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The goal of this project is to inplenent and study various techni ques
for the construction of Al gebraic Mltigrid Methods (AM5 for the
solution of positive definite linear systens arising from the
di scretizations of elliptic parti al differenti al equati ons
(PDEs). Both theoretical as well as practical inplenmentation of the
nmet hods that we have devel oped are based on conpatible rel axati on and
energy mnimzation. The results that we have obtained are reported
in several publications resulting from the subcontract (references

[1]-[71).

In [1] we have proposed an adaptive algebraic nultigrid that uses
conpati ble relaxation technique to adaptively construct the set of
coarse variables. The nonzero supports for the coarse-space basis is

then determ ned by approximation of the so-called "ideal" two-Ilevel
i nterpol ati on operator that gives maximal error reduction per
iteration. Thi s approximati on uses coarse grid basis, obtained by

mnimzing a nodified Frobenius norm of the coarse-Ilevel operator.
Qur algorithmmintains nultigrid-like optimality, w thout the need
for paraneter tuning. W& have shown the efficacy and the robustness
of our approach on several test problens.

In a joint work with Vassilevski [2] we have designed an algorithmfor
si mul t aneous approxi mation of several near null space conponents,
which allows for nore aggressive coarsening, and can be applied not
only to second order PDEs, but also to higher order (such as
di scretizations of biharnonic equation) to produce highly accurate
i nterpol ati on operators and hence efficient nultil evel nethods.

W have also studied optimal preconditioners for discontinuous
Galerkin (DG nethods in [3]. The DG nethods have nmany attractive
features, such as being locally conservative and in many cases nore
accurate that the conventional conform ng nethods. A drawback is that
t he nunber of unknowns in the resulting discrete system of equations
is much larger than the nunber of unknowns for a conform ng nethod.
W& have developed a unified approach for preconditioning DG nethods
with the sinplest possi bl e discretizations, such as piece-w se
constant elements and conform ng piece-wise |inear elenents. The
famly of preconditioners, that we have proposed and anal yzed i s based
on two level approach and leads to a significant reduction of the
probl em si ze. Mor eover, our approach |eads to coarse grid problens
that correspond to conform ng nethods, thus maki ng possi ble the use of
al ready devel oped efficient nultilevel methods for their solution

W have also worked on the iterative nethods for singular, nearly
singular and semdefinite |inear systens ([4] and [6]). The known
anal ysis and convergence results of such nmethods has been largely
based on the sufficient conditions known as P-regularity (or weak
regularity) of the corresponding matrix splittings. W have introduced
new, nore refined conditions that are not only sufficient, but also
necessary for energy norm convergence. These conditions basically
anount to assuming that the error is danped in a subspace (related to
t he pseudo-inverse of the approximating matrix), and that the range of
the original mtrix is contained in the range of the approximting
one. Such assunptions are naturally true for nost iterative nethods,
including nultigrid and domain deconposition nethods. In [6] we have
carried over these results to the case of nearly singular systens and
we have shown how the techniques developed can be utilized in the
analysis of iterative nethods for linear systens corresponding to the
augnment ed Lagrangi an nmet hods applied to PDEs discretized by m xed and
hybrid finite el ement nethods.

In [5] we proposed a new nethod for the efficient solution of |inear
systens arising in discretizations of second order elliptic PDEs by a
generalized finite element nmethod (GFEM. This has been an open
question for sonme tine (last 5-6 years, since GFEM gai ned popul arity),
and we were able to deliver solution to it and in particular relate



GFEM di scretizations for scalar equations to the discretizations of
systens of PDE. The efficient preconditioner that we propose, uses
auxiliary (fictitious) space techniques and an additive BPX (Branble,
Pasci ak and Xu~1988) preconditioner for the problens in auxiliary
space.

The work on Helnmholtz equation [7] can be viewed as a prelimnary
study towards targeting nore conplicated problens, such as indefinite

Maxwel | equati ons. The exact controllability framework (Due R
@ owinski and J. Lions) is based on recasting the Hel mholtz equation
in its original form (periodic solutions in tine of a wave

equation). Such solutions are found by mnimzing a convex functiona
using a continuous version of the Conjugate Gadient (CG algorithm
On every CGiteration it is required to solve a scalar second order
PDE (Ii ke Laplace equation). The new techni que, proposed by us is to
use approxi mate solution instead, provided by few algebraic multigrid
V-cycle iterations. Same procedure carries over to the solution of the
i ndefinite Maxwel |l equations, and our goal is to further inplenent the
i nexact CG and the controllability nethods to the indefinite Maxwell
equation for wi de range of wave nunbers.
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