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Abstract 

Four verification test problems are presented for checking the conceptual development and computational 
implementation of calculations to determine the probability of loss of assured safety (PLOAS) in temperature- 
dependent systems with multiple weak links (WLs) and strong links (SLs). The problems are designed to test 
results obtained with the following definitions of loss of assured safety: (i) Failure of all SLs before failure of any 
WL, (ii) Failure of any SL before failure of any WL, (iii) Failure of all SLs before failure of all WLs, and (iv) 
Failure of any SL before failure of all WLs. The test problems are based on assuming the same failure properties 
for all links, which results in problems that have the desirable properties of fully exercising the numerical 
integration procedures required in the evaluation of PLOAS and also possessing simple algebraic representations for 
PLOAS that can be used for verification of the analysis. 

Key Words: Aleatory uncertainty, Competing risk, Epistemic uncertainty, Fire environment, High consequence 
system, Probability of loss of assured safety, Reliability, Strong link, Verification, Weak link 
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1. Introduction 

Analysis verification is an essential part of an analysis of any complex system.'-'0 One component of analysis 

verification is the use of verification test problems that have known solutions and possess the property of exten- 

sively exercising the software that implements the analysis under consideration. Then, deviations from the known 

solution indicate errors in the implementation of the analysis, and agreement with the known solution provides an 

indication, but not an absolute proof, that the analysis is implemented correctly. 

A previous presentation illustrates the use of a simple verification test problem in the comparison of two ap- 

proaches to the calculation of probability of loss of assured safety (PLOAS) for a temperature-dependent system 

with a single weak link (WL) and multiple strong links (SLs) (see Sect. 7, Ref. [ 111). This test problem was very 

helpful in identifying the existence of an error in one of the approaches. 

The indicated test problem is specific to a WL/SL system with one WL and multiple SLs and is based on the 

assignment of the same properties to all links (see Eq. (7.4.1), Ref. [ 111). The result is a test problem that thor- 

oughly exercises the numerical procedures used in the calculation of PLOAS while, at the same time, having a sim- 

ple known solution. 

The purpose of this presentation is to develop verification test problems for temperature-dependent systems 

with multiple weak and strong links through use of the indicated idea of assigning the same properties to all links. 

Further, the test problems are developed for several different definitions of loss of assured safety, with each of these 

definitions corresponding to a different time-dependent pattern of WL/SL failures. The determination of PLOAS 

for WL/SL systems falls in the general area of study known as competing risk analysis or, equivalently, competing 

failure analysis. 12-16 
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2. Problem 1: Failure of All SLs Before Failure of Any WL 

Verification Test Problem 1 is predicated on the assumption that loss of assured safety corresponds to all SLS 

failing before any WL fails. With this assumption, and the additional assumption that the failures of the individual 

links are independent, PLOAS as a function of time is given by 

- 
p F ( t )  = probability that all SLs fail before time t and all WLs fail after time t 

b 
where the first integral is a Riemann-Stieltjes integral (Le., an integral of the form 1 f ( t )  dg(t) ; see Sect. 2.9, Ref. 

U 

[ 16]), the second integral is the corresponding Riemann integral (Le., an integral of the form 

Theorem 29.8, p. 200, Ref. [ 16]), and CDFWLJ z) and CDFsL,k( z) are defined by 

CDFwLJ( z) = probability that WL j fails between time 0 and time z 

and 

cDFsL,k( z) = probability that SL k fails between time 0 and time z, 

respectively. As an example, the functions CDFWLJ and CDFsL,k can be derived as described in Sect. 7.1 of Ref. 

[ I l l .  

The notation F(t) is retained from Sect. 7.1 of Ref. [ 111 because, depending on the definition of CDFwLj and 

CDFsL,k, F(t) could be an expected value over epistemic uncertainty or possibly over both epistemic uncertainty 

and aleatory uncertainty. As a reminder, epistemic uncertainty derives from a lack of knowledge about a quantity 

that is assumed to have a fixed value in the context of the particular analysis under consideration. The complemen- 

tary concept is aleatory uncertainty, which is an uncertainty that derives from an inherent randomness in the values 

that a quantity can take on. * 7-25 

The integrals defining S(t) in Eq. (2.1) are obtained from the approximations 
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2 
i=l 

nSL n 

= C I c  
k=l i=l L 1=1 

l#k 

1 

I 

cDFSL,k (.i) - cDFSL,k ( zi-l ) 
A z i  

for 0 = zo < zl < ... < z, = t and Azi = q - zi-]. Specifically, {-}1 is the probability that all SLs except SL k fail 

before time zi-l; {-}2 is the probability that all WLs fail after time 7;; {-}3 is the probability that SL k fails between 

zi-l and zi; and {-}4 is an approximation to dCDFsL,k(z)/dz. The integrals in Eq. (2.1) then result in the limit as Azi 

goes to zero. 

As already indicated, the failure times for the links are assumed to be independent. This assumption is unlikely 

to be satisfied in a real analysis as the links would be experiencing heating in the same fire. However, the objective 

is to derive a verification test problem rather than a model of high conceptual fidelity. 

The desired verification test results by assuming all links have the same distribution for failure time. With this 

assumption, there exists a functionp( z) such that 

p(z) = cDFWL,j = cDFSL,k (2 .3)  

for j  = 1,2, . . ., nWL, k = 1 ,  2, . . ., nSL, and 0 < z. Further, it is also assumed that the problem starts at time 0, p(0) = 

0, andp(m) = 1 .  

With the indicated assumptions, the second representation for 2 ( t )  in Eq. (2.1) becomes 

pF( t )  = [ 6[ p (  z)]""' [ l  - p ( .)InwL p f  ( z) d r )  
k=l 

= (nSL) 1; [ p (  7)InsL-' [ 1 - p (  z)InWL p'(  z) dz 

In turn, 
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= (nSL) [( nSL - 1) ! 12 WL !/( nSL + n WL)  !] 

= nSL ! n WL y( nSL + n WL)  !. 

The crucial third equality in the preceding expression follows from the identity 

1 So Xm (1 - X ) n  = r ( m  + i>r ( + i>/r ( + + 2) 

form > -1, n > -1 and r denoting the gamma function (Eq. (586), p. 396, Ref. [26]). As a reminder, r ( m  + 1) = m! 

if m 2 0 is an integer (Sect. 6.1 1.3, Ref. [26]). 

The relationship in Eq. (2.5) results in very simple and easily determined representations for PLOAS with dif- 

ferent numbers of WLs and SLs when an analysis is carried out to the time at which all links have failed (Table 1). 

Specifically, PLOAS can be calculated for a variety of values for nWL and nSL and the results compared with the 

values in Table 1. Failure to agree with the PLOAS values in Table 1 indicates that there must be an error some- 

where in the analysis. 

As an example, the results in Table 1 can be used to verify representations for PLOAS obtained in Ref. [27] and 

explicitly stated in Table 2. As examination of Table 2 shows, the representations for PLOAS are fairly complex 

and certainly too complex for closed form evaluation. Two quadrature-based procedures (Le., trapezoidal method 

and Simpson's method) and two sampling-based procedures (i.e., simple random sampling and importance sam- 

pling) are developed in Ref. [27] for the evaluation of the integrals in Table 2 that define PLOAS. In turn, these 

procedures are implemented in the CPLOAS program (App. 111, Ref. [ 1 11). 

For this verification, the representations for PLOAS in Table 2 must be formulated in a manner that is equiva- 

lent to the representations for PLOAS in Eq. (2.1). This can be accomplished by assigning the same temperature 

curve and the same failure temperature density function to all links. Then, all links have the same cumulative distri- 

bution for failure time, which is the basis for the representations of PLOAS in Eq. (2.5) and hence the results in Ta- 

ble l .  

To have a specific example, the time-temperature curve for the WL in Fig. 4 of Ref. [27] and the associated 

density function for failure temperature are used for illustration. Specifically, this results in temperature curves de- 

fined by 
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Table 1. Values for PLOAS (i.e., F(o0) in Eq. (2.5)) for Different Numbers of WLs and SLs Predicated 
on the Assumptions that (i) Loss of Assured Safety Corresponds to Failure of All SLs Before 
Failure of Any WL, (ii) The Failures of the Individual Links are Independent, and (iii) All Links 
Have the Same Distribution for Failure Time 

nSL/n WL 

1 

I Integer Ratio Representation I 
1 2 3 4 5 

1 I2 113 114 115 116 

2 

3 

113 116 1/10 1/15 1/21 

114 1/10 1120 1/35 1/56 

4 

5 

I Decimal Fraction Remesentation I 

115 1/15 1/35 1/70 11126 

116 1/21 1/56 11126 11252 

1 I 0.50000 I 0.33333 I 0.25000 I 0.20000 1 0.16667 I 
2 

3 

0.33333 0.16667 0.10000 0.06667 0.04762 

0.25000 0.10000 0.05000 0.02857 0.01786 

4 

5 

TMPWL~ ( t )  = T w s L ,  ( t )  = cl +[c2 +c3 exp(-c.lt)sin(c5t)]tanh(cht) 

0.20000 0.06667 0.02857 0.01429 0.00794 

0.16667 0.04762 0.01786 0.00794 0.00397 

for o I t I 100 min, c1 = I O  "c, c2 = 900 T, c3 = -1000 "c, c4 = 0.30 min-1, c5 = 0.17 min-1, and c6 = 0.03 min-1 

(see Eq. (2.66), Ref. [27]), and failure temperature density functions defined by 

f w L j  ( T )  = f lLk  ( T )  = (l/c9JZ;f)exp[-(T- 

for c8 = 3 10 "C and c9 = 8 "C (see Eq. (2.68), Ref. [ l  11). 

The CPLOAS program was then used to determine PLOAS with the indicated temperature curves and density 

functions for all combinations of WLs and SLs indicated in Table 1. Further, calculations were carried out with 

each of the previously indicated integration procedures (Le., trapezoidal method, Simpson's method, simple random 

sampling, and importance sampling). The outcome was that the two quadrature methods produced results for all 

WLISL combinations that agreed identically with the decimal representations for PLOAS in Table 1. The two sam- 

pling-based methods produced results that were close to the decimal values in Table 1 but, as would be expected, 

were not in complete agreement (Table 3). 
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Table 2. Representation of Value pF for PLOAS Under Fire Conditions for WL/SL System With nWL 
WLs, nSL SLs, and the Assumptions that (i) a Link Fails Instantly When it Reaches its Failure 
Temperature and (ii) Loss of Assured Safety Corresponds to Failure of all SLs Before Failure of 
Any WL 

X 

where 

nWL n Z[TMPWLj [TMPSLi' (TSL)] ,  co, J w L j ]  
J = 1  

\ 

dTSL 

I 

JwLj (TwL) = density function ("C-l) for failure temperature of WL j ,  

flLk ( T ~ L )  = density function ("C-I) for failure temperature of SL k, 

TMPWLj ( t  ) = temperature (OC) of W L ~  at time t for tMIN 2 t I t M u ,  

TMpsLk ( t )  = temperature ("C) of SL k at time t for tMZN 5 t 5 MAX,  

TkfNsLk = TbfPsLk (tMIN), 
TMXSLk = TMPSLk (tMAx) 

For perspective, the importance sampling calculations were implemented with two different importance sam- 

pling distributions for failure temperature: (i) uniform on [cg - 4 9 ,  c8 + 4 q ]  = [272, 342 "C], which emphasizes 

the tails of the failure temperature distribution, and (ii) normal with p = cg = 3 10 "C and (T = 4 2  = 4 "C, which 

emphasizes the central part of the failure temperature distribution. In this example, emphasizing the central part of 
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the failure temperature distribution produced more accurate results than emphasizing the tails of the failure tempera- 

ture distribution (Table 3). However, no attempt was made to optimize the importance sampling strategy in use. As 

a reminder, importance sampling has the potential to either enhance or retard convergence relative to results ob- 

tained with simple random sampling depending on the specific sampling strategy selected for use. Additional in- 

formation on importance sampling is available in a number of  reference^.^*-^^ 

As a reminder, the PLOAS calculations being carried out by the CPLOAS program involve the full numerical 

evaluation of the defining integrals in Table 2. Thus, even though the PLOAS values under consideration have sim- 

ple algebraic representations, full numerical integrations are being carried out in the CPLOAS program. As a result, 

agreement between the results calculated with CPLOAS and the analytically derived results in Table 1 helps provide 

assurance that both the derived representations for PLOAS in Table 2 and the numerical approximations to these 

representations are correct. 

This section concludes by comparing the representation for PLOAS in Eq. (4.1) with an earlier representation 

developed by Mike Bohn (App. I, Ref. [ 1 11) that motivated the development of the verification test problems in this 

presentation. The Bohn development considers one WL and nSL SLs, with the corresponding PLOAS representa- 

tion F(t) for one WL and two SLs shown in Eq. (7.1) of Ref. [l 11. For comparison, the second representation for 

pF( t )  in Eq. (2.1) with one WL and two SLs reduces to 
- 

which is not quite the same as the Bohn representation in Eq. (7.1) of Ref. [ 1 11 for the corresponding WLISL con- 

figuration. 

The reason for this difference is that the representation for F(t) in Eq. (7.1) of Ref. [ l  11 is only an approxi- 

mation to the formally correct value for 2 ( t )  in Eq. (2.9). In particular, the representation for F(t) in Eq. (7.1) 

of Ref. [ 1 11 does not fully incorporate the probability associated with WL failure after the failure of all SLs. More 

specifically, the Riemann-Stieltjes integral representation for p(t) in Eq. (7.1) of Ref. [ 1 I] does not incorporate 

the probability associated with failure patterns in which all SLs fail before time t and the WL fails at a time signifi- 

cantly later than time t. The result of this lost probability is that pF(t)  as defined in Eq. (7.1) of Ref. [l 11 is actu- 

ally an underestimate of PLOAS at early times. However, as time increases, this underestimate decreases and the 

value for P(t) in Eq. (7.1) of Ref. [l 11 converges to the value in Eq. (2.9). The representation for F(t) in Eqs. 

(2.1) and (2.9) avoids the indicated underestimation for PLOAS through the inclusion of the factor {-}2 in Eq. 

(2.2). 
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Table 3. Deviations from Decimal Results in Table 1 Observed in Determination of PLOAS with Sam- 
pling-Based Procedures and Samples of Size l o 6  

nSL/n WL 

1 

2 

1 2 3 4 5 

0.00038 -0.00005 -0.00052 -0.00004 -0.0001 8 

0.00005 -0.00037 0.00037 0.00021 -0.00002 

I 3 I -0.00043 I 0.00013 I -0.00028 I -0.00024 I -0.00003 I 
4 

5 

0.0001 8 0.00005 -0.00027 -0.00002 0.00002 

0.00002 0.00000 0.00003 -0.00007 0.00008 

Importance Sampling: Uniform 01 

nSL/n WL 

1 

1 I 0.00064 I -0.00145 

1 2 3 4 5 

0.00044 -0.00010 -0.00053 0.00025 -0.00027 

2 0.00043 -0.00149 

3 -0.001 14 -0.00028 

3 

4 

4 I -0.00252 I -0.00256 

-0.00050 0.00021 -0.00018 -0.00038 0.00002 

0.00037 0.00017 -0.00033 0.00002 0.00002 

5 -0.00373 0.00157 

R 

-0.00329 I -0.00031 I -0.00804 1 
-0.00028 -0.00050 0.00276 

-0.00182 -0.00379 0.00693 

0.00319 I 0.00226 1 -0.001661 

0.00485 I -0.00417 I 0.00320 I 

I 2 I -0.00019 I -0.00025 I 0.00035 I 0.00032 I -0.OOOOfl 

I 5 I 0.00007 I 0.00005 I 0.00009 1 -0.00006Tp0.000111 

15 
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3. Problem 2: Failure of Any SL Before Failure of Any WL 

Verification Test Problem 2 is predicated on the assumption that loss of assured safety corresponds to failure of 

any SL before failure of any WL and the additional assumption that the failures of the individual links are inde- 

pendent. With the indicated assumptions, 

where the first integral is a Riemann-Stieltjes integral, the second integral is the corresponding Riemann integral, 

and CDFwLJ z) and CDFsL,k(z) are defined the same as in Eq. (2.1). 

The integrals defining p(t) in Eq. (3.1) are obtained from the approximations 

I 

cDFSL,k ( ) - cDFSL, k (Ti-1) 

A zi 
2 

for 0 = zo < z1 < ... < zn = t and Azi = zi - zip1. Specifically, is the probability that all SLs except SL k fail 

after time zi; {-}2 is the probability that all WLs fail after time zi; {-}3 is the probability that SL k fails between ziPl 

and zi; and { - f 4  is an approximation to dCDFsL,k(z)/d(z). The integrals in Eq. (3.1) then result in the limit as Azi 

goes to zero. 

As in Eqs. (2.4) and (2.5), the desired verification test results are obtained by assuming all links have the same 

distribution for failure time. Specifically, the cumulative distribution of failure time for each link is assumed to be 

defined by the functionp( z) indicated in Eq. (2.3). With the preceding assumption, 

17 



nSL-I 

k=l 

In turn, 

n WL+nSL-1 
=(nSL) fpO[ l -p ]  dP 

= (nSL)[O!(.WL + nSL -l)!/( 0 + nWL + nSL - 1 + l)!] 

= nSL/( n WL + nSL), (3.4) 

where the third equality follows from Eq. (2.6). 

The relationship in Eq. (3.4) results in very simple and easily determined representations for PLOAS with dif- 

ferent numbers of WLs and SLs when an analysis is carried out to the time at which all links have failed (Table 4). 

As an example, the results in Table 4 can be used to verify representations for PLOAS obtained in Ref. [27] and 

explicitly stated in Table 5.  For this verification, all links are assumed to have the temperature curve and failure 

temperature density function defined in Eqs. (2.7) and (2.8). 

The CPLOAS program was used to determine PLOAS with the indicated temperature curves and density func- 

tions for all combinations of WLs and SLs indicated in Table 4. Further, calculations were carried out with each of 

the integration procedures implemented in CPLOAS (Le., trapezoidal method, Simpson's method, simple random 

sampling, and importance sampling). The outcome was that the two quadrature methods produced results for all 

WL/SL combinations that agreed identically with the decimal representations for PLOAS in Table 4. The two sam- 

pling-based methods produced results that were close to the decimal values in Table 4 but, as would be expected, 

were not in complete agreement (Table 6). The observed agreement with the verification test problem provides a 

strong indication that the derivation of the results in Table 5 and the numerical evaluation of the associated integrals 

in CPLOAS are correct. 
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Table 4. Values for PLOAS (Le., F ( m )  in Eq. (3.4)) for Different Numbers of WLs and SLs Predicated 
on the Assumptions that (i) Loss of Assured Safety Corresponds to Failure of Any SL Before 
Failure of Any WL, (ii) the Failures of the Individual Links are Independent, and (iii) All Links 
Have the Same Distribution for Failure Time. 

nSL/n WL 

1 

Integer Ratio Representation 

1 2 3 4 5 

0.50000 0.33333 0.25000 0.20000 0.16667 

I 1 I 112 I 113 I 114 I 115 I 116 I 

3 

4 

5 

415 416 417 418 419 

516 517 518 5 I9 511 0 

0.75000 0.60000 0.50000 0.42857 0.37500 

0.80000 0.66667 0.57143 0.50000 0.44444 

0.83333 0.71429 0.62500 0.55556 0.50000 

2 I 0.66667 I 0.50000 I 0.40000 I 0.33333 I 0.28571 
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Table 5. Representation of Value p f  for PLOAS Under Fire Conditions for WL/SL System With nWL 
WLs, nSL SLs, and the Assumptions that (i) a Link Fails Instantly When it Reaches its Failure 
Temperature and (ii) Loss of Assured Safety Corresponds to Failure of Any SL Before Failure 
of Any WL 

f 

InWL 

( j=I 

f 1 

with same notation as in Table 2. 

20 



Table 6. Deviations from Decimal Results in Table 4 Observed in Determination of PLOAS with Sam- 
pling-Based Procedures and Samples of Size 1 O6 

nSL/n WL 

1 

I Random Samding 

1 2 3 4 

0.00038 -0.00005 -0.00052 -0.00004 

4 

5 

I 2 I 0.00077 I -0.00089 I -0.00013 I 0.00011 

-0.00039 -0.00016 0.00012 -0.00028 

0.00012 -0.00036 -0.00053 -0.00080 

I 3 I -0.00007 I 0.00002 I 0.00075 I 0.00011 

1 

2 

0.00064 -0.00145 -0.00329 -0.0003 1 -0.00804 

0.00128 -0.00174 0.00171 -0.01008 0.00265 

5 

5 

-0.0001 8 

-0.00962 0.00573 -0.00141 -0.00917 0.00059 

0.00023 

nSL/nw~ I 1 2 3 4 

-0.00029 

-0.00042 

0.00025 

5 

I Importance Sampling: Uniform on Icg - 4cq, c g  + 4cgl= 1271,342 "Cl I 

2 

3 

4 

0.00085 -0.00103 0.00004 0,00001 0.00008 

-0.00019 -0.00004 0.00053 0.00007 -0.00033 

-0.00042 -0.00048 0.00010 -0.00050 -0.00034 

r 3p10.00026 I 0.00289 I -0.01024 1 10.00067 I 0.00593 I 
I 4 I 0.00041 I -0.01445 I -0.00032 I -0.00125 I -0.01419 I 

I 1 I 0.00044 I -0.00010 I -0.00053 I 0.00025 I -0.00027 I 

I 5 I -0.00010 I -0.00028 I -0.00080 I -0.00060 I 0.00015 I 
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4. Problem 3: Failure of All SLs Before Failure of All WLs 

Verification Test Problem 3 is predicated on the assumptions that loss of assured safety corresponds to failure 

of all SLs before failure of all WLs and the additional assumption that the failures of the individual links are inde- 

pendent. With the indicated assumptions, 

f f  1 

dCDFSL,k ( z, 

where the first integral is a Riemann-Stieltjes integral, the second integral is the corresponding Riemann integral, 

and CDFWLJ z) and CDFSL,k(z) are defined the same as in Eq. (2.1). 

The integrals defining F(t) in Eq. (4.1) are obtained from the approximations 

for 0 = zo < z1 < ... < zn = t and Azi = zi - zj-l. Specifically, {-}1 is the probability that all SLs except SL k fail 

before time ziP1; {-}* is the probability that at least one WL has not failed by time zj-l; {-}3 is the probability that 

SL k fails between zi-l and zi; and {-I4 is an approximation to dCDFsL,k(z)/dz. The integrals in Eq. (4-1) then re- 

sult in the limit as Azi goes to zero. 

Similarly to the results in Eqs. (2.4), (2.5), (3.3) and (3.4) and withp(z) defined the same as in Eq. (2.3), 
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In turn, 

= (nSL)( [ (nSL - l)!O!/( nSL + O)!] - [ ( n  WL + nSL - l)!O!/( n WL + nSL + O)!]) 

= (nSL)( [l/nSL] - [ 1/( n + 4 1 )  
= nWL/(nWL+nSL), 

where the fourth equality follows from Eq. (2.6). 

(4.4) 

The relationship in Eq. (4.4) results in very simple and easily determined representations for PLOAS with dif- 

ferent numbers of WLs and SLs when an analysis is carried out to the time at which all links have failed (Table 7). 

As an example, the results in Table 7 can be used to verify the representations for PLOAS shown in Table 8. The 

results in Table 8 are not included in the PLOAS representations given in Ref. [27] but can be derived in a similar 

manner. For this verification, all links are assumed to have the temperature curve and failure temperature density 

function defined in Eqs. (2.7) and (2.8). 

The CPLOAS program was used to determine PLOAS with the indicated temperature curves and density func- 

tions for all combinations of WLs and SLs in Table 7. Further, calculations were carried out with each of the inte- 

gration procedures implemented in CPLOAS (Le., trapezoidal method, Simpson's method, simple random sampling, 

and importance sampling). The outcome was that the two quadrature methods produced results for all WL/SL com- 

binations that agreed identically with the decimal representations for PLOAS in Table 7. The two sampling-based 

methods produced results that were close to the decimal values in Table 7 but, as would be expected, were not in 

complete agreement (Table 9). 
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Table 7. Values for PLOAS (i.e., F(a) in Eq. (4.4)) for Different Numbers of WLs and SLs Predicated 
on the Assumptions that (i) Loss of Assured Safety Corresponds to Failure of All SLs Before 
Failure of All WLs, (ii) the Failures of the Individual Links are Independent, and (iii) All Links 
Have the Distribution for Failure Time 

3 

4 

Integer Ratio Representation 

114 215 316 417 518 

115 216 3 I7 418 519 

I 1 1 112 I 213 I 314 I 415 1 516 1 

nSL/n WL 1 2 

1 0.50000 0.66667 

I 2 I 113 I 214 I 315 I 416 I 517 I 

3 4 5 

0.75000 0.80000 0.83333 

3 

4 

1 5 I 116 I 217 1 318 I 419 I 5110 I 

0.25000 0.40000 0.50000 0.57143 0.62500 

0.20000 0.33333 0.42857 0.50000 0.55556 

2 I 0.33333 I 0.50000 I 0.60000 10.66667 I 0.71429 

5 1 0 . 1 6 6 6 7 [ 0 . 2 8 5 7 1  I 0.37500 I 0.44444 1 0.50000 
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Table 8. Representation of Value pF for PLOAS Under Fire Conditions for WL/SL System With nWL 
WLs, nSL SLs, and the Assumptions that (i) a Link Fails Instantly When it Reaches its Failure 
Temperature and (ii) Loss of Assured Safety Corresponds to Failure of All SLs Before Failure 
of All WL 

x 1- n Z[-cn, TMPWLj ( t ) ,  W L j ]  dTMPsLk ( t )  I nWL j=l  i i  

I[--, TMPWLj ( t ) ,  P L j ]  
j=l 

with same notation as in Table 2. 
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Table 9. Deviations from Decimal Results in Table 7 Observed in Determination of PLOAS with Sam- 
pling-Based Procedures and Samples of Size 1 O6 

nSWn WL 

1 

1 2 3 4 5 

0.00038 0.00008 -0.0001 9 -0.00004 0.00027 

I 2 I 0.00005 I -0.00030 I 0.00079 I 0.00010 I 0.00013 I 

4 

5 

I 3 I -0.00043 I 0.00027 I 0.00036 I -0.00022 I 0.00018 I 
0.00018 0.00029 -0.00007 0.00004 0.00060 

0.00002 0.00044 -0.00008 0.00099 -0.00056 

nSWn WL 

1 

2 

3 

I Importance Sampling: Uniform on [CX - 4c9, cx + 4c91 = 1271,342 "C] I 
1 2 3 4 5 

0.00064 -0.00089 -0.00339 -0.00339 -0.00049 

0.00043 -0.00271 -0.00729 -0.00756 0.00622 

-0.001 14 -0.00347 -0.00517 0.00624 0.01246 

4 

5 

-0.00252 -0.00350 0.00046 0.02284 0.0223 1 

0.03057 0.05578 -0.00373 0.0035 1 0.01470 

nSWn WL 

-0.00019 

-0.00050 

0.00037 

1 

-0.0003 1 0.00100 0.00002 0.00019 

0.00047 0.00042 0.00004 0.00009 

0.00029 0.000 17 -0.00006 0.00056 

2 

3 

4 

1 1 2 1 3 1 4 1  

0.00044 I -0.00020 I -0.00003 I 0.00007 I -0.00024 

I 5 I 0.00007 I 0.00066 I -0.00010 I 0.00091 I -0.00050 I 
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5. Problem 4: Failure of Any SL Before Failure of All WLs 

Verification Test Problem 4 is predicated on the assumption that loss of assured safety corresponds to failure of 

any SL before failure of all WLs and the additional assumption that the failures of the individual links are independ- 

ent. With the indicated assumptions, 

cDFSL, k 

where the first integral is a Riemann-Stieltjes integral, the second integral is the corresponding Riemann integral, 

and CDFWLJ z) and CDFsL,j( z) are defined the same as in Eq. (2.1). 

The integrals defining F(t) in Eq. (5.1) are obtained from the approximations 

for 0 = zo < zl < ... < z, = t and Azi = zi - zipl. Specifically, is the probability that all SLs except SL k have 

not failed before time zi-l; {-}2 is the probability that at least one WL has not failed by time zi-l; {-}3 is the prob- 

ability that SL k fails between zi-l and zl; and {-}4 is an approximation to dCDFsL,k(z)/dz 

Similarly to previous results and withp( z) defined the same as in Eq. (2.3), 
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3 ( t ) = [ Ji [ 1 - p ( z)]nS'-l (I - [ p (z)]'" } p' ( z) d z ) 
k=l 

= (nSL) I( [l - p (  Z ) ] ~ ~ ' - I  - [ p (  T ) ] ' ~ '  [l - p (  T ) ] ~ ~ ' - '  1 p ' (  z) dz 

In turn, 

= (nSL)( [O!(nSL - 1)!/(0 + nSL)!] - [nWL!( nSL - l)!/(nWL + nSL)!])  

= (nSL) ([ l/nSL] - [ n WL !( nSL - l)!/( n WL + nSL)!]) 

= 1 - [ n WL !nSL V( n WL + nSL) !] , 

where the fourth equality follows from Eq. (2.6). 

(5.4) 

The relationship in Eq. (5.4) results in very simple and easily determined representations for PLOAS with dif- 

ferent numbers of WLs and SLs when an analysis is carried out to the time at which all links have failed (Table 10). 

As an example, the results in Table 10 can be used to verify the representation for PLOAS shown of Table 1 1. The 

results of Table 11 are not included in the PLOAS representations given in Ref. [27] but can be derived in a similar 

manner. For this verification, all links are assumed to have the temperature curve and failure temperature density 

function defined in Eqs. (2.7) and (2.8). 

The CPLOAS program was used to determine PLOAS with the indicated temperature curves and density func- 

tions for all combinations of WLs and SLs in Table 10. Further, calculations were carried out with each of the inte- 

gration procedures implemented in CPLOAS (Le., trapezoidal method, Simpson's method, simple random sampling, 

and importance sampling). The outcome was that the two quadrature methods produced results for all WL/SL com- 

binations that agreed identically with the decimal representations for PLOAS in Table 10. The two sampling based 

methods produced results that were close to the decimal values in Table 10 but, as would be expected, were not in 

complete agreement (Table 12). 
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Table I O .  Values for PLOAS (Le., ~ ( o o )  in Eq. (5.4)) for Different Numbers of WLs and SLs Predicated 
on the Assumptions that (i) Loss of Assured Safety Corresponds to Failure of Any SL Before 
Failure of All WLs, (ii) the Failures of the Individual Links are Independent, and (iii) All Links 
Have the Same Distribution for Failure Time 

Integer Ratio Representation 
~ S L ~ ~ W L  I 1 2 3 4 5 

I 1 I 112 I 213 I 314 I 415 I 516 I 
2 213 5 I6 9/10 14/15 2012 1 

3 314 9/10 19/20 3 413 5 55156 

4 415 14/15 3413 5 69/70 12511 26 

I 5 1 516 I 20121 I 55/56 1 1251126 I 2511252 I 
Decimal Fraction Representation 

nSL/n WL 1 2 3 4 5 

1 0.50000 0.66667 0.75000 0.80000 0.83333 

I 2 I 0.66667 I 0.83333 I 0.90000 I 0.93333 I 0.95238 I 
3 0.75000 0.90000 0.95000 0.97143 0.98214 

4 0.80000 0.93333 0.97143 0.98571 0.99206 

5 0.83333 0.95238 0.98214 0.99206 0.99603 

31  



Table 11. Representation of Value pF for PLOAS Under Fire Conditions for WL/SL System With nWL 
WLs, nSL SLs, and the Assumptions that (i) a Link Fails Instantly When it Reaches its Failure 
Temperature and (ii) Loss of Assured Safety Corresponds to Failure of Any SL Before Failure 
of all WLs 

nSL 

P F =  c 
k=l 

I 

with same notation as in Table 2. 
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Table 12. Deviations from Decimal Results in Table 10 Observed in Determination of PLOAS with Sam- 
pling-Based Procedures and Samples of Size IO6 

n S L / n w ~  I 1 2 3 4 5 
1 

2 

3 

0.00038 0.00008 -0.00019 -0.00004 -0.00027 

0.00077 -0.00040 0.00015 -0.00016 0.00009 

-0.00007 0.00004 0.00007 -0.000 13 0.00009 

I 2 I 0.00128 I -0.00002 I -0.00592 I -0.00382 I 0.00656 I 

4 

5 

~ ~ ~~ 

-0.00039 0.00004 0.00003 -0.00004 0.00000 

0.00012 0.00000 0.0001 1 0.00010 0.00001 

1 Importance Sampling: Normal with p = cg = 310°, 6= 4 2  = 4 O C  I 

nSL/n WL 

1 

1 2 3 4 5 

0.00064 -0.00089 -0.00339 -0.00339 -0.00049 

1 3 I -0.00019 I 0.00011 I 0.00001 I -0.00017 I 0.00005 I 

3 

4 

5 

0.00026 0.00156 -0.00210 -0.00470 0.00486 

0.00041 -0.001 15 -0.00075 0.00125 -0.00325 

-0.00962 0.00260 0.00277 0.00264 0.00213 

33 

nSL/n WL 

1 

2 

- 1 2 3 4 5 

0.00044 -0.00020 -0.00003 0.00007 -0.00024 

0.00085 -0.00037 0.0001 8 -0.00028 0.00003 

4 

5 

-0.00042 -0.00013 0.00006 -0.00009 0.00001 

-0.00010 0.00015 0.00008 0.00002 0.00001 
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6. Alternate Derivations of Verification Test Problems 

The derivations of Verification Test Problems 1 - 4 in Eqs. (2.5), (3.4), (4.4) and (5.4) are based on developing 

general, integration-based representations for PLOAS and then obtaining the resultant representations for PLOAS 

when all links are assumed to have the same distribution of failure time. This approach is appealing because of the 

direct connection between the general representations for PLOAS and the verification test problems. However, as 

shown in this section, the verification test problems can also be obtained from counting-based derivations involving 

set cardinality. These derivations are more succinct than the derivations leading to Eqs. (2.5), (3.4), (4.4) and (5.4) 

but lack the direct connection with the more general representations for PLOAS in Eqs. (2. l), (3.1), (4.1) and (5.1). 

As before, a system involving n WL WLs and nSL SLs is under consideration. Further, the integer j designates 

W L j  for j  = 1, 2, . . ., n WL; the integer n WL + k designates SL k for k = 1, 2, . . ., nSL; and 

is the total number of links. Then, a possible sequence of link failures can be represented by the vector 

where ni is the integer designator for the zth link to fail (i.e., link ni fails before link ni+l for i = 1,2, . . ., nL - l), and 

the set S of all possible sequences of link failures is given by 

S = (n:n =[nl, n2, ..., nnL], ni is an integerbetween 1 andnL, andni # nj  fori # J } .  (6.3) 

The cardinality C(S) of S is 

C (  S )  = nL ! = ( n  WL + nSL)! 

and corresponds to the total number of orderings of WL/SL failures. As shown in Sects. 6.1 - 6.4, the individual 

verification test problems can be derived using the cardinality C(S)  of S. Further, as shown in Sect. 6.5, the test 

problems can also be derived from the hypergeometric probability distribution. 

6.1 Problem 1: Failure of All SLs before Failure of Any WL 

The set SI of all possible sequences of link failures that meet the criterion for loss of assured safety associated 

with Verification Test Problem 1 (Le., failure of all SLs before failure of any WL) is 

SI =(n:n=[n l ,n2  ,..., nnL]ES andnWL+l<ni <nL for i=1,2 ,..., nSL]. (6.5) 

In turn, the cardinality of C(Sl) of 31 is 
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C ( S , )  = nWL! nSL!. 

As a result, PLOAS is given by 

p F ( ~ ) = C ( S ~ ) / C ( S ) = n W L ! n S L ~ ( n W L + n S L ) ! ,  

which is the same as the representation in Eq. (2.5). 

6.2 Problem 2: Failure of Any SL before Failure of Any WL 

The set S2 of all possible sequences of link failures that meet the criterion for loss of assured safety associated 

with Verification Test Problem 2 (Le., failure of any SL before failure of any WL) is 

S2 =(n:n=[n,,n2 ,..., n n L ] ~ S  andnWL+l<n, i n L } .  

In turn, the cardinality C(S2) of 3 2  is 

C ( & )  =nSL(nWL+nSL-l)! .  

As a result, PLOAS is given by 

- 
P F ( 4  = C(32 )/c(s) 

= nSL ( n  WL + nSL - l)!/( n WL + nSL)! 

= nSL/( n WL + nSL),  

which is the same as the representation in Eq. (3.4). 

6.3 Problem 3: Failure of All SLs before Failure of All WLs 

(6.10) 

The set 33 of all possible sequences of link failures that meet the criterion for loss of assured safety associated 

with Verification Test Problem 3 (i.e., failure of all SLs before failure of all WLs) is 

S3 = {n : n =[nl ,  n2, . . ., nHL]e S and 1 < nnL i n WL}. 

In turn, the cardinality C(S3) of S3 is 

c (3, ) = ( n  WL + nSL - 1 ! n WL. 

As a result, PLOAS is given by 
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(6.12) 



(6.13) 

which is the same as the representation in Eq. (4.4). 

6.4 Problem 4: Failure of Any SL before Failure of All WLs 

The complement 3," of the set 3, of all possible sequences of link failures that meet the criterion for loss of as- 

sured safety associated with Verification Test Problem 4 (Le., failure of any SL before failure of all WLs) is 

3" = (n :n =[n, ,  nz ,  ..., nnL]s  S and 1 I ni 5 nWL fori  = 1,2, ..., nWL). (6.14) 
4 

In turn, the cardinalities C($)  and C(34) of 3," and 3 4  are 

and 

c(s4)=c(3)-c(s,")= 

As a result, PLOAS is given by 

- 
P+)=C(34)/c(s) 

(6.15) 

(6.16) 

(6.17) 

= [ ( n  WL + nSL)! - n WL! nSL !I/( n WL + nSL)! 

= 1 - [ n WL ! nSL !/( n WL + nSL) !] , 

which is the same as the representation in Eq. (5.4). 

6.5 Derivation of Verification Test Problems Based on Hypergeometric 
Probability Distribution 

The four verification test problems can also be derived from the hypergeometric probability distribution (Sect. 

4.2, Ref. [37]). This distribution characterizes the probabilities of the different possible outcomes of randomly 

drawing nS objects without replacement from a collection of two different types of objects. Specifically, if the col- 

lection of objects contains no1 objects of Type 1 (e.g., white balls) and no2 objects of Type 2 (e.g., black balls), 

then the probabilityp(n0) of drawing a sample of size nS that contains exactly nO objects of Type 1 is 
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(6.18) 

The basic assumption underlying the derivation of p(n0)  is that each object in the collection is equally likely to be 

picked in the generation of the indicated sample of size nS. 

Verification Test Problem 1 is predicated on the assumption that loss of assured safety corresponds to the f d -  

ure of all SLs before the failure of any WL. In this case, F ( m )  is the probability that all SLs fail before any WL 

fails and conceptually corresponds to drawing a sample of size nSL from the collection of n WL + nSL links that con- 

tains only SLs. As a result, and with no1 = nSL, no2 = n WL, nO = nSL and nS = nSL in the notation of Eq. (6.1 8), 

pF(m)  is given by 
- 

which is the same as the representation for F ( m )  in Eqs. (2.5) and (6.7). 

(6.19) 

Verification Test Problem 2 is predicated on the assumption that loss of assured safety corresponds to the fail- 

ure of any SL before any WL. In this case, 2 ( m )  is the probability that the first link to fail is a SL and conceptu- 

ally corresponds to drawing a sample of size 1 from the collection of nWL + nSL links that contain a SL. As a re- 

sult, and with nOl = nSL, n o 2  = nWL, nO = 1 and nS = 1 in the notation of Eq. (6.18), pF(m)  is given by 

=nSL/(nWL+nSL), (6.20) 

which is the same as the representation for p ( m )  in Eqs. (3.4) and (6.10). 

Verification Test Problem 3 is predicated on the assumption that loss of assured safety corresponds to failure of 

all SLs before failure of all WLs. In this case, F ( m )  is the probability that the last link to fail is a WL and con- 

ceptually corresponds to drawing a sample of size 1 from the collection of n WL + nSL links that contains a WL. As 

a result, and with no1 = nWL, n02 = nSL, nO = 1 and nS = 1 in the context of Eq. (6.1 S), pF(c0) is given by 
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= n WL/( n WL + nSL ) , (6.21) 

- 
which is the same as the representation for pF(c0) in Eqs. (4.4) and (6.13). 

Verification Test Problem 4 is predicated on the assumption that loss of assured safety corresponds to the fail- 

ure of any SL before the failure of all WLs. In this case, ~ ( O O )  is the probability that at least one SL fails before 

all WLs fail and conceptually corresponds to not drawing a sample of size nWL from the collection of nWL + nSL 

links that contains only WLs. As a result, and with nOI = nWL, n02 = nSL, nO = nWL and nS = nWL in the con- 

text of Eq. (6.1 s), F ( m )  is given by 

= I - [ n WL! ~ S L  ! / ( n  WL + ~ s L ) ! ] ,  

which is the same as the representation for 2 ( c a )  in Eqs. (5.4) and (6.17). 
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7. Discussion 

The determination of PLOAS in a temperature dependent system with multiple WLs and SLs involves a con- 

ceptually and computationally complex calculation. At the core of this calculation is the evaluation of an iterated 

integral, where the number of individual integrals is equal to the total number of WLs and SLs. As a result of its 

complexity, this integral must be evaluated numerically, which makes a direct verification of its evaluation (e.g., by 

comparing with hand calculations) infeasible. Yet, without adequate verification, little confidence can be placed in 

the results of a calculation of this complexity. 

One approach to verification is to compare results obtained with different numerical solution procedures. As an 

example, the PLOAS development in Ref. [27] describes and illustrates two quadrature-based approaches (Le., 

trapezoidal method and Simpson’s method) and two sampling-based methods (i.e., simple random sampling and 

importance sampling). Agreement in results when the same problem is solved with different numerical procedures 

helps provide assurance that the obtained results are correct. This is particularly true when the numerical methods 

are different in their mode of operation. For example, this is the case when results obtained with quadrature-based 

methods and sampling-based methods are compared as these methods are quite different in their implementation and 

mode of operation. However, agreement of results obtained with different numerical procedures does not rule out 

some underlying error in the derivation of the problem. 

An approach to verification that has the potential to identify errors in the development of the problem is to com- 

pare results obtained in two independent derivations and numerical implementations of the same problem (e.g., by 

two different individuals or two different teams of individuals). Such a comparison for PLOAS calculations is re- 

ported in Sect. 7.2 of Ref. [ 1 I], with this comparison resulting in the identification of an error in one of the calcula- 

tions. Although this approach to verification is appealing, in practice it is not very useful as the resources required 

for two complete, independent developments of a problem are unlikely to be available in most real analyses. 

Another approach to verification is to use test problems with known solutions. Then, failure to agree with the 

known solution indicates that there is an error in the conceptual development or numerical implementation of the 

problem. In contrast, agreement with the known solution helps provide assurance, but not complete proof, that the 

problem is being correctly implemented and solved. As an example, an appropriately chosen test problem helped 

identify the error found in the verification of PLOAS calculations described in Sect. 7.2 of Ref. [ 1 11. Well-chosen 

test problems are very effective in the verification of complex calculations because they can force a full exercise of 

the numerics associated with a problem while providing a known solution with which to compare calculated results. 

This presentation describes four verification test problems for checking the conceptual development and com- 

putational implementation of calculations to determine PLOAS in temperature-dependent systems with multiple 

WLs and SLs. The problems are designed to test results obtained with the following definitions of loss of assured 
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safety: (i) Failure of all SLs before failure of any WL, (ii) Failure of any SL before failure of any WL, (iii) Failure 

of all SLs before failure of all WLs, and (iv) Failure of any SL before failure of all WLs. The test problems are 

based on assuming the same failure properties for all links, which results in problems that have the desirable proper- 

ties of fully exercising the numerical integration procedures required in the evaluation of PLOAS and also possess- 

ing simple algebraic representations for PLOAS that can be used for verification of the analysis. This duality of 

fully exercising the numerics involved in calculating PLOAS while still possessing known solutions makes these 

problems very effective tests for use in the verification of PLOAS calculations. 

Although not discussed in this presentation, sampling-based sensitivity analysis procedures provide an addi- 

tional tool for use in analysis ~er i f ica t ion .~*-~~ With this approach to analysis verification, a sampling-based map- 

ping between analysis inputs and analysis results is developed. Then, a variety of sensitivity analysis procedures 

can be used to determine the effects of analysis inputs on analysis results. The presence of anomalous or clearly 

erroneous relationships indicates errors in the analysis. In contrast, the presence of appropriate and explainable re- 

lationships between analysis inputs and analysis results provides a strong indication, but not an absolute proof, that 

the analysis is correctly implemented. 

No single verification procedure can ever establish that a complex analysis has been developed and imple- 

mented correctly. Therefore, it is recommended that analysis verification be carried out with multiple procedures 

whenever possible. 
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