are positive real numbers such that p > 1, and r, s are nonnegative rd-continuous
functions on (z, b)t such that frb r!ﬁl-l (H) At < c0.

Adding (1.7) and (1.8), Karpus and Ozkan proved that: If y : [@,b] N T — R* is delta
differentiable with y(a) = y(b) = 0, then

b b
/ @@+ @ |y @) Ax < K(p,q) / @@ A, (19)

a

where

I((qu) = I(l(ﬂ) T7P,q) = 1(2(‘[1 buqu)

For p < 1, Karpuz and Ozkan [32] proved that: If y : [a, 7]NT — R* is delta differentiable

with y(a) = 0 and y* does not change sign in (4, T)r, then we have

/ s(x)|y(x) +97(x) ’p|yA(x)|qAx <Ks(a,zt,p, q)/ r(x) |yA(x) |p+qAx, (1.10)
where
Ki(a,t,p,q)
KB(ﬂ: p q) = T,

P, q are positive real numbers such that p <1, p + ¢ > 1 and r, s are nonnegative rd-

=1
continuous functions on (a, T)t such that f; re+a-1(E) At < 00.
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Also, in the same paper, the authors proved that: If y: [7,5] N T — R* is delta differen-
tiable with y(b) = 0 and y* does not change sign in (t, b)t, then we have

b b
/ s(x)|y(x) +y"(x)|p|yA(x)|qAx §K4(r,b,p,q)/ r(x)|yA(x)|p+qAx, (1.11)
where
[<2(T; b»P, Q)
I<4(T, b;p; q) = T;

P, q are positive real numbers such that p <1, p + ¢ > 1 and r, s are nonnegative rd-
continuous functions on (7, b)T such that frb rlﬁ{l (t) At < 0.

Combining (1.10) and (1.11), Karpus and Ozkan proved that: If y : [a,b] N T — R* is
delta differentiable with y(a) = y(b) = 0, then

b b
/ s(@)|y®) +5” @)[°|y* )| Ax < K (p,q) / @)y )" Ax, (1.12)
where

1(;([9, Q) = 1(3(“’ T, P, Q) = I<4(T’ b’p’ Q)

In this article, motivated by the above inequalities, we will explore some dynamic Opial-
type inequalities on time scales, which generalize inequalities (1.7)—(1.12). After each re-
sult, we will study the special cases when T = R and T = N to obtain some continuous and
discrete results.

2 Basics of time scales
Firstly, we recall some essentials of time scales, and some universal symbols that will be
used in the present paper. From now on, R and Z are the set of real numbers and the set
of integers, respectively.

A time scale T is an arbitrary nonempty closed subset of the set of real numbers R.
Throughout the article, we assume that T has the topology that it inherits from the stan-
dard topology on R. We define the forward jump operator o : T — T for any ¢ € T by

o(t):=inf{seT:s>t¢},
and the backward jump operator p: T — T for any ¢ € T by
p(t) :=sup{seT:s<t}.

In the preceding two definitions, we set inf@ = sup T (i.e., if ¢ is the maximum of T, then
o(t) = t) and sup@ = inf T (i.e., if ¢ is the minimum of T, then p(¢) = ), where ¢ denotes
the empty set.

A point ¢ € T with inf T < £ < sup T is said to be right-scattered if o (¢) > ¢, right-dense if
o (t) = t, left-scattered if p(¢) < t, and left-dense if p() = ¢. Points that are simultaneously
right-dense and left-dense are said to be dense points. Points that are simultaneously right-
scattered and left-scattered are said to be isolated points.
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The forward graininess function p : T — [0, 00) is defined for any ¢ € T by u(¢) := o (£) -t
and the backward graininess function v : T — [0, 00) is defined for any ¢ € T by v(¢) :=
t—p(t).

If f: T — R isa function, then the function f° : T — R is defined by f? (¢t) = f (o (¢)), Vt €
T, thatis, f” = f o 0. Similarly, the function f* : T — R is defined by f(¢) = g(p(¢)),Vt € T,
thatis, f* =f o p.

The sets T, T, and T are introduced as follows: If T has a left-scattered maximum ¢,
then T = T — {t;}, otherwise T* = T. If T has a right-scattered minimum ¢;, then T* =
T - {t,}, otherwise T, = T. Finally, we have T§ = T* N T,.

The interval [, b] in T is defined by

la,blr={teT:a<t<b}.

We define the open intervals and half-closed intervals similarly.
Assume f: T — Ris a function and ¢ € T. Then f2(¢) € R is said to be the delta deriva-
tive of f at ¢ if for any ¢ > O there exists a neighborhood U of ¢ such that, for every s € U,

we have

(0®) -f& - F2 o @) - s]| < e|o®) - 5|

Moreover, f is said to be delta differentiable on T if it is delta differentiable at every ¢ € T*.
Similarly, we say that £V () € R is the nabla derivative of f at ¢ if for any & > 0 there exists
a neighborhood V of ¢ such that foralls e V'

[ (p(0) ~£©)] -5 o) ~s]| <o) ~s]. (2.1)

Furthermore, f is said to be nabla differentiable on T, if it is nabla differentiable at each
teT,.

A function f : T — R is said to be right-dense continuous (rd-continuous) if f is contin-
uous at all right-dense points in T and its left-sided limits exist at all left-dense points in
T.

In a similar manner, a function f : T — R is said to be left-dense continuous (ld-
continuous) if f is continuous at all left-dense points in T and its right-sided limits exist
at all right-dense points in T.

The delta integration by parts on time scales is given by the following formula:

b b
/ gA(t)f(t)At=g(b)f(b)—g(ﬂ)f(ﬂ)—/ £ @f @A (2.2)

whereas the nabla integration by parts on time scales is given by

b b
/ g Of )V =gb)f (b) - g(a)f (a) - / g OfY 1)V (2.3)

We will use the following crucial relations between calculus on time scales T and either
differential calculus on R or difference calculus on Z. Note that:
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(i) If T =R, then

o(t)=p) =t
w(t) =v(t) =0,
A=Y@ =1,

/ﬂ ’ f(t)AL = f ’ &)Vt = / ' £(2)dt.

(ii) If T = Z, then

(2.4)

ot)=t+1,
p(t)=t-1,

u(t)=v(e) =1,

2@ = Af @),

Y0 =Vf@), (2.5)

b b-1

[ rwne=Y s,
b b

[ rewe- ¥ s

t=a+1

where A and V are the forward and backward difference operators, respectively.

3 Main results
In this section, we will state and prove our main results.

First, we present the basic theorems that will be needed in the proof of our main results.
Theorem 3.1 (Chain rule on time scales [14]) Assume g:R — R is continuous, g : T — R

is delta differentiable on T*, and f : R — R is continuously differentiable. Then there exists
c€ [t,o(t)] with

(f 0@ (1) =/ (g(c))g" (®). (3.1)

Theorem 3.2 (Chain rule on time scales [14]) Letf : R — R be continuously differentiable
and suppose g : T — R is delta differentiable. Thenf og : T — R is delta differentiable and

the formula

1
(fog)™(t) = { /0 [f' (hg” (2) + (1 —h)g(t))]dh}gA(t), (3.2)

holds.
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Theorem 3.3 (Dynamic Holder inequality [14]) Leta,b € T and f, g € C.q4([a, b]T, [0, 00)).
Ifp,g>1 with1%+ é =1, then

b b AT b :
/ f(t)g(t)Atf[ [ f"(t)At} [ / gq(t)m] . (33)

Also, the main results here will be proved by employing the inequalities (see [8], page 51)

a*+b* <(a+b) <2 (a* +b"), ifa,b>0,A>1; (3.4)

a +b* > (a+b) > 2’\’1(61A + b'\), ifa,b>0,0<Xi<1. (3.5)

Next, we enlist the following assumptions for the proofs of our main results:
(A1) T be atime scale with (i) a,7 € T; (ii) 7,b € T; (iii) a,b € T.
(A2) p, g be positive real numbers such that (i) p > 1; (ii) p < 1; (iii) p + g > 1.
(A3) 7, s be nonnegative rd-continuous functions on (i) (a, )7 provided that
N rFa1 (&) At < oo; (ii) (t, b)r such that frh rFa-1 (&) At < oo; (iii) (a, b)T with
f: r!ﬁl-l(t)At < 00.
(A4) y:[a,7]NT — R* is delta differentiable with y(a) # 0 and y* does not change sign
in (a, T)r.
(A5) y:[1r,b])NT — R* be delta differentiable such that y(b) # 0 and y* does not
change sign in (7, b)7.
(A6) y:[a,b] N'T — R* is delta differentiable and y(a) # 0, y(b) # 0. Also y* does not
change sign in (a, b)r.
(A7) {ri}o<i<n and {s;}o<i<n are nonnegative real sequences.
(A8) {yi}o<i<n is a sequence of real numbers with (i) y(a) #0; (ii) y(b) #0; (iii) y(a) # 0
and y(b) #O0.
Now, we are ready to state and prove the first result, which generalizes many inequalities
in the literature.

Theorem 3.4 Let (A1)(i), (A2)(i), (A3)(i) and (A4) be satisfied.
(a) Then

/ s(@)|y(x) +° @7 |y* ()| Ax

51(5(a,t,p,q)/ r(x)|yA(x)|p+qAx+231’_2|y(a)|P/ s(x)|yA(x)|qAx, (3.6)
where
Ks(a,t,p,q)

(Y[ (L) ([ o) ad
2 <P+q) [,/as (x)(r(x) f“rﬁ(t)m Ax

uP (x)s(x) ) .

r(x)

+ 2771 max (

A=<X<T
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(b) Ifr=s, then
[l ey @l b s
<K rpa) [ b0l s 2@l [ rabtw) a6
where

q 1’%4 T x 1 p+q-1 p%q
Ko(a,7,p,q) = 2%~ <—) [/ riz) </ ; At) Ax]
pb+q a a yprra-1(t)

+2071 max (P (). (3.8)

(c) Letr=1. Then
f ly() + 57 ) [ |y ()| Ax
Ap Pt 3p-2 I3 REWNINT
<K@, 1,p,9) / AP Ax + 2772 y(a) / A" Ax, (3.9)

where

a
p+q
K(a,t,p,q) = (23”‘25—(r —a)? + 277! max (/,L‘D(x))).

+q a<x<t

Proof (a) Since y* does not change sign in (a, )1, we have

|y(x)|—|y(a)|§|y(x)—y(zz)|:‘ / yA(t)At‘S / YA 0)|At. (3.10)

From (3.10), we get

bl = [ bProlacs @)= [ ——rPi0l0]sc+ )

re+a (t)

Now, since r is nonnegative on (a, 7)7, it follows from the Hoélder inequality (3.3) with

p+q
p+q-1

indices and p + ¢, and with

f=——  g0=rmhre),

rpa (t)

that

()| < (/a r% (t)At)W (/a r(t)|yA(t)|P+th>”*q + |y(@)|. (3.11)

Since p > 1, by taking the power p for both sides of (3.11), we have

p+q-1

x Iz ® 74 p
|y(x)|p < [(/ ll(t)At> (/ r(t)|yA(t) |p+th) + |y(a)|j| . (3.12)
a pprq-1 a

Page 8 of 23
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Applying the inequality (3.4) on the right-hand side of (3.12), we deduce

N T b
ly@)|” < 2’“(/ ;( )At> (/ 0]y ( ‘qut) +277 y(@) [’
a ppal(t a

Since y° =y + uy”®, we have

(%) + 57 (%) = 2(x) + py™ (x). (3.13)

Obviously, p > 1. Taking power p for both sides of (3.13) and using the inequality (3.4)
we deduce

@)+ @) <227 2y + w @]y @)

=227 y()|” + 227 P () |yt ()|

(3.14)
Setting
2(x) := /a xr(t)\yA(t)V’*th, (3.15)
we see that z(a) = 0, and
28(x) = r(x) [y ()7 > 0. (3.16)
From (3.16), we get
A )7 = % and  |y*()|" = (Zj(f:;)y (3.17)

From (3.14), (3.17) and since s is nonnegative on (g, T), we have

%) |y@) + 57 @) [ |y ()|*

<227 s(x) [y@) [ |y )|* + 227 P (w)s(x) [y [T

1 \Pa/ 1 .
< 23[0 2S(?C)( > </ liAt)
(x) a prea(f)
)2

x 27 (3) (2 () 7 + 29 25(x) |y‘“)‘p(zj($))m

+ 277 P () s (x) ) .
r(x)

Integrating the above inequality from a to 7, we get

f @@+ @ [y @) Ax

a_ x p(z;;qq—l) , .
< 231’—2/ S(x)<r(x) ) " (/ i At) 277 (x) (2% (%)) 7' Ax

rp+a-1(t)
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+ 23P2|y(a)|p/Ts(x)<ZA(x))mAx+21’1/T<%)ZA(W)A9¢

a r(x)
plp+g-1)

392 T L);ﬁq( * 1 ) b Apny i
<2 As(x)(r(x) /airp%ﬁ(t)mf z (x)(z (x)) Ax

4

+ 23p*2|y(a) |p /T S(x)<ZA(x))WI Ax +2P71 max (M> /f 2 (%) Ax.

r(x) a<x<t r(x)

By applying Holder inequality (3.3) with (p + ¢)/p and (p + q)/q on the right side of integral
of the above inequality, we have

f s@)|y) + 57 ()| |y @]  Ax
3p-2 ' F% L)Z < x 1 >p+q—1 :|p€q
<2 [/z; s (x)(r(x) /a g (t)At Ax

x [/T 2 (x)zA(x)Axi|M

+ 23”_2‘3’(a)’p/Ts(x)<ZA(x))quAx

r(x)

+2771 max (M> /TZA(x)Ax. (3.18)

asx=<t r(x)

From (3.1), we obtain

[Z(p+q)/q]A(x) - %zp/q(c)zA(x), ce [x,a(x)].

Since z%(x) > 0 and x < c, we get

2"

() = l%zp/q(c)zA(x) 4 ; qz”/q(x)zA (x). (3.19)

Substituting (3.19) into (3.18) and since z(a) = 0, we have

/ s@)|y(x) +y° @7 |y* ()| Ax

GV L P (] ]
= <P+‘I> [/as (x)<r(x) /ﬂrwlll(t) ¢ x

T +q P%Z T A I%q
X |:/ (sz)A(x)Ax:| +231’_2|y(u)‘p/ s(x)(zr(g;)) Ax
+2P71 max (M> /TZA(x)Ax

asx=<t r(x)

? (p+q> Uas (x)(r(x) /ar#(t)m i

T A 1%1
+2%72|y(a) |p/ s(x)(z (x)) Ax + 277! max <;¢P(x)s(x)>z(T)'

a r(x) a<x<t r(x)
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The above inequality, (3.15) and (3.16) imply that

/ @@+ @ [y @) Ax

< Ks(at.p,q) / )y 0P ax + 272 y@) / Cs@yA )| A,

a a

which is the desired inequality (3.6).
(b) The proof follows from (a) by setting r = s.
(c) It is noted from the chain rule on time scales (3.2) that

((t—d)p+q)A =(p+q /1[h(a(t) _ a) +(1- h)(t_a)]pﬂ]—l dh
0
1

>(p+ 61)/ [h(t —a)+(1-h)(- a)]pw—l dh
0

=(p+q)t—ay*i,

so that
(t —a)P*1

/T(x —ayPrrlAx < /T ﬁ ((x— a)p*q)AAx = “oia (3.20)

From (3.7) and (3.8) (by taking r(¢) = 1) and using (3.20), we get
/ () +5° @)[" |y (x)|" Ax

q 2
p+q T p+q
< [231’2 <L> (f (x— a)(p+q1)Ax> + 2771 max (,u”(x))]
p+q a asx=t

X / r(x)|yA (%) |p+qAx + 277! max (/Lp(x))
a aA<x<tT

[ L) (L) o s )| [ e

+277" max (u?(x))
a<x<t

v
P+q T
= [231”‘2q—(r —a) +2°71 max (,up(x))] / @) [y (%) |p+qAx

P+q asssr p

+2771 max (u?(x)),
a<x<t

which is the desired inequality (3.9). This completes the proof. d

Based on Theorem 3.4, we obtain the following result by replacing [a, t]r by [7, b]T and
@) = [} 1y> 1AL + [y(b)].

Theorem 3.5 Let (A1)(ii), (A2)(i), (A3)(ii) and (A5) hold. Then

b
/ s(@)|y(x) +5° @7 |y* ()| Ax
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b b
51(8(r,b,p,q)/ r(x)|yA(x)|p+qAx+231’_2|y(b)|p/ S(x)|yA(x)|qAx, (3.21)

where

L obo, 9 b p+q-1 s
s (L Pl ([ ) s
p+q : r(x) ¥ pPEL(f)

+ 277! max (M)

T<x<b r(x)

Let K} (p,q) = K7(a, T, p, q) = Ks(t, b, p, q) < 0o such that K7(a, T, p, q) and Kg(7, b, p, q) are
given in Theorems 3.4 and 3.5 and t is the unique solution of the equation K7(a, 7,p,q) =
Ks(t,b,p,q). Therefore,

b
/ s(@)|y(x) +5° @7 |y* ()| Ax

T b
:/ s(x) |y(x) +y”(x)|p|yA(x)|qAx+/ s(x)|y(x) +97 (%) |p|yA(x)|qAx.

So combining Theorems 3.4 and 3.5 gives the following result.

Theorem 3.6 Let (A1)(iii), (A2)(i), (A3)(iii) and (A6) be fulfilled.
(a) Then

b
/ @@ + 57 @ [y @) Ax

a

b +
K500 [ A ax

b
22l + o) [ sl e fiax 622

(b) By applying (3.9) for [a, t] and [t,b] and choosing t = % € T, therefore

b
[ by @A wias
b
§I<9(ﬂ! b:prq)f |yA(x)|p+qAx
b
+ 2772 (|y@)|” + |y®)[") / ly® (x)|? A, (3.23)

where

q
i (b—a\?
Ko(a,b,p,q) = (23p—2q— (Ta) + 2771 max (pcp(x))).
p+q a<x<t

(c) Settingp =q=1in(3.23), hence

b
f () + 57 ()| [y ()| A
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E (b;“ + max u(x))/ A @) Ax
2(|y(a)| + |y(b)|)/ |yA(x)|Ax. (3.24)

Listed below are some remarks on particular cases of Theorem 3.4, Theorem 3.5 and
Theorem 3.6:

Remark 3.7 1f we take y(a) = 0, the inequality (3.6) reduces to the inequality (1.7).

Remark 3.8 If we take y(a) = 0 and 7 = s, the inequality (3.7) reduces to the inequality [6,
(3.3.16), page 126].

Remark3.9 The inequality (3.9) changes to the inequality [6, (3.3.19), page 126] by putting
y(a)=0andr=s=1.

Remark 3.10 If we take y(b) = 0, the inequality (3.21) reduces to the inequality (1.8).

Remark 3.11 If we take y(a) = 0 and y() = 0, the inequality (3.22) reduces to the inequality
(1.9).

Remark 3.12 If we take y(a) = 0 and y(b) =0, = s = 1 and choose t = ‘”b € T, the inequal-
ity (3.23) reduces to the inequality [6, (3.3.20), page 126].

Remark 3.13 If we take y(a) = 0 and y(b) = 0 the inequality (3.24) reduces to the inequality
(6, (3.3.21), page 127].

Now, we give some integral and discrete inequalities as special cases from Theorems
3.4, 3.5 and 3.6, respectively:

Corollary 3.14 When T = R in Theorem 3.4, and using Eqs. (2.4), the inequality (3.6)
reduces to

f @@y @) dx

a

< Kulaw.pa) [ /@ ds+ 20Vl [ sl

where
Kyo(a,T,p,q)

_2-n( 4 A 5t L)( x;d)w_ld]p{q
? <p+q) [/as (x)(r(x) /ar#(t) t g

Corollary 3.15 When T =R, in Theorem 3.5, and using Eqs. (2.4), the inequality (3.21)
reduces to

T

b
/ s(x) |y(x) |p|y’(x)|qu

T
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b b
< Ku(t,b,p,q) / @y @) dx + 2070y b) / sy ()| d,
where

1<11(T1b)p’q)

PGl b o 3 opb -1 55
pb+q T r(x) x ppral(f)

Corollary 3.16 When T =R, in Theorem 3.6, and using Eqs. (2.4), the inequality (3.22)

reduces to

b
f @@y @) dx

a

b b

K50 [ @ e 20 (5@« e [ sy |
a a

where K3 (p,q) = Kio(a, T, p, q) = Ki1(t, b, p, q) < 00 such that Kyo(a, T, p,q) and Ki1(t, b, p, q)

are given in Corollaries 3.14 and 3.15 and t is the unique solution of the equation

Kio(a, t,p,q) = Ki1(t,b,p, q).

Corollary 3.17 If T =N in Theorem 3.4 and (A2)(i), (A7), (A8)(i) are satisfied, and using
Egs. (2.5), then

N-1
Zs(n) |y(n) +y(n+ 1)|p|Ay(n)|q
N-1 N-1
<Knla,t,p,9) Y r(m)| Ay + 272 [y(@)]” Y " s(n)| Ay(m)|”,
where
q P [N g 1\+ (2 1 Pl 5
_op2f 4 &g L
SR ) {Z (555) (Z rm;}(n)) }
+2P71 max <@>
a=x<t \ r(n)

Corollary 3.18 If T = N in Theorem 3.5 and (A2)(i), (A7), (A8)(ii) hold, and using
Egs. (2.5), then

b-1

Zs(n) |y(n) +y(n+ 1)|p|Ay(n)|q

n=N
b-1 b-1
<Kis(t,b,p,9) Y r(m)| Ay(m)["™ + 272 |y(®) [P Y " s(n)| Ay(n)

n=N n=N

q
’
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where

_p_

g \P| 2N N[ 1\
I(lg(r,b,p,q)=23p2(—> [Zsp(n)(—) (Z f) }
ptq n=N r(n) n=N rP*1 (n)

+ 21"1251;(%)

Corollary 3.19 IfT = N in Theorem 3.6, and (A2)(i), (A7), (A8)(iii) are satisfied, and using
Egs. (2.5), then

b-1
D sm)]y(m) + y(n+ D | Ay(m)|*
b-1 b-1
<Ki(p.g) Y rm| Ay + 277 (|y(@)| + [y®)])" Y stm)| Ay(m)|,

where K; (p,q) = Ki2(a, T, p,q) = Ki3(t, b, p,q) < 0o such that Ki5(a, t,p,q) and Ki3(t, b, p, q)
are given in Corollaries 3.17 and 3.18 and t is the unique solution of the equation

1(12(617 T;p’ Q) = 1(13(7:7 b’p) q)

Now we study the case of some weighted dynamic Opial inequalities on time scales of

the type

/ @@+ @ [y @) Ax

a

<Kil@w.pq) / A WP ax + 272 y@) / “s@y )| A,

a

where p, g be positive real numbers such thatp <1,p+¢g> 1.
Our next results, which will be proved by using inequality (3.5), generalize the inequal-
ities (1.10), (1.11) and (1.12).

Theorem 3.20 Assume (A1)(i), (A2)((ii), (iii)), (A3)(i) and (A4) are fulfilled.
(a) Then

/ s(@)|y(x) +° @7 |[y* ()| Ax
< Kul(a,t,p,q) / r@)|y @) [7 Ax + 27 |y(a)[” / s@)|y*(@)|"ax,  (3.25)

where

Kila,t,p,q)

(<Y (L
‘zp(pw) U (")(m))

<Mp (x)s(x))
+max | ———— ).
asx<t r(x)

TR

* pra-l 7k
(/ i At) Ax
o P (D)

Page 15 of 23
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(b) Forr =s, we obtain
[ ol @l @ s

< Kis(@ 1.0, 4) / @)y )P A + 2 |y(@)? / @)y ()| A,

a

where

S T x p+q-1 L

+ 1 +

I<15(a¢ T, p; 4) = 2p(i>p ’ |:/ V(x) (/ 1 Alf) Ax:|p !
p+tq a a pptq-1 (t)

+ max (,up(x)).

a<x<t

(c) Settingr =1 in(3.26) and (3.27), then
f |y(x) + 57 )"y ()| Ax

T T
51(16(a,r,p,q)f ’yA(x)|p+qA+2p|y(a)‘p/ ly* @) * Ax,

where
q

ptq
Kisla, 1,1, q) = (2!’ T (v —ap + max (M”(x))).
rp+q

a<x<t

Proof (a) Since y*(¢) does not change sign in (a, T)T, we have

@)~ (@) = [y~ y(a)| = 1 / yA(tw\ = [l

From (3.29), we get

bl = [ bProlacs @)= [ ——rPi0l0]sc+ )

re+a (t)

(3.26)

(3.27)

(3.28)

(3.29)

Now, since r is nonnegative on (, 7)7, then it follows from the Holder inequality (3.3) with

indices p{: :121 and p + ¢, and with
1 EEA
f@O)=—, g =rra (t)|y* (1)),
rpa (t)
that

y)] < ( / r}% (t)m) o ( / r(t)|yA(t)|”+th>'”q +[y(@)|.

Since p < 1, by taking the power p for both sides of (3.30), we have

ptq-1

x = x 7 r
oot = ([ (t)At) ([ robsorad)™ ).
a ypr+q-1 a

(3.30)

(3.31)

Page 16 of 23



El-Deeb et al. Advances in Difference Equations (2019) 2019:393

Applying the inequality (3.5) on the right-hand side of (3.31), we deduce

plp+q-1)

<[ o)™ (Lo s

Since y° =y + uy®, we have

y(%) + 57 (%) = 29(%) + py® (x). (3.32)

Since p < 1, by taking the power p of both sides of (3.32) and applying again the inequality
(3.5), we deduce

)+ @F = [260) + iy @ <2 @] + @] ). (3:33)
Setting
z(x) := /x r(t)|yA(t)|p+th, (3.34)

using the fact that z(a) = 0, and

28(x) = r(x) [y @) ["** > 0. (3.35)
This implies
g 28 (%)
2 @) = Zr(—;; and |y*()|* = (z (x’; ) . (3.36)

From (3.33) and (3.36), since s is nonnegative on (g, 7)1, we have

s()[y@®) + 5 @[y (x)|*
< 2s(0) [y |y @] + P @)s(x) |y [

pp+q-1)

2Ps(x)< >ﬂ</x 1 At) o
r(x) o rE (f)

q A\ 77
x 27 (@) (2% (%)) 77 + 27s(x)|y(a)[” (Zr(g))
z8(x)

rlx)

+ 1P (x)s(x)

Integrating the above inequality from a to 7, we get

f @@+ @ [y @) Ax
pp+q-1)

P * 1 rq p q
=% Sm( ) ( z At) 277 (x) (2% (x)) 77 Ax
[ ()" (] g )

Page 17 of 23
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T A [%q T
+2’”|y(a)|p/ﬂ s(x)(i(ﬁ?) Ax+/a (%)ZA(‘X)A?C
plp+q-1)

» T i)pzq( * 1 ) P+q p%z A 1%1
<2 /a S(x)<r(x) /a—r#(t)mf z (x)(z (x)) Ax

+ 2P|J’(a)|p/ s(x)(z ((9;)> Ax+£f§,(%) /aIzA(x)Ax.

Applying the Holder inequality (3.3), with indices (p +¢q)/p and (p + q)/q on the first integral

of the right-hand side of the above inequality, we have

/ s@)|y(x) +° @7 |y* ()| Ax

a

=2 |:/a ) (x)<r(x) /a rﬁ(t)At Ax /a z1(x)z" (x) Ax

+22|y(a)” /T s(x) (ZA((Q;) > e Ax + Jnax (%) /T Z%(x) Ax. (3.37)

From the chain rule (3.1), we obtain

[ ) =2 ; P4 pla(e)z™ (v, ce€[x o).

Since z%(x) > 0 and x < ¢, we get

21(x)z" (x). (3.38)

[ ) = 2L (0t () = 22
q q

Substituting (3.38) into (3.37) and by z(a) = 0, we have

/ s@)|y(x) + 5y @7 |y ()| Ax
q 1%1 T 1% 1 1% x 1 p+q-1 p%q
() ol) () ]
T +q I%q T A p%q
x|:/ (sz)A(x)Ax:| +2p|y(ﬂ)|p/ S(X)(Zr(fj;)) Ax

+ max <M> /T r(x)b’A(x) |p+qAx
_or[_4 wal (T b L)Z( 1 >p+q—1 i|pfq
? <p+q) |:/u ’ (x)<r(x) /a rﬁ(t)m Ax| (1)

+2[y(@)|” / s(x)< (( )))WA“ a‘;]fgr(%)zm'

The last inequality, (3.34) and (3.35) imply that

/ @)+ @ > @) ax
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<Ku(a,1,p.9) / r@)|y* @) Ax + 27 |y(a)[” / s()]y* @)|* Ax,

which is the required inequality (3.25).
The proof of (b) and (c) follows by a similar argument to the proof of (a) with suitable
changes. This completes the proof. O

Based on Theorem 3.20, we obtain the following result by replacing [a, t]t by [t, b]T and
@) = [ O AL + y(b)].

Theorem 3.21 Assume (A1)(ii), (A2)((ii), (iii)), (A3)(ii), and (A5) are satisfied. Then we
have

b
f @+ @ [y @) Ax

T

b b
< Kiet.bpa) [ 0@ s+ 2bO) [ b )]s (339)

T

where

q

L b > b p+q-1 2

* + 1 1 +

K17(T:b»P»6]):2p< 1 )17 q[/ Spl’q(x)<—)p</ i At) Ax]pq
pP+q T r(x) x  prtq-1 (t)

In the following, we assume that KZ(p,q) = Kia(a, 7,p,q) = Ki7(t, b, p,q) < 0o, where
Kyy(a,t,p,q) and Ky7(t,b,p,q) are defined as in Theorems 3.20 and 3.21 and 7 is the
unique solution of the equation Ki4(a, t,p,q) = K17(t, b, p, q). Therefore,

b
/ s(@)|y(x) +5° @7 |y* ()| Ax

a

T b
:/ s(x) |y(x) +y”(x)|p |yA(x)|qAx+/ s(x)|y(x) +97 (%) |p|yA(x)|qAx.

So combining Theorems 3.20 and 3.21 gives the following result.

Theorem 3.22 Assume (A1)(iii), (A2)((ii), (iii)), (A3)(iii), and (A6) are satisfied.
(@) Then

b
/ @@ + 7 @ [y @) Ax

b b
<K:(p.q) / r@)|y @) [7 Ax + 27 |y(a) + y(b)|° / s()[y*(x)|"Ax.  (3.40)

(b) Lett = % € T and apply (3.28) to [a, t] and [t,b]. Then

b
/ ly(x) + 5y @7 [y ()| Ax
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b b
< Kig(a,bp,q) / AP A + 2 (@) + oY) f )| A% (3.41)

where

e
Kis@b,p,q) = [ T—(b-af + max (@) ).
p+q a<x<t

Listed below are some remarks on particular cases of Theorem 3.20, Theorem 3.21 and
Theorem 3.22:

Remark 3.23 If we take y(a) = 0, the inequality (3.25) reduces to the inequality (1.10).
Remark 3.24 If we take y(b) = 0, the inequality (3.39) reduces to the inequality (1.11).

Remark 3.25 If we take y(a) = 0 and y(b) = 0, the inequality (3.40) reduces to the inequality
(1.12).

Remark 3.26 If we take y(a) = 0 and r = s, the inequality (3.25) reduces to the inequality
[6, (3.3.32), page 130].

Remark3.27 If wetake y(a) = 0and r = s = 1, the inequality (3.25) reduces to the inequality
[6, (3.3.35), page 130].

Remark 3.28 If we take y(a) = 0 and y(b) =0, r =s = 1 and choose 7 = (“;b) , the inequality
(3.41) reduces to the inequality [6, (3.3.36), page 131].

Now, we give some integral and discrete inequalities as special cases from Theorems
3.20, 3.21 and 3.22, respectively:

Corollary 3.29 When T =R in Theorem 3.20, and using Egs. (2.4), the inequality (3.25)
reduces to

/ @@y )| dx

a

< Kiolatpa) [ @@ ds s @f [ sl

a

where

g N[ [T e, (1NF[F 1 prat i
Kio(a,t,p,q9) = (—) |:/ ST(x)(—) </ lidt) dx] .
ptq a r(x) a preal(f)

Corollary 3.30 When T = R in Theorem 3.21, and using Eqs. (2.4), the inequality (3.39)
reduces to

b
/ s(x) |y(x) |P|y’(x)|qu

b . b
< Ky(t,b,p,q) / @]y @) dx + |y®)[" / s@)]y (x)|" dx,

T
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where

_q_ b q b p+q-1 _pr_
z . 1 1 :
v (Y o DV a) ]
p+q T r(x) x  pprq-1 (t)

Corollary 3.31 When T = R in Theorem 3.22, and using Eqs. (2.4), the inequality (3.40)
reduces to

b
/ s(x) |y(x) |p|y’(x)|qu

b b
=) [ W ds+ (@) + o)) [ s/ o]

where K} (p,q) = Kio(a, T, p, q) = Koo (T, b, p,q) < 00 such that Kio(a, T, p,q) and Ky (T, b, p, q)
are given in Corollaries 3.29 and 3.30 and t is the unique solution of the equation
I<19(ar T,p 6]) = I<20(r» b,P, 6])'

Corollary 3.32 IfT = N in Theorem 3.20, and (A2)(i), (A7), (A8)(i) are satisfied, and using
Egs. (2.5), then

N-1
3 sm)|yn) + yn + )| Ay ()|

N-1 N
<Kn(@t,p.q) Y rm|Aym[ + 2[y@]" Y s
where
p+q N p+q - . I’Liq
( ) ’ =2F T
Kai(a,t,p,q) =2 < ) [Z ("(”1)> (; rP*q 1(7’1)> :|

s(n)
v ()

Corollary 3.33 If T = N in Theorem 3.21, and (A2)(ii), (A7), (A8)(ii) are satisfied, and
using Egs. (2.5), then

b-1
> sty + 501 + DI | Ay(n)|?
=N

n

b-1 b-1
< K(t,b,p,9) Y r(m)| Ay(m)["™ + 22 y(B)[" > s(m)| Ay(m)|*
n=N n=N

where

F%q b1 p+q 1 1% b1 1 pra-t "%q
]<22(T,b;PrQ)=2P<L> Sp(n)<—) Z
pt+q =N r(n) =N rp+q pa-1 (p)

s(n)
s (005)
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Corollary 3.34 If T = N in Theorem 3.22 and (A2)(ii), (A7), (A8)(iii) are satisfied, and
using Egs. (2.5), then

b-1
D sm)]y(m) + y(n+ D | Ay(m)|
b-1 b-1
<K (p.q) Y rm|Aym)|” + 2 (|y(@)| + [y®)])" Y stm)| Ay(m)|,

where K7 (p,q) = Ko (a, T, p, q) = Koo (1, b, p, q) < 00 such that Ky (a, T, p, q) and Ky (t, b, p, q)
are given in Corollaries 3.32 and 3.33 and t is the unique solution of the equation
Ky (a,t,p,q) = Kp(t,b,p,q).

4 Conclusion

In this article, we obtained some weighted dynamic inequalities of Opial-type involving
integrals of powers of a function and of its derivative on time scales which not only extend
some results in the literature but also improve some of them. Furthermore, we got some
continuous and discrete inequalities as special cases of the obtained dynamic inequalities.
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