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Abstract

Quantum computing algorithms can be conveniently expressed in a format of a
quantum logical circuits. Such circuits consist of sequential coupled operations,
termed “quantum gates”, on quantum analogs of bits called qubits. We review a
recently proposed method [1] for constructing general “quantum gates” operating on
a n qubits, as composed of a sequence of generic elementary “gates”.
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Quantum Gate Decomposition Algorithms

A. Slepoy
Sandia National Laboratories, Albuquerque, NM
(Dated: January 27, 2006)

Quantum computing algorithms can be conveniently expressed in a format of a quantum logical
circuits. Such circuits consist of sequential coupled operations, termed ”quantum gates”, on quan-
tum analogs of bits called qubits. We review a recently proposed method [1] for constructing general
”quantum gates” operating on n qubits, as composed of a sequence of generic elementary ” gates”.

PACS numbers: Valid PACS appear here

I. INTRODUCTION

A classical bit, an elementary unit of classical informa-
tion, is allowed two mutually exclusive values only, for ex-
ample, 1 or 0. Its quantum counterpart, qubit, can span
the continuous space between the two values through a
complex-valued superposition of the two exclusive states:

W) = |0) + B[1),

where « and 3 are complex variables. Thus, the qubit
potentially stores an infinite amount of information. Pro-
cessing such information could lead to extreme paral-
lelism since a single operation could transform an infi-
nite data set simultaneously. The resulting information,
however, is not accessible directly, since an act of mea-
surement collapses the superposition to one of the exclu-
sive values, leaving no hint of the superposition. The su-
perposition existence is revealed through repeated trials,
which result in a statistical distribution of the outcomes,
reflective of the continuous value of the superposition co-
efficient.

P(|0)) = [le?
P(|1) = l18]*

An apparent need to query the state of the registers re-
peatedly to obtain the results seems to work against the
advantage gained through the quantum parallelism.
The deficiency described above can be overcome
through load balancing. If a significant number of se-
quential parallel operations can be performed on a quan-
tum state of the system before collapsing it, then the con-
stant cost of measurement at the end of the execution can
be arbitrarily amortized by the benefits of the quantum
parallelism. We do not yet understand how such load bal-
ancing can be accomplished and construction of efficient
quantum algorithms is a subject of ongoing research. A
set of operations can be described that transforms a col-
lective state of a quantum bus, an enumerated collection
of qubits, without collapsing the quantum state of the
system. The operators that satisfy this criterion are uni-
tary and reversible. Since a superposition state of a sys-
tem can be conveniently viewed as a vector, much of the
quantum operator formalism has borrowed the language
of linear algebra. An operator that transforms a vector

to another vector is a matrix, so a quantum operator is
typically represented as such.

V) = M|®),

where |¥) and |®) are vectors, and matrix elements of
M are obtained through an |e;) basis projection: M;; =
(eilej).

A unitary operator on a vector space is a linear op-
erator that is length-preserving. A reversible operator
is bijective, i.e. has a well-defined inverse. These con-
cepts are well understood in linear algebra, have been
translated to constraints on matrix properties, and time-
dependent evolution of an isolated quantum system has
been demonstrated to obey such rules [2].

A quantum gate can be represented by a general uni-
tary transformation involving n-qubits. A quantum com-
puter requires a library of quantum gates to represent or
approximate a general unitary transformation. A set of
such gates is termed a wuniversal library of elementary
gates. It has been demonstrated that such a library can
be constructed from single qubit unitary gates and almost
any fixed two-qubit gate [3]. Typically, a controlled-NOT
[CNOT] gate is used as the two-qubit gate mainly cho-
sen for its simplicity. Two-qubit gates operate through
the relatively weak coupling of two qubits, making such
gates more difficult to implement. Therefore, efficient de-
compositions attempt to minimize the number of CNOT
gates. Such gates are also constrained by the physical
proximity of the relevant qubits adding further require-
ments to the decomposition.

When a rotation axis corresponds to a particular
Cartesian axis, the elementary single qubit rotations in
matrix form are

ion0/2 [ cos(0/2) isin(0/2
Ry = €'/ = ( 25111((0//2)) cos((G//2)) )

" os(6/2) sin(0/2
.

io ei0/2 0
RZ = e 29/2 = < O 6*7;0/2



Any SU(2) operation can be accessed by at most three
rotations:

U=R, (Q)Ry (ﬁ)Rz (7)a

where «, 3, and 7y are the Euler angles.
The two-qubit gate CNOT is represented in the basis
{100), |01),[10), [11)} as

1000
0100
0010

This operator performs an inversion on the state of the
second cubit, if the first qubit is in |1) state, and does
nothing if the first qubit is in |0) state.

The method described in the paper decomposes an ar-
bitrary n-qubit unitary gate into a set of the elementary
gates. The proposed algorithm is compared to the the-
oretical minimum number of gates required to represent
a general unitary transformation, and arrives at the an
estimated 4 times the theoretical minimum for the re-
quired number of the crucial CNOT gates. This number
is allegedly the best available to date. The description of
the algorithm follows.

II. DECOMPOSITION ALGORITHM

The method uses a Cosine-Sine Decomposition [CSD]
[4] and uniformly controlled rotations to represent a gen-
eral unitary operation in terms of elementary gates de-
scribed in the introduction.

1 1 1
Ly D?,o D({,1 R

1
Ly L Dl,o D1,1 . .
"o o o
L3 D4,3 D4,4

The superscript refers to the iteration number. The
subscripts indicate position of block in its matrix struc-
ture. L, D and R matrices on the right are not the same
as the ones on the left, except in structure. Their entries
are given by their respective decompositions. At the end
of the recursion, we are left with a product of matrices
that have a special form. All the resulting L and R ma-

A. Cosine-Sine Decomposition

CSD is an iterative procedure for decomposing a gen-
eral unitary operator into elementary operators. A single
step in the recursion is based on the following idea:

U— Lo Do, Do Ry
Ly Dy D1 Ry )-

A general unitary matrix can be decomposed into left
and right block diagonal forms, where the dimensions of
the two blocks sum to the original dimension, and a cen-
tral D matrix consisting of four diagonal blocks. Here,
Lo, L1, Ry, Ry are unitary, and Dy, Do,1, D10, D1,1 are
diagonal with Dy ; = —Dg . For equal-dimensional par-
tition, this is a special case of the Generalized SV decom-
position. Because of the unitary constraint,

Do = D11 = diag(C1, Ca, ..., Cny2),
DO,I = _DI,O = dz’ag(Sh SQ, ceey SN/Q).

where C; = cos(6;) and S; = sin(6;) for some angle 6.

The first step in the recursion produces three matri-
ces, L and R with two diagonal unitary blocks each, and
a central D with four blocks, each diagonal. The next
step in the recursion operates on Lg, L1, Ry, R; in the
same manner. Both L and R each become three matri-
ces, with the decomposition applied individually to each
block, resulting in a product of 7 matrices:

Ll
1 0
R} Do Do Ly
Ry |\ Do D Ly
R3 Ly
Dé,o D§,1 R}
Dio Dig Ri
D35 Dj, Rj
is Dia R}

trices now have a 2 x 2 block-diagonal structure. The
D matrices have two entries in each row connected with
a complimentary pair in another row by the cosine-sine
relation. Each of these resulting matrices is termed a
uniformly controlled rotation.



B. Quantum Circuits.

A quantum circuit is a convenient representation of the
operators as they transform the state of a multi-qubit
array. In such circuits, the wires represent the state of
a qubit as they progress through the operations. The
following quantum circuits were rendered using public
domain software [5]. The circuit directly below is a rep-
resentation of three qubits, initialized to state |000).

0) ——
0) ——
0) ——

The operators are represented as quantum gates in the
order from left to right. This order is inverted with re-
spect to the ”bra-ket” notation, where the next operator
is right-most with respect to the "ket”. For example,
contrast operation C BA|0) with the circuit below.

el

Single qubit gates cannot represent coupling between
qubits. Mulit-qubit gates often take form of control
gates, where the operation on a given qubit is conditional
on the state of another qubit. The circuit below expresses
a controlled operation in which the second qubit state is
flipped with a CNOT operation if the first qubit is set:

0) [AF—1{B]

|0) —————o—
0) ——&—
0)

C. Uniformly Controlled Gate.

The decomposed form of the arbitrary unitary operator
now consists of a product of operators, each of which is
a uniformly controlled rotation. These are single-qubit
rotations controlled by a joint classical state of the rest
of the qubits. The paper defines this rotation as F¥ (R,,),
where the m-th qubit is controlled by the 2% classical
states of k other qubits, example in Fig.1.

—0—0—0 »—a
. L
o (]

FIG. 1: Definition of the uniformly controlled rotation
F}(R,) . Here a is a three-dimensional vector fixing the ro-
tation axis of the matrices R} = R(ay).

Let F¥ (R,) represent an uniformly controlled rotation.
A special case of such rotation is F} ; (Ra), which has a
matrix representation

Ra(a1)1

. Ra(OQ’“ )

where the rotation matrices are of the form

Ra(¢) = ™79/ = T (1)
cos(¢/2) +i(a- ) (2)
sin(¢/2). (3)

Here, a- 7 = a0, + ayoy + a,o,. Setting a, = 0
produces the following result: o,R,(0)o; = R.(—0).
Clearly, single qubit control can now undo a rotation
of another qubit. The fact that the CNOT gate is ex-
actly the ”controlled o,” leads to a decomposition of the
uniformly controlled gate into 2 CNOTs and 2* single
qubit rotations.

a
>
joull

a(0) [~ Ra(-0) [~

This is an important piece of information in understand-
ing the decomposition procedure.

D. Gray Code Ordering.

The authors propose an algorithm where a CNOT gate
is sandwiched between two single-qubit rotation opera-
tors on the slave qubit. These rotations are perpendic-
ular to the x axis to assure the decoupled action of the
CNOTs. They minimize the number of single control
CNOTs needed to accomplish this by ordering the rota-
tions and their control states according to a cyclic binary
Grey code. The reordering is permitted because the oper-
ations commute. Gray code arranges the control states so
that they only differ by a value of a single bit. A realiza-
tion of the uniform rotation Fj(R,) with the associated
Gray code ordering is depicted in Fig. 2. The position
of the control node in the I CNOT gate matches the
position where the 1*" and (I + 1)*t bit strings g;_; and
g; of the Gray code are different.

The first CNOT gate is set by the state of the 37¢
bit, the second CNOT gate is set by the 2"¢ bit, and
so on. It is clear that, for any of the basis vector input
states, CNOT gates destroy each other. The rotations are
additive since they share a common axis Ra(¢)Ra(w) =
Ra(¢ + w) for any ¢ and w. The resulting operation is
a rotation of the slave qubit through an angle which is



FIG. 2: (a) Quantum circuit realizing the gate F(Ra) , where
a is perpendicular to the z axis. Here the authors have used
a notation R?(a) = Ra(#;) . (b) Binary reflected 3-bit Gray
code used to define the positions of the control nodes. The
black and white rectangles denote bit values one and zero,
respectively.

linearly constructed of the angles 6;. The circuits in the
figures 1 and 2 are equivalent if the angles 8; can be found

that solve a linear system of equations

01

M, (4)

92k Aok

The matrix elements of M}, can be obtained from equa-
tion 1. A rotation angle 6; is reversed if the I*" bit of the
gj—1 bit string is 1. Then

M = (1)t (5)
where b; is a standard binary representation of the integer
1 and the exponent is a bitwise product of binary vectors.
The inverse of M is (M)~ = 27%(M*)T, so 6; can
be calculated by applying the inverse to the right hand
side of Eqn. 4. This means that any uniform rotation
operation ¥ (R,) around the z-axis with k > 1 needs
at most 2¥ CNOT gates and 2* single qubit rotations

Ra(oi)'
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