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ABSTRACT: We continue to investigate properties of the worldsheet conformal field theories (CFTs)
which are conjectured to be dual to free large N gauge theories, using the mapping of Feynman
diagrams to the worldsheet suggested in [Eﬂ The modular invariance of these CFTs is shown to be
built into the formalism. We show that correlation functions in these CFTs which are localized on
subspaces of the moduli space may be interpreted as delta-function distributions, and that this can
be consistent with a local worldsheet description given some constraints on the operator product
expansion coefficients. We illustrate these features by a detailed analysis of a specific four-point
function diagram. To reliably compute this correlator we use a novel perturbation scheme which

involves an expansion in the large dimension of some operators.
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1. Introduction

Since the seminal work of 't Hooft [[] it has been widely believed that large N SU(N) gauge
theories (with adjoint matter fields) should have a dual description in terms of closed strings with
a string coupling constant g; ~ 1/N. The original argument for this duality was based on the
reinterpretation of Feynman diagrams as string theory diagrams. Feynman diagrams drawn in 't

Hooft’s double-line notation resemble two dimensional surfaces with holes. It was conjectured that



there should be an equivalent description in which the holes get filled up, leading to closed Riemann
surfaces without boundaries.

The arguments of 't Hooft do not give a prescription to construct the string theory dual to
a specific large N gauge theory. Numerous attempts have been made to directly construct string
theory duals for given field theories. However, success was mainly achieved when the field theory
had a topological interpretation (Chern-Simons theory [E} and the Kontsevich model [@] are good
examples of this) or the putative dual string theory was exactly solvable (d < 2 string/ matrix
model duality). This situation has changed following the AdS/CFT correspondence @ By now,
there are many examples in which it is known how to find the closed string dual of gauge theories
which can be realized as the world-volume theories of D-branes in some decoupling limit. In these
cases the closed string dual turns out to be a standard closed string theory, living in a warped
higher dimensional space. In some cases, for which the gauge theory is strongly coupled, the dual
string background is weakly curved and a gravity approximation of the string theory may be used.
In general (and, in particular, for all weakly coupled gauge theories), this is not the case, and the
dual string theory is complicated (and does not necessarily have a geometrical interpretation).

It is interesting to ask is what is the string theory dual of the simplest large N gauge theory,
the free gauge theory.! There have been various proposals for how to study the string dual of
free large N gauge theories (see, for instance, , H, ﬂ, E, E, @, Ell, , B]) It is clear that
the dual string theories must live in a highly-curved background, which may or may not have a
geometrical interpretation (for four dimensional free gauge theories with massless matter fields,
which are conformally invariant, one expects that any geometrical interpretation should include an
AdSs factor).

In this paper we continue our study of a specific proposal @]2 for how to map the Feynman
diagrams to worldsheets. This proposal is based on rewriting the propagators in the Feynman
diagrams as integrals over Schwinger parameters, and mapping these parameters to the moduli
of a Riemann surface with holes (which include the moduli of the closed Riemann surface and

3 One can then integrate over the parameters of the holes, and

the circumferences of the holes).
translate any Feynman diagram to a correlation function on the closed string worldsheet. This
proposal makes the procedure advocated by ’t Hooft manifest. Most of our discussion will be
general, but whenever we need a concrete example we will consider operators involving adjoint
scalar fields in a four dimensional gauge theory.

The mapping of [ﬂ] gives a closed string theory whose integrated correlation functions (of

physical vertex operators), by construction, reproduce the space-time correlation functions. The

worldsheet theory is also automatically conformally invariant (so that it can be interpreted as a

INote that the free limit of an SU(N) gauge theory is not the same as a theory of (N2 — 1) free fields, since the

Gauss law constraint is still imposed on physical states. Equivalently, we only consider gauge-invariant operators.

2See [B, @, @, E] for further work on this proposal.
3The holes here are not those of the gauge theory Feynman diagram but rather of its dual. They are therefore as

many in number as the vertices of the original graph.



closed string theory in conformal gauge) and modular invariant. However, the construction does
not give a Lagrangian for the worldsheet theory, and it is not clear from the construction if this
worldsheet theory is a standard local conformal field theory or not.

It was noted in @] that the prescription of @} gives rise to an interesting feature, which naively
is in contradiction to having a well behaved worldsheet field theory: some of the putative worldsheet
correlators localize on lower dimension subspaces of the moduli space of marked Riemann surfaces.
In a usual local field theory one expects the worldsheet correlator to be a smooth function on the
moduli space, which naively rules out any localization on subspaces. In this paper we claim that
such a localization can arise in specific field theories by a special conspiracy between the operator
product expansion (OPE) coefficients. We also discuss the manifestation of modular invariance
in the prescription of [EI] Although modular invariance is guaranteed by the prescription, we will
illustrate that in some amplitudes it is realized in a quite intricate manner.

This paper is organized as follows. In § we present the problems of modular invariance and the
localization on the worldsheet and our suggested resolution of these problems. In §ﬂ we concentrate
on a specific four-point function : the “Broom” diagram. This diagram does not localize on a
subspace of the moduli space, but it has limits in which it goes over to a localized diagram. We
discuss the limits in which this diagram can illustrate different general features of the prescription,
and we perform an explicit perturbative analysis of the diagram around exactly solvable limits. In
§ we present results about more general exactly solvable subspaces of the Broom diagram, which
serve as a check on the perturbative analysis. In §E we discuss the delocalization of the worldsheet
amplitudes as illustrated by the field theory analysis of Broom correlators. We end in §H with a
summary and a discussion of some open problems. In appendix @ we discuss the elliptic function
approach to the Strebel problem which arises in computing the Broom diagram in more detail,
and present the matching between perturbation theory and the exact results. In appendix B| two
other diagrams which also localize on a subspace of the moduli space, the Square diagram and the
Whale diagram, are analyzed. We show that the Whale diagram localizes in a different way than
the other diagrams we discuss: it localizes on a two dimensional subspace of the two dimensional

moduli space.

2. General features

In [l a specific prescription was suggested for mapping the correlation functions of free large N
gauge theories to a string worldsheet, in the 't Hooft large N limit [E] This prescription involves
rewriting each Feynman diagram contributing to an n-point correlation function as an integral
over the Schwinger parameters of the propagators, after reduction to a “skeleton graph” in which
homotopically equivalent propagators (when the Feynman diagram is interpreted as a genus g
Riemann surface using the double-line notation) are joined together, and then mapping the space
of these Schwinger parameters to the “decorated moduli space” Mg, x R’}. This is the moduli

space of genus g Riemann surfaces with n marked points, together with a positive number p;



associated with each point. As described in detail in [ﬂ], this mapping uses the properties of Strebel
differentials* on genus g Riemann surfaces. After integrating over the p;, this procedure gives a
specific worldsheet n-point correlation function associated with this Feynman diagram which, by
construction, reproduces the correct n-point space-time correlation function (upon integration over
the worldsheet moduli).

Certain properties of the mapping proposed in } and of the worldsheet correlation functions it
leads to can be understood by general considerations. Two of these properties — the lack of special
conformal invariance in space-time and the localization of certain amplitudes on lower dimension
subspaces of the moduli space — were elucidated in ] We begin this section by discussing another
general property of the resulting worldsheet correlation functions, which is modular invariance. We
then discuss in more detail the interpretation of the amplitudes which are localized on the moduli
space. We argue that these amplitudes should be interpreted as delta-function distributions, and
we discuss why the appearance of such distributions in correlation functions is not necessarily in
contradiction with a local worldsheet interpretation. In fact, we derive some general constraints on
the OPE coefficients of the putative local worldsheet theory which are needed for reproducing the
localized correlation function.

In order to establish an exact sense in which the localized correlators should be treated as
delta-functions, we analyze a small deformation of the localized diagram. This deformation involves
taking the limit of correlation functions with a large number of field contractions between the vertex
operators of the original localized diagram, and a small number of additional contractions. We argue
that such correlation functions are smooth but tend to localize near subspaces of the moduli space,
and that the mapping (and the corresponding Strebel differentials) may be computed perturbatively
in the inverse number of fields (or in the distance from the localized limit). By using this expansion
we can show that in the limit in which the correlation functions localize they become delta-function
distributions.

In the subsequent sections of the paper, we discuss in detail a particular 4-point function
diagram, which we call the Broom diagram, and we use this diagram to illustrate the general
features described in this section. In particular, the expansion method described in § may be

used to compute this diagram in some regions of its parameters.

2.1 Modular invariance of worldsheet amplitudes defined by the procedure of []

In this subsection we discuss how modular invariance is realized in the prescription suggested in
]. The mapping from the Schwinger parameters on the gauge theory side to the decorated moduli
space of the Riemann surfaces My, x R"} is, by construction, consistent with the action of the
modular group on this space. The mapping uses the Strebel theorem to relate the two, which
ensures that (for generic Feynman diagrams) we cover the whole decorated moduli space (after the

identifications imposed by the modular group) and we cover it exactly once.

4See @, E7 E] for details about Strebel differentials and @, @, E] for additional applications of these differ-

entials in string theory.



However, the way that modular invariance is technically realized can in some cases be non-
trivial. This is because the mapping of ||l involves taking the square root of the Strebel differential.
In cases where this square root has branch cuts, one must be careful to choose specific branches in
order to ensure that the final worldsheet correlators are single-valued on the moduli space.

Several correlators were analyzed in [IE, ] where it was shown by direct computation that these
amplitudes are consistent with the modular invariance. However, in all of these cases the square
roots of the Strebel differentials corresponding to the diagrams contributing to those amplitudes did
not include fractional powers and thus did not have any branch cuts. In this paper we will analyze
in detail a diagram which does have branch cuts for the square root of the Strebel differential.
Note that the existence of the branch cuts does not affect “large modular transformations” such
as 7 — 1/n, but periodicity issues, such as taking two points in a closed path around each other
or taking the torus modular parameter 7 to 7 + 1, should be addressed with more care. We will
illustrate the general issue in this subsection by looking at general properties of 4-point functions
on the sphere. A specific example will be discussed in the next section.

Consider a four-point correlator on the gauge theory side,
<01(I1)02($2)03($3)04(I4)>. (21)

In the suggested mapping, we map the space-time operators O;(z;) to worldsheet operators V; 4, (z),

and we are given a specific procedure to calculate

(V121 (0)V2,5 (1) V3,25 (1) Vi, (00)) (2.2)

Note that when we write the field theory graph and assign specific operators to each node, this by
itself does not fix the assignment of the positions of the dual operators on the worldsheet. The
mapping of [EI] is modular invariant; however, it is usually convenient to fix the modular freedom by
choosing three specific operators to map to three specific locations, as indicated in (E) Of course,
we could also choose to fix the modular group in any other way, and all such ways are related by
SL(2,C) modular transformations.

Once we choose such a specific fixing of the modular group we can find the correlator (@)
using the mapping of [EI] However, when we do this we can find that the relation between the
Schwinger parameters and 7 is such that there are apparently branch cuts on the n-plane. This
would lead to an ambiguity in rotating n by a full circle around (say) z = 0. Since the mapping
of [E[] is well-defined,” it is clear that there exists a choice of the branch which leads to an answer

which is single valued, i.e. periodic under a rotation taking n — 2™

7. However, in some cases
this choice of branch is not the most natural one, and it requires changing the branch of the square
root at some point when we rotate. Obviously, such a change in the branch is only consistent if the

correlator vanishes at some point on every path taking n — e?™

find in our example in §.

7, and this is indeed what we will

5Given a set of Schwinger parameters there is a unique set of circumferences and the position on the moduli space
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Figure 1: The skeleton graph which we refer to as the “Broom diagram”. We depict here what happens
if we make the naive choice of branches, in which we do not change branches when we rotate 1. We see
that for this choice the rotation in the 7 plane changes the position of one of the edges, and thus changes

the correlator we are computing.

To illustrate this subtle point consider the “Broom diagram”, illustrated in figure . In this
example it turns out, as we will discuss in more detail in § below, that if we stay on the
same branch of the square root of the Strebel differential, the topology of the critical graph of this
differential changes as we take n — 2™y, leading to a different Feynman diagram, as described in
figure m Thus, one should be careful about the choices of branches when performing computations
using the procedure of [] However, this subtle issue does not affect the fact that the prescription

of [EI] always gives modular-invariant answers.

2.2 Short edge expansions

In this subsection we describe a limit of free field theory correlation functions which is governed by
a saddle point in the Schwinger parameter space. The expansion in the position of the saddle point
corresponds to an expansion in the length of one or more small edges in the critical graph of the
corresponding Strebel differential. As we will see in the next subsection, this is useful for analyzing
correlators involving diagrams whose contributions are localized on subspaces of the moduli space.
These are always diagrams whose dual graph (which is the critical graph of the Strebel differential)
has some vanishing edges.

For simplicity, consider a four dimensional large N gauge theory, and consider a correlation

function

< ﬁ@z(l'l) > (23)
i=1

of gauge-invariant operators made purely of adjoint scalar fields. In the free gauge theory, each
Feynman graph corresponding to such a correlation function involves J;; contractions of fields

between the 7’th and the j’th operator, so that the answer is given by

H |I1 — Ij|72‘]ij. (24)

1<i<j<n

is unique up to the modular group, which we fixed as described above. In other words, the prescription does not

distinguish between n and ne?7k.



In the Schwinger parameterization (which generalizes the one used in [EI] to position space) this is
rewritten as (up to a constant)

/ H doijoiJ;'*le—U”m_mﬂ' 2, (2.5)

1<i<j<n, J;;>0

and the integration over the o’s is identified with the integral over the decorated moduli space of
Riemann surfaces, with the o’s identified with the lengths of the edges of the critical graph of the
Strebel differential. When some of the J;; vanish so that some of the o integrations are not present,
this integral is localized on a subspace of the decorated moduli space, and it may also be localized
).

Note that a rescaling of all the ¢’s acts on the decorated moduli space just by rescaling the p;’s,

on a subspace of the moduli space, as discussed in

without changing the position on M, ,. Thus, the position on the moduli space is independent
of the overall scale but depends only on the ratios of the o;;’s. It is then useful to separate the
integral into the overall length and the ratios. When (say) Ji2 > 0, we can do this by defining
sij = 0i;/012. Denoting by Sy the set {(¢,7)|1 <1i < j <mn,J;; >0} and by Sa the set S1 — (1,2),
we can rewrite (.5) as
Jaona TT dsygsly v Dot nl Soesiecnll ()
(4,7)€S2
or (up to a constant)
—2(,jes; (Jij—1)—1
/( I dsisiy ™) (e =2+ > siglas — 5 . (2.7)
(i,5)€S2 (4,4)€S2
In general, the integral (E) is quite complicated when written as an integral over the moduli
space. However, if we look at the limit when one (or more) of the J;;’s becomes very large, the
integral is dominated by a saddle point in the Schwinger parameter space, and can be evaluated
in the saddle point approximation. This saddle point maps onto a point in the decorated moduli
space (up to the overall scaling of the p;), and therefore it is also located at a point in the moduli
space. In the limit of large J = E(i) )es Jij, and assuming without loss of generality that Jio is
of order J in this limit,% this saddle point is located at (at leading order in 1/.J)
(Jij — D1 — a2]?
Jiglzi — a2

(2.8)

Sij =

If all of the J;;’s become large then this saddle point will map onto a point in the middle of the
moduli space. However, if one (or more) of the J;;’s remain finite in the large J limit, then the s;;
and therefore the Strebel length /;; of the corresponding edge scales as 1/J in the large J limit.
Thus, expanding in 1/J leads to an expansion in small edges of the Strebel differential.

As an example, we can consider the following operators

Or(z1) = Te(®{*(z1)) , Oz(w2) = Tr(D2P4(22))

6 At least one of the Jij’s must be of order J in this limit, and we choose the ordering of the points so that it is

J12.



Os(x3) = Tr(®32 @y (x3)) , Oslws) = Tr(PLL DY (24)) (2.9)

where ®; are some scalar fields in the adjoint of U(N). In this case the only planar diagram that

contributes to

< Ol(xl)OQ(I2)03($3)04($4) > (210)

has the skeleton drawn in figure . We can consider the limit where the J; become large while
j remains finite, so that there are many contractions along the bold lines in figure E and a few
contractions on the thin line. The general arguments above imply that in this limit the diagram
will get its dominant contribution from Strebel differentials for which the (dual) edge corresponding

to the line between x5 and x4 is very small.

2

T1

Figure 2: The skeleton graph of the “Broom” diagram. The z; label space time points where operators
are inserted. Bold lines represent many homotopic contractions. On the other hand, the line connecting 2

and z4 has a small number of contractions.

The limit where edges of the critical graph of the Strebel differential vanish is the same as
the limit where several zeros of the Strebel differential come together, leading to a non-generic
critical graph. In the limit where the zeros come together, this critical graph is the dual of the field
theory diagram which we obtain by removing the edges corresponding to the finite J;;’s from the
Feynman graph. Such non-generic Strebel differentials are often easier to compute. For instance,
in the example described above, the differential for the resulting “II” diagram was computed in
[@] We can then perform a perturbative expansion in the length of the small edges around these
non-generic Strebel differentials, and interpret the result in terms of the large J limit of the field
theory correlation functions described above.

In this way, we are able to reliably change variables of integration in some neighborhood of the
saddle point of (@) The correlator in the appropriate part of the Riemann surface (which is the
image of a neighborhood of the saddle point under the Strebel map) is a very good approximation to
the exact result because contributions from other regions in the field theory integral are substantially

smaller.



2.3 Localized correlators as distributions

It was shown in [@] that certain worldsheet correlators, corresponding to non-generic Feynman
diagrams which do not include all possible contractions in their skeleton graph, are localized on
lower-dimension subspaces of the moduli space of Riemann surfaces. This localization may perhaps
be attributed to the fact that the free field theory is a singular limit from the string theory point
of view, which is naively related (at least in the context of string theory on AdSs x S®) to the limit
in which the tension of the string vanishes; recall that similar localizations have been encountered
also in a different “tensionless” limit [P4]. So, this fact by itself is not in contradiction with the
existence of a local worldsheet description. In this subsection we discuss the interpretation of the

localized correlation functions and their implications for the OPE coefficients.

Consider a Feynman diagram giving rise to a localized worldsheet correlator. This correlator
may be written as an integral over a subspace of the moduli space of the Riemann surface, which is
the subspace spanned by the Strebel differentials whose critical graph has the topology dual to the
Feynman graph. This integral, at least in the special case considered above of correlation functions
of scalar operators in a four dimensional gauge theory, is positive definite. This is because the
field theory expression for the integral (@) is positive definite, and the mapping of the space of
Schwinger parameters to the decorated moduli space is one-to-one (leading to a positive definite

Jacobian).

Feynman diagrams with a specific topology for their skeleton graph give localized correlators
independently of the number of contractions; in particular, we can consider the limit where the
number of contractions .J is large. In this limit we can consider adding an additional small number
of contractions to the Feynman diagram such that, as described in the previous subsection, they
will lead to additional small edges in the critical graph of the Strebel differential, with a length of
order 1/J. Upon adding the additional edges the correlator is no longer localized, and is a smooth
function on the moduli space for finite J (this is certainly true if we make all the edges finite, and in
many cases it is true even if we just add one small edge). This function is still positive, and in the
large J limit it becomes localized on a subspace of the moduli space. Since the localized correlator
arises as a limit of smooth positive functions whose integral is finite, it is clear that it must be
proportional to a delta-function distribution on the subspace where the correlator is non-vanishing.
While our argument that the correlator should be thought of as a delta-function distribution is valid
only in the large J limit, it seems likely that the same interpretation of the localized correlators

should hold also for finite values of J.

When we have a correlator localized on a lower-dimension subspace of the moduli space, in
some cases when we take the OPE limit of two points on the worldsheet approaching each other
(say, with two operators at n and at 0 in the 7 — 0 limit) we find that the correlator is localized at
a specific angle in the n-plane, for instance that it is non-zero only for (negative) real values of n

(as for the II diagram [L5]). How is this consistent with having a smooth OPE ? For simplicity let



us consider a four-point function which is localized on the negative real axis, namely
< Vi(m)Va(0)Vs(1)Va(oo) >= f(In])é(6 — ) (2.11)

for some worldsheet operators V;. Here we have written n = |n|e?®. Let us write the OPE expansion

of V1 and V5 in the general form

Vi(mVa(0) = ) exOn a0, (2.12)

n,n
where the operators O, 5 have weight (n,7) and we assumed that the V; are physical operators of
weight (1,1). We know from modular invariance that we can limit ourselves to integer spins n — 7,
though the sums n + 7 can take any value (and in string duals of conformal field theories it is

believed that they take continuous values [[L5, R5]). Combining (B.11]), (.19) and using

o0

2mo(0 —m) = Y (—1)ke’*?, (2.13)

k=—o0

we obtain that for any given value of n 4+ 7 we must have
2 < 0.0 (0)V3(1)Vy(00) >~ constant,,z(—1)""" (2.14)

where the constant may depend on n + 7 but is independent of n — n; namely, for every value of

n + n there must be an infinite series of operators appearing in the OPE, with

n+n n+n 1 n+n
2 72 27 2

+1,---, (2.15)

n =

which all give rise to the same constant in (2:14). A conspiracy of this form (R.14) is sufficient for
reproducing localized correlation functions of the form (), any operators appearing in the OPE

which are not part of such a conspiracy must not contribute to the localized 4-point functions.

3. The Broom diagram and its limits

In this section we study in detail the Broom diagram and the limits in which it degenerates to
the Y and the II diagrams. In figure Bl we have drawn both the field theory diagram and its dual
diagram which corresponds to the critical graph of the Strebel differential. The field theory graph
is indicated in bolder lines, while the critical graph is indicated by curves. The critical graph has
two vertices: at one vertex three lines meet, while at the other five lines meet. Thus, the Strebel
differential corresponding to this graph has one zero of order 1 and one zero of order 3.

We label the vertices of the Broom diagram to be at 0,1, 00,7 (see figure E), these correspond
to the poles of the Strebel differential. The residues at these poles are given by the positive numbers

Do, P1, P and p, respectively. From the figure it is easy to see that the following relations hold:

I = po, lo+13=p1, ly +13 = po, s+l + 1o =p,. (3.1)

— 10 —



Figure 3: The Broom diagram in field theory (the straight lines) and its dual graph.

Here 11,12,13,14 denote the Strebel lengths of the edges of the critical graph as shown in the figure.

From the above equations it is easy to solve for I3, 13,14

1

lp = B (P1 — Po + Py — Poo) 5 (3.2)
1

Is = 5 (P1+Po =Py +Poc), (3.3)
1

ly = B (Py — Poc — P1 + Do) - (3.4)

Thus, all the Strebel lengths are solved in terms of the residues, which indicates that in order
to determine the Strebel differential of the Broom diagram for given p; one needs to solve only
algebraic equations, and not the transcendental equations involving elliptic functions in their full
generality. Note also that we have focussed on a particular Broom diagram, in which the vertices
corresponding to 0 and 1 are connected. There are two other possible Broom diagrams (with a
central vertex at n), one in which 0 and oo are connected and one in which 1 and oo are connected.
All these cases are related by appropriate choices of branch cuts as mentioned in §E

Now let us look at the various limits of the Broom diagram. There are three limits (for positive

p;) and they are obtained by setting one of the edges s, I3 or I4 to zero.

lb=0

As the edge Iy degenerates, we see the dual edge connecting 1 and 7 is removed and one is left

with the IT diagram in which the residues satisfy the relation

P1+ Py = Po + Poo- (3.5)

This II diagram, which we call the IT; diagram, and its dual graph are shown in figure @

— 11 —



Figure 4: The II; diagram and its dual graph.

ly

Figure 5: The Y diagram and its dual graph.

I3=0

When the edge I3 degenerates, the Broom diagram reduces to the Y diagram in which the

residues satisfy the relation

Po + D1+ Poo = Py (3.6)

Here the dual edge joining 1 and 0 disappears, as depicted in figure E

ly=0

- 12 —



la

Figure 6: The Il diagram and its dual graph.

In this limit, the Broom diagram reduces again to a Il diagram which is distinct from the earlier

one. Here the residues satisfy the relation

Py +Po = Poo + P1, (3.7)

and the dual edge joining n and 0 is removed, see figure E We call this diagram ITs.

From the above discussion we see that the II diagrams and the Y diagrams which are obtained
as limits of the Broom diagram are linear subspaces in the space of the p’s. In fact, since the overall
scale of the Strebel differential only sets the overall scale for all lengths, we only need to consider
the ratios % (i =1n,0,1). Then, the IT and the Y diagrams correspond to planes in the positive
octant of the three ratios.

Our goal is to compute some Broom diagrams; this should provide us with new worldsheet
correlators which can be studied and lead us to a better understanding of the worldsheet CFT.
Though the equations are algebraic, it is very hard to obtain closed form expressions for the cross-
ratio 1 as a function of the lengths I;. As we will see in the next section, at a generic point in the
octant of the p;’s one needs to solve a sixth order algebraic equation. Thus, closed form expressions
can only be obtained on subspaces where the equations reduce to lower order ones.

We will therefore mostly use perturbation theory around the limits mentioned above. There
are two different techniques to do this. One uses straightforward computations on the sphere, while
the other was developed in [@] and uses expansions around special points of elliptic functions. In
this section, we use the more straightforward technique, and in appendix @ we exhibit the other

way to do it.” Of course, the final results agree precisely. As a further check we will see in the

"It is best to read the appendix after §H, where the relevant schemes are defined.
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Figure 7: The critical (and the dual) graph for the Broom expanded around the Y diagram.

next section that the perturbation theory agrees with exact results obtained in some of the exactly

solvable subspaces in a common region of intersection.

3.1 Perturbing around the II and the Y

In this section we compute explicitly the first non trivial order of the Broom diagram when expanded
around the IT and Y diagrams. We begin with the expansion around the Y diagram, which exhibits
many basic features of the perturbation scheme, and continue to the expansion around the II,
emphasizing the implications for the localization of the II found in [[§]. A detailed field theory

analysis using the world-sheet correlator that we find is postponed to §E

3.1.1 Perturbation around the Y diagram

Let us consider the Broom diagram as a perturbation of the Y diagram, and write down its Strebel
differential where we pick the positions of the worldsheet insertions as in figure E Our expansion
around the Y diagram is an expansion around the subspace where the residues are related by
Py = Po + P1 + Doo-

We scale all the Strebel lengths relative to p., and define v; = p;/poo. The quadratic Strebel
differential is

9 1 (z=c)(z—c €)3
P 22(2 _)(1)2(2 jn32 dz © dz. (3.8)

qdz ® dz =

We consider an expansion around the degenerate differential with all zeroes coincident, or in other
words we perform a Taylor expansion with small parameter €. As mentioned above, there is no
Strebel condition here, just algebraic constraints which fix the residues of the poles. The signs of
the square roots of the residues 72 of (@) are set by the limit € — 0 which is the Y diagram, for
which [[§] 7o = —¢?/n,71 = (¢ — 1)2/(n — 1),7, = (n — ¢)?/n(n — 1). Expanding to the first order

where the constraint equation is modified we get
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A 3c 31, 114
——c

= et O(e*
e n 2776 8776 16 en +0(),
(c—12 3¢—1 3 1 , 1 5 .
= - — — N — O
M= T Ty TR =1 T = o)
n—c? 3 n—c 3 1 s 1 1

€+ 0(eh). (3.9)

=0 " 2n=1) T 8yn—1 16— —1)

Let the (rescaled) length of the small edge of the Broom diagram be [ (see figure ) :
2[2’}/0+’}/1—|—1—")/77. (310)

Using (B.9) this is equal to
[ 1 3
- 32c¢(n—c)(c—1)
Not surprisingly, the edge is non-zero only at the third order in the perturbation; the fact that the

+O(e%). (3.11)

point we expand about has a four-fold degenerate zero implies that the first two contributions to
the additional edge vanish. Note that in (B.11)) one can substitute for  and ¢ their zeroth order
(in €) values. The geometric meaning of this equation is very simple : it is 31—263 multiplied by
the residue of the four-fold zero in the Y diagram. For all other purposes (except ())7 we may
use the equations (@) to the first non-trivial order in e. This should suffice to obtain the leading
corrections to the amplitude written explicitly in [@] Some trivial algebra gives the nice result :

3e

5 > + O(€®). (3.12)

1
c=5 <1+71—77(70+71)+

Notice that there is no correction of order €2. This will play a major role in the sequel. Substituting
this in the first equation in (B.9) we get
1 5 362 3
0 = =7 L+ 7 =1y + 7)) + 75 +O(€). (3.13)
It is easy to obtain explicit formulas in the gauge we use, as was noticed in [E] We can rewrite
(B.19) as
12 (30 +71)% = 20(3m — ) + (L +m)° =362 /4 = O(&), (3.14)
using the relation among circumferences v, = vo +71 + 1+ O(e?). This is a quadratic equation for

71, with the two solutions corresponding to two possible orientations of the Y diagram before the

additional line is added. We choose the solution of (B.13) given by
2

) — (\/—wlﬂ\/%)?_i i Lo
Yo +m 16 \/ o717y

This is the only thing we need, in principle, for the variable change to the field theory. From here

). (3.15)

on all the equations we write will be correct up to O(e?). One can invert equation ) to simplify
the substitution in the field theory. First, note that

v+ i\/ TYnYo 3 ie?

2
= (X VI 3.16
K ( Yo + M ) 16 \/YoV1 7y (8.16)
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Simple manipulations lead to the equations

3 '2
o+ 0lal = (1) + ot | W(Wm /) + muﬁwwﬁo)}

3
32(14'70){ VY01V

(Yo +7)n—1=(1+) +

(i) } |
(3.17)

(V1 — iv/am0)? + W

A nice consistency check is that in the zeroth order, ¢ = 0, one reproduces the equations obtained
in [E] It is easy to solve the equations in the zeroth order (these are linear equations), and then
to iterate and find the first correction. The zeroth order result is :

In—11—In|+1 In| —In—1/+1 Il =1+1

B Y1 = 5 TYn = . (318)
In—1]+[n] -1 In—1]+[n] -1 T =14y -1

Yo =

To the end of finding the final iterated results as v = (7, €) the form () is not very convenient.
An equivalent form of (B.17) (obtained by using the known zero order relations) is

3lp—1+n -1 (Im<e_2n>>

(o +7)nl=Q1+m) -

16 In| Im(n)
(0 +20l 1] = (1-+0) - S (Im(iﬁ’gﬁ; 1”) . (3.19)

It is now trivial to solve these equations, and obtain the corrected form of the circumferences as
functions of the sphere modulus 7 and the separation of the zeroes €. The first non trivial order of

the corrected solution is :

=1 —fn[+1, 3 g1 <Im<e_2<n—1>>> 3 In—1] <Im(e_277)>
() ’

Yo =

In—1/+[n|—-1 16 |n—1| Im(n 16 || Im(n)
SO el VST S S | Im(p)\ 3 [0l (Im(E(n—1))
=1+ n -1 16  |n Im(n) 16 |n — 1] Im(n) ’

’y_
Tl —1+n-1 16y \ Im(n) 16 |n — 1| Im(n

Combining (B.11]) with (B.9) one obtains at leading order

=1+ 1 31 (Im(@p) 3 1 (Im(E(n—1)
AL 0 el B e < ) ( = ) (3.20)

2 1 €® 1 —¢b 1
C322¢2(n—c)2(c—1)2  32202(n— 1)2 yom1yy
The cross-ratio (B.13) contains €2, which means that one has to take a third root of equation (B.21).

This leads to 3 possible solutions which corresponds to the 3 possible locations of the additional

(3.21)

edge. For any value of n and [ we have three possible ways to split the zeros of the differential
corresponding to Y diagram and obtain the Broom, the difference will be in the position of the
extra edge. Fixing the specific diagram we want to compute uniquely fixes the branch of the cubic
root as was explained in @ We also explained in § that the naive choice of the branch is
wrong because it changes the worldsheet correlator we actually compute. This is now obvious from

equation (B.21)) : a rotation around, say, n = 0 changes the branch upon computing the cubic root,
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so it would change the topology of the diagram. Note that this is consistent only if the additional
edge vanishes somewhere as we do this rotation, and indeed, for n € (0,1) the circumferences blow
up in the zeroth order and the additional edge, consequently, vanishes.

Finally, to accomplish the variable change we need to integrate the appropriate field theory inte-
gral (@) over the small edge, | = sp1. As described in §@, we suppose that Z(z‘,j);&(o,l) Jij is very
large compared to Jyp1. Then, this integral is dominated by a saddle point which is parameterically

small sg1 ~ Jp1/ Y. J. Combining with ) we obtain that

Jo1 3
—_ 3.22
SO e, (3.22)

which connects the small parameter of the expansion on the Strebel side to the small parameter in

the space-time field theory.

3.1.2 Perturbation around the II diagram

Figure 8: The skeleton (and the dual graph) of the field theory graph we consider. The line connecting 0

and n is taken to have few contractions compared to the bold lines.

In this subsection we study the localization of diagrams on the worldsheet by perturbing around
the IT diagram.® We start by discussing the relevant Strebel differential and then calculate the field
theory expression. Finally, we take a short edge limit, as discussed in §@, to get an explicit
worldsheet expression (our short edge is depicted in figure E).g

For the II diagram p. + p1 — po = py. We begin with the differential

1 (z—c)(z—c+e)?
—p?— dz ® dz. 2
Poo g 22(z — 1)%2(z — n)? F@az (3:23)

qdz ® dz =

€ is considered to be small and vanishes for the unperturbed II diagram. As in the expansion around

8More specifically we work around the ITp diagram.

9There is another possibility of adding an extra edge to the Il diagram by making it into a Square diagram.
However, also for the Square diagram the worldsheet correlator localizes on the same subspace (see appendix E), S0

this does not regularize the worldsheet correlator.
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the Y diagram there are no reality constraints here. Expanding the residues in € gives

2 3ec 31, 11 4
= e+ - O(e*
o n 277€+877 +16c776 +0(),
(=12 3c—1 3 1 , 1 s .
= _: 2 - - 0O
M= T TRy T ne-n° T
(n—¢?® 3 n—c 3 1 2 1 3 4
Yy = — €+ — € — — e’ + O(€%). 3.24
T =1)  2n(n-1)  8nn—-1)  16n(n—c)(n—1) € 324
Solving for the zero and substituting back we get
(11 —70)% = 2n(ymn +70) + (L+m)* — 3¢ /4 = O(e*), (3.25)
which is solved by
NalaiE= 2321
_ WE V) 3 0(é). (3.26)

———— +
(71 —70)? 16 /7170

It is explicit that in the zeroth order the cross-ratio is purely real. The sign ambiguity appearing in
equation (B.2§) is fixed by the choice of the ordering of insertions in the critical graph, figure [ (see
[@] for details). One can show that for our choice of ordering the right sign choice is +. Another
important equation (all equations from here on are at leading non-trivial order in €) is

1 €3

2l = -m-1l=—-———— 3.27
a0 =M 16 c¢(n—c)(c—1)’ (8:27)
which upon using the relations above can be written in the following form :
1 6 1
2 ‘ (3.28)

T 32020 — 12 o
We can put the zeroth order values of the n modulus in equation (B.2§). Hence, it follows that

given a specific [ there are 6 solutions for €, which can be written as :

N 1 1]V

e=e 3 —
322 (n©)2(n© —1)2 471y,

where (%) stands for the zeroth order solution (which is a real quantity). Recalling equation (B.24)

k=0,---,5, (3.29)

we see that there are four deformations of the critical graph of the II diagram for which 1 becomes
complex and two for which it remains real at the leading order.

It is easy to see that there are indeed 6 possible blow ups of the 4-fold degenerate zero in the
IT diagram which have a single simple zero and a 3-fold zero as in () Two of them are simply
adding self contractions to the IT which turn it into a diagram which is set to zero in the field
theory. The other 4 diagrams correspond to adding a diagonal line to the II. They come in two
pairs corresponding to the mirror image of each other. In general, by imposing [ > 0 in (8.27) we
cut the number of diagrams to 3, and then the two complex conjugate solutions of () correspond
to adding a diagonal line (a Broom diagram, figure E) and the third, real solution, corresponds to
the self contraction'® of the vertex mapped to the point . These deformations of the critical graph

of the Strebel differential are depicted in figure [l

10This may be seen geometrically, because the original critical curve is symmetric with respect to complex conjuga-
tion. It is possible to add a self contraction respecting this symmetry (and leaving the Strebel differential manifestly

real), as in figure H, while it is not possible to do this for the Broom diagram.
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Figure 9: 3 of the 6 possible blow-ups of the four-fold degenerate zero, the other 3 are similar. The
corresponding (dual) field theory graph contains a self contraction for the figure on the left. The insertions

are at 0,1,m,00, and are exactly in this order also for the faces in the figures.

4. Exactly solvable subspaces of the Broom diagram

4.1 The Strebel differential for the Broom diagram

In this section we reanalyze the broom diagram using a different technique. This uses the uni-
formizing map for the Strebel differential onto an auxiliary torus. By taking appropriate scaling
limits of the general case studied in [E], we can specialize to the case of the Broom diagram. We
obtain a set of algebraic equations which turns out in general to be equivalent to a single sixth
order equation. However, we will find subspaces where the order is lower, where we can obtain
closed form expressions for the cross-ratio. The techniques developed in this section will be used
in appendix @ to rederive the perturbative results of the previous section and to check some of the
exact results obtained here.

As mentioned above, the Strebel differential for the Broom diagram has both a third order zero
and a simple zero. Therefore, it can be put in the general form

(za—1)23

(z— 20)%(z — 21)?(2 — 22)%(z — 23)?

Here we have chosen the triple zero at the origin and the simple zero at é.“ The equations which

¢(z)dz®@dz = —-C dz?. (4.1)

determine the Strebel differential for a given set of Strebel lengths are algebraic, as noted earlier.

However, we will find it advantageous to work with an equivalent set of algebraic relations that one

obtains from taking an appropriate limit of the general Strebel differential for a four-point function.
The most general Strebel differential can be written as

(v’ =Dk - 1)
(¥ —v0)*(y — y1)*(y — y2)*(y — y3)?

¢(y)dy © dy = —C"’ dy®. (4.2)

We substitute the change of variables

y=1—62(a—£>, ym=1—62(a—zi>, (m=0,1,2,3) (4.3)
and take the limit ¢ — 0 with a, y and ¥, finite. We also scale C’ such that C’/¢'? is finite. It
easy to see that with this substitution, the general Strebel differential (}t.2]) reduces to that of the
Broom diagram given in ([L.]).

11 Unlike in the general discussion and figures of the previous section, the poles are now at arbitrary positions z;.
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For the general Strebel differential (), it is appropriate to go to the uniformizing variable u
for the elliptic integral

Y dy
u= | = w=(1-y?)( - y2k2). (4.4)

1w
To obtain the required limit we perform the substitution for y given in (@) We can then perform
the integral by first expanding the integrand around the origin and then integrating term by term.

This leads to the following asymptotic expansion
1 1—5k2 3+ 2k2% + 43k*
——— - (9 - 3y 7 TR 54 ... 4.5
u T ( €r + 6(1—k2)(€x) + S0 —1) (ex)® + > (4.5)

where

1
2=q—=. 4.6
x a ; (4.6)

From the above expansion we see that the expansion in € corresponds to an expansion about u = 0.

To see this in another way, note that from the definition of u ([£.4) we have

cn(u) Lo 2
= ~ 14+ (k" —1)u~. 4.
y= S~ 1+ 5 = 1) (4.7)
Here we have inserted the leading expansions of the functions cn(u) and dn(uw) about w = 0.

Inverting the above equation we see that we obtain the leading expansion in (@)

Our goal is to determine the positions of the poles and thus their cross-ratio . The general

equations for the positions of the poles in the u plane are'?

3
m=0

The 72, are the residues of ¢(z) at z = z,, as in [Lf]. We can now perform an expansion in e

3

3
= Z TS (Upy, ) = Z me =0. (4.8)
m=0

sn ()

m=0

in these equations to obtain (up to order €%)

3

) 1+ 3k3 5T 2 B
Zrm<\/§(1—k)$m+m (2 —2k?)e xfn)—(),

m=0
3
k211 1+3k2 1 5 (3+K*)(5k*—1) L 5.
m - m :07
Zr <\/ ot \/2—2k2x T T Reeon) Voot
[ -11 3+l<:2 / 3k + 50k =5 5 4
rm < 5 2/€2 Tim€ —k2 —1)7 xo. €] =0. (4.9)

The above equations give the following simple conditions, at leading order, for the poles :

3 3
S i = z P = 3 i, =0, (4.10)
m=0

m=0

These equations are algebraic.
The SL(2,C) invariant quantity which characterizes the location of the poles is their cross-ratio.

From the definition of z,, in (J.d) and its relation to the poles gy, (.d) which occur in the Strebel

12See equation (2.9) in @] and the discussion in §2 there. The location of the pole corresponding to z,, in the

u-plane is denoted by um,.
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differential we see that the cross-ratio is a function of 22,. Using this freedom one can suitably

change x,, — +x,, to write the conditions on the residues as conditions on the perimeters

po=Irl, pir=Ir2l, Py =13, P =]rol- (4.11)

Note that all the perimeters are greater than zero. Rewriting the condition in (§.1(]) in terms of

the perimeters leads to the following equations

p_0_|_p_1_|_p_77:p;“)7
I To I3 Zo

Pox1 + p1%2 + Py¥3 = Pooo,

POTT + P15 + PyTi = Pty (4.12)
In terms of the ratios
_ Po D Dy
Yi = —» MNM=_— Tn=_)
%)_o P P
wp = 2 i=1,2,3, (4.13)
o
the conditions (f.13) reduce to
ﬁ + l + ﬁ — 17

w1 w9 ws
Yow: + y1we + Vw3 = 1,

Yow + y1wi + yws = 1. (4.14)

Since the perimeters pg, p1, Py, P are positive we have o, v1,v, > 0. Thus we have to look for
the solutions to the above system of equations in the (y0,71,7,) positive octant. These are the
equations we will be using in appendix E to analyze perturbations around some exact solutions of
EDd).

To make the change of variables from the Schwinger parameters to the cross-ratio we need
to express the latter in terms of the Strebel lengths (which in this case are determined by the
perimeters). The solutions to equations ([.14) are sufficient to determine the cross-ratio 7 in terms
of po, p1, Py, P (or rather the ratios vo,v1,vy),

(w3 — w3)(wi — 1)

T )Wy - 1) (419)

Here we have used the expression for the cross-ratio of the poles y; and substituted the change of

variables ([.4), (£3).

The equations in () can be reduced to a sixth order equation in one of the ratios w;.
Therefore, it is difficult to solve them in general. However, they simplify in various limits which we

will discuss next.

4.2 Global solutions

As mentioned above, we have to look for solutions to (Jt.14)) in the positive octant defined by

Yo > 0,91 > 0,7, > 0. In this octant there are three special planes in which the solutions reduce
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to that of the Y diagram of (B.4) and the I diagrams of (B.) and (B.7). Since these planes are

important limits of the general solution we will summarize the results for the cross-ratio in these

planes obtained in [@, ]
i. Y-plane
From (@) we see that the Y-plane is specified by the following linear equation in the octant
Yo+v1+, =1 (4.16)

From , E] , the formula for the cross-ratio in terms of the v’s reduces to

o - (YT )

Yo + M1

1. Iy -plane
We will call the subspace given by (B.5) the IT;-plane
=15 (418)

The expression for the cross-ratio is obtained in a way similar to the Y-plane and is given by
2
V70 F /717
me = (CEET) 19

Here we have defined 7+ corresponding to the F branches, note that both branches are real and

negative.
i13. 1lo-plane
The Tlp-plane is the subspace given by (B.7). In the y-octant, its equation is given by

049 =14 (4:20)

This plane is related to the II;-plane by vy < 71 exchange. The equation for the cross-ratio on this
plane is given by
2
MMyt = <W> : (4.21)
An important point to note is that the choice of branches ny 1 is related to the choice in 7, +
and nm,+. We now focus on two particular limits which enable us to fix the solution globally, the

diagonal line 9 = v1 = 7, and, more generally, the plane vo = ;.
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4.2.1 The diagonal line v = vy = v, =

A nice feature of this line is that it intersects both the II-planes,'® (B.5), (B.7) at v = 1 and also
the Y-plane, (@) at v = 1/3. As we will shortly see, on this plane the equations in ) can
be exactly solved and the cross-ratio can be exactly determined. In addition, matching with the
solutions on the TI-planes given in ([.19)), (f.21)) and the Y-plane in (.17) at the intersection points
will enable us to uniquely fix the branch of the solution.

We will first evaluate the cross-ratio at the intersection points with the IT and the Y planes.
Consider the II; plane, and approach the point v = 1 on the diagonal line along the II; plane by
taking v, = 1 + ¢,71 = 70 — €. Substituting this in (.1J) we obtain to leading order in €

1
M+ = = (1- 70)27 m- = —4 %2 (4.22)
7o

The values of the cross-ratio given above correspond to the two different signs in () We will
choose the positive branch in what follows, a similar analysis can be carried out with the negative
branch. What is important in our analysis is to show that the perturbation about the II plane leads
in general to a complex cross-ratio; it will be easy to see that this is true in both of the branches

() On the positive branch the value of the cross-ratio at 7o = y1 = v, = 1 is given by

1 2
=—(1-— =0. 4.23
N+ o ( 70) ( )

Now let us look at the point v = 1/3 where the diagonal line intersects the Y-plane. Substituting
the values y9 = v1 = v, = 1/3 we obtain

LT
Ny+ = exp(iz§). (4.24)

We again choose the positive branch here since that is what corresponds to the positive branch in

the II; plane. This gives the following value for the cross-ratio
LT 2
My+ = exp(iz) = —w°, (4.25)

where w = exp(27i/3) is the cube root of unity.

The Iy plane is related to the IT; plane by 79 <> 1. In fact it can be shown from (§.19) and
{E21) that 9, +(vo, v1,7) = 1 — 9+ (71,70, 7,). Thus it is sufficient to focus on the TI; plane.
Furthermore when ~y = ~; it seems that we have n,+ and 1 — 9, + labelling the same Riemann
surface. This is consistent with the Zs permutation symmetry of the Broom diagram.

Let us now solve the equations (jt.14) at a general point on the diagonal line. They reduce to
the following simple set of equations

wil—kwiz—f—wig=w1+w2+w3:wi’+w§+w§=%. (4.26)
One can solve for any of the variables in the above equations to obtain the following cubic equation

(we assume v # 1)

3y2ws — 3ywi + wz — v = 0. (4.27)

13Note, however, that this intersection point is actually a singular II diagram where one edge is of zero length.
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Here we have chosen to eliminate wy,ws and write the remaining equation for ws. One can solve

L

this cubic equation quite easily: under the shift ws =y + the equation simplifies to

3y’
1 1
3
—-——(l1-— | =0. 4.28
Y ( 9”/") (42
This gives the following three solutions for ws

1 (1Lw,w?), o 1
= — (997 - 1)MR 4.29
wy = o b 09 - ) (429)

One can then solve for the values wy,ws from the first two equations of ([.24).

From the symmetry of the equations in () it is easy to see that there are 6 solutions which
correspond to the 6 permutations in the assignments of the 3 solutions in () to wy, we, w3. From
the formula for the cross-ratio in (4.15) one can see that a permutation involving the exchange
(1 < 2) has the effect (n < 1 —n), while the exchange (1 < 3) has the effect (n < 1/7).

Since the diagonal line intersects both the IT and the Y plane at v = 1 and v = 1/3, respectively,
we must choose the assignment such that the cross-ratio reduces to the values at these points, given

in () and (), respectively. The following assignments satisfy this criterion uniquely :

1 1 1 w 1 w?
_ Y ——4Y, 4.30
3y a3 TR TR TR TR (4.30)

w1
Here we have defined, for convenience
v=(992-1)3 (4.31)

to be the real value of the cube root. Evaluating the cross-ratio ( using the above assignment,
we obtain
Wy —2)2(v+1)

e (4.32)

Nldia = —

It is easy to see that this expression for i vanishes at v = 2 ,'* or v = 1, which corresponds to
the point where the diagonal line meets the Il-plane. It also correctly reduces to —w? at v = 0 or
~v = 1/3, where the diagonal line meets the Y-plane.

We easily see from the exact expression () that, at least in the direction of this diagonal

line, the cross-ratio becomes complex when we perturb infinitesimally away from the II plane(s).

4.2.2 The vy = v; plane

We will now study in a little more detail the behavior of 7 in the plane 79 =1 = 7. In this plane
we know the exact value of 7 along the line v, = 1 (which is the intersection with the II planes)
as well as along the line 7, = v analyzed above. We will use this exact information and study the
perturbation around the II plane and see that it is consistent with our general results.

The exact equations ) in this plane take the simplified form

R 1

wy | wy | wy Y(wi + w2) + yyws = y(wi + w3) + s = 1. (4.33)

141f we had chosen the negative branch in () we would have had to perform the wi <« w3 exchange in the
assignments of (), which would have resulted in 74ia < 1/M4ia-
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We can eliminate wy,ws from these equations and obtain a quartic equation for ws
Yo(72 —?)ws =12 (Va3 =4y wi + 3y (1477 — 27 wi — (377 +1— 49" )ws +7,(1—7%) = 0. (4.34)

In principle, it is possible to solve this quartic equation exactly and obtain the cross-ratio explicitly.
However, the general expressions appear to be much too cumbersome, so we will content ourselves
with looking at various limits and, in appendix , perturbing around them.

In the limit v, = 1 we get the simple quartic equation
(1 —~*) (w3 —1)* =0. (4.35)

For v, = =, we get the cubic equation

1 1 1
3 2
0 4.36
ws 7w3 + 371113 3 ) ( )

which we had obtained and solved in the previous subsection. There is a further limit where the

quartic simplifies. This is along the line v = 1. We again get a cubic equation

Vw3 — ”y,%wg + 3wz —3=0. (4.37)
This cubic equation can be mapped to the previous cubic in terms of the variables wf = wl,
3
/1
Tn =5,

5. Field theory analysis

In this section we return to the field theory and consider the worldsheet correlator for the Broom
diagram, in the limit where it is close to the II diagram. As mentioned in §E, this is obtained by
taking a suitable limit of a large number of contractions. We will, therefore, consider this limit in
more detail.

The field theory integral, written with conductance variables as in §E, is (up to an overall

numerical factor)

m mi mo m
G(xo, 1, Too, Tn) = /dUoondUmdUondam%o%"”Uln"00,,"00101 X (5.1)

exp [—Ooon (Too — )? — 01 (21 — )% — o0y (T0 — 7)) — 001 (20 — 21)?] .
[ n n n n n n

Notice that the m’s are the physical multiplicities .J;; defined in §@ minus one, and are non-negative

integers. We integrate over the overall scale to get

_ Moon+Min+mon+mo1+3 JMin 70y ;mo1
G(xo, 1, Too, Tny) = /damndslndsondsmawn" 707 S1n Son  So1 X

exp [~0oon ((Too — x9) + s15(21 = 29)” + s05 (20 — 24)? + 501 (20 — 21)°)]
mon m

_ min 01
= dslnd50nd50151n 5077 So1 X

-M
(oo — 24)® + s1y(21 — 24)® + S04(20 — 24)° + s01 (w0 — 21)%) | (5.2)
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where s; = Ui/Uoon and M = Mmooy + myy, + moy, + mo1 +4. We assume that mg,, << m; where
m,; stands for all other m’s. The integration over sg, can then be performed by a saddle point
approximation. Most importantly, the saddle point is dominant and the value of sg, at the saddle

point is extremely small. Indeed, denoting
A= (2o — xp)? + s1y(21 — 20))? + S01(71 — 70)?, (5.3)

we have
mon A

Wi(xn — xo)z. (54)

Son |saddle point =

Note that around the saddle point we will have an integration of the form [ d(éson)e_%X(550n)2 with

2
Son |saddlc point:|

and in order for the saddle point to be dominant x should be very large. This is a reason why
the small mg, expansion can be useful to study localization. It remains to evaluate the integral at
this saddle point taking into account the quadratic fluctuations of the Gauflian. One can actually
evaluate the integral exactly using the formula

_T@ry) _ [~ e
B(z,y) = Twty) /0 W(lt. (5.6)

The result of the integral over sq, is given by
G = B(mon + 1, M — mon — 1)/d$1nd8015717:71”$gi01 X

(oo — @)% + 81921 — )% + 01 (21 — wg)?) "= T

(2 — x0)2(mon 1)’ (5.7)

This effectively means that we have separated out the propagators corresponding to the mg, + 1
contractions, and written the others as in a II diagram. The non trivial input is still to come, with
the transformation to the n plane. One should keep in mind that the above form of the integral
would be completely useless in the case where we don’t have a dominant saddle, because one cannot
generally make the change of variables in the last equation (17 = n(s1is, Son, So1) and so,, is generic).

We can now use our results on the Strebel problem from the previous sections to explicitly
calculate the relevant worldsheet correlator, identifying the (normalized) lengths in the two for-
malisms, | ~ sop, Y0 ~ So1, Y1 — Y0 ~ S1 (in the notation of §E) First, let us summarize the

important relations we have established so far :

1/3
_ 2kmi
E2 —e B 12/3 322(,’7(0))2(77(0) _ 1)2,_)/0,_)/1,%7 ,

; o oy (oo = 2)* + (11 = 70) (@1 — 29)* + Y021 — x0)
|saddlc point— W (xn — 550)2

(VT + ) 32 1

e —
(71— 0)? 16 /7170

Tm+v—m=1+2L
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We define Re[n(®)] = d?, to find at zeroth order in I

(d+ %)? (d+ /70)? (1+dy70)?
= = S 1= B 59)

We see that d is well defined in the range 1 < d < oco. In what follows we limit ourselves to small
d?> — 1 = q, since this is relevant for the OPE limit 7 — 1 and it will give compact expressions.
However, an analysis for general values of « is also possible.

The above relations assume smallness of € and [ and thus we can not trust them for all values
of the parameters. Smallness of [ implies

lm_mon L1 — Ty 2(1""\/7_0)2
M \zo—x, d? -1

< min(1, 7o), (5.10)

which constraints 7o (defining n = mg, /M) to
n{xry—x 2 afr,—x -2
—(———i) <My<—<———ﬂ) . (5.11)
a\zo— zy n\ To — Ty

For generic, finite x; and -y, we see that we can not get as close as we like to d = 1; we are bounded

by a value of order mg, /M. The smallness of [ automatically implies the smallness of e. Thus, we

conclude that for generic x; the calculations can be trusted for
n !
n<a<l, — << (5.12)

To actually calculate the worldsheet correlator we have to establish the dictionary between the
Schwinger parameters appearing on the field theory side and the cross-ratio appearing in the string

correlator. From (.§) we find

4/3 2/3
3 - 1+ %
Reln] = d” (w x) s,

_ W To — Ty 73/6
3%/2 (1) — Iy 4/3(1 + \/7_0)2/3 2/3 1/3
Im[n] = m(xo _wn) 7S n?3al/3, (5.13)
0

— 25/3\ mo—xy,

4/3
and we get that (define /3 = 3%/2 <M> )

22331323013 < Imy] < 1 (5.14)

in the trusted regions. From (p.13) we can easily write down the dictionary (choosing the plus sign

for Tm[n)) :
a—Re[]—i—iIm[]—l (5.15)
n /3 n ) .
as well as the solution for g
[~ _ Imfy)® Im[n)” Im[y)”
+ _ _ _
To = 26an? L+ 26an2(2ﬁan2 2). (5.16)
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The plus sign is for 79 > 1 and the minus sign is for 79 < 1. The Jacobian of the transformation

{Re[n], Im[n]} — {70, d} is

|7 = QdM = 5n2/3a1/3}( % + 1)71/3(\/%— 1)
- o 3 (73:)7/6 )

(5.17)

where we have to sum over both branches for v5. The Jacobian of {vo9,71} — {70,d} is, in the

vicinity of d =1,

(L+4/7%)°
— Qe (5.18)
From here we easily obtain that to leading order the total Jacobian is
(1 + ,yi)7/3(,yi)7/6
6— Y 0 (5.19)

Bn23aT/3 (/5 — 1)

Finally, we can recast the field theory integral as a worldsheet expression. The field theory

integral @) is proportional to

( 1/2

/ +

FYO > mMo1—Moon Moon—1M01 2 (1 —+ ’}/5'_)2
/dIm[n]dRe[n]i(\/%}‘ -/ o3 tmoentmor | _ VT

Vo -1 Vi
(5.20)

Here we have summed over both branches of the Jacobian. One can use the dictionary ()7)

to write the integrand directly in terms of the cross-ratio 7.

11
— % ~Moon—Mo1

We expect that the above integrand has an extremum at the point corresponding to the unique
saddle point of the field theory integral. We indeed find this maximum, which is a consistency check
on the computation. The typical behavior of the integrand is shown in figure E

This provides a concrete example of our general discussion in §@; we see that in the Broom
diagram the correlation function is a smooth function on the worldsheet, but that in the limit in
which this diagram goes over to the II diagram the correlator becomes proportional to a delta-

function on the real line.

6. Summary and discussion

In this paper we analyzed in detail a specific four-point function diagram, the Broom diagram, in
order to illustrate several general features of the translation of ] from Feynman diagrams to the
worldsheet. We showed that this translation is modular invariant, but that the modular invariance
is sometimes realized non-trivially (requiring following specific branches of fractional powers). We
showed that diagrams which localize on lower-dimensional subspaces of the moduli space can be
thought of as delta-function distributions, and that such a localization can be consistent with the

worldsheet OPE.
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Figure 10: A typical behavior of the integrand. Depicted here is the integrand as a function of Im[n] for
some given Re[n]. The vertical axis is proportional to the amplitude (denoted by S). As mo, — 0, the

integrand approaches &(Im[n)]).

While we have gained some understanding of the localization that certain worldsheet correlators
exhibit, we would also like to be able to extract some broad patterns related to this behavior. For

instance, we might ask the following general questions:
e Which free field theory diagrams exhibit localization on a subspace of the moduli space ?
e What subspace of the moduli space do the corresponding Strebel differentials localize on ?

The idea here would be to obtain an answer to the first question based purely on the graph topology
rather than through the kind of explicit computations that we have carried out. Obviously, a
sufficient condition for localization (discussed in [[J]) is for a diagram to have less edges than one
plus the (real) dimension of the moduli space, but this is certainly not a necessary condition. An
answer to the second question would also be important in studying the properties of the conjectured
worldsheet theory.

So far we do not have any general answers to these questions, but we can make an observa-
tion based on the analysis of various sphere 4-point function diagrams in ] and in this paper
(including appendix E) In these examples two types of localization occur : localization to a
one-real-dimensional subspace of the two-real-dimensional moduli space, or localization to a two
dimensional region (in the Whale diagram discussed in appendix B) In all cases, the localization is
such that one of the three possible OPE limits of the diagram (which are  — 0, 7 — 1 and n — o)
does not appear (namely, the region covered by the Strebel map comes close to two of the fixed
vertices but not the third one). Recall that in a 4-point function one cannot distinguish between
the OPE limit of two points coming together and that of the other two points coming together (the
two limits are related by a modular transformation). In all cases, we find that the worldsheet OPE
limit that is not present corresponds to bringing two points together such that both pairs of the
corresponding space-time operators have no contractions between them in the Feynman diagram

that is being computed. For example, in the II; diagram of figure @ the covered region includes
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7 — 0 and 7 — oo but not n — 1, and there are indeed no contractions between the operators at n

and at 1, as well as between the operators at 0 and at oco.

We can give the following heuristic explanation for this observation. In general, the space-time
OPE of single-trace vertex operators in large N gauge theories contains two types of terms (which
contribute at leading order in large N to correlation functions) : single-trace operators and double-
trace operators. In free large N theories, the single-trace operators arise just by contractions, and
they do not contribute to diagrams where there is no contraction between the two operators in the
OPE. Now, in general, as discussed in [@], there is no clear relation between the space-time OPE
and the worldsheet OPE in the string theory corresponding to a large N gauge theory. However,
when we have an OPE between two operators in some n-point function, the single-trace terms in
the space-time OPE are related to (n — 1)-point functions, which are in turn related to (n — 1)-
point functions on the worldsheet, so it is natural to expect that the contributions related to these
terms in the space-time OPE will arise from the OPE limit also on the worldsheet (which also gives
(n —1)-point functions). It is hard to directly relate the two OPEs because the operators appearing
in the space-time OPE are non-normalizable (from the point of view of the string theory living
in a higher dimensional space), and such non-normalizable single-trace operators do not appear in
the worldsheet OPE;!'® however, it seems likely that some relation of this type should exist. The
observation in the previous paragraph is consistent with this point of view, since the only cases
where a worldsheet OPE does not exist is when it is not required to exist from the point of view of
the space-time OPE. However, the observation is stronger, since one might think that a worldsheet
OPE could exist even when it is not required to exist, but (in the examples that we analyzed)
this does not happen. This seems to suggest that the worldsheet OPE always leads to non-zero
contributions related to the single-trace operators in the space-time OPE, so that the appearance

of the two is precisely correlated.

It would be interesting to check whether the observation described above can be generalized
also to higher n-point functions, and whether all localizations may be explained by arguments like
the one presented in the previous paragraph. It seems that more elaborate arguments are needed
to explain localizations of the type found in two-point functions on the torus in [E] It would
also be interesting to understand why in some cases the diagram localizes to a lower dimensional
subspace of the moduli space, while in other localized cases it has a non-zero measure on the
moduli space. One difference between these cases is that the localization to the lower dimensional
subspace implies strong constraints on the worldsheet OPE limit (for pairs of points which do have
an OPE limit), as discussed in §@, while no such constraints arise when the localized subspace
has non-zero measure. Note that when we go away from the free field theory limit we expect all of
these localization properties to disappear, since at some order in the perturbation expansion in our

coupling constant there should appear some diagram which covers the whole moduli space; this is

15The question of how the worldsheet OPE is related to the space-time OPE in the AdS/CFT correspondence can
be explicitly studied in the AdS3/CFT2 case (for some of the relevant works see @])
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consistent with the argument above, since in a non-free theory single-trace operators in the OPE
can always contribute to any correlation function, beginning at some order in the perturbation

expansion.
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A. Perturbation expansion and the matching with exact answers

Our goal here is to find the particular branch of the perturbation expansion around the II-plane
which is consistent with the global solutions discussed in §E We will carry out the general expansion
in appendix @ However, as a simpler exercise we will first perturb in the vy = 71 =  plane.

This will illustrate how matching with the exact solution along the diagonal line fixes the branch.

A.1 Perturbing around the line v, =1

With the data of the exact solution in these limits we can study the perturbation around the line
vy = 1. More precisely let us consider the strip v, = 1 + € and fixed ~. To study the perturbation,
we need to make a double expansion of ) in € and dws = w3 — 1. The resulting equation is

(v — 1)6w3 + 872wz + 1272 edws + 472€* + 129%*5wsz + ... = 0. (A1)

2 2P respectively.

If we take dws o< €, we see that the first few terms scale as €8, e+, ¢20+1 ¢
It is easy to verify that we can have two consistent branches for the perturbation. In one branch
1 o< €, implying 3 = 1. The other is where ¢*” o ¢!, which implies that 5 = 3.

In the first expansion where dws o €, we can show from (f.1§) that n oc %. This is not the
branch we need.

In the second expansion where dws o €3, we find upon solving ) to leading order that

82
Swi = —me = —8u’e. (A.2)
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1—yyws
W3 —n

cube roots defined by @), as will be fixed later. Together with the equation for w; + we, this

Therefore, wyws = =—-1+ 2/146%. Here 1 has to be chosen to be one of the appropriate

gives
1-—- 1
Swy = pes 7, Swy = pes i (A.3)
Y v
This gives a cross-ratio (to leading order)
1
- (1_ A4
n=-p 72 (A4)

which agrees with the answer obtained for the II plane. This is, therefore, the correct branch of the
perturbation expansion.

However, we see from the expression (@) for p that this perturbation expansion is valid away
from « = 1. it will break down in some vicinity of v = 1. More precisely, if we take v =1 + ¢ for
small §, then we see from (@) that the small parameter in the perturbation expansion is not e
but rather 5 = ;. We can thus approach v =1 as long as we choose € so that b>> 1.

Actually, we can independently do a perturbation expansion for arbitrary values of b. In other
words consider some small neighborhood of v = v, = 1. We take § = be and do a double expansion

of ([:3) in 6 and € keeping the first few terms. We get
2¢(ws — 1)[b(ws — 1)* — w3 (w3 + 3)] = 0. (A.5)

Since w3 is not identically one everywhere in this region of expansion, we have the cubic equation

for ws
aws + 3wi + 3aws +1 =0, (A.6)
where o = —b%bl. The roots of this cubic equation are given by
1 1 1
wy = {—E(q +r+1), —E(qw +rw? + 1), —E(qw2 +rw+ 1)}, (A7)
where
g=(1-a®51+a)5, r=(1-a>5(1-a)s. (A.8)

In the b — oo limit, we see that g ~ 2§/b§ and r ~ 2%/6%7 so that to leading order in 1/b

25 23 23
wy = {1+ 7,1+ w1+ Fw} (A.9)
b3 bz bz
This exactly matches with the result of the earlier perturbation expansion (@)
To decide which is the appropriate cube root to pick we go back to the exact answers obtained
on the line v,, = v. By specializing to the case b = 1, we restrict ourselves to this line in the vicinity

of 7, =~ = 1. In this case the possible values of w3 from ([A.7) are given by

i d
w3 = {00, ——, —1}. A.10

¢ V3 V3 ! (4.10)
But from the exact answer we know that the global properties demand that we choose the middle
root wsg = —% (as in ()) Since we expect to continuously interpolate between b = 1 and large
b, we must continue to pick the middle root in the perturbation expansion about the Il-plane in

(@) as well. As we will see in the next subsection this choice leads to the cross-ratio near the

II-plane being generically complex.
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A.2 Perturbation expansion about the Y and the II diagrams

We now consider the perturbation expansion about a generic point in either the II or the Y-planes.
The exact global solutions discussed in the previous sections will fix the precise branch of the
solution. This will enable us to show that the perturbation expansion of the cross-ratio about the
II-plane is generically complex though the cross-ratio on the II-plane is real.

We first obtain a perturbation expansion either about the Y or the II diagram by looking at a
further limit of the equations in ([.10). From (i.1) we see that in the limit a — oo we obtain the
appropriate Strebel differential either for the Y or the II diagram. Expanding the equations ()7

using (f.4) in the a — oo limit we obtain

i ™m (1 — L _ ! 11 + =0
" 2zma  8(zma)? 16 (zma)d -

m=0
TN SR SR
oyt 2zma  8(zma)? 16 (zma)d
3
3 3 1 1
m | 1— — -] =0. Al
mzzor ( 2zma + 8(zma)? + 16 (zma)?3 + ) ( )

Taking linear combinations of these equations further we obtain the following equivalent set

i Tm (1 + %63273,1)—1-0@4) = i Tm ( —e Z >—|—O (&%) = ior < —€z >—|—O(~2) 0,

(A.12)
where € = 1/a and Z,, = 1/z,,. From these equations we see that the leading order equations
reduce to those found in [Ld] (see equation (3.4)). To solve for the corrected cross-ratio to order
we first remove the translational mode Zy by defining z;, = v1 + 2y, 22 = U2 + 2o, 23 = U3 + Zo. In
terms of these variables the sum of the residues in the first equation of () reduces to

3 &3
Z = r1v1 + 1o + r303). (A.13)

Here we have kept terms only to O(€). From this equation we see that the condition on the sum

of the residues is violated only at O(€?). Keeping terms to O(€?) in the remaining two equations of

(A:13) we obtain

=2

N N _ e, N _
101 + roly + 1303 = —g(m}? + ol + 1303,

- - - €, . N - -
07 + 1105 + 1303 = —5(7"11):1’, + 1oty 4 r305) + O(E?). (A.14)

Note that in the last equation we have not evaluated the O(é?) term explicitly. We will see that

this term does not contribute to the cross-ratio to O(¢?). Now define

v v
v = ~—1, V2 = ~—2 (A'15)
U3 U3
Then the equations ([A.14) reduce to
ée 3 3 2
T1U1 + rovy + 13 = 3 (r1v) 4 rovs + 73) U3,
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(T‘l’l)? + 7”2’1}3 + 7'3) ’l~}3 + O(€2) (A16)

DO ™

rlvf —i—rgvg +7r3 = —

It is clear from these equations that they reduce to the zeroth order equations of [@] (see equation
(3.5)), and we need the information of 03 at the zeroth order to solve for the first corrections in
v1, V2. The zeroth order expression for v3 is obtained from the deviation of the sum of perimeters.

Writing () in terms of v, v2 and 03 we obtain

3 =3

€ -
-2 Z T = g( 103+ rou + 13) 05, (A.17)

Writing Zm Tm = SE° we obtain 73 to the zeroth order as

1/3

~(0) - 2 25

0y = =2(1,w,w?) . (A.18)
’ <r1v§0)3 + rzvéo)g + rs)

Here the superscripts in v; and vy refer to their zeroth order values. We will fix the choice of the

cube root later using global considerations. Let us define

01 = %(rlvf’ + rgvg + 73)03 + O(é),
09 = %(Tlvf + 7ous 4 73)03. (A.19)
Then, the two equations of (JA.1() are
rvy + rovy + 13 = —E25,,
710} + 1ov3 + 13 = —E6;. (A.20)

We will show that the correction to the cross-ratio is a function of €26; and €28z, thus the O(¢)
correction to d; in (JA.19) is not required at this order. Eliminating ve using the first equation of

(]A.20) we obtain the following quadratic equation for vy,
71 (Tl + Tg)vf + 217 (’I”g + 6252)1)1 +r3 (’I”g “+ro + 25252) + ro€d1 = 0. (A21)

Here we have retained terms to O(€2?); note that §; has an O(€) term which will not be important

in the final result for the cross-ratio. Solving for v; to O(€) we obtain

—T1 (’I”g + 6252) + \/5

v = A.22
! 71 (7‘1 =+ 7‘2) ( )
where
D = r17ror3rTo — 172 (’I”l + T2)€51 - 2T1T2T3€252. (A23)
From the first equation of ([A.2() we obtain
€259) + D
gy — 1208 +&02) £ VD (A.24)
9 (7‘1 =+ 7‘2)
The cross-ratio is obtained from
1—
n=uv % (A.25)
V1 — V2
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Substituting the values of v and v, from (A.29) and ([A.24) we obtain
1

y -

(r1+72)2VD

Now, expanding all terms to O(€?) we obtain the following expression for the cross-ratio

(—rl (r3 + é265) £ @) (7‘2(—7”0 +&%0y) + \/5> . (A.26)

n+ =

=252
o 1 s €07 [rire 1

_ + - 25 — + — AN o o A.27
N+ ="Mt 7"17“27"37“06 2 (rira(ro = rs) £ (r2 = r1)ynirarsro) 4 7370 7370 ( )

where the zeroth order term for the cross-ratio is given by

(0) 1
=4+ — + ./ — + ./ . A28
N+ (7”1 n TQ)Q Tirararo ( 173 7“17°27°37°0) ( 270 7“17°27°37°0) ( )

Note that the corrections to the cross-ratio begin at O(é?), and the §; dependence occurs as €2%.

Therefore, we need only the leading term in the € expansion of ;. We now have to substitute the

values of d; and do. This is simplified by the observation

3T
T1v§0)3 —+ TQ’UéO)?’ +r3 = m (’I”l’I”Q(TO - ’I”3) + \/T1T2T3T0(T2 — Tl)) . (A29)

Using this relation one can write the term involving do in corrections to the cross-ratio in ) in

terms of §2. Then the expression for the cross-ratio simplifies to
g0 g3 1z 1 e A.30
1 RES 4 rsro rsro L€ ( ’ )
Now, substituting the value of d; from ([A.19) and using the relation ([A.29) we obtain

0) 3 9 28/3(863)2/3
=¥+
M+ (e 16( ' ,W) (T1T2T3T0)1/6 (’r’l + 7"2)

5/3 (Vrira(ro —r3) &£ /raro(r2 — rl))4/3. (A.31)

We now need to choose the value of the cube root of unity in 6&0)' We do this by systematically

matching the solutions globally. Since we have chosen the positive branch of the square root we
must choose the branch 7. We fix the choice of the cube root by examining the cross-ratio at the
point vo = v1 =, = 1/3+ é3. This point lies on the diagonal line, and it is also close to the
Y-plane. Evaluating the cross-ratio from ({4.33) we obtain

B ) '313/6 - A
Naia = —wW* +1 273 we”. (A.32)

One can easily verify that it is the choice w? among the roots in (JA.31) in which the cross-ratio 7.
reduces to the above expression. Thus, the cross-ratio at a generic point near the Y-plane is given
by

©) 3 28/3(553)2/3

= +1—w
Y 6 (o) 5 (0 + m

)8/3 (VA0 (1 + ) + i/ (0 — 71))4/3 , (A.33)

where sé® = vy + 1 + 7, — 1 and 77§9J)r, the zeroth order cross-ratio, is given in ) Here we
have made the choice r3 = —1,79 = 749,71 = v1,70 = ;. The cross-ratio at a generic point near
the II-plane is given by
—_ 77(0) - iuﬂ 28/3(553)2/3
167 (Y0m7) Y5 (1 — 70

BB (=vA07i (1 + 1) + VA (0 + 71))4/3 , (A.34)
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(0)
i+

made the choice 7 = y2,79 = —7y,72 = —71,73 = 1 to obtain the expansion about the Il plane.

where sé® = 1+7; — 7, — 0 and nyp, is the zeroth order cross-ratio given in ({.19). Here we have

It is clear from the above expression that the perturbation expansion of the Broom diagram about

a generic point in the Il-plane leads to a complex cross-ratio.

B. The Square and the Whale diagrams

Figure 11: The Square diagram.

In this appendix we discuss two additional interesting simple four-point function diagrams, the
Square diagram (see figure [L1]) and the Whale diagram (see figure [L3). Both of them obey the
constraint (defining as before v; = p;/poo)

—Yp+v+7 =1 (B.1)
The Strebel differential is given by
1
qdz* = —pgoﬁ(dln F(2))?%, F(z)=2"(z—n)""(z = 1)". (B.2)
0

The poles of the differential are given by poles and zeros of F' (which are at 0,7,1 and oc). The
zeros of the differential are given by the zeros of dF, which we will denote by c4+. We have here

one Strebel condition
Re[ln F(2)] |5+ =0 — FFY(c,)=FF(c_). (B.3)

Next, define
r=—y1  y=m(-n), (B.4)

so that the zeros are given by:

2r=1—2z—y++/(1+z)2+y2-2y(l ). (B.5)
From here it’s easy to see that for z, y real and y_ <y < y; (z_ <z < z,), where

yr =1 —x+2V/—z = (1+v—12)% (g =—-1—y+2/y=—-(1F9)?), (B.6)
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the reality condition (@) is satisfied as the two zeros are complex conjugates of each other. Note

that the zeros can be rewritten as:

— =\ 2 — ——\ 2
e = (VY —YEVY-—Y e 1- VI —TF VT — 2\ (B.7)
2 2
Further, the dictionary between the two sets of variables is given by
z(y—y Ty — T Ty — T
_y-y) o _woay o wody (B.8)
YT — 2y y—y x*—7

Note that when 7 is real the transformation is singular, but as we saw above in this case we can
solve the Strebel problem.

From equation @) we see that there is no solution for large n’s. Note that when we take 1 to
be large and at least one of the circumferences does not scale to zero, one of the zeros cy becomes
large and the other remains finite, and the condition (E) can not be satisfied. Recall that v and
~1 cannot both be small due to (m) The fact that there are no solutions for large n means that
the OPE of the vertices at n and at oo is not covered by diagrams satisfying (EI) The solution
of equation (@) can be obtained numerically, and has the general shape depicted in figure @
The nice feature of the Strebel differential (@) is that the horizontal leaves can be computed here

r -1 04 r -1 04

T
1
o
T
I
o -

T
|
|
o
[N
T
|
|
o
[N

- +-0.4 - - -0.4
| | | | | | | | | | | |

-03 0 03 0.6 09 1.2 -03 0 03 06 09 1.2

Figure 12: The curve on the complex n plane for which the Strebel condition is satisfied. On the left
Yo = 71 = 70 and on the right yo = 40, v1 = 70. In general one can see numerically that as 7o is taken to
1 the curve around n = 1 shrinks to zero size, and as 1 is taken to 1 the curve around 7 = 0 shrinks to
zero size. This implies that the diagrams corresponding to these curves cover the full region corresponding

to the OPE limits n — 0, 1.

explicitly. The horizontal leaves satisfy

and thus

%Re[lnF(z)]:O —  FR@)F(z1) =C. (B.10)

Here C is a non-negative constant parameterizing a certain leaf. The Strebel condition @) now

has a nice interpretation: the C' parameter for both zeros has to be equal, and this is required if
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we want a leaf to go from one zero to another. Otherwise, either the leaves emanating from a zero
will not be compact (will not end) or they will end on the same zero and the critical graph will be
disconnected. Both of these cases contradict the Strebel conditions.

We still have to identify which diagram the various solutions depicted in figure @ correspond
to. The only two diagrams which have the Strebel differential (B.2) are the Square diagram and

the Whale diagram. We claim that the solution corresponding to the Square is the real' n solution

Figure 13: The Whale diagram, which satisfies v, + 1 = 70 + 71, like the Square diagram.

on the straight line in figure , and the other solutions correspond to the Whale. First, note that
at a generic point of the n plane (where the Strebel condition is not satisfied) the horizontal leaves
begin and end on the same zero, and can have only two topologically distinct shapes. This follows
from the fact that the nodes of the graph (the zeros of the Strebel differential) correspond to saddle
points of FFT (as the zeros are second order), and from the fact that the parameter C' goes to zero
in the vicinity of 0 and 1 and diverges as one approaches oo or 7. We can call the two shapes shape
I and shape II, see figure . It is easy to show that the graph in figure @ is the boundary region
between the two different shapes. The real line is the boundary between two different ways to get
shape I, and the complex solution is the boundary between shape I and II. When one goes from
shape I to I one gets a dual of a Square diagram, and when going from I to IT one obtains the dual
of the Whale diagram. The topology in the different regions is shown in figure @

In the following figures we depict the critical graphs of the Square, the Whale, and the additional
diagrams that we get by slightly deforming away from the solution to the Strebel condition (@)

16Note that these real solutions span only the interval n € (0,1), and thus the cross-ratio of the square can take

values only in this interval.

— 38 —



Figure 14: The (disconnected) critical graphs and the leaves of the two possible topologies. The arrows

indicate directions of increasing C'. On the left we have shape I, and on the right shape II.

Figure 15: On the left we draw the critical graph of the Square diagram for a typical real solution. On
the right we have the critical curves when slightly moving to the complex plane. We see how the graph

smoothly becomes disconnected, and has topology I.

r N 4 05 =

/ 405 8

Figure 16: On the left, we draw the critical graph of a complex solution for 7. It is easy to see that this
critical graph is dual to the Whale diagram. In the next two graphs we again slightly move away from the
point where the Strebel conditions are satisfied. We keep the same real part of 1 and first move up and
then down along the imaginary axis. The critical graph has topology II when lowering Im(7), and topology
I when raising Im(n). The last graph is a generic complex 7 not satisfying the Strebel conditions. The

critical graph is disconnected and we do not have a cell decomposition.
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