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Abstract: This study presents a multi-objective operation optimisation model for urban power grids with flexible switching (FS)
stations to comprehensively improve system security and reliability. In the proposed model, uncertainties associated with load
variation and component failures are considered. Moreover, constraints after a feeder or transformer N − 1 contingency are
preliminarily formulated. The operation problem optimises the apparent power of feeder section loading. The combination of
normal boundary intersection and sequential quadratic programming is employed to solve the non-linear optimisation model. A
case study carried out on a test 75-feeder distribution grid with FS stations demonstrates the effectiveness of the proposed
model and solving method. Compared with conventional distribution loadability, the optimal load distribution solution obtained in
this study provides a trade-off between system security and reliability. The coordinated operation optimisation method is suitable
for urban smart distribution grids featured by distribution automation and large-scale interconnections.

1 Introduction
The operation optimisation problem for distribution systems aims
at minimising objective functions by determining the optimal
values for a set of decision variables [1]. With the integration of
distributed generations, electric vehicles and energy storage
devices, on the one hand, more component models should be
incorporated when optimising system operation, on the other hand,
the problem solving becomes more time consuming. Furthermore,
the operation risk in distribution systems is sharply increased due
to uncertainties associated with distributed generation output power
and load variation [2]. Thus, a flexible distribution system
operation optimisation model is urgently needed to guarantee
system security and reliability under multiple uncertainties.

The sequential N − 1 contingency testing is normally regarded
as a system N − 1 security assessment method [3]. However, this
method can cost a lot of time to check system security after a
component N − 1 contingency, especially when the system is large.
Moreover, in medium-voltage distribution systems, more
interconnections of feeders are implemented and the loop structure
has been primarily formed [4]. The available capacity of
transformers in different substations can back up each other by the
improved distribution feeder configuration. Under the condition of
advanced distribution automation, the fault power can be restored
among other adjacent substations. These changes further bound the
application of conventional sequential N − 1 contingency testing.
Thus, in order to quantitatively provide system operators with the
information of security margins, a region-wise methodology is
proposed to assess system security [5, 6]. Chen et al. [5] present a
distance-based security assessment method for power systems and
provide a two-step solving algorithm to calculate the security
distance. In [6], the region methodology is applied in distribution
systems and an N − 1 approximation method is proposed to observe
the security region boundary. The topological characteristics of
security region for distribution systems are summarised as follows:
(i) the security region is a dense set; (ii) the security boundary is
approximately linear and can be expressed by several hyperplanes.

Loadability is a fundamental index to evaluate both efficiency
and reliability of a distribution system. In order to assess and
optimise this index, a lot of studies have been reported in the

literature [7–10]. In [7], a series of indices are defined to make the
probabilistic evaluation of available loadability for radial
distribution systems using Latin hypercube sampling-based Monte
Carlo simulation and step-varied repeated power flow method.
Aman et al. [8] present an optimal distribution system
reconfiguration algorithm to maximise system loadability. In [9], a
flexible evaluation method is proposed for urban distribution
loadability considering transformer N − 1 security. Xiao et al. [10]
formulate an N − 1 loadability model for interconnected
distribution systems in the presence of a feeder or transformer N − 
1 contingency. The N − 1 loadability operating point is just located
on the security boundary [6].

All the above studies benefit a lot in the loadability evaluation
and optimisation of distribution systems. However, the load
distribution solutions in these existing works have not taken any
indispensable security margins into account. Due to multiple
uncertainties (e.g. distributed generation output power, load
variation and component failures) in distribution systems,
conventional distribution loadability cannot effectively guide the
secure operation of distribution systems. Thus, it is of great
importance to incorporate security margins into the loadability-
based optimal operation model, which is a meaningful but ignored
problem.

To alleviate the above problems, this paper proposes a multi-
objective operation optimisation model for smart distribution grids
in the presence of flexible switching (FS) stations to provide a
trade-off between asset efficiency and system security. In the
proposed model, the system security after a component (i.e. feeder
or transformer) N − 1 contingency is simultaneously guaranteed
and optimised based on security distance. The system reliability is
quantitatively evaluated using a defined N − 1 loadability-based
index. The optimal load distribution solution is obtained by a
hybrid solving algorithm combining normal boundary intersection
(NBI) and sequential quadratic programming (SQP). The main
contribution of this paper is a novel operation optimisation model
for interconnected distribution systems considering security
distance and N − 1 loadability, which has the following advantages:
(i) a flexible, coordinated and precise model; (ii) system N − 1
security and loadability optimisation; and (iii) good robustness in
respect to the secure operation under uncertainties.
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2 Model and algorithm for the optimal operation
of distribution systems
2.1 Variation coefficient of security distance

The variation coefficient of security distance is a security distance-
based margin index to quantitatively evaluate system N − 1
security, which has been defined in [11]. Its mathematical
expression is as follows:

VEVSD = ∑
k = 1

NFS

VSD
k /NFS (1)

VSDSD = ∑
k = 1

NFS

(VSD
k − VEVSD)2/NFS (2)

VVCSD = VSDSD
VEVSD

(3)

where VSD
k  is the security distance of feeder section Fk; VEVSD,

VSDSD, and VVCSD are, respectively, the expectation value, standard
deviation, and variation coefficient of all security distances; and
NFS is the number of feeder sections in a specific distribution
system.

VVCSD can precisely evaluate the N − 1 security and its margin
of a distribution system under uncertainties [11]. Here,
uncertainties related to demand and single component failure are
considered in this paper. Smaller the VVCSD is, higher is the N − 1
security level of the whole distribution system.

2.2 N − 1 loadability adequacy

For an interconnected distribution system, the N − 1 loadability
adequacy is defined as the ratio of the real-time total load to N − 1
loadability, which can be expressed as

VNLA = VRL
VNL

(4)

where VRL, VNL, and VNLA are, respectively, the real-time total
load, N − 1 loadability, and N − 1 loadability adequacy of a given
distribution system. The method to obtain the N − 1 loadability for
a given interconnected distribution system has been specifically
proposed in [10].

VNLA represents the difference between the active total load and
N − 1 loadability, which is a quantitative evaluation index for
system efficiency and reliability. When VNLA is smaller than 1, it
indicates that the efficiency and reliability of the system can be
improved by integrating more loads. When VNLA is bigger than 1, it
represents that some components can be overloading after an N − 1
contingency and some measures (e.g. network reconfiguration and
load shedding) should be taken to decrease VNLA in case of the
system security constraint violation.

2.3 Problem formulation

The proposed distribution system operation optimisation model
minimises the above-mentioned variation coefficient of security
distance and N − 1 loadability adequacy simultaneously, which are
security and reliability dependent, respectively, and subjects to the
normal operation constraints, feeder N − 1 contingency constraints,
and transformer N − 1 contingency constraints. In the optimal
operation problem, the decision variable is the apparent power of
feeder section loading. The optimal load distribution solution
obtained in this paper provides a trade-off between system security
and reliability. The operation optimisation model for
interconnected distribution systems can be formulated as

min VVCSD, VNLA

s . t . normal operation constraints
feeder N − 1 contingency constraints
transformer N − 1 contingency constraints

(5)

It is worth mentioning that the coordinated operation optimisation
scheme obtained from the above model is based on the assumption
that the real-time load distribution among transformers and feeders
is neglected. In fact, loads of transformers and feeders in a specific
distribution system cannot always follow the ideal operating point.
However, this optimal operating point offers an optimisation
direction to the security and reliability of distribution systems, and
some active management schemes (e.g. demand-side management
and distribution feeder reconfiguration) can be flexibly taken to
adjust the load distribution among transformers and feeders. The
coordinated optimal operation mode can be approximately acquired
when the load distribution matches with the ideal operating point,
which achieves the operation optimisation for interconnected
distribution systems with the consideration of both security and
reliability. Moreover, the effects of switching of capacitors and
transformer taps are considered in this paper when obtaining the
optimal load distribution solution among feeders and transformers.

2.4 Constraints

2.4.1 Normal operation constraints: 

SF
k = ∑

l = 1
S f , tr

k, l
(6)

ST
m = ∑

Fk ∈ Tm

SF
k

(7)

S f , z f c
k =

( SF
kcos φ )2 + ( SF

ksin φ )2

(Uzc
k )2 (Rlk + jXlk) (8)

ΔUzc
k( j + 1) = [( SF

k cos φ + Re(S f , z f c
k ))Rlk

+( SF
k sin φ + Im(S f , z f c

k ))Xlk]/U
(9)

δUzc
k( j + 1) = [( SF

k cos φ + Re(S f , z f c
k ))Xlk

−( SF
k sin φ + Im(S f , z f c

k ))Rlk]/U
(10)

Uzc
k( j + 1) = (U − ΔUzc

k( j + 1))2 + (δUzc
k( j + 1))2 (11)

Umin ≤ Uzc
k( j + 1) ≤ Umax (12)

where SF
k  is the load of Fk; S f , tr

k, l  is the load transferred from Fk to Fl

when Fk faults; S f , z f c
k  is the network loss of Fk under normal

operation; φ is the power factor angle under normal operation; R
and X are, respectively, the unit resistance and reactor of
conductors; lk is the line length of Fk; Uzc

k  is the voltage of Fk under
normal operation; Uzc

k  is the voltage of Fk under normal operation;
ΔUzc

k  and δUzc
k  are, respectively, the longitudinal and transverse

components of voltage drop of Fk under normal operation; Umin and
Umax are, respectively, the lower and upper limits of bus voltage;
and j is the number of iterations.

Equations (6) and (7) are, respectively, the loading calculation
constraints of feeders and transformers. Equation (8) is the feeder
loss calculation constraint in a normal state. Equations (9) and (10)
are the calculation constraints of longitudinal and transverse
components of voltage drop in a normal state, respectively.
Equations (11) and (12) are, respectively, the calculation and limit
constraints of voltage magnitude in a normal state.

2.4.2 Feeder N − 1 contingency constraints: 
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S f , loss
k, l =

( S f , tr
k, l cosφ′ )2 + ( S f , tr

k, l sinφ′ )2

(Uk
k, l)2 (Rlkl + jXlkl) (13)

S f , f c
k, l = [( S f , tr

k, l + SF
l Lkl cosφ′ + Re(S f , loss

k, l ))2 + ( S f , tr
k, l

+SF
l Lkl sinφ′ + Im(S f , loss

k, l ))2] ⋅ (Rll + jXll)/(Ul
k, l)2

(14)

S f , tr
k, l + SF

l + S f , f c
k, l + S f , loss

k, l ≤ SF, max
l (15)

ΔUl
k, l( j + 1) = [( S f , tr

k, l + SF
l Lkl cosφ′ + Re(S f , loss

k, l

+S f , f c
k, l ))Rll + ( S f , tr

k, l + SF
l Lkl sinφ′

+Im(S f , loss
k, l + S f , f c

k, l ))Xll]/U

(16)

δUl
k, l( j + 1) = [( S f , tr

k, l + SF
l Lkl cos φ′ + Re(S f , loss

k, l

+S f , f c
k, l ))Xll − ( S f , tr

k, l + SF
l Lkl sin φ′

+Im(S f , loss
k, l + S f , f c

k, l ))Rll]/U

(17)

Ul
k, l( j + 1) = (U − ΔUl

k, l( j + 1))
2
+ (δUl

k, l( j + 1))
2 (18)

ΔUk
k, l( j + 1) = [( S f , tr

k, l cosφ′ + Re(S f , loss
k, l ))Rlkl

+( S f , tr
k, l sinφ′ + Im(S f , loss

k, l ))Xlkl]/Ul
k, l( j + 1)

(19)

δUk
k, l( j + 1) = [( S f , tr

k, l cosφ′ + Re(S f , loss
k, l ))Xlkl

−( S f , tr
k, l sinφ′ + Im(S f , loss

k, l ))Rlkl]/Ul
k, l( j + 1)

(20)

Uk
k, l( j + 1) = (Ul

k, l( j + 1) − ΔUk
k, l( j + 1))

2
+ (δUk

k, l( j + 1))2 (21)

Umin ≤ Uk
k, l( j + 1) ≤ Umax (22)

where S f , loss
k, l  is the network loss of the FS station between Fk and Fl

after loads distributed on Fl when Fk faults; S f , f c
k, l  is the network

loss of Fl after loads distributed on Fl when Fk faults; SF, max
l  is the

capacity of Fl; φ′ is the power factor angle after restoration; lkl is
the line length of the tie line between Fk and Fl; Lkl is the tie
relationship between Fk and Fl, which takes the value 1 if this
connection exists and 0 otherwise; Uk

k, l is the voltage of Fk after
loads distributed on Fl when Fk faults; ΔUk

k, l and δUk
k, l are,

respectively, the longitudinal and transverse components of voltage
drop of Fk after loads distributed on Fl when Fk faults.

Equations (13) and (14) are, respectively, the loss calculation
constraints of the branch between Fk and Fl, and Fl in N − 1 state.
Equation (15) is the feeder capacity constraint in N − 1 state.
Equations (16) and (17) are the calculation constraints of
longitudinal and transverse components of the voltage drop of Fl in
N − 1 state, respectively. Equation (18) is the voltage magnitude
calculation constraint of Fl in N − 1 state. Equations (19) and (20)
are the calculation constraints of longitudinal and transverse
components of the voltage drop of Fk in N − 1 state, respectively.
Equation (21) is the voltage magnitude calculation constraint of Fk
in N − 1 state. Equation (22) is the voltage magnitude constraint in
N − 1 state.

2.4.3 Transformer N − 1 contingency constraints: 

ST , tr
m, n = ∑

Fk ∈ Tm, Fl ∈ Tn

(S f , tr
k, l + S f , loss

k, l + S f , f c
k, l ) (23)

ST , tr
m, n + ST

n + ∑
Fl ∈ Tn

S f , z f c
l + ∑

Fk ∈ Tm, Fl ∈ Tn

(S f , z f c
l Lkl) ≤ ST , max

n (24)

where ST , tr
m, n is the load transferred from the transformer Tm to Tn

when Tm faults; ST
n is the load of Tn; and ST , max

n  is the capacity of Tn.
Equation (23) is the load transfer calculation constraint in N − 1

state. Equation (24) is the transformer capacity constraint in N − 1
state.

2.5 Solution algorithm

The optimal operation model proposed above is a multi-objective
non-linear optimisation problem including multiple variables.
Thus, it is pretty difficult to obtain the optimal load distribution
solution using a single algorithm. A hybrid algorithm combining
NBI and SQP is employed to solve the problem.

The theory of Pareto optimality has been widely applied to
solve multi-objective optimisation problems. The NBI method is an
effective method to form the solution set of uniform Pareto front
end in the criterion space. The Pareto solutions formed are
generally evenly distributed and produce a more accurate
representation of the trade-off surface [12]. The procedure of NBI
method is as follows:

Step 1: The payoff matrix P is formed to map the weighting
vectors to the objective space ψ , which can be expressed as

P = [ψ1, ψ2] = F(x1) F(x2)
f (x1) f (x2)

(25)

where the diagonal elements referred as ideal values represent the
optimal objective values considering F(x) and f (x), respectively.
Step 2: Divide the utopia line between ψ1 and ψ2 into n equal slices
and then project at the point of the kth section in the direction of
the normal vector to form the Pareto surface.
Step 3: Maximise the distance between the utopia line and the
Pareto surface according to the Pareto optimality condition.

The original optimisation problem in (5) is transformed into a
set of the parameterised single-objective optimisation problems
with the objective to maximise the distance between the utopia line
and the trade-off surface.

The SQP method has been widely applied to solve the non-
linearly constrained optimisation problems, which has the
advantages of the super-linear convergence rate, global
convergence and high computation efficiency [13]. The
fundamental idea of the SQP approach is to substitute the original
model for a quadratic programming sub-problem at the current
iteration and then use the minimiser of this sub-problem to define a
new iteration [14]. The detailed procedure of SQP has been
described in [14], which is regarded as an application of the
Newton's method to the Karush-Kuhn-Tucher optimality conditions
for the original problem.

The flowchart of the hybrid algorithm to solve the coordinated
optimal model is shown in Fig. 1. 

3 Case study
In order to obtain the optimal operation mode and validate the
effectiveness of the formulated problem and solution algorithm, the
test 75-feeder distribution system with FS stations [15] is applied
to the case study and analysis. The parallelised programs are
compiled in MATLAB R2014a and run on a PC with 3.00 GHz
CPU and 4 GB RAM.

Fig. 2 shows the test distribution system containing 4
substations, 8 transformers, 75 feeders and 24 FS stations. The
rated voltage at the root of a feeder is 10.5 kV. The average system
load factor is 0.364. The load types are all the same with power
factor 0.85. The version of feeders is LGJ-185. The rated capacity,
length, unit resistance, and unit reactor of each feeder are,
respectively, 8.92 MVA, 4.65 km, 0.163, and 0.365 Ω. The
switchable capacitor banks are installed at the end of feeders and
the total reactive power capacity of switchable capacitor banks in
the test system is 48.4 MVAr. 
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Two cases are analysed for comparison purpose. The cases are
described as follows:

Case 1: Considering the variation coefficient of security distance in
the operation optimisation model.
Case 2: Without considering the variation coefficient of security
distance in the operation optimisation model.

3.1 Results of the proposed operation optimisation (Case 1)

The load distribution among transformers and feeders and security
distance for this case are, respectively, shown in Tables 1 and 2. At

this operating point, the average load factor of the test system is
0.612. 

It can be observed from Table 1 that the result of N − 1
loadability for this case in the presence of security margins is
252.2 MVA while the result for the real operation state is 150 
MVA, which validates that the efficiency and reliability of the
system have been greatly improved through the optimisation
compared with the real operation state. As seen from Table 2, all
security distances for this case are positive, which indicates that the
operating point obtained in this paper not only can guarantee
system N − 1 security, but also has a certain quantity of margins to
security region boundaries.

3.2 Comparisons of the two cases

Compared with the operation mode for Case 1, the operation mode
for Case 2 is also solved using the execution of the proposed
procedure in Section 2.5. The result of N − 1 loadability for this
case under this circumstance is 302.0 MVA and the average load
factor of the test system at this point is 0.733, which is larger than
the result with the consideration of security margin.

Comparisons of evaluation indices for Cases 1 and 2 are
illustrated in Table 3. From Table 3, it can be observed that the
formulated operation mode can provide a trade-off between asset
efficiency and system security. The following reason is analysed:
from the perspective of system security, the VEVSD and VSDSD of
the operation mode for Case 1 are, respectively, 1.6 and 1.3 MVA,
which illustrate the N − 1 security of the operating point and the
sufficiency of security margin to integrate appropriate loads on
each feeder. As a contrast, the security distances VEVSD and VSDSD
of the operation mode for Case 2 are all zero. The results indicate
that the operating point under this mode is just located on the
security region boundary, which has difficulty in guaranteeing the
N − 1 secure operation of the test system under uncertainties
associated with distributed generation output power and load
variation; from the perspective of asset efficiency, although the
VNLA of the operation mode for Case 1 is 0.09 bigger than that
without the consideration of security margin, this deviation could
be within the acceptable range of asset efficiency in practical
application. Thus, the proposed operation mode in this paper could
be better considering both system security and asset efficiency. 

3.3 N − 1 security margin verification with load variation

Assuming load variation on each feeder with 0.01 MVA increases
for the operating point without considering security margin, all
security distances for this case are negative, which indicate that the
operating point after little load growth is outside security region
and cannot guarantee system N − 1 security. For example, the
security distance of F1 is −0.02 MVA. As a contrast, after the load
of each feeder increases by 0.01 MVA from the operating point
considering security margin, the security distances for this case are
calculated and shown in Fig. 3. 

As seen in Fig. 3, all security distances for this case under this
circumstance are positive. This result indicates that the
corresponding operating point after load growth is inside the
security region and can guarantee system N − 1 security. This is
because the security distance of each feeder for the operation mode
considering security margin is larger than the sum growth of load
and power loss on the corresponding feeder. Thus, the operation
mode formulated in this paper has sufficient security margins to
guarantee the secure operation of the test distribution system under
uncertainties on the premise of high asset efficiency and can be
utilised for a practical operation application.

4 Conclusion
In this paper, a coordinated operation optimisation model for
interconnected distribution systems is proposed to improve system
security and reliability after a feeder or transformer N − 1
contingency. The proposed model optimises the apparent power of
feeder section loading. Two objectives (i.e. a variation coefficient
of security distance and N − 1 loadability adequacy) are minimised

Fig. 1  Flowchart for solving the coordinated optimal model
 

Fig. 2  Test distribution system
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using the combination of NBI and SQP algorithms. The case study
carried out on a test 75-feeder distribution system validates the
feasibility of the defined indices, proposed model, and solving
method. The simulation results demonstrate that it is possible to
determine the optimal operation mode using the flexible,
coordinated, and precise model. The optimal operation model
proposed in this paper could not only provide a trade-off between
system security and reliability, but also own good robustness in
respect to the practical operation under uncertainties.
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