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Anomalous ele
tron transport due to multiple high frequen
y beamion driven Alfvén eigenmodes∗N. N. Gorelenkov†, D. Stutman♭, K. Tritz♭, A. Boozer‡,L. Delgado-Apari
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† Prin
eton Plasma Physi
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♭Johns Hopkins University
‡Columbia University†Abstra
tWe report on the simulations of re
ently observed 
orrelations of the 
ore ele
tron transport withthe sub-thermal ion 
y
lotron frequen
y instabilities in low aspe
t ratio plasmas of the NationalSpheri
al Torus Experiment (NSTX). In order to model the ele
tron transport the guiding 
enter
ode ORBIT is employed. A spe
trum of test fun
tions of multiple 
ore lo
alized Global shearAlfvén Eigenmode (GAE) instabilities based on a previously developed theory and experimentalobservations is used to examine the ele
tron transport properties. The simulations exhibit thermalele
tron transport indu
ed by ele
tron drift orbit sto
hasti
ity in the presen
e of multiple 
orelo
alized GAE.
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I. INTRODUCTIONAnomalous ele
tron heat transport was observed in NSTX re
ently when strong, up to
PNBI = 6MW , NBI heating was applied in both H- and L-mode dis
harges [1℄. Subsequentanalysis allowed to infer high rates of the ele
tron heat 
ondu
tivity χe ≥ 10m2/sec. At thesame time strong high frequen
y MHD a
tivity, f = 0.5−1MHz, in
reasing with the appliedNBI power, was measured at the plasma edge and in the plasma 
ore. The high frequen
yspe
trum 
ontains multiple instabilities, whi
h 
an be interpreted as the instabilities of theGlobal Alfvén Eigenmodes (GAEs) lo
alized in the 
ore of the plasma and ex
ited by thebeam ions [2℄.The anomalous ele
tron transport potentially 
an have signi�
ant impli
ations for futurefusion devi
es, espe
ially low aspe
t ratio tokamaks. It 
an severely limit the range of plasmaoperation performan
e.NSTX is a low aspe
t ratio fusion experiment [3℄, whi
h presents a great opportunity forstudying energeti
 ion physi
s due to strong super Alfvéni
 population of beam inje
ted fastions having 
entral beta in the range, βf = 5 − 20%, in the plasma with a 
hara
teristi

entral beta, βpl = 10 − 40%, and a ratio of the birth velo
ity to the Alfvén velo
ity in therange vb/vA = 2 − 4.Two me
hanisms responsible for the anomalous ele
tron transport due to high frequen
ya
tivity in NSTX are of interest. The �rst is the resonan
e intera
tion with bulk (1 −
2keV energy) ele
trons. The se
ond is the sto
hastization of the ele
tron drift motion inthe presen
e of multiple instabilities, whi
h was proposed re
ently [4℄. It is based on thebeam ion ex
itation of multiple 
ore lo
alized GAE instabilities, whi
h at su�
iently strongamplitudes result in sto
hasti
 ele
tron drift orbits that in turn 
an 
ause the anomalousele
tron transport. In this paper we investigate this hypothesis in detail using the set oftest fun
tions employing numeri
al simulations with the help of the guiding 
enter 
odeORBIT [5℄, whi
h follows thermal ele
tron traje
tories. The se
ond me
hanism turns out tobe the dominant one for the ele
tron transport in our simulations when multiple modes arepresent. This is di�erent from previously suggested low frequen
y GAE-indu
ed ele
tronheat 
ondu
tivity, whi
h required 
oherent, resonant ele
tron-GAE intera
tions and theintrodu
tion of the parallel ele
tri
 �eld due to the 
oupling of GAEs and kineti
 Alfvénwaves [6℄. Further development of the resonant me
hanism and the following alternative2



explanation of the anomalous ele
tron transport in NSTX has been o�ered more re
ently[7℄. Our simulations imply that both passing and trapped ele
trons have broad responseto the perturbations in the phase spa
e (namely in pit
h angle, λ =
(

1 − v2
‖/v

2
)

B0/B,and energy, E , where v‖ is parallel to the equilibrium magneti
 �eld ve
tor, B0, velo
ity
omponent).It is interesting that the 
hara
teristi
 frequen
ies of transit and boun
e motion of ele
-trons are 
lose to the mode frequen
ies observed in the range 0.5− 1MHz and perhaps 
an
ontribute to the di�usion via the beat-wave resonan
es. Chara
teristi
 thermal passingele
tron transit frequen
y in NSTX plasmas is fte = 1
2π

v‖
qR

= 1.5MHz evaluated for ele
trontemperature Te = 1keV , safety fa
tor q = 2, and major radius R = 1m, whereas trappedele
tron boun
e frequen
y fbe = 1
2π

v⊥
qR

√

r
2R

= 400kHz at q = 2, r/a = 0.2, where r is theminor radius of a magneti
 surfa
e, and a is the plasma minor radius. In experiments q 
an
hange so that this estimate should be adjusted. Be
ause of su
h 
lose frequen
y relationsthe adiabati
 
ontribution to the �u
tuations of parti
le traje
tories in response to the per-turbations remain signi�
ant and if 
oupled with the sto
hastization me
hanism 
an indu
eparti
le di�usion.Appli
ation of the guiding 
enter 
ode, ORBIT, shows that the required level of theele
tron heat 
ondu
tivity, χe ≥ 10m2/sec is established in simulations with >∼ 20 inter-mittently unstable GAEs with the internal density perturbation amplitudes on the order of
δne/ne = 10−3. This is 
lose to the experimentally measured plasma density �u
tuationsinferred from the density averaged over the sight line of the high-k diagnosti
s operatedin the interferometri
 mode. Our simulations address the requirements for GAE stru
ture,amplitudes and the number of modes to a
hieve the ele
tron heat di�usivity resulting fromexperimental analysis. Results from the 
omparisons of the theory and re
ent NSTX exper-iments are presented. In this paper we fo
us not on exa
t 
omparison with the experiments,but on the theoreti
al and numeri
al insights of the ele
tron transport me
hanism due tomultiple GAE instabilities with the test fun
tions of GAE stru
tures. Su
h insight is neededfor further experimental and theoreti
al studies. In addition, to a

ount for the e�e
tsdue to the 
ollisions we will use ele
tron Coulomb s
attering frequen
y νe/ωce = 3 × 10−7(ωce = 0.7 × 1011sec−1), and assume that e-i 
ollisions double its value.This paper is organized as follows. In Se
tion II we outline key experimental eviden
e ofthe anomalous ele
tron transport in NSTX plasma. Then we present the numeri
al model3



in Se
tion III. Results of the simulations and their interpretations are given in Se
tion IV.It turns out that the e�e
t of the parallel ele
tri
 �eld is important for the ele
tron di�usioneven when it is small. The relevant simulation results are given in Se
tion V. The mainresults of the work are summarized in Se
tion VII.II. EXPERIMENTAL EVIDENCE OF ANOMALOUS ELECTRON TRANSPORTExperimental results from NSTX were reported earlier [1℄ and showed that at high NBIpower, ele
tron temperature does not in
rease in the 
enter during the heating phase evenwhen the applied power in
reases from PNBI = 2, to 4, and then to 6MW . Instead, the Tepro�le be
omes �at in both L− and H− mode dis
harges near the plasma 
enter, r/a ≤ 0.4,as 
an be seen in �gure 1. Here we studied NSTX plasma with parameters that are typi
alfor NSTX operations: aspe
t ratio, R0/a = 0.85m/0.61m = 1.4, NBI energy of 70− 90keV ,plasma 
urrent Ip = 0.8 − 1MA, equilibrium magneti
 �eld BT0 = 0.45 − 0.55T , and �atdensity pro�le with a 
entral density value 5− 6× 1013cm−3. The safety fa
tor was 
lose to,but above 1, so that the sawtooth os
illations are avoided.

Figure 1: Correlation of the high frequen
y MHD a
tivity with the �attening of thermal ele
trontemperature pro�les near the plasma 
enter as reprodu
ed from Ref.[1℄ for NSTX shot #120438.An analysis of the overall plasma performan
e using the TRANSP 
ode was 
ondu
ted toinfer the thermal ele
tron heat 
ondu
tivity. The 
ode solves the power balan
e equationsand a

ounts for the heat di�usion via various 
hannels. It uses several 
onstraints from4



the measurements of the internal plasma parameters, su
h as ele
tron and ion temperatureand density pro�les, as well as the neutron �ux. Su
h analysis required strong χe so thatat PNBI ≥ 4MW TRANSP predi
ts 
hara
teristi
 χe ≥ 10m2/sec. The predi
tions for thelow end of the χe range seem to be robust even with the un
ertainties in the measurementsand in the analysis. The robustness in part 
omes from the dominant heating 
hannel ofele
trons by the beams. Only below 
riti
al energy, Ebcrit ≃ 20Te ≃ 20keV , beam ionstransfer their energy to the thermal ions, so that the majority of the NBI power is absorbedby ele
trons. Beam ions are expe
ted to have peaked pro�les with insigni�
ant low frequen
yMHD su
h as in the studied plasmas. This is supported by the neutral parti
le analyzer(NPA) measurements. Further, in many experiments the lo
alization region of low frequen
yAlfvéni
 a
tivity is at the minimum of the safety fa
tor surfa
e, whi
h is outside the plasma
enter. Thus, the low frequen
y modes are de
oupled from the me
hanism of the ele
trontransport. As detailed analysis shows, the �attening of the fast ion pro�les is not 
onsistentwith the neutron �ux and NPA measurements [8℄.Thermal ion transport stays low, within the neo
lassi
al range, an order of magnitudelower than χe, in high NBI power shots. This suggests that the sto
hasti
 thermal ionheating me
hanism [9℄ is not appli
able in these plasmas. We also note that 
entral Te�attening is a

ompanied by a temperature in
rease at the periphery, whi
h is re�e
ted in
χe radial dependen
e and in the fa
t that total heating power substantially in
reases.An independent support of TRANSP inferred χe value 
omes from a spe
ial experimentalstudy of the indu
ed Te perturbation propagation in high NBI power dis
harges [8℄. In thoseexperiments applied Li pellet ablates in a shallow region near the plasma edge and introdu
es
Te perturbation propagating rapidly in the high beam power plasmas towards the plasma
enter. Su
h a te
hnique was applied to Edge-lo
alized modes (ELM) studies and ELMe�e
ts on ele
tron transport [10℄. The rate at whi
h the temperature perturbation prop-agates allows observation of radial dependen
e of the χe value independently of TRANSPresults. From those perturbative experiments χe emerges in the range of tens m2/sec, whi
his in the same ballpark as the predi
tions from TRANSP. The absolute value of temperatureperturbation is relatively small and amounts to ∼ 10%Te (0) and 
an be 
omparable to theedge ele
tron temperature. As an example we show 
ontours of the ele
tron temperature inFigure 2 measured by the SXR diagnosti
 in the (time, Te) plane. Te perturbation is shownto propagate from the edge (t ≃ 453msec) to the plasma 
enter (t ≃ 455msec). The total5



time of the 
old front propagation is very short, on the order of 2msec.The time dependen
e of the perturbation propagation 
an be obtained from the di�usionequation. If the perturbation gradient is strong, Te/∇Te < r, and the perturbation isGaussian in radius the radial 
oordinate of the perturbation front should evolve a

ordingto
rpert = a−

√

tχe (r).Thus, in observations we should look for the fastest 
hange of Te (t) (point of strongest slopegradient of the Te (t) dependen
e in Figure 2) to 
hara
terize the front propagation. The
orresponding 
urve of the Te perturbation front is shown in Figure 2 as a thi
k dashed line.This 
urve is di�erent from the 
urve used in Ref.[8℄, where the minimum of the perturbationin time was used as a referen
e point to 
hara
terize the perturbation propagation. Figure2 
orresponds to when the beam power was 
hanged from 4MW in the pre-heat phase to
6MW . Inferred χe rea
hed 100m2/sec, whi
h is 
onsistent with the TRANSP simulation (seeFigure 1). A more a

urate 
omparison requires more detailed study of the SXR diagnosti
modeling. If the power is 
hanged to 2MW the perturbation does not propagate beyond
r/a ≃ 0.5 to the plasma 
enter. This points to low χe value.

Figure 2: The SXR diagnosti
 measured the ele
tron temperature evolution during the shallowpellet perturbation in NSTX shot #120440 with 6MW beam power. NBI power is in
reased from
4MW in the pre-heat phase.We also note that the behavior of the Te perturbation front propagation indi
ates thedi�usive pro
ess rather than the presen
e of the 
onve
tive 
ells, ex
ept near the very 
enter6



of the plasma, r/a < 0.25.Subsequent analysis of the plasma with regard to the mi
ros
opi
 stability performedusing the linear GS2 
ode indi
ated that the 
entral gradient is too weak to sustain anyknown drift instability at the growth rate above the observed shearing rate of the plasmarotation [8℄. Measurements of the waveve
tor spe
trum with high-k diagnosti
 did not showany eviden
e of the ETG driven instability at frequen
ies where they are usually seen.On the other hand, a 
orrelation between the �attening of the ele
tron temperatureand the high frequen
y a
tivity was observed as shown in Figure 1. The frequen
y rangewhere instabilities are seen, 0.5 − 1MHz, is typi
al for NSTX plasma. This frequen
yrange was shown to be populated by both GAEs [2℄ and CAEs (Compressional AlfvénEigenmodes) [11℄. The mode identi�
ation was based on the observed instability frequen
yevolution and its polarization. The 
aveat in the polarization measurements is that re
entsimulations using HYM 
ode [12℄ have demonstrated that the GAEs having shear Alfvénpolarization, δB⊥ > δB‖, in the plasma 
enter 
an have di�erent polarization at the plasmaedge, δB⊥ < δB‖, whi
h is the property of CAEs. Thus, to robustly identify the instabilityone has to measure its internal stru
ture in addition to the polarization and frequen
yspe
trum. GAEs are lo
alized primarily near the plasma axis [2℄, whereas CAEs are lo
alized
loser to the plasma edge [13℄, but 
an be also present near the plasma 
enter [14℄. Oneimportant theoreti
al result is that GAEs with di�erent m,n pairs have di�erent frequen
yevolution as follows from a simple GAE dispersion relation: ω ≃ vA(m−nq)/qR0. Based onthe frequen
y evolution of the peaks in the spe
trum in �gure 1 we 
an 
on
lude that someof the peaks evolve independently in time. This means that GAEs are apparently ex
itedby the beams. More detailed stru
ture measurements and mode identi�
ation are requiredfor more a

urate 
omparisons with the experiment.III. MODEL FOR NUMERICAL STUDY OF GAE DRIVEN ELECTRON TRANS-PORTA. GAE perturbationWe use previous results of theoreti
al �ndings and numeri
al modeling to set up the GAEtest fun
tions for e-transport investigations.7



First, we note that 
onventional GAEs are lo
alized just below the minimum in theAlfvén 
ontinuum[15℄. GAEs were studied for the 
ase when the 
ontinuum has a minimumbetween the plasma 
enter and the edge. Typi
ally with �at ne pro�les near the plasma
enter in NSTX and monotoni
 q pro�les, Alfvén 
ontinuum has a minimum at r = 0. This
ase was also shown to have 
ore lo
alized GAEs in both theory and numeri
al simulations[2, 16℄. It follows that to predi
t GAE lo
alization and the width one has to know q pro�lewith very good a

ura
y, whi
h is often di�
ult to a
hieve in experiments. Instead, inthe following numeri
al studies we set up all GAEs to be lo
alized at r0/a = 0.2 (whereTRANSP predi
ts the peak of χe), having one poloidal harmoni
, m, and Gaussian radialstru
ture at radial width proportional to m−1, whi
h dire
tly follows from the theory [2℄.Many radial solutions 
an exist at ea
h m,n pair, but we will use only the lowest one, whi
h
orresponds to the widest GAE radial stru
ture and are likely to be more unstable than thehigher radial number solutions.At the high frequen
ies of interest we 
an negle
t the 
ompressibility of GAEs and leaveonly �ute-like perturbation, whi
h implies the following form for the perturbed magneti
�eld [5℄
δB = R0∇× (αB0) , (1)where B0 is the equilibrium magneti
 �eld, and the sum over various modes is assumed:

α =
N
∑

j=1

αj = α0

N
∑

j=1

e−iωjt+imjθ−injϕ · e−m2

j
(r−r0)

2/δr2 + c.c. (2)Here ωj, mj, and nj are the frequen
y, poloidal and toroidal mode numbers of the jth mode.All the GAEs are assumed to have the same amplitude α0. We also �x n to be negativeranging from −1 to −7 (
ounter to the plasma 
urrent propagation), whi
h follows from themagneti
 
oil measurements of GAE spe
trum in the frequen
y range of interest. For ea
h
n we vary the poloidal mode number and 
he
k the simpli�ed GAE dispersion relation

ωj = vAk‖j ≃ vA
mj − njq

qR0
(3)to verify if the mode frequen
y falls into the frequen
y range 0.5 to 1MHz of MHD a
tivity.With the plasma parameters of the analyzed NSTX shot up to N = 31, modes 
an exist inthis frequen
y range with the rotation e�e
t in
luded. We do not study the stability 
riteriafor ea
h mode, so that some of the modes used in the simulations 
ould be stable. It turns8



out that for the sto
hasti
 di�usion due to GAEs it is su�
ient to in
lude only some of
N = 31 GAEs. It will be shown in se
tion IVC that the sto
hasti
 threshold is a
hieved inthis 
ase at N >∼ 16, whi
h is also sensitive to the mode amplitude.Given the perturbations, Eq.(1), the radial 
omponent of GAE perturbed magneti
 �eld
an be approximated as

δBr/B0 ≃ ikθαR0 = iαmR0/r. (4)For the baseline 
ase of the simulations we 
onsider, qmin ≃ 1.3, α0/R = 4 × 10−4, its
hara
teristi
 value is δBr/B0 ≃ 0.5 × 10−2, and δr = 0.4a.Perturbation in the form of Eq.(1) allows for the �nite parallel ele
tri
 �eld, whi
h is not
ompatible with the ideal MHD model widely used in GAE theory. Be
ause of its stronge�e
t on ele
tron dynami
s one has to be sure that E‖ is zero in the 
old plasma limit, i.e.the ele
trostati
 polarization potential needs to be introdu
ed via the equation
E‖ = −∇‖φ− 1

c

∂αB0R0

∂t
= 0 (5)for ea
h eigenmode, whi
h implies that for one mode denoted with the subs
ript j the linearapproximation for the ele
trostati
 potential is

φj = ωjαjBR0/ck‖j. (6)Nevertheless, even the ideal MHD GAE stru
ture allows for a small but �nite parallelele
tri
 �eld. Its value 
an be found using the quasi-neutrality 
ondition in
luding su
he�e
ts as thermal ion �nite Larmor radius (FLR), ele
tron drift frequen
ies, two �uid e�e
tsand fast ions. One 
an show that all those e�e
ts are of the same order as the FLR e�e
t if
omputed perturbatively given the ideal MHD GAE stru
ture. For the FLR e�e
t we 
ande�ne parallel ele
tri
 �eld potential E‖ = −∇Ψ (see for example [17℄)
Ψj = φj

bi
bi + 1

, (7)where bi = (k⊥ρi)
2 /2, and k⊥ ≃ kθ. It is 
onsistent with vanishing E‖ in the zero FLR limit
orresponding to the ideal MHD. In the NSTX baseline 
ase we estimate bi ≃ 0.5 × 10−4given the ideal MHD GAE stru
ture. At that level E‖ has a small e�e
t on the ele
trontransport. Another sour
e of the �nite parallel ele
tri
 �eld impli
itly present in simulations
omes from the se
ond order 
orre
tions to Eq.(5), whi
h is also small as seen in simulations.The dis
ussion of its 
ontributions to φ is given in Appendix A.9



B. Use of parti
le 
ode for heat di�usion simulationsOne 
an show that thermal ions do not intera
t with the high sub-
y
lotron frequen
yos
illations of interest due to their low velo
ities. Fast ions, as we argued, provide the drivefor GAE instabilities, but their density is negligible in 
omparison with the ba
kgrounddensity. Thus one 
an expe
t that the net thermal ele
tron parti
le transport is negligible.This requires the introdu
tion of the ambipolar ele
trostati
 potential to 
ompensate for theradial ele
tron parti
le �ux. If the ele
tron distribution fun
tion is
Fe = ne exp [− (E + eφ) /Te] (me/2πTe)

3/2 , (8)the ele
trostati
 ambipolar potential 
an be found via
Γe =

∫

DeFe

(

−eφ
′

Te
+
n′
e

ne
+

ET ′
e

T 2
e

− 3

2

T ′
e

Te

)

d3v = 0, (9)where prime means radial derivative. It follows from Eq.(9) that the ambipolar potential iszero as expe
ted for the Maxwellian distribution with a �at density pro�le. For the arbitrarydistribution fun
tion su
h as found in numeri
al simulations we �nd
eφ′

T ′
e

=

〈

De

[

(lnne)
′

(lnTe)
′ +

E
Te

− 3

2

]〉

/ 〈De〉 ,where 〈f〉 =
∫

Fefd
3v/

∫

Fed
3v. We also �nd for the distribution 
lose to Maxwellian

q =
∫

EDeFe

[

−eφ
′

Te
+
n′
e

ne
+

ET ′
e

T 2
e

− 3

2

T ′
e

Te

]

d3v = ne
3

2
DeT

′
e = neχeT

′
e. (10)Whereas for the numeri
al distribution

χe
De

=

〈

EDev

[

−eφ′

T ′
e

+ (lnne)′

(lnTe)′
+ E

Te
− 3

2

]〉

Te 〈Dev〉
=

〈E2Dev〉
T 2
e 〈Dev〉

− 〈EDev〉2

T 2
e 〈Dev〉2

. (11)This expression is important as it allows to infer χe from the parti
le di�usivity, whi
h iseasily 
omputed using parti
le 
odes, su
h as ORBIT.IV. ORBIT MODELINGA. Single ele
tron motionGuiding 
enter 
ode ORBIT [5℄ is employed here with the perturbation in the form Eq.(1).The underlying pro
esses responsible for the sto
hasti
 ele
tron transport 
an be understoodfrom single ele
tron dynami
s. 10



First, we study the single ele
tron motion in the presen
e of GAEs for the baseline 
ase.It is possible to 
onstru
t the Poin
are map in the plane {ψ̄, θ0 = ωt+ nϕ
} for one mode.Trapped parti
les with only one mode in
luded, (m,n) = (3,−1) at f = 510kHz, form amap shown in �gure 3(a). When the se
ond mode is added we show the Poin
are map inthe plane with the phase determined by the 
hara
teristi
s of the �rst mode, θ0 = ω1t+nϕ.In both 
ases one 
an see the se
ular motion of ele
trons, whi
h is bounded in the radialdire
tion. However, when multiple modes are in
luded, su
h as the N = 20 
ase shown inFigure 3(
), the ele
tron motion be
omes sto
hasti
.

ψθ

_
ψθ

_
ψθ

_

θ0

(a) (b) (c)

0.05 0.1 0.05 0.10.050.1

2

−2

Figure 3: The ele
tron Poin
are plot in the plane {ψ̄, θ0 = ω1t+ nϕ
} with ψ̄ being the poloidal �uxnormalized to its edge value. The baseline 
ase is 
onsidered with α0/R = 4 × 10−4 and δE‖ = 0.Perturbed ele
tron motion in the dire
tion perpendi
ular to the equilibrium magneti
�eld 
an be des
ribed by two e�e
ts, the magneti
 �eld bending and the drift due to theperpendi
ular ele
tri
 �eld:

δv⊥ = v‖
δB⊥

B0
+

c

B2
0

[δE ×B0] , (12)where δ refers to the perturbed quantities. Radial displa
ement of an ele
tron, ξr, 
an befound from here using Eqs.(4,5):
dξr
dt

=
dδBr

dt

1

ik‖B0
+
ckθδE‖

k‖B0
− (vdr∇) δBr

ik‖B0
=
dδBr

dt

1

ik‖B0
+
ckθδE‖

k‖B0
+

(vdrδE) ckθ
vAk‖B0

, (13)where vdr is the toroidal drift velo
ity of ele
trons. The full derivative, �rst term in theRHS of this equation, is integrable and 
orresponds to the adiabati
 ele
tron motion. Thus,without the perturbed ele
tri
 �elds there is no net radial di�usion. The se
ond and thirdterms on the RHS are non-adiabati
, whi
h 
an result in the radial di�usion in the 
ase of11



few modes. We note that parallel ele
tri
 �eld and the toroidal drift a�e
t both non-resonantand resonant ele
trons. E‖ was used to des
ribe the resonant ele
tron intera
tion in Ref.[6℄.As we will show the resonant 
oherent motion of ele
trons is destroyed in the presen
e ofmultiple modes and is less relevant to our problem. This 
on
lusion is the result of thenumeri
al study illustrated in Figure 5. If the se
ond and the third terms of Eq.(13) aresmall we �nd the 
hara
teristi
 ele
tron radial displa
ement:
ξr =

δBr

ik‖B
= αR0

kθ
k‖
. (14)It also follows that the equation for ξr 
an be rewritten in the form

dξr
dt

≃ −i (kθR0) v‖α

(

1 − bi

√

me

βemi
− k

kθk‖R

√

bi

√

2me

mi

) (15)Two last terms in the RHS of Eqs.(13,15) are related as √
bi :

√
2βe/k‖R, whi
h meansthat with the NSTX parameters of interest and with the ideal MHD GAE stru
tures, theparallel ele
tri
 �eld term is smaller and the non-adiabati
 intera
tion is mediated by theperpendi
ular ele
tri
 �eld and the toroidal drift. The last term in Eq.(13) was negle
ted inRef.[6℄), whi
h was justi�ed in that work by an assumed signi�
ant in
rease in bi from theideal limit.Thus, the me
hanism of ele
tron di�usion follows. The �rst term in Eq.(13) determinesthe radial ele
tron displa
ement, whereas the third term (toroidal drift a
ross the �eldline) makes the ele
tron motion non-integrable by dephasing it from the se
ular adiabati
motion (deta
hing from the �eld line). The ele
tron-GAE dephasing introdu
es ele
tronorbit sto
hasti
ity when many GAEs are present.We estimate the 
hara
teristi
 dephasing time, τdeph, from the requirement that the thirdterm in the RHS of Eq.(13) introdu
es radial displa
ement su�
ient to 
hange ele
tron phaseby ∆rkr ≃ π. From Eqs.(13,6) we �nd that the inverse dephasing time is proportional tothe toroidal drift velo
ity and the mode amplitude:

τ−1
deph =

krkθR0

πk‖
vdrkα. (16)It is important to note here that in both Eqs.(14) and (16) α in
ludes all the modes. Theresulting sum of the modes depends strongly on the parti
ular spe
trum used in simulations.It 
an be shown that in our 
ase the sum of GAEs, ∑j αj, along the parti
le orbit is limitedby the maximum value, whi
h in
reases with N . It is trivial in the 
ase of two modes,12



but gets more 
ompli
ated in the 
ase of multiple modes, whi
h is di�
ult to 
omputeanalyti
ally. Leaving the details to future work we o�er an empiri
al expression for the limitvalue of the α variation, |α| ≤ α0NNthr/
√

N2 +N2
thr, whi
h appears to be valid for low tomedium N , where Nth ≃ 15. We also note that at high N , |α| < α0Nthr.B. Parti
le di�usionIn the numeri
al study we load ele
trons with the Maxwell isotropi
 distribution fun
tionon a 
ertain �ux surfa
e and monitor how their radial positions evolve in the presen
e ofmultiple GAEs and 
ollisions. Ele
trons are allowed to drift in the equilibrium magneti
�eld over a long time period 
ompared to their transit, pre
ession periods around the torus,and the os
illation periods of GAEs. If the pro
ess is di�usive then we should observelinear in time behavior of the average over parti
les of the �ux variable, 〈∆ψ2〉 (t), where

∆ψ = ψ̄ − ψ̄0, and ψ̄0 is the parti
le initial normalized poloidal �ux.
∆ψ
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t(msec)Figure 4: Time evolution of the poloidal �ux 〈∆ψ2

〉

(t) averaged over the ele
tron distribution inthe presen
e of multiple GAEs.In the example shown in Figure 4 we used the baseline 
ase with α0 = 4×10−4, ψ̄ = 0.06,
ψ̄0 = 0.04, Te = 1keV and N = 31. One 
an see almost linear dependen
e of 〈∆ψ2〉 in timefrom t =∼ 0 (after ele
trons prompt relaxation) to t = 0.012msec. It is well known thatthe linear dependen
e is 
hara
teristi
 for the parti
le di�usion with the initial distribution
lose to the delta fun
tion in radius. By t = 0.012msec most e�e
ted ele
trons rea
h theboundaries of the GAE lo
alization region and the e�e
ts of the mode �nite width be
omes13



important.It is interesting to look into the phase spa
e pi
ture of the ele
tron di�usion. In Figure 5we plot the 
ontour map of the ele
tron displa
ement in the plane-pit
h angle, λ = µB0/E ,energy, E(keV ), where µ is the adiabati
 moment. Shown is the deviation of the parti
lepoloidal magneti
 �ux from the mean poloidal magneti
 �ux over the parti
le distribution:
〈∣

∣

∣ψ2 − 〈ψ〉2
∣

∣

∣

〉

dv
,where dv means that the average is taken over the vi
inity (small re
tangle on the 
ontourmap) of a point in the map plane. In Figure (a) the deviation is plotted for the intermediatevalues of the GAE amplitudes, α0 = 10−4, and νe = 0, whereas for the �gure (b) weused mu
h larger amplitudes α0 = 4 × 10−4. In both 
ases we had N = 31 modes and

ψ̄ = 0.05. For weak GAE amplitudes two regions are seen to have stronger, perhaps resonant,intera
tions with the modes. First is the passing parti
le region, approximately at λ =

0.3, E = 3keV , at whi
h energies ele
trons do not have dire
t transit resonan
e, but mayhave some beat frequen
y transient resonan
es with the frequen
ies ∆ωjk = ωj ± ωk. These
ond region is the trapped ele
tron region, near λ ≃ 1 in a broad energy range. Simulationsindi
ate that it is broad due to many frequen
ies present and thus many trapped ele
tronspotentially may be in resonant intera
tion.GAEs with strong amplitudes smear the regions of strong 
oherent ele
tron-GAE intera
-tions, su
h as at α0 = 4× 10−4 shown in Figure 5(b). Clearly the intera
tion with ele
tronsis mu
h broader in the phase spa
e at high mode amplitude, whi
h indi
ates that the reso-nant stru
tures are not established. Appli
ation of the expression, Eq.(11), to the 
ase (a),
α0 = 10−4, gives very low ele
tron heat 
ondu
tivity χe < 1m2/s, whereas at α0 = 4× 10−4we �nd χe ≃ 10m2/s, whi
h is marginally 
lose to the TRANSP inferred values.As we argued in the dis
ussion after Eq.(13) the de
orrelation of the ele
tron GAE in-tera
tion is due to the os
illating ele
tri
 �elds. For the 
oherent wave parti
le intera
tion,whi
h is expe
ted in the 
ase of resonant intera
tion, the parti
le energy 
hange is propor-tional to the 
hange in the parti
le radial position ∆ψ ∼ ∆E [18℄. If the resonan
es areimportant and if they remain 
oherent over the simulation time they should be re
ognizableas stru
tures in the ele
tron test parti
le simulations be
ause only a �nite number of low nmodes is present and be
ause the frequen
ies of all the modes are 
lose to ea
h other. Weillustrate su
h dependen
e obtained in simulations in Figure 6, where no sign of resonant14
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Figure 5: Contour map of ele
tron displa
ement in the phase spa
e. Mean values 〈∣∣∣ψ2 − 〈ψ〉2
∣

∣

∣

〉

dvare plotted in ea
h bean, where the outer averaging is taken in the vi
inity of ea
h point of theplane. Elevation is in arbitrary units re�e
ted in the linear 
olor s
heme. Figure (a) is for low GAEamplitudes α0 = 10−4, whereas �gure (b) is for high amplitude α0 = 4 × 10−4.stru
tures 
an be identi�ed. This lends support to our interpretation of the me
hanism ofele
tron di�usion to be broad in the phase spa
e in whi
h the 
oherent intera
tion with theGAEs is not established and ele
tron drift traje
tories are sto
hasti
.

∆
E

(k
eV

)

Figure 6: The 
hange of the ele
tron radial position shown via the 
hange of the normalized poloidal�ux versus the 
hange of its energy for the baseline 
ase. Parti
le parameters are taken at the endof the run shown in Figure 4.
15



C. Thermal ele
tron heat 
ondu
tivity dependen
iesBe
ause of the importan
e of the sto
hasti
 threshold onset we show the dependen
e ofthe heat ele
tron 
ondu
tivity on the number of GAEs in
luded in the simulations in Figure7. In this study we in
reased the number of modes by varying n from -1 down and varying
m's to �t the 0.5 to 1MHz frequen
y range.

Figure 7: Ele
tron heat 
ondu
tivity dependen
e versus the number of applied GAEs. The resultsare obtained for the baseline 
ase νe/ωce = 6 × 10−7, ψ̄ = 0.06, α0/R = 4 × 10−4.At small N 's χe is small and only weakly depends on N . This is 
onsistent with ourargument about the adiabati
ity of the ele
tron motion. Note that the role of resonan
es isweak at these amplitudes as only a narrow region of the phase spa
e is a�e
ted. Ele
trondi�usivity jumps by almost two orders of magnitude at N > 16. The modes in
luded insimulations are all 
lose in values of k‖ and frequen
ies, and inter
hanging them produ
essimilar results. At N >∼ 16 we �nd a plateau: weak dependen
e on the number of modes,whi
h is a surprising result.In simulations we observed various dependen
ies with regard to the GAE amplitudes.The results of su
h study are shown in Figure 8.These results together with the single parti
le 
hara
teristi
 motion (see Se
tion IVA)helps to 
onstru
t the expression for χe and to understand its dependen
ies on some plasmaand GAE parameters. The radial parti
le displa
ement is randomized by the toroidal driftdephasing with the 
hara
teristi
 time given in Eq.(16). Thus we 
an 
onstru
t the followingexpression having in mind Eq.(14) and 
hara
teristi
 values k‖ ≃ 2m/qR, m = 3, α0 =16



Figure 8: Ele
tron heat 
ondu
tivity versus GAE amplitude dependen
ies. Solid 
urve 
orrespondsto the χe without 
ollisions at ψ̄ = 0.05, dashed 
urve in
ludes 
ollisions, dash-dot-dot-dot 
urvein
ludes 
ollisions but is obtained at ψ̄ = 0.06. For 
omparison, two lines, dash-dot and dot-dot,are plotted with α3 and α6 dependen
ies.
4 × 10−4 q = 1.3, N = 20:

χe =
3

2
ξ2
rτ

−1
deph = α3R3

0

3k3
θ

2k3
‖

krk⊥vdr
π

, (17)whi
h is evaluated to χe ≃ 4m2/s. This is reasonably 
lose to the observed values of thethermal heat 
ondu
tivity at the plateau given the spread of used GAE parameters.The expression for the di�usion 
oe�
ient we found has 
ubi
 dependen
e on the modeamplitude χe ∼ α3. This is di�erent from the di�usion due to the resonant island overlap
χe ∼ α, where the island width in
reases like √

α. It is also stronger than quadrati
 powerdependen
e obtained in Ref.[6℄.Although both the absolute value from the estimate, Eq.(17), and its dependen
e on themode amplitude, χe ∼ α3, are in agreement with simulations at α0 < 5× 10−4, we observedstronger dependen
e, χe ∼ α6 at higher mode amplitudes, su
h as shown for ψ̄ = 0.05. It ispossible that higher order nonlinear resonan
es 
ontribute to the di�usion, but we defer itsinterpretation to future works. However, we rule out the potential e�e
t of nonlinear highorder in α 
orre
tions to E‖ by 
arefully examining their 
ontributions numeri
ally usingseveral te
hniques. The dis
ussion of su
h e�e
ts is presented in the Appendix A.Strong amplitude power dependen
ies, χe ∼ α3 and χe ∼ α6, 
an introdu
e intermittentlystrong e-transport, whi
h 
an be expe
ted if the GAE amplitude burst over a short time17



period. At the same time, measured amplitudes are often obtained from time-averaged dataso that the peak GAE amplitude 
an be higher. The eviden
e of su
h behavior should bereviewed in the experiments. We also note that the 
ollisions have small e�e
ts at largemode amplitudes as expe
ted.Radial dependen
e of the ele
tron thermal di�usion is determined by the GAE stru
tureassumed in simulations. It is found to be peaked near the mode lo
alization region as shownin Figure 9. From these results we 
an 
on
lude that the marginal agreement between thesimulations and χe > 10m2/s inferred from the experiments 
an be a
hieved at the levelof mode amplitudes α > 4 × 10−4, whi
h also means that the perturbed magneti
 �eld is
δBr/B >∼ 0.5 × 10−2, or ξr

R
∼ α m

k‖r
∼ α

ǫ
∼ 10−3 and δn/n ≃ ξr/R.

Figure 9: Radial dependen
e of thermal ele
tron 
ondu
tivity obtained for the baseline 
ase at
α0 = 4 × 10−4 with (dashed line) and without (solid line) 
ollisions.V. PARALLEL ELECTRIC FIELD EFFECT ON ELECTRON TRANSPORTDue to small mass ele
tron transport is sensitive to the parallel ele
tri
 �elds. To inves-tigate this e�e
t we use an additional 
ontribution to the ele
trostati
 potential, Ψ, so that
E‖ = −∇Ψ, whi
h appears due to thermal ion FLR and is given by the equation (7). In thisstudy E‖ variation is a
hieved by 
hanging parameter bi taken to be the same for all modesfor the purpose of illustration. The 
ontribution of Ψ to E⊥ is small, but is a key fa
tor for
E‖ e�e
ts. Depending on the initial radial position, even relatively small E‖ 
an in
reasethermal ele
tron heat 
ondu
tivity by as mu
h as an order of magnitude if, for example, bi18




hanges from zero to bi ≃ 10−3 at ψ̄ = 0.05 as presented in Figure 10.

Figure 10: Parallel ele
tri
 �eld dependen
e of the ele
tron heat 
ondu
tivity for the baseline 
ase
νe = 0, α0 = 4 × 10−4. Two 
urves 
orrespond to two di�erent initial radial positions of ele
tronsas indi
ated.We observe two 
hara
teristi
 dependen
ies here. Linear dependen
e, χe ∼ E‖ ∼ bi, istypi
al and is seen at ψ̄ = 0.06. On the other hand, from Eq.(13) it follows that dephasingof ele
tron-GAE intera
tion is possible due to the parallel ele
tri
 �eld. The 
hara
teristi
time in this 
ase is

τ−1
deph =

krkθvAR0

π
αbi.Consequently, we �nd the heat di�usion 
oe�
ient

χe =
3

2

k3
θR

3krvA
π

α3bi. (18)This expression has the same linear dependen
e on bi as seen in the numeri
al experiment,Figure 10. We should note, though, that at 
ertain radii and small values of bi we �ndquadrati
 dependen
ies of the ele
tron heat 
ondu
tivity, χe − χe|E‖=0 ∼ E2
‖ ∼ b2i , bi <

3 × 10−4. One 
an imagine that at a low parallel ele
tri
 �eld the additional 
ontributionto the di�usion 
omes from the resonant ele
tron displa
ement (along the lines of Ref.[6℄),but more detailed study of the phase spa
e maps did not reveal the presen
e of the resonantstru
tures if multiple modes are in
luded.Be
ause of the strong e�e
t of the parallel ele
tri
 �eld it is important to understandits possible origin. As we saw, the perturbative parallel ele
tri
 �eld with the ideal MHDlimit for k⊥ has negligible e�e
t on the transport. Another e�e
t 
an be brought up, whi
h19



is 
oupling to the kineti
 Alfvén wave (KAW). It 
an potentially introdu
e strong parallelele
tri
 �eld due to large k⊥.In the standard GAE theory [2, 15℄ eigenfrequen
ies lay below the Alfvéni
 
ontinuum,where the KAW does not have a propagating wave-like solution. GAEs will have kineti
features with a strong KAW presen
e if their frequen
y is above the Alfvén 
ontinuum. Su
h
oupling was suggested to exist in stellarators [6℄. In tokamaks the theory suggests that theeigenmodes do not always exist in this 
ase. If GAE frequen
y lays above the 
ontinuummaximum (q has a lo
al minimum at some point, r = r0, slightly away from the axis) the
riterion for the mode existen
e was obtained in Ref.[19℄, Q > 1/4, where Q is a 
ertainfun
tion responsible for the �e�e
tive� potential well. With the expression for Q obtained inhigh aspe
t ratio, high-n approximation in Refs. [20, 21℄ this 
riterion has a form
Q ≃ |n|

r2
0

∣

∣

∣q′′0k‖
∣

∣

∣R0

[

α2

2
− ∆′α+ αε

q2 − 1

q2
− ε

2
(ε+ 2∆′)

]

>
1

4
, (19)where α = −R0q

2β ′, ε = r/R0, ∆′ is the derivative of the Shafranov shift. In another 
asewhen the Alfvén 
ontinuum has a minimum (q has a lo
al maximum at r = r0) and GAEfrequen
y lays above it, the 
riterion for the eigenmode existen
e 
an be written in the sameform and was obtained in Ref.[22℄
Q > 2. (20)One 
an see that the se
ond 
ase is more restri
tive and requires �atter q pro�les. It alsofollows from both 
riteria that at su�
iently �at q-pro�les (small r2

0q
′′) kineti
 GAEs 
anexist.One parti
ular issue to be resolved is showing that the hybrid kineti
 GAE modes aremore unstable than the 
onventional GAEs.VI. DISCUSSION AND IMPLICATIONS FOR EXPERIMENTSBe
ause of the di�
ulties of measuring the internal mode stru
tures we 
an 
omparemodel GAE spe
trum only with the spe
trum of the high frequen
y modes measured by ahigh-k diagnosti
 working as an interferometer [23℄. The high-k measured high frequen
ymode spe
trum is averaged within 10msec and has a maximum of the integrated densityperturbation on the level of 〈δne〉 / 〈ne〉 ≃ 1.5 × 10−4. We show the syntheti
 diagnosti
20



signal of the used GAE spe
trum integrated along the same line as in experiments (seeFigure 11) with the amplitude α0 = 1.5 × 10−4, whi
h has to be 
hosen in su
h a way thatthe maximum among all GAE amplitudes �ts the measured maximum over the spe
trumpeaks value 〈δne〉 / 〈ne〉 ≃ 1.5 × 10−4. Our plotted spe
trum is to be 
ompared with thespe
trum shown in Figure 4 of Ref.[1℄. In plotting Figure 11 we made use of the followingrelations
α =

(m− nq) r

qR0m

ξr
R0

=
(m− nq) r

qR0m

δne
R0∇ne

. (21)From the latter and Figure 11 it follows that approximately we indeed have α0 ≃ 〈δne〉 / 〈ne〉.
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Figure 11: Spe
trum of N = 31 GAEs used in ORBIT simulations with the amplitude α0 =

1.5 × 10−4. Figure (a) shows a line averaged perturbed density spe
trum with the line of sight at
r/a = 0.25. Figure (b) shows the lo
al amplitude of the density perturbation. Plasma rotationwith the frequen
y frot = 25kHz is taken into a

ount.One important 
on
lusion to be drawn from Figure 11 by 
omparing (a) and (b) is thatthe lo
al value of the density perturbation 
an be signi�
antly larger than its integral by asmu
h as 5 times. This has to be taken into a

ount when making a 
omparison with theexperiments.Be
ause of the time averaging used in high-k measurements, GAE peak values within theaveraging time interval are larger than the value 
ited here and in Ref.[1℄ by as mu
h asa fa
tor of 2 or 3. GAE amplitude �u
tuation 
an be seen in the magneti
 
oil spe
trumevolution. We note that the marginal value for the ele
tron heat 
ondu
tivity inferred fromexperiments, χe = 10m2/s, 
an be explained by simulations presented in this work giventhis un
ertainty.In order to make a proje
tion for the ele
tron transport due to multiple GAEs to other21



fusion experiments one has to predi
t the number, the stru
ture and the amplitudes ofthe unstable GAEs. This requires the nonlinear simulations with the 
apabilities to modelthe 
y
lotron resonan
es in wave - fast parti
le intera
tions. These tools are under thedevelopment [2, 12℄. However basing on the present work and previous observations we 
andraw some qualitative 
on
lusions.Essential elements of the GAE driven ele
tron transport model presented here for NSTXimply a strong drive on the level γ/ω = 1 − 10% [2℄ due to strong anisotropy of beam ionvelo
ity distributions. Su
h anisotropy is also expe
ted for alpha distribution in an ST-likerea
tor, but less in ITER [24℄. GAE instability similar to the ones in NSTX requires alarge ratio vf/vA = 2 − 4, whi
h is typi
al for STs. Weakly damped multiple instabilities,
N ≥ 10, have to be present. Be
ause the drive is proportional to the energy availablefor the instability, whi
h in turn is proportional to the fast ion beta, βf , the latter seemsto be one of the key parameters responsible for how many GAE instabilities are ex
itedand how virulent they 
an be. Su
h 
onditions mean that relatively high βf and βf/βpl arerequired. Hen
e, one 
an 
on
lude that the ST-like fusion rea
tors are more likely to developanomalous ele
tron heat transport due to multiple GAE instabilities driven by fusion alphaparti
les.VII. SUMMARYWe have demonstrated that multiple unstable GAEs with su�
iently strong amplitudes
an be responsible for the anomalous ele
tron transport in NSTX. The me
hanism for su
hanomalous transport is sto
hasti
 ele
tron radial drift motion in the presen
e of multipleGAE instabilities. Spa
ial overlap of multiple instabilities is required for su
h transport.Anomalous ele
tron thermal 
ondu
tivity on the level of χe = 10m2/s, whi
h is inferredfrom TRANSP modeling, is obtained in numeri
al simulations with N > 16 GAEs ea
hhaving the amplitude of the parallel ve
tor potential α0 = 4×10−4. Within the experimentalun
ertainties of the mode stru
ture and measured amplitude (fa
tor of 2-3) our simulationsprodu
e the required level of ele
tron heat 
ondu
tivity. A

urate mode identi�
ation andstru
ture measurements of high frequen
y instabilities are needed for better 
omparison withexperiments.We demonstrated that ele
tron heat 
ondu
tivity has a strong mode amplitude power22



dependen
e (χe ∼ α3, and up to χe ∼ α6 at high mode amplitudes) and 
onje
ture thatit 
an introdu
e intermittently strong e-transport. If GAE amplitudes burst over a shorttime period, GAEs 
an intermittently indu
e strong ele
tron di�usion. The eviden
e ofsu
h behavior should be sought in the experiments. It is interesting that the 
hara
teristi
magneti
 �eld of the perturbations in our simulations, δB/B ≃ 0.5 × 10−2, is the same asused in Ref.[7℄, where the resonant ele
tron-GAE intera
tion was brought about as a basis forthe energy 
hanneling of the heating power from beam ions to GAEs and �nally to ele
tronsin the regions outside of the plasma 
enter. In this me
hanism persistent ex
itation of GAEsis required, implying that almost all the energy from high energy beam ions is transferred tothe modes (about half of the inje
ted power 
omes in low energy ions: at half and one-thirdfra
tions of the inje
tion energy). In our me
hanism it is possible that GAEs indu
e ele
trontransport on a short time s
ale when the perturbation amplitude peaks. In our simulationsit is a fra
tion of a millise
ond.We showed that the perturbed parallel ele
tri
 �eld 
an strongly enhan
e the radialdi�usion. Eviden
e for E‖ presen
e in experiments have to be sought by resolving ρ−1
is
ales. We ruled out the possibility that the nonlinear se
ond order in perturbation 
orre
tion
ontributions to the parallel ele
tri
 �eld have an e�e
t on the ele
tron thermal di�usion.We would like to note that the intera
tion between GAEs and the ba
kground turbulen
e
an be of interest and has to be studied.Appendix A: E�e
t of se
ond order 
orre
tions to the parallel ele
tri
 �eld onanomalous ele
tron di�usionAs the GAE amplitude in
reases linear approximation for the derived parallel ele
tri
�eld, Eqs.(5,6), may not be a

urate beyond some α value. Sin
e the e�e
t of E‖ is strong,it is important to investigate su
h a possibility. We have done two independent 
he
ks toaddress it.First, E‖ is for
ed to be zero for ea
h parti
le on its orbit in the equations of motion[18℄ during the numeri
al run. Su
h pro
edure shows identi
al results to the baseline 
asespresented. The problem with it is that the ele
trostati
 potential is not 
omputed using theequation E‖ to higher orders and, thus, 
hanges ele
tron Hamiltonian.The se
ond method is to dire
tly 
ompute the se
ond order 
ontributions. It allows for23



self
onsistent evaluation of the ele
trostati
 potential to satisfy the ideal MHD requirement
E‖ = 0 to that se
ond order in α. This method after implementation in the ORBIT 
odeprodu
es again almost identi
al results to the ones presented in this paper. We derive theexpression for φ hereafter, where we employ the same notations as in Ref.[18℄.Let us expand the ele
trostati
 potential

φ = φ0 + φ1, (A1)where φ0 is the linear in α ≪ 1 approximation, and φ1 is the se
ond order 
orre
tion. Thelinear part of the ele
trostati
 potential satis�es
∇‖φ0 =

iω

c
αB0, (A2)whi
h results in Eq.(6). The se
ond order 
orre
tion 
an be found from the following equation

∇‖φ1 = −δB
B0

∇φ0 +
iω

c
αδB‖, (A3)where higher order terms were ignored.We also have for the parallel to the magneti
 �eld operator

∇‖ =
1

B0J
(∂θ + q∂ϕ) ,where J is the Ja
obian satisfying the 
ase of the Boozer equilibrium B2J = I + gq, and

g = B0ϕR. Using Eq.(A2) we �nd that only δB⊥ 
ontributes and
∇‖φ1 = −∇⊥φ0

B0

[∇α× B0 + α∇×B0] . (A4)After some algebra and assuming α =
∑

j αj sinPj , where Pj is the phase, we �nd
JB0∇φ1 =

∑

j′,j

(

I + gq

n′q −m′

)′

ψ

ωj′αj′ sinPj′

[

∇ψ2

X2
αjnJ cosPj +mgαj cosPj

]

− ωαj′ sinPj′αj cosPj
[

g′B2
0J + Jgp′

] (A5)
− αj′ sinPj′φ0jn cosPjJ∇

∇ψ
X2

− αj′ sinPj′φ0jm cosPjg
′,where primes in the mode numbers and frequen
y mean that they are related to j′ sum.
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