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Abstract.  Experiments on the National Spherical Torus Experiment [M. Ono, et al., Nucl. 

Fusion 40 (2000) 557 ] have found strong bursts of Toroidal Alfvén Eigenmode (TAE) 

activity correlated with abrupt drops in the neutron rate.  A fairly complete data set offers 

the opportunity to benchmark the NOVA [C. Z. Cheng, Phys. Reports  211, 1-51 

(1992)] and ORBIT [R. B. White and M. S. Chance, Phys. Fluids 27, 2455 (1984)] 
codes in the low aspect ratio tokamak (ST) geometry. The internal structure of TAE were 

modeled with NOVA and good agreement is found with measurements made with an array 

of five fixed-frequency reflectometers.  The fast-ion transport resulting from these bursts of 

multiple TAE were then modeled with the ORBIT code.  The simulations are reasonably 

consistent with the observed drop in neutron rate.  While these results represent our best 

attempts to find agreement, we believe that further refinements in both the simulation of the 

TAE structure and in the modeling of the fast ion transport are needed.  Benchmarking 

stability codes against present experiments is an important step in developing the predictive 

capability needed to plan future experiments.  

I. Introduction

A broad spectrum of instabilities [1] is found to be excited in the National Spherical 

Torus Experiment (NSTX) [2] during heating by neutral beam injection (NBI).  The neutral 

beams can be injected with energies between 60 kV and 95 kV.  The beam ion velocities (at 

full energy) are typically several times faster than the Alfvén speed, VA in the plasma.  Two 

classes of these beam driven instabilities are correlated with significant drops in the neutron 
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rate; a strongly chirping, fishbone-like Energetic Particle mode (EPM) [3,4] and strong bursts 

of multiple, frequency chirping, Toroidal Alfvén Eigenmodes (TAE) [5,6].  The TAE bursts 

are believed to be an example of the synergistic interaction of multiple modes causing non-

linear enhancement in fast in transport, TAE avalanches.  Individual TAE are considered 

unlikely to cause significant fast ion losses in ITER [7], but the interaction of multiple TAE 

is considered a possible concern for enhanced transport of the fusion α's in ITER [8].  

In this paper we will describe an experiment to identify the threshold for excitation of 

TAE and the TAE bursts and to acquire data needed to benchmark the ideal stability code, 

NOVA [9,10] and the particle tracking code, ORBIT [11].  This paper describes the results 

from the initial experiments; further experiments 

with more complete diagnostics will be carried 

out in coming years.  In Section II the conditions 

under which the modes are seen and the 

diagnostic measurements of the modes and 

equilibrium are described.  Section III describes 

the reconstruction of the equilibrium and 

calculation of the fast-ion distribution.  In Section 

IV the measurements of the mode structure are 

compared to the NOVA simulations and Section 

V describes the simulations of the fast-ion 

transport and loss.

II.  Experimental Conditions

The target plasma has a ‘flattop’ plasma 

current of 800 kA (Fig. 1d) with a nominal 

toroidal field of 4.5 kG.  Neutral beams were used 

to heat the plasma during the current ramp and to 

provide a measurement of the initial q-profile with the Motional Stark Effect (MSE) 

diagnostic [12] (Fig. 1b&c).  At the current flattop time (≈ 0.175 s), the beam power was 

reduced below the threshold needed to excite TAE activity by substituting a neutral beam 

source at 70 kV for the 90 kV source used during the current ramp.  The fast ion population 
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Fig. 1.  a)  Spectrogram of Mirnov coil [black - 1, 
red - 2, green - 3, blue - 4, cyan - 5, magenta - 6], 
b)  Voltage for neutral beam sources ‘A’, ‘B’, and 
“C”, c)  Neutron rate (black) and total injected 
beam power (red), d) Plasma current.



built up during the current ramp was then allowed to relax for 65 ms.  At 0.24 s an additional 

source at 65 kV was added to increase the fast ion beta above the threshold for TAE.  TAE 

onset shortly before 0.25 s and the first strong TAE burst occurs at ≈ 0.258 s (Fig. 1a) 

causing a transient drop in the neutron rate (Fig. 1c, black curve).  As will be described 

below, the q-profile is still strongly evolving, reaching qmin ≈ 1 around 0.3 s, at which time a 

fishbone-like EPM triggered a core kink mode, suppressing the TAE activity, possibly 

through redistribution of core fast ions.  At 0.3 s the 90 kV source was substituted for the two 

lower voltage sources to again provide a measurement of the q-profile.  

In Figs. 1b, 1c and 1d is shown the time history of the accelerating voltage for each 

source, the evolution of the plasma current and the net neutral beam injected power.  The 

beam voltage indicated by the black curve is for source A, the source kept at an accelerating 

voltage of 90 kV for the MSE diagnostic.  Thus, for this shot, the MSE measurements are 

available for roughly 0.1  s to 0.17 s and after 0.3  s.  The evolution of the q-profile was 

measured in a similar shot with source A on from 0.1 s to 0.17 s and from 0.24 s to 0.46 s.  

While the bursting character of the modes changed for this slightly lower power (2 MW vs.  

2.2 MW) and higher beam voltage shot, the q-profiles are found to be in good agreement at 

0.32 s suggesting that the current profile evolution isn’t strongly influenced by the change in 

beam voltage.

The plasma was kept in L-mode by using a Helium pre-fill and Helium gas puffing.  The 

high recycling rate of Helium raises the H-mode power threshold.  The best diagnostic on 

NSTX for internal measurements of the evolution of the mode structure and amplitudes is the 

five-channel reflectometer array, with the highest frequency channel at 50 GHz, or an ‘O’-

mode cut-off density of ≈3.1 x 1019/m3.  thus useful data on the internal mode structure 

requires a peaked (L-mode) density profile with a density on axis between 3.2 x 1019/m3 and 

4 x 1019/m3.  The H-mode pedestal density in NSTX H-mode plasmas is typically above the 

cut-off frequency of the reflectometers and the density profile is flat in the core region. 

Scans of the beam voltage (and thus power) were done with single sources at tangency 

radii of 49.7 and 59.2 cm from 65 kV (≈1MW) up to 95 kV (≈2.1 MW) to find the optimum 

conditions for TAE avalanching.  It was found that the most reliable production of TAE 

avalanches for these L-mode plasmas was by using two lower voltage (65 or 70 kV) beam 
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sources rather than a single higher voltage source at similar power.  Two sources at 65 kV 

(Rtan = 49.7 cm and 59.2 cm) are sufficient to excite TAE, and with only slightly more power, 

(an increase of the voltage in one source from 65 kV to 70 kV) TAE avalanches are seen.  

These scans were duplicated at higher, 5.5 kG, and lower, 3.5 kG, toroidal field (with same 

plasma current and nominally the same density).  TAE avalanches are more difficult to obtain 

at low field, and marginally easier at higher field, consistent with an interpretation that too 

large a ratio of Vfast to VAlfvén reduces TAE fast-ion drive, 

presumably by moving the fast ions further above the 

resonance condition.

Plasma parameters were measured with an array of 

diagnostics, notably Thomson scattering [13] for electron 

density and electron temperature profiles (Fig. 2a and 

Fig. 2b), charge-exchange recombination spectroscopy 

(CHERS) [14] for ion temperature, toroidal rotation (Fig. 

2c) and Carbon density (the dominant impurity for Zeff) 

profiles, and motional Stark effect (MSE) for magnetic 

field pitch angle profiles to constrain equilibrium 

reconstructions.  The MSE diagnostic requires neutral 

beam source A (tangency radius 69.2 cm) at 90 kV, so 

experiments were designed to take MSE measurements 

before and after the time of interest.  Similar shots were 

taken with MSE measurements at the time of interest by 

substituting the 90 kV, 2 MW source A for the 2.2 MW 

from the two lower voltage (65 kV/70kV) sources.  

Concerns that the change in sources and TAE activity 

might affect the current profile evolution are somewhat alleviated by comparison of the q-

profiles after 300 ms, which find no significant variations. 

As mentioned above, L-mode profiles are required to optimize use of the multi-channel 

reflectometer array.  For the best radial coverage, the peak density should be in the range of 

3.2 x 1019/m3 to 4 x 1019/m3, and the density profiles should be peaked, that is, L-mode 

profile shapes.   To ensure that the plasma remained in L-mode, plasmas were fueled with 
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Fig. 2. a)  Electron density profile, b) 
Electron Temperature profile, c) rotation 
profile at 0.285s for shot shown in Fig. 1.



Helium from the gas injection system, although the neutral beams continued to operate with 

Deuterium.  Thus, there is some uncertainty in the exact composition of the plasma.  As will 

be discussed below, the evolution of the neutron rate in simulations is matched to the 

measured neutron rate by adjusting the Helium to Deuterium recycling fractions.

IIb. External and internal measurements of mode structure and amplitude

Diagnostics with the bandwidth and sensitivity to 

detect TAE modes on NSTX include the arrays of 

Mirnov coils,  reflectometer arrays, interferometer 

arrays and soft x-ray cameras[15].  Data used in the 

analysis of these experiments are primarily from the 

Mirnov coils and the reflectometer array.  The locations 

of the soft x-ray chords, range of reflectometer 

measurements and poloidal location of Mirnov toroidal 

arrays are shown in Fig. 3.

The primary diagnostic for detection of instabilities 

in the NSTX plasma are arrays of external magnetic 

pick-up loops, Mirnov coils.  External arrays of Mirnov 

coils are used to measure the frequency spectrum and 

toroidal wavelengths of the individual TAE instabilities.  

In Fig. 1a, and Fig. 4a in more detail, are overlaid 

spectrograms of the even-n and odd-n magnetic 

fluctuations.  The colors indicate the toroidal mode 

numbers according to the code; black: n=1, red: n=2, 

green: n=3, blue: n=4, cyan: n=5 and magenta: n=6.  

The spectrogram covers the time range from 0.25s to 

0.3s, roughly from the onset of TAE activity until the 

onset of fishbone modes (when q(0) drops to one).  The dominant TAE has an onset 

frequency of ≈ 100 kHz and toroidal mode number of n = 3.  

Five strong TAE bursting events are seen in Fig. 4; we will consider the possibility that 

these bursts are TAE avalanches.  With each burst, the total TAE amplitude increases by 
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Fig. 3.  Cross-section of NSTX showing 
locations of soft x-ray camera chords (red 
and blue), range of reflectometer array 
measurements (green bar) and toroidal 
arrays of Mirnov coils (black squares).  
Blue and red arcs are tangency radii for 
soft x-ray chords.  Solid black curve is 
poloidal projection of limiter surfaces. 



roughly an order of magnitude, the dominant 

modes show strong downward frequency 

chirps and there is a drop in the volume 

neutron emission rate (Fig. 4b).  Following 

each burst, the TAE are quiescent for a short 

period.  The final burst is accompanied by 

strong n=1 fishbone mode, indicating a 

coupling of TAE and fishbone energetic 

particle modes (EPM).

Internal measurements of the TAE 

amplitude and structure were made with the 

five fixed-frequency heterodyne and 

quadrature reflectometers operating in L-

mode.  The frequencies for the 

reflectometers are 30, 35, 42, 44.5 and 50 

GHz, corresponding to electron density at the cut-

off layers of 1.12, 1.52, 2.19, 2.46 and 3.1 x 1019/

m3, respectively.  The peak density, on axis, for 

the shot discussed here is   4.2 x 1019/m3, 

somewhat higher than optimum. The density cut-

off for the highest frequency channel is at a major 

radius of ≈1.2 m, or just inside the radius of the 

minimum in q.


 A spectrogram of the phase measured by the  

deepest (50 GHz) channel is shown in Fig. 5a for 

one TAE avalanche sequence.  While the 

amplitude of each mode can be tracked 

individually, as an example the total rms 

fluctuation amplitude over the frequency range 

from 30 kHz to 105 kHz is shown in Fig. 5b for 
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Fig. 4. a) Spectrogram of magnetic fluctuations 
showing sequence of avalanche events, colors indicate 
toroidal mode numbers [black - 1, red - 2, green - 3, 
blue - 4, cyan - 5, magenta - 6], b) neutron rate 
showing drops of ≈ 10% at avalanches.

Fig. 5.  a) Spectrogram of 50 GHz interferometer,  
b) rms fluctuation level from 30 kHz to 200 kHz 
of 50 GHz (red), 42 GHz (blue) and 30 GHz 
(Green) reflectometers, c) rms fluctuation level 
from 30 kHz to 200 kHz for Mirnov coil (black) 
and 50 GHz reflectometer (red).



the three deepest channels: red – 30  GHz, blue – 44.5  GHz and green – 42  GHz.  This 

frequency range encompasses both the n=2 and n=3 modes, so does not strictly represent the 

structure of a single mode.  The amplitudes for these 

three channels are normalized and overlaid to 

illustrate how well they track each other in time, 

suggesting that the structure of the modes does not 

change significantly as the modes grow; except just 

towards the end, the deepest channel (closest to the 

magnetic axis) grows relatively faster than the 

others, suggesting that in the very non-linear state 

the mode amplitude becomes slightly more peaked 

in radius.  In Fig. 5c is shown a similar figure 

comparing again the relative amplitude of deepest 

channel to the magnetic fluctuation amplitude 

measured at the plasma edge with a Mirnov coil.  

Again, the amplitudes track well, except at the very 

largest amplitudes. 

The soft x-ray cameras measure the mode fluctuations deeper in the core than the 

reflectometers.  However, due to the complicated structure of the TAE and the chord-

integrated nature of soft x-ray data, quantitative comparisons with NOVA simulations are too 

difficult to be included here.  The chord-integrated soft x-ray profiles, the inverted, local soft 

x-ray emissivity and fluctuation amplitude of the chord integrated emissivity are shown in 

Fig. 6.  Qualitatively, the soft x-ray emissivity is strongly peaked, which implies that much 

of the fluctuation amplitude seen on the deeper chords originates near the axis, beyond the 

last reflectometer measurement.  (The data shown here is from the avalanche at 0.275s as 

some channels were saturated at 0.285s.)

The Mirnov coil arrays on NSTX include coils oriented to measure the magnetic 

fluctuations in the toroidal direction, as well as the more standard poloidal orientation.  The 

polarity of the magnetic fluctuations in the poloidal-toroidal plane are measured with this 

array.  In Fig. 7 is shown data from a 6-coil array.  The blue points in Fig. 7 show the relative 

phases and the amplitudes of the signals from coils oriented to measure the poloidal 
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Fig. 6   a) Local soft x-ray emissivity (solid) 
and chord integrated (dashed) profiles. b) 
Chord integrated soft x-ray fluctuations for 
n=3 mode (red - upper camera, blue - lower 
camera.



component of the magnetic fluctuations, the red 

points show the phase and amplitude from a 

coil oriented to measure the toroidal component 

of the magnetic fluctuations. The dashed blue 

line shows a fit showing that these fluctuations 

have a toroidal mode number n = 3.  In Fig. 7c 

is shown a Lissajous pattern created from the 

average poloidal phase and amplitude data and 

the phase and amplitude from the toroidally 

oriented coil compared with the pitch of the 

equilibrium field (green) at approximately the 

location of qmin.    As TAE, and most low frequency MHD, are primarily shear-type modes, 

the magnetic fluctuations would be expected to be nearly perpendicular to the equilibrium 

magnetic field.  The measured pitch of the magnetic fluctuations, as measured near the 

vacuum vessel wall, is nearly perpendicular 

to the equilibrium field at the plasma edge.  

These measurements will be compared to 

the polarization of the eigenmodes 

calculated with the NOVA code in Sect. IV.

IIc. Measurement of fast-ion 

redistribution and losses

Diagnostics for the study of fast-ion 

loss or redistribution on NSTX include the 

multi-channel neutral particle analyzer 

(NPA) diagnostics, fast neutron rate 

monitors and the scintillator-based fast lost 

ion probe (sFLIP).  NSTX has two NPA 

systems, the first being an "E||B" system 

that can be scanned (on a shot-to-shot 

basis) in tangency radius (from looking co-
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Fig. 7. Polarization measurement of edge magnetic 
fluctuations.  a) relative phase of toroidal Mirnov 
coil array (blue squares), Mirnov coil oriented to 
measure toroidal fluctuations (red circle), b) 
amplitudes of magnetic fluctuations, c) Lissajous 
figure showing polarization of magnetic fluctuations.

Fig. 8. Energy spectrum of fast ions from tangentially 
viewing neutral particle analyzer and neutron rate 
showing drops of ≈ 10% at avalanches.



nbi to ctr-nbi) as well as vertically, with high energy resolution[16].  The second is a fixed 

four-channel solid-state system with tangency radii of 60, 90, 100 and 120  cm[17].  The 

sFLIP detector is located on the outboard vacuum vessel wall at a major radius of 1.6 m, 0.14 

m below the midplane[18] and measures the pitch and energy of the lost fast ions.. 

The drops in the neutron rate described above suggest losses of fast ions, rather than just 

redistribution.  This conclusion is supported by bursts in edge Dα emission coincident with 

the neutron drops, consistent with the energy deposited from the lost fast ions on the limiter 

tiles increasing the edge recycling.  For the events described here there is no measurable 

change in the sFLIP signal, indicating that the fast-ions were lost to a different area of the 

vacuum vessel.  

In Fig. 8 is shown the energy resolved, time-dependent NPA spectrum at 60 cm tangency 

radius during the TAE avalanches.  Bursts of signal, indicating redistribution of fast-ions, are 

seen at the time of each avalanche.  Of particular interest is that the redistribution extends 

down to energies at least as low as 30 keV, less than half the full energy of injection; this 

observation is qualitatively consistent with simulations described below.   The time-

resolution and sensitivity are not sufficient to study possible variations in lost-ion energy 

during the frequency chirp in the final burst.

III.  Equilibrium and TRANSP analysis of the plasma

The plasma equilibrium was reconstructed from 

magnetics and kinetic data with the LRDFIT 

equilibrium code.  The reconstruction is constrained 

by the standard flux-loop data, poloidal magnetic 

field data and MSE measurements of the magnetic 

field pitch-angle profile.  The reconstruction is 

further constrained by the full major radial profiles 

of electron temperature with the assumption of 

constant electron temperature on a flux surface (Te 

iso-surface).  The effects of plasma toroidal rotation 

on the equilibrium were also included.  The 

reconstructed equilibria form the basis for the 
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Fig 9.  TRANSP simulation of neutron rate (in 
red) assuming He prefill, injection of 
Deuterium neutral beams and recycling of 
13% D, and 87% He compared to measured 
rate (black).



TRANSP [19] transport analysis.  

Of particular interest, the beam deposition model in TRANSP was used to predict the 

fast-ion distribution functions which were used as input to 

the NOVA-k and ORBIT codes.  As the target plasma is 

Helium, comparison of the neutron rates predicted from 

these fast-ion distributions with the measured neutron 

rates gives little information on whether the calculated 

fast-ion distribution is being strongly modified by MHD.  

The Helium-Deuterium ratio was not independently 

measured, and thus can be adjusted to fit the evolution of 

the measured neutron rate.  A good fit to the neutron rate 

evolution was found with the assumption that the pre-fill 

gas is Helium and this is mixed with D and He recycling from the walls during the shot, and 

the D-fueling from NBI heating (Fig. 9).  The neutron production was modeled in this shot 

by assuming that 13% of the recycled gas from the walls is D, and the rest He, which with 

the D-fueling from the beams reproduces reasonably 

well the measured neutron rate.  The TRANSP 

simulation finds that the neutrons in this Helium shot 

are ≈60% beam-beam and 40% beam-target.


 The fast-ion distribution was calculated in 

TRANSP, and an example of the distribution vs. 

pitch-angle and energy is shown in Fig. 10.  This 

distribution is taken at the radius near the minimum in 

q and has a peak at full energy with a pitch, V||/V ≈ 

0.75.  The width of the peak broadens as the ions slow 

down due to pitch-angle scattering.  Nearer the 

magnetic axis the peak at full energy in pitch is ≈ 0.5.  

The dashed line in the figure shows where V|| 

≈ VAlfvén.  These fast-ion distributions of course do not incorporate how the TAE or TAE 

avalanches affect fast–ion transport. 
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Fig. 10.  Ion distribution function at r/
a ≈ 0.5 on the outboard midplane as 
calculated in TRANSP.

Fig. 11.  q-profiles from LRDFIT 
equilibrium reconstructions at time of initial 
TAE activity, 0.25s - blue, at time of 
avalanche being analyzed, 0.285s - green, 
and comparison of q-profiles for shots 
124780 - red and 124781 - black.




 The evolution of the q profile was measured from 0.1 to 0.17 s, and again after 

about 0.3  s in the plasma shot analyzed being discussed here.  TRANSP can be used to 

calculate the current relaxation in the period from 0.17 s to 0.3 s, but the q-profile evolution 

from a similar shot with MSE data during the time-of-interest was used for the analysis.  A 

comparison of the q-profiles at 0.32 s from the two shots is shown in Fig. 11 (red and black 

curves) and the q profiles at roughly the beginning of TAE activity (blue) and at the time of 

the avalanche being studied in detail here (green).

IV. NOVA analysis

The ideal NOVA stability code finds stable and unstable ideal eigenmodes, Fourier 

decomposed in the poloidal and toroidal directions.  The NOVA-k code calculates the 

perturbative fast-ion drive and the Landau, radiative and resistive damping rates.  The goal of 

the present analysis of the TAE bursts is to use these experiments to benchmark the ORBIT 

code simulations of fast ion losses, so comparisons of NOVA-k stability predictions to 

experimental onset thresholds will be deferred to a future publication.  The first step in 

modeling the fast ion transport was to find the eigenmode structure with the NOVA ideal 

stability code. For input to NOVA, the plasma equilibrium was reconstructed during the 

avalanching period using the equilibrium code, LRDFIT, and the kinetic pressure profile was 

calculated with the TRANSP code, which includes thermal ion and electron, as well as the 

fast-ion pressure profiles. 

The NOVA code has at least four significant limitations for modeling the TAE structure 

needed as input to ORBIT.  The first is that the eigenmodes modeled with NOVA use a finite 

number of poloidal harmonics, Np, thus the eigenfunction can only be accurately modeled 

for q(a) < Np/n, where n is the toroidal mode number.  This is of concern for high toroidal 

mode numbers generally, and particularly for modes in diverted plasmas.  Secondly, 

important for NSTX and spherical tokamaks in general, NOVA doesn’t fully include the 

physics of sheared plasma rotation.  For NSTX, core rotation frequencies very typically 

approach 30 kHz on axis, whereas the TAE frequencies are in the range of 60 kHz to 80 kHz.  

Thus, the rotation would have significant impact on the radial shape of the gap.  Thirdly, 

NOVA lacks the spatial resolution to accurately model the TAE interaction with the 

continuum.  Even at the low aspect ratio of NSTX, many eigenmodes interact with the 
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continuum near the axis, and in some cases near the plasma edge.  Including the sheared 

rotation, to first order, distorts the TAE gaps so that they are fully closed in typical NSTX 

plasmas.  Finally, the eigenmodes calculated with NOVA are from a linear, perturbative code.  

Perturbative in the sense that the interaction with the fast ion population is treated 

perturbatively and does not affect the structure of the eigenmodes.  In the experiment, 

reflectometer measurements suggest that the mode structure is relatively unchanged during 

growth and saturation, however, strong downward frequency chirping is commonly 

observed, suggesting that the fast ion distribution is affecting the frequency, if not the 

structure, of the eigenmodes.  In the following analysis, we first start by neglecting rotation 

and explore the sensitivity of the eigenmodes to their changing interaction with the 

continuum for the same equilibrium on different coordinate systems.

IVa. NOVA eigenmode dependence on coordinate system

NOVA has three choices for the numerical grid, the “equal arcs”  poloidal representation, 

“Boozer”  co-ordinates and “PEST”  co-ordinates. The first, “equal arcs”, is preferred for 

NOVA calculations as it has intrinsically better spatial resolution in the core.  However, the 

“Boozer”  co-ordinate system is less susceptible to numerical problems for particle following 

codes, and is desired for ORBIT.  Thus, we explored NOVA analysis in both the Equal Arc 

and Boozer co-ordinate systems.  The default 151 point radial grid can be doubled to 301 

points for higher radial resolution calculations.   It is found that changing the coordinate 

system results in a different set of eigenmodes, most likely because the numerical interaction 

of the modes with the Alfvén continuum is changed.  From Fig. 12 it should also be noted 

that, while NSTX is “low”  aspect ratio and the TAE “gap”  should be correspondingly wide, 

the region near the axis remains, of course, “low”  aspect ratio and the gap can be quite small 

in this region, depending sensitively on how close q(0) is to rational.  Thus, even in this low-

aspect ratio geometry, many of these eigenmode solutions intersect the continuum.

We begin discussion of the analysis with the reference equilibrium, taken at 0.285 s or 

the time of the fourth TAE burst.  The sheared rotation is neglected, and the NOVA analysis 

at this time will be focussed on the dominant, n  =   3, TAE, comparing results from 

calculations done in Boozer coordinates, Equal Arc coordinates and double-precision Equal 

Arc coordinates.  The Equal arc coordinate gap structure (essentially the same in all 
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coordinate systems) is shown in Fig. 12.  On the right-hand-side of the figure are shown 

graphical representations of the NOVA eigenmodes found in the different coordinate systems 

for this equilibrium. The first column (blue) shows the eigenmodes found in the Boozer 

coordinates, the second column (red) shows Equal Arc eigenmodes and the last (black) those 

for Equal Arc with double radial resolution.  While, in principle, the solutions should be 

independent of the choice of co-ordinate system (apart from different distributions of 

poloidal harmonics), spatial resolution limitations where the modes interact with the 

continuum can subtly affect the eigenfrequency and eigenmode structure.  Modes whose 

amplitude is small at their intersection with the continuum may be assumed to be minimally 

affected, and thus represent a reasonably accurate approximation to true eigenmodes.  

Eigenmodes that showed very strong interactions with the continuum are omitted here.  

Further, a more detailed search with finer increments in eigenfrequency with NOVA might 

find additional eigenmodes that were missed.

For the three coordinate systems, modes with frequencies from 68 kHz to 90 kHz are 

found with qualitatively similar “TAE-like”  radial structures.  However, different sets of 
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Fig. 12.  Continuum as calculated with NOVA for the n = 3 modes.  Also shown, on right, are 
representative eigenmode solutions.  Solutions found in Boozer coordinates (blue), Equal Arc coordinates 
(red) and higher resolution Equal Arc coordinates (black).



eigenmodes are found for each of the coordinate systems.  All of these eigenmode solutions 

intersect the continuum near the axis.  Qualitatively similar rsAE-like modes, whose 

frequency sits in the gap from the core to the edge, are found at 69.4 kHz in Boozer 

coordinates, 69.7 kHz in Equal Arcs, and 66.1 kHz in high resolution Equal Arcs 

coordinates.  Note that the structure of these modes, decomposed into different basis sets for 

the Boozer and Equal Arcs coordinate systems, are not expected to be the same.  The “Equal 

Arc”  and “high resolution”  eigenvectors, however, should be the same.  A reasonable 

interpretation is that the interaction with the continuum introduces numerical jumps in the 

radial mode structure, changing the eigenmode solutions.

The frequencies for the eigenmodes shown in Fig. 12 are indicated for each eigenmode in 

the upper left.  The number in parenthesis after some frequencies indicates the number of 

“degenerate”  eigenmodes found at that frequency (modes with nearly the same frequency 

and structure), for which only one solution is shown.  An example of mode degeneracy, 

which illustrates the numerical issues arising from the continuum interaction, is shown in 

Fig. 13.  The mode at 79.4 kHz (Fig. 12, 2nd column) is accompanied by similar solutions at 

79.6 kHz and 80.1 kHz, as shown in an arc across the top Fig. 13.  The linear eigenmodes are 

scaled to match amplitudes in the outer part of the plasma and overlaid at the bottom of the 

Figure.  For the modes at 79.6 kHz and 80.1 kHz, the mode amplitude inside the radius of 

continuum interaction are clipped to help illustrate that the outer eigenmode structures are 

nearly identical for these three modes; there are 

only small differences as the continuum is 

approached.  The mode at 79.4 kHz is considered 

the most physical of the solutions as the mode 

amplitude is small at the continuum, thus in some 

sense the mode is less sensitive to the numerical 

problems at the continuum interaction point (for 

example, if a mode could be found with zero 

amplitude in the continuum region, there would 

be no interaction).  

IVb. NOVA eigenmode dependence on equilibrium evolution
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Fig. 13.  Three “degenerate” eigenmodes of the 
Equal Arcs solutions shown in Fig. 11.



The eigenmode interactions with the continuum not only introduce numerical 

uncertainties in the calculation of the eigenmode 

structure, they also introduce a real, and important 

damping term for the TAE.  The equilibrium q-

profile at the time of the fourth TAE burst 

analyzed in Fig. 12 happened to have q(0) ≈ 1.53 

on axis; close to the q(0) = 1.5 which would have 

closed the gap on axis.  Thus, as the q-profile 

evolves through the shot, it would be expected 

that the gap on axis opens and closes, affecting the 

threshold for exciting the TAE.


 The TAE onsets shortly after the current ramp 

ends, so the internal plasma current profile is still 

evolving.  From the onset time of the TAE until 

the last of the strong bursts, the q-profile evolves, 

with q(0)   ≈  2 at the start of TAE activity and 

q(0) ≈ 1.5 by the last strong TAE burst (Fig. 14).  

The shaded regions of Fig. 14b indicate where the n = 2  (red), n = 3 (green) and n = 4 (blue) 

gaps should be nearly closed on axis.  While there is perhaps some correlation for the 

amplitude of the n   = 4 modes, the q-profile 

evolution appears to have little affect on the n = 2 

and n = 3 modes.

NOVA simulations were done for equilibria 

roughly spanning the range in q-profiles from the 

first strong TAE burst at 0.257s to the fourth 

burst at 0.285s, not quite the full range in q-

profiles between the blue and green curves in Fig. 

7.  For these simulations, all that was varied was 

the q-profile in the center of the plasma (Fig. 15).  

As indicated in the figure, the reference q-profile 

was scaled by a constant factor, then offset to 
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Fig. 15.  Variations in the core q profile for the 
NOVA simulations shown in Fig. 13.

Fig. 14.  a) spectrogram showing TAE activity.  
b) evolution of q(0) and qmin deduced from 
equilibrium reconstruction and c) neutron rate.



keep q(a) ≈ constant, for example, qb(r) = 0.990 qref(r) + 0.16 (the green curve).


The n = 3 continua, as calculated in NOVA are shown in Fig. 16.  Notice that the gap is 

nearly closed on axis for the reference q-profile (black), but opens substantially for the 

“earlier”  q-profiles (red, green and blue).  As before, not all eigenmodes could be “tracked” 

through the equilibrium changes.  The modes clearly in the gap fared best, with the mode at 

69.4 kHz in the reference case (black) apparently persisting throughout the q-evolution.  The 

TAE-like solutions above 80 kHz, which intersected the continuum near the core could only 

be found for the reference and the “b”  q-profiles.  NOVA calculations have only been done 

for the dominant, n = 3, mode for all q-profiles shown here.

IVc. NOVA eigenmodes with Doppler shift corrections to continuum

Central rotation frequencies in NSTX are typically a substantial fraction of the TAE 

central gap frequency, so including Doppler-frequency corrections to the TAE gap structure 

result in substantial radial distortion of the Alfvén continuum.  The measured core rotation 

frequency of ≈ 30 kHz closes the n = 3 TAE gap.  A version of NOVA was created  which 

includes some of the physical effects of sheared rotation [20].  The continuum for the n = 3 

gap including the sheared rotation is shown in Fig. 17.  
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Fig. 16.  Continuum corresponding to the four q-profile variations shown in Fig. 12.  The corresponding 
eigenmodes for eachq-profile are shown to the right.




 The five eigenmode solutions 

that were found for this gap 

structure are shown on the right.  

Each of them has strong 

interactions with the continuum.  

The stronger interaction with the 

continuum results in greater 

variation of radial structure than 

for the cases without the Doppler 

correction.  The strong interaction 

with the continuum, which 

introduces random changes in the 

eigenfunction and frequency, 

together with the localization of 

the mode towards the edge suggest that there is not much to be gained from a study of the  

sensitivity to q-profile evolution.

IVd. Comparison of NOVA eigenmodes with reflectometer data

The simplest description of the functioning of a reflectometer is that the wave reflects off 

of the cut-off layer and a measurement of the 

phase-shift of the reflected signal is interpreted to 

give the change in distance to the cut-off layer.  

Thus the reflectometer measures directly the 

internal displacement of the plasma constant-

density (flux surface) due to the mode.  The 

mode profile data from the reflectometer will be 

presented using this simple conversion (the "long 

wavelength" approximation) of the phase-shift 

data to displacement (the measured phase shifts 

are converted to displacements using double the 

free-space wavelength).  However, there is also a 
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Fig. 18.  Simulated density profiles at peak and 
minimum for mode at half of the peak amplitude: 
blue - density perturbation from displacement, 
red - density perturbation from displacement and 
compression, scaled up by 2.

Fig. 17.  TAE gap corrected for sheared rotation.  Eigenmodes are 
shown to the right; the numbers indicate the frequency in kHz.



phase-shift due to the change in the line integral plasma density between the cut-off layer and 

the plasma edge.  A more accurate interpretation of the reflectometer signal uses a numerical 

simulation using the NOVA radial structure of the mode, and the measured plasma density 

profile. 

The NOVA code calculates ideal poloidal harmonic contributions to the the flux surface 

displacement for the eigenmodes.  The displacement is used to calculate the perturbed 

density profile on the outboard midplane (Fig. 18).  The phase shifts resulting from the 

density perturbations are then calculated for a range of reflectometer frequencies.  The 

perturbed density in Fig. 18 is shown for calculations using just the mode displacement 

(blue), and also for the mode displacement together with compressional corrections (red).  

The profile shape is not significantly changed by the inclusion of the compressional terms, 

but the mode amplitude needed to match the reflectometer data is increased by a factor of 

roughly two (on the outboard midplane where the reflectometer measurements are made) 

with the compressional corrections.  Comparison to the reflectometer data using 
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Fig. 19.  Comparison of reflectometer data with NOVA eigenmode structures for four n = 3 modes; a) 85.2 
kHz with no Doppler corrections, b) 69.4 kHz with no Doppler corrections, c) 115.2 kHz with Doppler 
corrections and d) 108.8 kHz with Doppler correction.



displacement only is easier, and is used to choose and scale the NOVA eigenmodes for the 

ORBIT code.

Four examples of n  =  3 eigenmodes from NOVA simulations are compared with the 

reflectometer data in Fig. 19.  The solid blue curve is 

the simulated reflectometer response (“synthetic 

reflectometer diagnostic”) and the five experimental 

points from the reflectometer array are shown in red.  

The experimental data represents an average of ten 

Fourier transform analyses of the radial mode structure 

during the final burst.  In Fig. 19a and 19b two of the 

eigenmodes calculated without Doppler frequency 

corrections are compared to the profiles for the n = 3 

mode.  The five reflectometer data points are sufficient 

to reject these eigenmodes as poor fits.  Of the two representative eigenfunctions calculated 

with the Doppler correction to the radial Alfvén continuum, the higher frequency calculation 

is found to be a good fit.  The fit also provides the 

factor by which to scale the NOVA eigenmode to 

match the experimental mode amplitude.

The angle of the perturbed magnetic field relative 

to the equilibrium field in the flux surface is calculated 

on the outboard midplane for the n=3 NOVA 

eigenmode.  The local angle is shown as the black 

curve in Fig. 20.  Where the angle is 90º, the mode has 

pure ‘shear’ polarity, as opposed to compressional 

polarity.  For comparison, the relative angle between 

the measured magnetic fluctuation at the wall, and the 

equilibrium field is shown in red.

The NOVA code was used to find eigenmode 

solutions for the other two important TAE modes seen 

in the avalanche at 0.285 s.  The dominant mode is the 

n = 3 mode, described above.  There is an n = 6 mode, 
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Fig. 20.  Pitch of n=3 magnetic fluctuations 
relative to equilibrium field; black - NOVA, 
red - experiment.

Fig. 21.  Best NOVA eigenmode fits for the 
n = 2 and n = 4 modes.



but it appears to be a harmonic of the n = 3, so its role in the fast ion transport isn’t clear.  

NOVA found multiple solutions for both the n = 2 and n = 4 modes for the Doppler-corrected 

equilibrium.  The best fits to the reflectometer array data are shown in Fig. 21.  The signal-to-

noise level for the outer points of the n = 2 modes is not that good, and the disagreement with 

the outermost point is not of concern.  Phase information is indicated by positive and 

negative displacements, as the NOVA eigenmodes and the experimental data typically 

showed either no radial phase shifts (as in Fig. 19) or 180º phase jumps for some of the other 

modes.  The n  =  4 mode has a phase inversion, which is reproduced for the NOVA 

eigenmode.  These eigenmodes are also found for the continuum calculated including 

sheared-Doppler corrections.

V. ORBIT analysis of the fast ion transport

The ORBIT code is used to model the effect of the TAE on fast-ion transport.  The 

ORBIT code calculates the guiding-center orbits of fast ions in the experimental equilibrium 

in the presence of multiple TAE.  The TAE avalanche was simulated by using the linear 

eigenmode structure as simulated with NOVA for the n = 2, n = 3, and n = 4 modes.  For each 

of the modes, the measured amplitude and frequency evolution over the 1 ms of the final, 

large avalanche burst were used in the simulation.  The amplitude evolution of the n = 3 mode 

was approximated with a linear ramp in time, and the frequency evolution was modeled with 

a linear downward frequency chirp from 85  kHz to 33  kHz (approximating the Doppler 

correction).  The n = 2 and n = 4 modes were modeled 

with constant amplitude and frequency.  ORBIT 

simulations were run with 1000 ions representing the 

fast ion distribution calculated with the TRANSP 

Monte Carlo beam deposition package. 


 The ORBIT simulation of the TAE burst found that 

roughly 12% of the fast ions were lost during the 1 ms 

burst (Fig. 22).    Additional simulations were run with 

mode amplitudes ranging from half to up to six times 

the experimentally measured amplitudes.  At even one 

half of the observed mode density, the fast ion losses 
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Fig. 22.  The percent of fast ions lost vs. 
normalized mode amplitudes (red), losses 
with only n=3 mode (blue).



are negligible, but show a strong, non-linear onset at an amplitude of ≈80% of the 

experimental amplitude.  Above the threshold, the loss scales in an offset linear fashion with 

mode amplitude as Loss(%) ≈ 61*(AORBIT/AEXP - 0.8). The loss rate begins to saturate 

above about 50%, or above an amplitude of ≈1.6 times the measured amplitude.  A simulation 

done with only the dominant, n=3 mode showed a similar behavior, albeit with the threshold 

for onset of losses increased to a normalized amplitude of ≈ 0.9.

The observed drop in the neutron rate is ≈12%, which corresponds to a loss of ≈12% of 

fast ions (of all energies) if the neutron production were from beam-target reactions, or ≈6% 

for primarily beam-beam reactions.  The neutron production in these NSTX Helium plasmas 

is approximately 60% beam-beam and 40% beam target. The fast ion loss can be estimated as 

δS/S ≈ 0.6*2* δnfast/nfast + 0.4*δnfast/nfast ≈ 1.6 δnfast/nfast, or about 7.5%. 

Simulations were also done with fast ion populations with energies limited to ranges of 10 

keV to 25 keV, 25 keV to 40 keV, 40 keV to 55 keV and 55 keV to 70 keV to determine the 
energy dependence of the 

fast ion losses.  A larger 
fraction is lost at lower 

energies, ranging from 
somewhat more than 12% of 

the lower energy fast ions to  
≈ 6.5% of the most energetic 

fast ions (Fig. 23).  This 
implies that the drop in 

neutron rate would be less than a direct proportionality to the fast ion losses.  However, the 
strong dependence of fast ion losses on mode amplitude means that the simulations are still in 

qualitative agreement.  
A dependence of losses on the frequency of the n=3 mode is also seen.  For simulations 

where the frequency chirp from 85 kHz to 33 kHz was replaced by a constant frequency of 85 
kHz or 33 kHz, the losses at 85 kHz were substantially higher than those at 33 kHz, or with 

the frequency chirp.  The ORBIT simulations were done without including the rotational 
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Fig. 23.  Upper four bars indicate percentages of fast ion losses in the 
indicated energy ranges.  Lower two bars show fast ion losses for n=3 mode 
at fixed frequency as indicated.



shear, and this result suggests that inclusion of this effect may significantly change the 

resonant interactions of fast ions with the mode.

VI. Summary

In this work we have demonstrated that the NOVA code can provide reasonable, 

qualitative models of the TAE structure consistent with the measurements by the five channel 

reflectometer array.  While the NOVA code found eigenmodes with frequencies and radial 

structure matching the experimental measurements, it also found many additional modes not 

seen in the experiments,.  The eigenmodes found were sensitive to the coordinate system used 

and to small changes in the equilibrium.  This sensitivity is believed to result from 

insufficient numerical resolution and an incomplete physics model where the mode interacts 

with the continuum.  Finally, the sheared rotation in NSTX introduces a frequency shear 

between the core and edge of ≈25 kHz, a significant fraction of the gap center frequency.  The 

distortion of the continuum, or gap structure, by this sheared rotation means that despite the 

low aspect ratio of NSTX, the TAE gaps are typically ‘closed’.  Indeed, the best fits to the 

measurements of the radial mode structure were found with a model including some of the 

physics of sheared rotation.

ORBIT  simulations with the linear NOVA eigenmodes scaled to match the experimental 

measurements and the mode frequencies matched to the experimental spectra predict a loss of 

≈ 12% of the fast ion population through a simulated 1 msec avalanche burst.  The measured 

drop in the neutron rate was also ≈ 12%, but comparison of these numbers is complicated by 

the energy dependence of the fast ion losses in the ORBIT simulations and by the mix of 

beam-beam and beam-target neutrons in the experiment.  Further simulations indicate that the 

losses are not linear with mode amplitude, but approximately offset-linear with a threshold 

amplitude just below the experimental amplitude.  

These simulations are not self-consistent and there are important physical effects missing 

from the codes.  Inclusion of the physics of sheared rotation is important for analysis and 

predictions in the ST geometry where the low field and high density reduce the Aflvén speed 

to of order the toroidal rotation velocity.  The TAE in NSTX appear to interact strongly with 

the continuum and an improved model of this interaction is needed for realistic modeling of 

the TAE.  The strong frequency chirping seen in NSTX is an inherently non-linear effect 
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probably best modeled in a non-linear code such as M3D-k, although the experimental 

evidence suggests that the mode structure is not strongly modified by the frequency chirp.  

Finally, the guiding-center approximation in ORBIT may not be adequate for NSTX with its 

intrinsically large ρ* and future work will explore full-orbit calculations.

Work supported by U.S. DOE  Contracts DE-AC02-09CH11466, DE-FG03-99ER54527, 

DE-FG02-06ER54867, and DE-FG02-99ER54527.
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