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The project titled above has been very successfully completed according to schedule.
Thisfina report is based on severa papers that have appeared or are scheduled to appear
in archival journals and in conference proceedings. A list of publications that have
resulted from this project isincluded at the end of the executive summary.

EXECUTIVE SUMMARY

The project had four parts: 1) Modeling and smulation of nonlinear dynamicsin
forced BWRs using reduced order models; 2) Modeling and simulation of
nonlinear dynamics in natural circulation BWRs using reduced order models; 3)
Comparison of results with those obtained using large scale system codes; and 4)
Experiments to investigate natural circulation flashing phenomenon.

PART |

In the first part, stability and bifurcation analyses of forced circulation BWRS have been
carried out using a reduced order two-channel model developed earlier by Karve et a. To
parameterize azimuthal asymmetry in core loading, an amplification factor F is
introduced into the model to vary azimuthal mode feedback coefficients. Bifurcation
analysis code BIFDD and numerical integration are used to analyze the reduced order
model comprised of modified twenty-two ODEs.

Results are presented for effects of azimuthal asymmetry (as parameterized by the
amplification parameter F) on characteristics of oscillations. Analysis of eigenvectors
corresponding to the two pairs of complex conjugate eigenvalues with the largest and
second largest real parts, suggest that one of these pairs is responsible for in-phase
oscillations and the other for the out-of-phase oscillations. Specifically, the pair of
complex conjugate eigenvalues for which the magnitude of the element for the
fundamental mode (first azimuthal mode) in the corresponding eigenvectors is much
larger than the element for the first azimuthal mode (fundamental mode) determines the
stability of the fundamental model (first azimuthal mode).

For a uniform core without azimuthal asymmetry (F = 1), as a bifurcation parameter
(total pressure drop) is varied, the pair of eigenvalues corresponding to the fundamental
mode first crosses the imaginary axis, thus making the system unstable and leading to in-
phase oscillations. However, for azimuthally asymmetric cores (corresponding to large
values of F) and small inlet subcooling, the pair of eigenvalues corresponding to the first
azimuthal mode, whose real part is the second largest for F = 1 case, approaches the



vertical axis faster (as a bifurcation parameter is varied) than those corresponding to the
fundamental mode, thus becoming the dominant pair of eigenvalues. This consequently
leads to out-of - phase oscillations. Results of bifurcation analyses show that both sub- and
super-critical bifurcation can occur for large as well as small azimuthal asymmetry,
depending upon values of other operating parameters. Changes in characteristics of
oscillations (in-phase or out-of-phase; super- or sub-critical bifurcation) therefore result
along the stability boundary. Numerical integrations confirm the results of stability and
bifurcation analyses.

PART 11

In the second part, a new reduced order model to simulate the dynamics of

natural circulation features in current and next generation of nuclear power plants
has been developed. Dynamical analysis this new natural circulation BWR model
that allows local pressure dependence of water saturation enthalpy and includes
fundamental and first azimuthal modes for neutronicsis carried out. Stability
boundaries (SBs) and 7.5% oscillation curves (representing natures of bifurcation
along SBs) are plotted in inlet subcooling—external reactivity parameter space.
Stability and bifurcation analyses show that, both in-phase and out-of - phase
oscillations as well as supercritical and subcritical bifurcations canoccur along
the SBs.

PART 111

In the third part of this project, the system code RAMONA as well as the reduced
order model were employed for the stability analysis of a specific operationa
point of the Leibstadt NPP. This was carried out to assess the ROM’s
applicability and limitations in a quantitative manner. These comparisons show
that although the ROM could adequately predict certain characteristics, it is not
able to correctly predict others because of the highly smplified reactor core
geometry, the uncertainties in evaluating the design and operating parameters,
and the smple reactivity feedback model employed.

In the context of a detailed local bifurcation analysis carried out usng RAMONA in the
neighbourhood of the chosen Leibstadt operational point, a bridge is built between the
ROM and the system code. This has been achieved through interpreting RAMONA
solutions on the basis of the physical mechanisms identified in the course of applying the
ROM (Part 1). This leads, for the first time, to the identification of a subcritical Poincaré
Andronov-Hopf (PAH) bifurcation using a system code. As a consequence, the
possibility of a so-called correspondence hypothesis is suggested to underline the
relationship between a stable (unstable) limit cycle solution and the occurrence of a
supercritical (subcritical) PAH bifurcation in the modeling of boiling water reactor
stability behaviour.



PART 1V

In the fourth part of this project we investigated the nonlinear dynamics of natural-
circulation, boiling two-phase flows using a two-phase flow loop at the Delft University
of Technology in The Netherlands. Experiments were carried out in the unstable
operating region of the facility for various system pressures and for different frictions at
the exit of the riser section. It appears that the boiling two-phase flow undergoes the well-
known Feigenbaum scenario, the period-doubling route toward chaotic behavior.
Evaluation of the recorded signals using nonlinear time series analysis methods indicates
the occurrence of chaotic density-wave oscillations.

CONCLUSIONS

As can be seen from the summary of the four parts of this work, avery substantial
amount of valuable research has been carried out on forced as well as natural circulation
flashing two-phase flow system. Substantial |everage was obtained with this award in
working with international groups working on this topic.
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ABSTRACT

Stability and bifurcation analyses of BWRs have been carried out using a reduced order
two-channel model developed earlier by Karve et al. To parameterize azimuthal asymmetry in
core loading, an amplification factor F is introduced into the model to vary azimutha mode
feedback coefficients. Bifurcation analysis code BIFDD and numerica integration are used to

analyze the reduced order model comprised of modified twenty-two ODEs.

Results are presented for effects of azimutha asymmetry (as parameterized by the

amplification parameter F) on characteristics of oscillations Analysis of eigenvectors



corresponding to the two pairs of complex conjugate eigenvalues with the largest and second
largest redl parts, suggest that one of these pairs isresponsible for in-phase oscillations and the
other for the out-d - phase oscillations. Specifically, the pair of complex conjugate eigenvalues
for which the magnitude of the element for t he fundamental mode (first azimuthal mode) in the
corresponding eigenvectors is much larger than the element for the first azimuthal mode

(fundamental mode) determines the stability of the fundamental model (first azimuthal mode).

For a uniform core without azimuthal asymmetry & = 1), as a bifurcation parameter (total
pressure drop) is varied, the pair of eigenvalues corresponding to the fundamental mode first
crosses the imaginary axis, thus making the system unstable and leadng to in-phase
oscillations. However, for azimuthally asymmetric cores (corresponding to large vaues of F)
and small inletsubcooling, the pair of eigenvalues corresponding to the first azimuthal mode,
whose real part is the second largest for F = 1 case, approaches the vertical axisfaster (as a
bifurcation parameter is varied) than those corresponding to the fundamental mode, thus
becoming the dominant pair of eigenvalues This consequently leads to out-of-phase
oscillations. Results of bifurcation analyses show that both sub- and super-critical bifurcation
can occur for large as well as small azimuthal asymmetry, depending upon values of other
operating parameters. Changes in characteristics of oscillations (in-phase or out-d-phase
super- or sub-critical bifurcation) therefore result along the stability boundary. Numerical

integrations confirm the results of stability and bifurcation analyses.



1. INTRODUCTION

Boiling water reactors (BWRS) have been found susceptible to thermal-hydraulic and
neutronics instabilities under certain adverse operating conditions. Such instability events,
characterized by large amplitude power and flow oscillations, have been reported in severd
commercial BWR power plants since the mid 70's. These include TVO [1], Caorso [2], Lasalle
[3], LagunaVerde[4], etc. Severa stability tests have also been conducted in operating BWRs
[5-7]. Clearly, such instabilities must be avoided, and if they at al occur need to be timely
detected and quickly suppressed. To achieve these safety objectives, a deeper understanding of
the characteristic features of various instability phenomena and feedback mechanisms leading

to the instabilities is needed

Event classification process has led to identification of two different kinds of oscillations [8].
The first one is caled in-phase or core-wide oscillation. The power and flow in the entire
reactor core in this case oscillate with almost the same frequency and phase. The second oneis
the out-of -phase or regiona oscillation, where different parts of the core may oscillate out of
phase, but the power and flow of the reactor as a whole stay stationary or vary with very small
amplitude. Another classification among various self-sustained oscillations is based on
oscillation amplitude. Some instability events lead to oscillations that continue to increase in
amplitude until scram, while others are found to saturate at certain amplitudes. The latter is

usually called stable limit cycle oscillations.



Theroot cause of these instabilities has been atopic of study for many decades. It has long been
understood that small perturbation of flow rate in two phase heated channel flow can cause
changes in local vapor generation rate and therefore in two-phase mixture densty.
Transmission of the perturbation aong the channel produces alocal pressure drop, which may
inturn intensify the flow rate perturbation under certain operating conditions. Such a
sf-amplified thermal-hydraulic feedback process can produce so-called density wave
oscillations (DWOs) [8]. Apart from pure thermalhydraulic features, in BWRS, neutronics is
coupled with thermal-hydraulics through void and fuel temperature reactivity feedbacks.
Variationsin temperature and void fraction lead to transients in reactor power. This additional
feedback between thermal-hydraulics and neutronics adds to the dynamical behavior of the

system, and necessitates coupled analyses of the instability phenomena.

2. PREVIOUSWORK

Large scale and high fidelity commercial codes are often used to study coupled transient
simulations. Takigawa et d. [9] smulated the out-of-phase oscillations observed in Ceorso-1
with athree-dimensional code, TOSDY N. Araya et al. [10] studied the instability event that
occurred in Lasalle-2 using RETRAN. Hennig [11] carried out analyses of instability events
and tess in Ringhals, KKL, and Forsmark employing three-dimensional BWR transient

simulation code, RAMONA.. Although such detailed smulations and analyses are very helpful



in understanding specific events, they are cumbersome, time-consuming, and of limited value
in determining stability boundaries in large parameter spaces, and in predicting parametric

trends. For these reasons, reduced order models are developed and studied.

Numerical ssimulations and stability analyses of reduced order models have been performed by
several researchers. March-Leuba et al. [12] analyzed a very simple modé, first developed by
Otaduy [13], consisting of mint reactor kinetics equations and lumped equations for heat
transfer. This analysis was, later, extended to atwo-channel model with fundamental as well as
first azimuthal modes for neutronics analysis [14]. Karve et al. [15] developed a BWR model
which consists of modal neutronics, fuel rod heat conduction and heated channel thermal

hydraulics. Stability analyses in multiple parameter spaces were performed and numerical

simulations were used to deduce the nature of oscillations[16].A different reduced order BWR
model was developed by Mufioz-Cobo et. al [17, 18] who used | -mode, rather than w-mode as
used by Karve et a, for the neutronics part and lumped models for heat conduction and channel
thermalhydraulics. Numerical simulations were performed [18] , and out- of- phase oscillations

were excited and analyzed by increasing void feedback coefficient of the azimuthal mode.

Compared with the rather large number of stability analyses, bifurcation techniques have not
been exploited to their fullest extent in the analyses of instabilities in BWRs—at least partly
due to the fact that the algebraic complexity of “analytical” bifurcation analysis, such asthat in

Lindstedt-Poincaré technique, increases dramatically with the number of equations in the



reduced order models. For example, rather simple reduced order models have been used by
Tsuji et al.[19] and Mufioz-Cobo et al. [20]. Bifurcation characteristics were determined in
these studies as a function of only a single parameter, consequently limiting the scope of these

analyses to a small region of the rather large parameter space.

In this paper a new bifurcation analysis of the more detailed and hence complicated reduced
order BWR model developed by Karve et a. [15] is presented. Stability and bifurcation
characteristics of the model in large parameter spaces are determinedby using a bifurcation
analysiscode BIFDD and using numerical integration techniques. In section 3, the two-channel
two-mode model developed by Karve et. a [15] is briefly reviewed and some minor
modifications are introduced. In section 4, Poincaré-Andronov-Hopf (PAH) bifurcation theory
[21, 22] and the bifurcation analysis code BIFDD [23] are reviewed. Results for uniform and
non-uniform cores are separately presented and discussed in sections 5 and 6, respectively.

Paper is summarized in the last section.

3.MODEL DESCRIPTION

The reduced order twaechannel BWR model developed by Karve et. d [15], in which each
channel represents one half of the reactor core, is comprised of three sub-models: neutronics,
fuel rod heat conduction, and heated channel thermal-hydraulics. A moda neutron kinetics,
with fundamental and first azimuthal modes, is employed. The governing neutron kinetics

equations are coupled with those of heat conduction and heated channel thermal hydraulics via



fuel rod temperature feedback coefficients and void feedback coefficients.

The paper focuses on the neutron kinetics sub-model in this sectiondue to its relevarceto the
modification introduced in this study. The other two sub-models, fuel rod heat conduction and
channel thermal-hydraulics, are only briefly reviewed. Complete details of the sub-models can

be found in reference [15] and [16].

3.1 NEUTRON KINETICS

The modal expansion method is used to develop the governing ordinary differential equations
from the matrix form of the one -group neutron diffusion equationand one equation for delayed
neutron precursors. These are written as
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where, y , isthe fundamental mode, y , isthe first azimuthal mode, and |\70 is the matrix M

evaluated at the steady state. The expansion of the time and space-dependent density vector
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is substituted into equation (1) and the inner-product of both sides is taken with the adjoint
vector f . After some simplifications, this step leads to the final form of the modal kinetics
equation based on ?-modes
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non-dimensional neutron densities in the fundamental and first azimuthal modes, respectively.
L ;. hereis the effective neutron generation time, where ( ), denotes the inner product over

the volume of the core. The reactivity is given by
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where r ., 1S the control-rod induced reactivity, and a, (t) and T, (t) are average void
fraction and average fuel temperature of channel |, respectively. The form of the void and fuel

temperature feedback coefficients are given by
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and ¢, and ¢, arethetypical values of void and fuel temperature f eedback coefficients.



Itisclear that the feedback coefficients c, ., and ¢, ., theeigenvalues w, and the effective
neutron generation time L, depend upon the inner products of the fundamental and first
azimuthal modes. Karve [16] evauated these coefficients using two modes. In cylindrical
coordinate system, these modes are given by

Yy o(r,z)=J,(24048r /R)Sn(pz/L), ®

y1(r,q,2)=J;(3.1834r /R)Sin(pz/ L) Sin(q) 9
One disadvantage of evaluating the feedback coefficients with the above two equations is that
they are valid only for cores that are not far from uniform configurations. However, there are
several factor s that can lead to non-uniform cores, which in-turn will lead to modes that may be
quite different from the fundamental and first azimuthal modes given by equations (8) and (9).
These factors include: non-uniform burn-up, asymmetric control rod insertion, zdependent
void fraction, and variations in core inlet temperature between different (lumped) channels. In
fact, it is suspected that such non-uniformity may be the cause of out-of-phase or local
oscillations. For example, Mird et a. [5] found that radial power distributions with a peak at the
center generaly tend to generate in-phase oscillations, while bowl-shaped radial power
distributions, with a local minimum at the center, tend to produce out-of-phase oscillations.
Quantitative representation of different power distributions in a non-uniform core requires a
modal decomposition approach like that developed by Verdu et a. [24]. In this approach,
modes specific to non-uniform core configurations are obtained and used to generate

parameters in the neutronics model. Disadvantage of this approach is that it is fairly



complicated, time-consuming, and case specific. Here, for purpose of qualitative studies, we
adopt the parametric approach used earlier by Mufioz-Cobo et a. [18], introducing a factorF to
represent effects of different core corfigurations. The modifications needed for Karve et a.’s
model are modest, almost trivial, in this case. To account for the effect of non-uniform cores,
the azimuthal mode feedback coefficients are multiplied by an amplification factor F, that is,
Caamnu=F Caimiu (10

Coiminu = F Cpimu (12)

where, ¢, ;o @d cp 1y o, @€ feedback coefficients of a non-uniform core; and c, ;,, and
Cp1m ., are feedback coefficients of a uniform core. Although there are other parameters that
are affected by the non-uniformity, their impacts on the strength of modes are assumed minimal,

and their values are held constant for different core configurations.

3.2 HEAT CONDUCTION AND CHANNEL THERMAL HYDRAULICS

Heat conduction and channel thermalhydraulics in Karve's model are developed using
variational method. Due to large temperature gradient, a tworegion piecewise quadratic
temperature distribution is assumed in the fuel rod. Starting from the time-dependent heat
conduction equationsin cylindrical coordinates, variational principleisused to derive the set of

ODEs for the expansion parameters of the quadratic profile [16].



In developing the heated channel therma hydraulics model, quadratic spatial variations are
assumed for water enthalpy in the single- phase region, and for steam quality in the two-phase
part. Homogeneous two-phase flow model is used to model the two-phase flow. Ordinary
differential equations (ODEs) for the expansion coefficients of the quadratic spatial variation
are derived from the energy equations in the single phase and two-phase regions using the
weighted-residual approach The momentum equations are integrated over the entire length of

the flow channel to obtain the ODE for the inlet velocity.

The heat conduction and channel thermal-hydraulic sub-models are coupled with the
neutronics sub-model by the heat generation rate
o () =Cq(ng (1) +x;ny (1)) 12

where ¢, is a constant that converts the dimensionless neutron density to power density.

q

Volume factor x, =(Ly 1(r))vI /(Ly 0(r))VI denotes the contribution of channel | to the total

power.

The BWR model of Karve et al. [15] is comprised of 22 non-linear ODES. The vector of phase
variables consists of [ay,o(t), azo(t), SL.dt), S20(t), Vinietot), Trrot), Tazol), T20o(t), T22d), ava(t),
a,1(t), s1,1(t), s2,1(t), Vintet,2(t), T11,1(t), T121(t), T21,1(t), T 22,1(t), no(t), wo(t), m(t), u(t)],where, a,s,
and T are expansion coefficients of water enthalpy in the single phase region, steam quality in

the two-phase region and fuel rod temperature distributions, respectively.



4, POINCARE-ANDRONOV-HOPF BIFURCATION (PAH-B) ANALYSIS

A brief review of Poincaré-Andronov-Hopf bifurcation (PAH-B) theorem and Floquet theory,
whichform the mathematical basis d bifurcation analysis applied here, are given in this
section. Conditions stated in the theorem, if satisfied, guarantee the existence of periodic
solutions to set of non-linear differential equations. Stability of the periodic solutions is

determined by the Floguet theory.

4.1 PAH-B THEOREM

General form of a set of autonomous nonlinear ODES is given by
% “G(XO))) (13
where, X(t) is vector of phase variables, G definesaset of nonlinear equations, and | isan
operating parameter. The "steady state", or so called fixed point of the system, X, satisfies
G(Xs,!)=0. (14)

It iswell known that stability of the fixed point is determined by eigenvalues of the Jacobian of
the governing ODEs. The fixed point of the system is stable only if rea parts of all the
eigenvalues of the Jacobian are negative. Because the Jocobian evaluated at the fixed point

depends on the operating parameters continuously, varying | may change the system from

stable to unstable states, or vice versa. A critica vaue of the operating parameter |

critical

separating the stable from the unstable systems can be determined by setting the real part of the

largest eigenvalue of the Jacobian exactly equd to 0.



When operating in stable (unstable) region of the parameter space, linear analysis predicts an
infinitesimal perturbation to decay (grow). However, results of linear analysis are not
necessarily applicable to perturbations that are larger than infinitesimal. Moreover, whether
amplitude of growing oscillations will saturate—leading to stable periodic solution—is also
not answered by linear analysis. Bifurcation theory provides answers to some of these
guestions—at least in the vicinity of the stability boundary. Poincaré-Andronovw-Hopf
bifurcation theorem predicts the existence of periodic solutions, branching from the fixed
points, when | iscloseto its critical value and the following two conditions [21] are satisfied:
a) a pair of pure imaginary eigenvalues (+iw,) of the Jacobian of the system exists at
| =1 4iuea @nd therea parts of all the other eigenvalues are negative.

b) therea parts of the complex canjugate eigenvalues with zero real part cross the imaginary

d(real part)
d

axis with non-zero speed as | isvaried, i.e. 1.

I=l critical

The periodic solutions, which are indexed by a constant e, are given by

i
X(tT)=X+eeT t5+O(e2) (15)

where X is the fixed point of the system, P is the eigenvector corresponding to the pure
imaginary eigenvalue iw, normalized such that its first non-zero element is equal to one, and
eis the amplitude of the periodic solution relative to the eigenvector F . According to PAH

theorem, the period T, and value of | corresponding to this periodic solution, can be expanded

in e as[21]



=2 {4t 2 +0(e) (16
Wo
I =l critical+ mze2 + 0(84) (17)

Hence, the oscillation amplitude e increases as the square root of the distance from critical

parameter value, ep I -1 ey -

4.2 FLOQUET THEORY

The stability of the periodic solutions, whose existence is guaranteed by the PAH bifurcation
theorem, is determined by the Floquet theory [22]. Stability is determined in away similar to
that of fixed points, i.e. by introducing a perturbation to the periodic solution, and then
analyzing whether the perturbation grows or decays. Analysis finally leads to the evaluation of
Floquet exponents. The perturbations decay if all the Floquet exponents have negative real
parts. Otherwise they grow in magnitude. The Floquet exponent 13 can also be expanded in
termsof e as
b=h,e?+0E*) (18)

If b,>0,theperiodic solution isunstable |eading to what is called subcritical PAH bifurcation.
Otherwise, if b, <0, the periodic solution is stable and the corresponding bif urcation is called
supercritical PAH bifurcation. For a given set of parameter vaues, the bifurcation is either

supercritical or subcritical but not both.

In the case of supercriticdl PAH-B, stable periodic solutions exist in the immediate

neighborhood of the stability boundary in the unstable region. Hence, in this region wherethe



fixed points are unstable, the dynamical system will evolve to stable periodic solutions. In the
case of subcritical PAH-B, there exist unstable periodic solutions in the neighborhood of the
SB on the stable side. Hence, although asmall perturbation may finally decay to the fixed point,
alarge one (greater than the amplitude of the periodic solution) will lead to growing amplitude
oscillations. The existence of subcritical PAH-B shows that for finite amplitude perturbations,
stability analysis may lead to non-conservative conclusion. Consequently, special attention

must be paid even when the system is operating on the stable side near the stability boundary.

4.3 BIFDD

Bifurcation analysis requires evaluation of m,, t, and b,. Analytical evaluationof m,, t, and
b,, even for reduced order simple models, is a very tedious task and quickly becomes almost
impossible with increasing number of differential equationsin the model. Another drawback of
the analytical bifurcation studiesis that each is specific to a bifurcation parameter, and must be
repeated if the impact of a different parameter is to be studied. Numerical integration of the
governing set of ODEs is also time consuming and leads to results vaid for specific set of
parameter values. Due to the limitations on the two approaches (numerical integration and
analytical bifurcation studies), there has been limited investigation of the large parameter space

even for smple models of BWRs.

Analytical bifurcation analysis carried out numerically is an attractive aternative to the two



approaches described above [25]. In this approach the governing set of nonlinear equations are
neither integrated numerically in time nor treated entirely anayticaly. Rather, the analytical
reduction to the Poincaré norma form via the center manifold theorem is carried out
numerically [23]. This approach, which will henceforth be called analytic-numeric approach,
alows accurate and efficient evaluation of the entire parameter space of interest.
General-purpose bifurcation codes such as BIFDD [23] have been developed to perform
analytic-numeric bifurcation analysis of set of ODEs and ODEs with delays. For a given set of
nonlinear ODEs (or ODEs with delays) and the corresponding Jacobian matrix, the code
determines the critical value of the bifurcation parameter, nature of the bifurcation, and the
oscillation amplitude when operating close to the critical value. BIFDD allows any parameter
of choice in the model to be selected as the bifurcation parameter, and hence the entire

parameter space can easily be spanned.

Bifurcation analysis when carried out analytically or via an analytic -numeric approach,
yields—for al other parameters fixed—the critica value of the bifurcation parameter
I =1 . » frequency of oscillation w, corresponding to the critical value, and parameters m,,
t, and b,. A negative (positive) value of b, indicates a supercritical (subcritical) PAH
bifurcation, i.e., stable (unstable) limit cycle oscillations as the bifurcation parameter is varied
acrossthecritical value. t, isacorrection factor to the oscillation frequency, and m, relatesthe

oscillation amplitude to the value of the bifurcation parameter through equation (17).



The set of 22 nonlinear ODEs and the Jacobian matrix (evaluated with the help of Mathematica)
of the BWR model are supplied to the bifurcation code BIFDD via a user subroutine. A
parameter is selected as the bifurcation parameter. By incrementally varying a second
parameter and repeating the calculations for the critical value of the bifurcation parameter, one
can easily generate stability boundaries and determine the nature of the bifurcation along those
boundaries in two-dimensional parameter spaces. This can further be extended easily to

generate stability-surfaces in three or higher dimensional parameter spaces.

5.RESULTS: UNIFORM CORE (F =1)

For uniform core (F = 1), using BIFDD we first determined the stability boundary (SB) in the
Ny, — DP,, parameter space for r ., =0, where, Ny, is the non-dimensiona subcooling
number, DP,, is the non-dimensional pressure drop over the flow channels, and r, isthe
control rod induced fundamental mode reactivity. The SBs we obtain are identical to those

obtained earlier by Karve et a. [15]. A SB for r .= 0isshownin Figure 1 (a). Results of the

ext

bifurcation analysis are presented in Figure 1(b) in the form of constant amplitude oscillation
curve in the Ng, — (DP. - DPeyqiiea ) PAr@Meter space. For given Ny, , DPuiica 1S the
(critical) value of pp, on the SB (shown in Figure 1 (&). In this space,

DP. witicar > 0 COrrespond to the stable region. The curve plotted in Figure 1 (b)

ex

-DP

ext,



corresponds to the points in the parameter space whose index constant of the periodic solution
e is 0.075, that is, the amplitudes of the periodic solutions on this curve, given by the
magnitude of P, are 7.8/ of the magnitude of the eigenvector. For this reason, this curve is
also called the 7.5% oscillation curve The PAH bifurcation (PAH-B) theorem states that the
bifurcation is supercritical when this curve is in the unstable region, and subcritical when it is
in the stable region. Hence, in the upper part of the stability boundary for Ny, > 1.85, where
the oscillation curve is in the stable region, the bifurcation is subcritical. Thus, the small
amplitude perturbations will decay, but “large” amplitude perturbations, greater than the

amplitude of the periodic solution, will grow. For 0.5 < N_, < 1.85, the oscillation curveisin

sub
the unstable region and the bifurcation is supercritical. The periodic solution is hence stable,
and any finite but small perturbation will evolve to this stable periodic solution. For even lower
values of Ny, (< 0.5), the 7.5% oscillations curve returns to the stable region, and the
bifurcation is subcritical. The back and forth transition between supercritical and subcritical
PAH-B in the low N, region might explain the fact that stable amplitude oscillations are

observed in some BWR instability cases, and growing amplitude oscillations (until scram) in

others.

Figures 2(a) and 2(b) show the SB and 7.5% oscillation curvein Ny, — r ., parameter space,

where r ., is chosen as the bifurcation parameter. Dp,, is held constant at 8.2. Note that

ext

Mo - T excritica <O 1S the stable region. Again subcritical PAH-B occurs in region of very high

and low N, values, while supercritical PAH-B occursfor intermediate valuesof N, . SB and



constant amplitude oscillations curves in r .,— DP,, parameter space are shown in Figures
3(a) and 3(b), where DR, is chosen as the bifurcation parameter. N, is held constant at 0.6.
Figure 3(b) shows that very large or very small values of r ., will lead to subcritical PAH-B,

but intermediate values (- 0.0155<r ,, <+0.0130) lead to supercritical PAH bifurcation.

To investigate the time evolution, and validate the results obtained using BIFDD, three points
are selected in the parameter space for numerical simulations. These are shown in Figure 1.
(Ngs . DPs) @ points 1, 2, and 3 are (2.2303, 3.9840), (1.0000, 8.1000), and (1.0000, 8.5000),
respectively. Figures 4, 5, and 6 show the results of numerical simulations for these points.
Point 1 isin the subcritical bifurcation region on the stable side of the SB. According to PAH
theorem, large perturbations, when operating at point 1 in the parameter space, may lead to
increasing amplitude oscillations. Point 2, however, is in the supercritical bifurcation region on
the unstable side of the SB. Hence perturbations are expected to evolve to stable amplitude

oscillations. Pdnt 3 is in the supercritical bifurcation region but on the stable side of the SB.

Hence, perturbations are expected to decay. Time evolution plots of n,, n, and v where

inlet0 !
Vineo 1S the non-dimensional inlet velocity of channel O, shown in Figures 4, 5, and 6 confirm
these predictions. Moreover, the amplification factor F determines the relative strength of
reactivity feedback of the fundamental and first azimuthal modes. Hence, for F close to one,
the feedback coefficients of the azimuthal mode are small, and BWR is likely to develop

in-phase or global oscillations. Numerical simulations for F = 1 show that the time evolution of

phase variable s plotted in Figures 4, 5, and 6 are, as expected, amost pure in-phase oscillations,



where amplitude of n, is much smaller than that of n,. However, if F is large, the feedback
coefficients of the azimuthal mode are also large, and BWR will more likely experience

out-d-phase or regional oscillations. Resultsfor F > 1 are presented in the next section.

6 RESULTS: NON-UNIFORM CORE (F >1)

Results of numerical smulations for Ny, = 1.0000 and DP,,, = 8.5000 (corresponding to point
3inFigurel (a)) forF = 2.0, 3.5, 4.6 and 5.0,are shown in Figures 7, 8, 9 and 10. These results
suggest that the first azimuthal mode is becoming increasingly less stable as F is increased.
Although there is no significant change in the decay ratio of n,, that of n, increasesas F is
increased. Decay ratio of n, isgreater than 1.0 for F = 5.0, implying an unstable first azimuthal
mode. Moreover, beating of inlet velocity of the left channel v, o, Observed in Figures 9 (c)
and 10 (c), suggests that period of the out- of - phase component is dightly different from that of

in-phase component.

Figure 11 shows SBsand e = 0.025 curves for F = 1.0, 2.0, 3.5, 4.6and 5.0. The SBsfor F =
1.0, 2.0, 3.5 and 4.6cannot be distinguished from each other. The 25% oscillation curves for
these four cases, shown in Figure 11 (b), are also amost indistinguishable. However, SB and
25% oscillation curve for F = 5.0 when Ny, < 1.177 differ from corresponding curves for

lower values of F. Moreover, at N_, = 1.177 the SB for F = 5 case has a discontinuity in its

sub



derivative and there is a corresponding jump in the 2.5% oscillation curve. Results of the
numerical simulationsin Figures 6~10, and bifurcation analyses shownin Figure 11 (a) and (b)
cannot be explained only by asingle pair of complex conjugate eigenvalues AsF isincreased
these results suggest that other pair(s) of complex conjugate eigenvalues are increasingly more

strongly influencing the dynamical system.

To identify the cause of the discontinuities and to determine the role of additional pairs of
eigenvalues in system dynamics when operating close to the SB, the bifurcation code BIFDD
was modified to evaluate al the eigenvalues of the Jacobian matrix. Figure 12 showspairs of
complex conjugate eigenvalues with the largest and the second largest real parts. These
eigenvalues correspond to a point on the SB in Figure 1(a) wih Ny, = 1.0000 and DP,, =
8.2085, whichison the SB on ahorizontal line that passes through the point 3. Eigenvalue with
the largest real part for F = 1 isdenoted by e1 and the second pair is denoted by e2. For clarity
real eigenvalues that may exist between them are not shownin Figure 12 By definition, when
the operating point is on the SB, the real part of the largest pair of eigenvalues is always zero.
For F = 1, the pair e with the second largest rea part is far from the imaginary axis, but
approaches it asF isincreased. Real part of e;for F = 4.6 is close to zero, and hence both e; and
e2 amost equally influence the time evolution. The imaginary parts of eigenvalues, which
determine freguencies of oscillations associated with them, are slightly different (4.1537 and
4.2220 respectively), hence explaining the beating phenomena observed in tie numerical

simulations of v, oin Figure 9(c). The ratio of the two frequencies correctly predicts the



period of the beat AsF isincreased to 5.0, the pair e crosses the pair e1. For F =5 (and N, <

1.177), ey is the pair with the largest real part. Thusthe SB in Figure 11 (@) for N, < 1.177is

sub
determined by e2. Moreover, for these parameter values the bifurcation characteristics of the
system are aso determined by this eigenvalue. Thus, the discontinuity in the slope of SB at
Ny, = 1.177 (Figure 11 (8), F = 5.0 case), and the jump in the 2.5% oscillation curve at these

parameter values (Figure 11 (b)) are due to the fact that while the pair er determines the SB and

thebifurcation curvefor N., > 1.177, it is e, that determines the SB and the bifurcation curve

sub

for Ng, <21.177.

To identify the relationship between the two pairs of eigenvalues and in- phase and out-of - phase
oscillations, the elements corresponding to n, and n, in the eigenvectors corresponding to
eigenvalues e; and & for different values of F are shown in Tables 1 and 2 In eigenvector
corresponding to e1, the magnitudes of the elements of ny, shown in the Table 1, are much
larger than those of dements of n,. However, the trend isreversed for eigenvalue e, (Table 2).
As F is changed, the ratio of the magnitude of element of n, to n, for eigenvalue e;, and the
ratio of magnitude of element of n; to n, for eigenvalue e> remain large. Because the
magnitudes of the elements of the eigenvector determine the amplitudes of oscillations of
different variables (equation (15)), theseresults show that the oscillation amplitude of n, in the
oscillation produced by the eigenvalue e, is much larger than that of n,, and hence the
oscillations are dominated by the in-phase component. Also, the oscillation amplitude of n,

will be much larger than that of n, in oscillations pr oduced by the eigenvaue e, and hence the



oscillations will be primarily out-of-phase.

It is clear that the two pairs of complex conjugate eigenvalues — with the largest and second
largest real part — are responsible for the fundamental and the first azamuthal mode (in-phase
and out-of-phase) oscillations. Moreover, either one of these—depending upon the parameter
values—may be the dominant one. To avoid confusion, the pair of eigenvalues e for which
magnitudes of element of n, in the corresponding eigenvector is much larger than that of
element of n,, will be called the fundamental mode eigenvalues (a; +i w; ), and the other pair
e will be called the first azimuthal mode eigenvalues (a, +i w, ). Figure 13 (a) showsthe SB in
Ng,,— DP,, Spacefor F = 5.0. The SB (solid lin€) in Figure 13 (a), on which the real part of the
rightmost eigenvaluesis zero, is comprised of two curvesthat meet at thepoint T ( N, = 1.177,
DP,, = 7.618). Above this point, the eigenvalues with the largest real part along the SB are the
fundamental mode eigenvalues, that is, a; =0and a, <0. However, for Ny, < 1.177 (below
the point T), the eigenvalues with the largest real part along the SB are the azimuthal mode
eigenvalues (a, =0and a; < 0). The dotted line in Figure 13(a) denotes the boundary along
which the real part of the second rightmost pair of complex conjugate eigenvalue is zero. (This
means that the rightmost pair of complex conjugate eigenvalue along the dotted line has
positive real part). The dotted curveisaso comprised of two branches. Along the branch above
the point T, the red parts of the azimuthal mode eigenvaues are zero (a, = 0and a; > 0).
However, along the lower branch, the real parts of the fundamental mode eigenvalues are zero

(ar =0and a, > 0). Hence, the parameter spaceis divided into four parts, denoted by letters A,



B, Cand D. Region C and A are respectively the stable and unstable regions (for both in-phase
and out-of - phase mode oscillations). In region B, the fundamental mode (in-phase) is unstable
while the first azimuthal mode (out-o -phase) is stable. While in region D, the first azimuthal
mode (out-of-phase) is unstable, but the fundamental mode (in-phase) is stable. These results
are conceptually similar to those obtained using a simple model by MarchLeuba et al. [14].
Out-of -phase oscillations in reference [14] were obtained using a different set of boundary
conditions than those used for in-phase oscillations. All result s reported here are obtained using

the same set of boundary conditions.

Results of the bifurcation analysesfor F = 5 are presented in Figure 13 (b) in the form of 5%

oscillation amplitude curve in Ny, — (DPy - DPey itica ) SP@CE. The solid line corresponds to

the SB (solid line) in Figure 13 (a), while the dotted curve corresponds to the dotted curve in
Figure 13 (a) (i.e, to the second rightmost eigenvalue crossing the imaginary axis). [The

bifurcation is subcritical for N_, > 1.874.] In Figure 13(b), ajump in the 5% oscillation curve

sub
(solid line) occurs at the value of N, corresponding to point T. The discontinuity exists
because of the degeneracy at thisvalue of Ny, , whereboth the fundamental and first azimuthal
mode eigenvalues have zero real parts. The 5% oscillation curvefor Ng,, > 1.177 is determined
using the fundamental mode eigenvalues, while for Ny, < 1.177 they must be determined
using the first azimuthal mode eigenvalues. Note that the 5% oscillation curve for each pair of

eilgenvalueis continuous over the entire range of N, ,,. However, only a segment (the solid part)

sub *

of each isrelevant. (Condition (@) of PAH -B theorem (section 4.1) is violated along the dotted



line.) Though the PAH-B theorem is strictly applicable only along the solid lines in Figure 13
(@), results of the numerical ssmulations show that the conclusions regarding the stable and
unstable periodic solutions may be applicable even to the second pair & complex conjugate

eigenvalues that cross the imaginary axis right behind the first pair.

To even more explicitly identify the role of F in determining the nature (in-phase or
out-df -phase) oscillations, Figures 14 (a-f) show SBsin the F— Dp,,, parameter space for N,
=4.50, 3.25, 1.90, 1.40, 1.30 and 1.18, respectively. The solid and dashed linesare respectively
the boundaries along which the real part of the fundamental and first azimutha mode
eigenvalues are zero. System stability is determined by the boundary on theright. For all values
of Ng, the fundamental mode boundary is independent of F. The first azimuthal mode
boundary does vary with F; much more strongly for smaller values of N, than for larges
values. For Ny, =4.50and F = 1.00, the system becomes unstable due to fundamental mode.
However, as F isincreased for 1.50 < F < 3.53, it is the first azimuthal mode that becomes
unstable first as the stability boundary is crossed. Boundaries for the two modes in this region
are close and hence both types of oscillations are likely to be manifested as the SB is crossed.
For F > 3.53, once again it is the fundamental mode that determines the stability of the system.
Similar behavior isobserved for Ny, =3.25 case (Figure 14 (b)). Hencefor 2.32 < F <3.20the
two boundaries almost overlap leading to the degenerate case. For F < 232and F > 3.20,

stability is determined by the fundamental mode. As N, is decreased to 1.90 (Figure 14 (c))

and 1.40 (Figure 14 (a@)), the azimutha mode boundary gays to the left of the fundamental



mode boundary for al values of F, and hence it is only the fundamental mode that becomes

unstable in the vicinity of the SB. However, as N, is decreased further to 1.30 (Figure 14 (d))
and then to 1.18 ( Figure 14 (e)), the boundary for the first azimuthal mode shifts to the right.

For these two values of the subcooling number, for some intermediate range of F (5.48<F <

7.37 for Ng,, =1.30, and 5.03< F < 10.29 for N

sub T

= 1.18) it isthe first azimuthal mode that

sub

determines the stability of the system.

Numerical simulations were carried out for parameter values at points 1 ( Ny, = 2.2303, DP.,

=3.9000), 2 ( N, = 2.2303, DP,, = 4.1000), 3 ( N, = 0.8000, DR, = 7.8500), and 4 ( N, =

sub sub

0.8, br,, =8.2000) shown in Figure 13(a). Time evolutions of n, and n, are shown in Figures
15~18. Points 1 and 2 are above the separation point T. At wint 1 (Figure 15, in-phase
oscillations result leadingto increasing amplitude of n, and decreasing amplitude of n,. Point
2, however, is in the region C, where both fundamental and azimuthal modes are stable.
Therefore, snall perturbations produce decreasing amplitude oscillations of both n, and n,;
(Figure 16). However, n, decreases much slower than n,, causing oscillations that are
primarily in-phase. Points 3 and 4 are below the separation point T. For point 3, both the
fundamental and azimuthal modes are unstable, but it is n, whose amplitude increases much
faster than that of n, (Figure I7). The oscillations are hence pre-dominantly out-of - phase. At
point 4, out-of -phase oscillations occur, because the fundamental mode is stable while the first
azimuthal mode is unstable (Figure 18). Clearly the dominant oscillations in the high and low

Ny, regions are characteristically different. In the high N, region, the in-phase oscillations



are dominant because the critical eigenvalues on the SB correspond to the fundamental mode.
Inthelow ng,, region, however, the out-of -phase oscillations are dominant because the critical
eigenvalues correspond to the azimuthal mode. In the region closeto the separation point T,
effects of both, the fundamenta and azimuthal mode eigenvalues, are evident, and oscillatiors
in thisregion are a blend of in-phase and out- phase. Thus, numerical simulations conf irm the
findings of the numeric-analytic bifurcation analysis.

7SUMMARY

Stability and bifurcation analyses of a two-channel BWR model is carried out. To capture the
effects of asymmetry in core loading and in neutron flux, an amplification factor F is
introduced in a reduced order model earlier developed by Karve et al. [L5 to vary the
azimuthal mode feedback coefficient. Stability and bifurcation characteristics are studied using
the code BIFDD, modified to determine the entire spectrum of eigenvalues—rather than only
the largest one. For azimuthally symmetric flux shape (F = 1), only in-phase oscillations are
foundin all regions of parameter space studied Both sub- and supercritical bifurcations can
occur. It is found that bifurcation characteristics can switch from sub- to super- and back to
subcritical over a narrow range of a single operating parameter (such as inlet subcooling). This
might explain the fact that stable amplitude oscillations are observed in some BWRs while

growing amplitude oscillations in others.

As the amplification factor F is increased, spectrum of eigenvalues calculated by BIFDD



shows that red part of the second pair of complex conjugate eigenvalues increases and

approaches the imaginary axis. The eigenvectors of the two pairs of complex conjugate
eigenvalues suggest characteristically different oscillations. The oscillations produced by the
pair of complex conjugate eigenvalues with the largest real part (forrelatively smaller values of
F) are mainly in-phase, and those produced by the complex conjugate eigenvalues with the
second largest real part are mostly outof-phase. For this reason, the former is called
fundamental mode (in-phase) eigenvalue, and the latter is called azimuthal mode (out-of - phase)

eigenvalue.

Stability boundariesin F— Dp,,, parameter space show that for large or small values of N,
azimuthal mode eigenvalues can cross the fundamental mode eigenvalues. In this case, the
system becomes unstable due to fundamental mode when F is large or small. The system
becomes unstable, however, due to the first azimuthal mode for intermediate values of F.
Therefor e, oscillations will change from in-phase to out-df- phase and back to in-phase asF is
increased. For intermediate values of N

wb» &imuthal mode eigenvalues do not cross the

fundamental mode eigenvalues as F is varied Hence, dominant oscillations are only in-phase

For F = 5, oundaries and bifurcation curves of the eigenvalues with the largest and second
largest red parts in N,,— DP,, parameter space show that above certain value of inlet
subcooling, the fundamental mode eigenvalue reaches the imaginary axis (as the imposed

pressure drop is increased) before thefirst azimuthal mode eigenvalue. For these high values of



inlet subcooling in-phase oscillations dominate. However, for smaller values of inlet
subcooling out-of-phase oscillations dominate due to the azimuthal mode eigenvalue that
reaches the imaginary axis first as the bifurcation parameters is varied. Hence, the parameter
space is divided into four regions separated by boundaries of the two pars of eigenvalues.
Bifurcation results show that both sub and super-critical bifurcation can occur along the
stability boundaries for in-phase aswell as out- o - phase oscillations. Numerical integrations in

these regions confirm the results of the stability and bifurcation analyses.

The coupled model analyzed here clearly shows that it is capable of predicting in-phase and
out- o - phase oscill ations, aswell as stable amplitude and growing amplitude oscillations. Thus,
various types of instabilities and oscillations observed in operating reactors or those observed

under controlled conditions have been successfully smulated by a single reduced order model.
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Figure 1. Results of stability and bifurcation analyses for uniform core, (a) stability boundary;
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Figure 2. Results of stability and bifurcation analyses for uniform core, (a) stability boundary;
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Figure 3. Results of stability and bifurcation analyses for uniform core, (a) stability boundary;
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Figure 4. Time evolutions at point 1 in Figure 1 (a) ( Ng,,= 2.2303, DR, = 3.9840), for F = 1.0.
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Figure 5. Time evolutions at point 2 in Figure 1 (a) ( N, = 1.0000, DR, = 8.1000), for F = 1.0.
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Figure 6. Time evolutions at point 3 in Figure 1 (a) ( Ng,,= 1.0000, DR, = 8.5000), for F = 1.0.
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Figure 9. Time evolutionsfor Ng,,=1.0000, pP,, =8.5000 andF =4.6.(a) ng; (b) ny; (C) Vineo
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Figure 11. Stability boundariesand e = 0.025 curvesfor F = 1.0, 2.0, 3.5, 4.6 and 5.0 in

Nsub— DPext SPECE.

Figure 12. Pairs of eigenvalues with the largest and second largest real parts for ng,,= 1.0000,

DP = 8.2085. F = (a) 1.0; (b) 2.0; (c) 3.5; (d) 4.6; (e) 5.0

Figure 13. (a) Stability boundary and the boundary along which the real part of the second

largest pair of eigenvaueis zero (F = 5); (b) 5% oscillation amplitude curves corresponding to



the eigenvalues with the largest and second largest real parts (F = 5.0)

Figure 14. Stability boundariesin F— Dp., Space for Ny, = (8) 4.50; (b) 3.25; (c) 1.90; (d) 1.40;

(e) 1.30; (f) 1.18

Figure 15. Time evolution of n, and n, for parameter values corresponding to point 1 in Figure

13 ( Ng,,=2.2303, DP,,=3.9000, F = 5.0)

sub
Figure 16. Time evolution of n, and n, for parameter values corresponding to point 2 in Figure
13 ( Ng,,=2.2303, DP,,=4.1000, F = 5.0)

Figure 17. Time evolution of n, and n, for parameter values corresponding to point 3 in Figure

13 ( N, =0.8000, DP,,=7.8500, F = 5.0)

Figure 18. Time evolution of n, and n, for parameter values corresponding to point 4 in Figure

13 ( Ng,, =0.8000, DP,,=8.2000, F = 5.0)
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Table Captions

Table 1. Elements corresponding to ny and n, in the eigenvector corresponding to e

Table. 2Elements corresponding to ny and n, in the eigenvector corresponding to &



Table 1. Elements corresponding to n, and n, in the eigenvector corresponding to e

o M Il /[m|
F Real Imaginary | Magnitude Real Imaginary | Magnitude
1.0 1.3656 4.8667 5.0546 0.004590 | 0.01369 0.01444 350.04
2.0 1.3615 4.8533 5.0407 0.01231 0.03922 0.04111 122.61
35 1.3482 47732 4.9600 0.03740 0.1920 0.1956 25.36
4.6 1.6890 51131 5.3848 -0.6087 -0.4666 0.7670 7.02




Table. 2Elements corresponding to n, and n, in the eigenvector corresponding to e

o m /o]
F Real Imaginary | Magnitude Real Imaginary | Magnitude

1.0 -0.009630 | -0.01334 | 0.01645 2.7592 3.9449 4.8140 292.64

2.0 -0.01475 -0.03072 0.03407 2.8850 6.3208 6.9481 203.94

35 -0.02896 -0.1192 0.1227 2.6818 8.5689 8.9788 73.18

4.6 0.2584 0.2299 0.3459 1.8988 8.9610 9.1600 26.48




PART II

Natural Circulation Flashing in Next
Generation Boiling Water Reactors



ABSTRACT

In the second part, anew reduced order model to simulate the dynamics of natural
circulation features in current and next generation of nuclear power plants has been
developed. Dynamica analysis this new natural circulation BWR model that allows
local pressure dependence of water saturation enthalpy and includes fundamental and
first azimuthal modes for neutronics is carried out. Stability boundaries (SBs) and
7.5% oscillation curves (representing natures of bifurcation along SBs) are plotted in
inlet subcooling—externa reactivity parameter space. Stability and bifurcation
andyses show that, both in-phase and out-d-phase oscillations as well as
supercritical and subcritical bifurcations can occur along the SBs.

1. Introduction

Natural circulation is a promising design feature for next generation of BWRs. Safety and
economics of the nuclear reactors can be improved through simplicity and passive features of
the natural circulation design [1].

One of the primary concerns for safe operation of BWRs is stability. Both natural and
forced circulation BWR systems, however, are susceptible to nuclear coupled density wave
oscillations (DWOs) under certain adverse operating conditions [2]. DWOs can be either
in-phase or out-d-phase type [3]. The former corresponds to global power and flow
oscillations, and is excited by fundamental neutronic mode. The latter corresponds to regional
oscillations (usualy power of half of the core oscillates out-of - phase against the other half),
and is an outcome of the first azimuthal mode. For natural circulation systems, experimerts
and analytical studies show other instability mechanisms besides DWOs. An important one of
these is flashing-induced oscillation during start-up. Flashing that is boiling in the unheated
riser above the core, is caused due to local pressure drop. Flashing occurs most frequently
under low system pressure during start-up. Jiang et a. [4] indicated that “the maximum void
fraction caused by flashing is about 5% under a system pressure of 1.5 MPa, and about 80%
under 0.1 MPa”

Severa experimental studies of the twophase natural circulation system have been
reported [57]. Although a few analytical studies [4, 89] have been carried out for natura
circulation systems, they are limited in scope due to one or more of the following reasons:

Many existing system codes are not designed to analyze natural circulation system.
Those suitable to anadyze the flashing phenomenon are too cumbersome for
parametric studies.

Existing reduced order models are too simplistic. Hence, some key features of
system dynamics may be lost.

There are limited reduced order analyses of coupled models of thermal-hydraulics,
fuel dynamics and neutronics.

Taking advantage of the twemode neutronics and sophisticated fuel dynamics model, first
developed by Karve et a [10], we present stability and bifurcation analyses of atwo channel,



nuclear-coupled, natural circulation BWR model. Two-phase thermalhydraulics model is
based on one we reported earlier. This model has been used to study the stability of twe phase
natural circulation system (without neutronics) [11].

Reduced order model is presented in Section 2. A brief review of our approach for the
stability and bifurcation analysis of the reduced order model is aso given. Results of stability,
bifurcation and numerical simulations are presented in Section 3, and the last section
concludes the paper.

2. Reduced Order Model

2.1 Thermal-Hydraulic M odel

The system considered in the model is shown in Figure 1. It is comprised of two heated
channels (each of which represents a half of the core), two separate risers above the channels
and a common down comer. A system pressure is imposed by setting the pressure at outlet of
the risers, R, to a fixed value. Some additional system parameters are also shown in the

Figure 1.
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Fig.1 Schematic plot of natural circulation system

The thermal-hydraulic model is based on the following two assumptions:

Saturation enthalpy varies linearly with local pressure. Other thermal properties of

water and steam are constant.

Two phase flow can be modelled by Homogeneous Equilibrium Model (HEM)
Although better assumptions such as quadratic pressure dependence and non-equilibrium
two phase flow models can be applied, they will greatly increase complexity and decrease
computational efficiency of the mode.

Three cases, based on the location of the boiling boundary, are considered separately.
These are shown in Figures 2a, 2b and 2c. For case 1, water enthalpy at the core exit is less
than the saturation enthalpy, and flashing occurs in the riser. For case 2, because of relatively
large heat input, water starts boiling in the core. Case 3 is a degenerate case, in which water
enthalpy is less than the saturation value at the channel exit, but greater at the entrance of the
riser due to local pressure loss.

Non-dimensional forms of continuity, energy and momentum partial differential equations
are used to derive the dynamical system. Note that pressure dependence of water saturation
enthalpy leads to modified forms of energy and momentum equations [12]. A weighted
residua approach is employed to reduce the PDEs to a set of ODEs. Single phase and
two phase regions aong the core and riser are discretized by arbitrary numbers of equal-sized



nodes. In each node, spatially linear trial functions with time-dependent parameters for
enthalpy (saturated or unsaturated), steam quality, and mixture velocity are introduced. ODES
for these time-dependent expansion parameters are derived by integration aong the node.
Boiling boundary and its derivative are evaluated by applying the fixed pressure condition at
the outlet of riser. Details of the derivations can be found in reference [12].
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Fig.2 Profiles of water enthalpy and saturation enthalpy for the three cases: 2a) case 1; 2b)
case 2; 2¢) cae 3.

2.2 Fuel Dynamics and Neutronics M odel

The fuel dynamics and neutronics models of Karve et a. [10] are used to couple with the
thermal-hydraulic model. These models retain many key elements of the dynamics of BWR
systems, such as gap heat conduction between fuel pellet and cladding and different heat
convection coefficients for single-phase and two-phase regions, yet are sufficiently ssmple for
large scale parametric analyses. A piece-wise quadratic expansion with time-dependent
parameter is used to represent temperature profilesin the fuel pellet. ODEs of time-dependent
parameters are obtained by application of the variational principle. The neutron and precursor
densities are represented by fundamental and first azimuthal modes with time-dependent
coefficients. ODESs for the four neutronics variables (ng, U, N1, and u;) are derived through the
?-mode approach. Retaining the first azimuthal mode in the model allows the ssmulation of
out- of- phase oscillations. ODES of thermalhydraulic model and fuel dynamic and neutronics
mode! are coupled via heat flux (represented by N (t) , which is a non-dimensional number

proportional to the total heat flux inputted into the channel), ¢, , the void reactivity feedback
coefficient,and ¢y , the fuel Doppler reactivity feedback coefficient.

2.3 Poincar é-Andronov -Hopf Bifurcation (PAH-B) Theory and BIFDD

Stability of fixed points of a set of autonomous ODEs, such as those of reduced order
model of BWRS, is determined by its eigenvalue of the Jacobian at the steady-state. If the real
parts of all the eigenvalues are negative, the fixed point is stable, otherwise, unstable. This
result is further extended by PAH-bifurcation theory [13], which states that if the right-most
eigenvalues are a complex conjugate pair and they cross the imaginary axis with non-zero
speed as an operating parameter is changed, there will be periodic solutions (oscillations) in
the vicinity of the SB. Fregquencies and amplitudes of the periodic solutions are determined by
the imaginary parts of the eigenvalues and the distance of the operating point from the SB. In
particular, the periodic solutions can be either stable, called supercritical PAH-B, or unstable,



caled subcritical PAH-B. From the safety point of view, subcriticad PAH-B is more
problematic than supercritical PAH-B, since in the former case the unstable periodic solution
exists on the stable side of the SB, and given large enough perturbation the system even when
operating on the stable side of the SB may evolve into growing amplitude oscillations.

In this study (as in several previous studies), a stability and bifurcation analysis code
BIFDD [14] is utilized to analyze the natura circulation BWR model. Given analytic forms of
ODEs and Jacobian, BIFDD evaluates SBs as well as the nature of bifurcation along them.

3. Results

3.1 Effect of Nodalization Schemes

Coupling among the thermakhydraulics, fuel dynamics and neutronics introduces extra
feedbacks, which are crucial to the dynamics of the system. However, accurate eval uations of
the feedback signas, the void fraction in the channel and fuel temperature rely on
nodalization scheme described in section 2.1. The higher the number of nodes in each
single-phase or two-phase region, the more accurate is the estimate of the void fraction and
fuel temperature. Large number of nodes on the other hand dramatically increase the number
of phase variables, leading to computational inefficiency. Therefore, an analysis of the impact
a the number of nodes on the results of the stability analysis is carried out first.

Stability boundaries (SBs) are calculated by BIFDD for different nodalization schemes in
the so-called subcooling—reactivity parameter space (Figures 3 and 4) for parameter values
that roughly correspond to the Dodewaard natural circulation BWR. System pressure of these
two caculations are r;,= 7.0 MPaand R, = 0.4 MPa, respectively. Here, the X axis, r o,
isthe external reactivity introduced by control rod movement. The y axis, DT, IS the inlet
subcooling (saturation temperature minus inlet temperature). Different nodalization schemes
are characterized by N, which is the number of nodes in each (single phase and two-phase)
region.

Figure 3 shows that at high system pressure, as the number of nodes increases, the SBs
converge, but insufficient nodalization may cause large deviation in both the area of stable
regions and in the shapes of SBs from those obtained using sufficiently large number of nodes.
Compared to the SB of N = 16 case, the one with N = 1 significantly over-estimates the area
of the stable region. As N is increased, the SBs tend to converge. Good convergence of SB is
achieved in regions of low and high r., for the N = 8 case, but the SB may be
over -estimated by as much as 10% in the middle range of r .

For the low system pressure case (0.4 MPa), Figure 4 shows a much better convergence.
Even the SB for the N = 4 case is very close to that of the converged SB. SBs for the N = 8
and N = 16 cases are too close for most values of r,, to be distinguished from each other.

Results presented in the rest of the paper were obtained using N = 8.
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3.2 In-Phase and Out-Of-Phase Oscillations

A parameter space is divided into stable and unstable regions by a stability boundary. In the
unstable region at lease one (real or complex conjugate pair) eigenvalues has positive real part.
Figure 5 and 6 show SBs (solid lines) in DTne—rex SPace for system pressure of 7.0 MPa
and 0.4 MPa, respectively. Nature of instability that results, as these SBs are crossed, may
however vary significantly along different parts of the SB. As shown earlier for forced
circulation BWR system, the two rightmost pair of eigenvalues can be associated with
in-phase and out-of-phase oscillations [15]. The relative magnitude of the elements in the
corresponding eigenvectors indicate as to which mode—fundamental or first azimuthal—will
become unstable as that eigenvalue crosses the imaginary axis. It was shown that the



eigenvalue pair that corresponds to the first azimuthal mode may cross the imaginary axis
before the eigenvalue that correspond to the fundamental mode [15]. Hence, even for the
natura circulation system it is important that along with the SB a second “boundary” —along
which the second pair of complex conjugate eigenvalue has zero rea part—be also plotted.
Relative magnitude of the elements in the eigenvector can then be used to identify whether it
is the in-phase or the out-of-phase mode that will become unstable as the SB is crossed.
Figures 5 and 6 also show the “second” boundaries (daed lines), on which the real part of the
second largest pair of eigenvalue is zero. For low system pressure (Figure 6), the two curves
do not cross, and the boundary for the azimuthal mode is aways in the unstable region, where
the fundamental mode is urstable. However, Figure 5 shows that the boundary corresponding
to the largest eigenvalue for the fundamental mode and that corresponding to the first
azimuthal mode cross each other at point X (r o =-0.0335, pTye= 8.65 K). Hence, the SB is

comprised of a segment along which the stability is lost due to the fundamental mode (to the
right of point X) and a small segment (to the right of point X) along which the first azimuthal
mode is crossed.
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Fig.6 SB and boundary of the second largest rea part when g, = 0.4 MPa

Characteristic difference of oscillations associated with the eigenvalues of the largest and
the second largest real parts is further illustrated by analyzing the eigenvalues and the



corresponding eigenvectors at four points on the SBs and the boundaries of the second largest
real parts. Point 1 (r .= -0.0278, pTye= 20.0 K) and point 2 (r o, = -0.0306, DT, = 20.0

K) are on the stability map of system with p,;,= 7.0 MPa; point 3 (re, = 0.0124, DTy =
20 K) and point 4 (r, =0.0179, bt,, = 2.0 K) are on the stability map of system with
Rat = 0.4 MPa Table 1 lists the pure imaginary eigenvalues of the Jacobian E,, and
magnitudes of elements corresponding to not) and nyt), Ev, axd Ev, in the eigenvectors
at these points. [Here, nq(t) is the time-dependent coefficient of the fundamental neutron
mode, and n,t) is the time-dependent coefficient of the first azimuthal mode.]

Tablel Emg, EV, and EV, at four operating points shown in Figure 5 and 6

Point 1 Point 2 Point 3 Point 4
Eineg +2.306 +1.7091 +3.0301 +4.079
EVy, 0.156 0.170x10% 0.00972 0.110x10%
EVy, 0.943x10™ 0.0595 0.324x10°™ 0.00530

For the points on the SB (points 1 and 3), the magnitude of nq(t) is much larger than those
of n(t); for the points on the boundaries corresponding to eigenvalue with the second largest
real parts (point 2 and 4), the magnitude of n,¢) IS much larger than that of ny(t) . Results
listed in the Table 1 suggest very large amplitudes of oscillations of nq(t), but much smaller
amplitudes of oscillations of n () corresponding to the pure imaginary eigenvalues at

operating points 1 and 3. The pure imaginary eigenvalues at these two points, thus, are called
in-phase or fundamental mode eigenvlaues. Similarly, amplitudes of oscillations of n,t) are

very large, while those of ny(t) are very small at operating points 2 and 4. These eigenvalues

are hence caled out-of-phase or azimuthal mode eigenvlaues. Therefore, a characteristics
change in the nature of oscillation must be expected due to eigenvalue crossing at point X
(Figure 5). To the left of point X, segment A-X is the SB due to out-d-phase oscillations. To
the right of point X, segment X-B-C is the SB due to in-phase oscillations.

Parameter space in Figure 5 is divided by these boundaries of fundamental and first
azimuthal mode eigenvalues into four regions. In region |, both the fundamental and first
azimuthal modes are stable. Small perturbation will cause decreasing amplitude oscillations.
In region |1, the fundamental mode is unstable and the first azimuthal mode is stable. Small
perturbation will lead to in-phase oscillations. In region |1, the first azimutha mode is
unstable and the fundamental mode is stable. The oscillations are therefore out-of-phase. In
the last region (1V), both modes are unstable. Oscillations are therefore a combination of
in-phase and out- d -phase modes.

For low system pressure, instead of four regions, three regions of the parameter space are
identified. Both modes are stable in region |; fundamental mode is unstable and first
azimuthal mode is stable in region 11; and both modes are unstable in region 111 (Figure 6).

3.3 Bifurcation Analyses
In addition to in-phase and out-of -phase, the oscillation in a BWR can also be characterized

by whether they evolve to stable periodic oscillation or to unstable growing amplitude
oscillation [13]. As discussed in section 2.3, PAH bifurcation theorem provides us with
conditions that lead to on or the other. According to PAH-B theorem, if the periodic solution
(oscillation) is in unstable region, its amplitude is stable and the bifurcation is supercritical; if
it is in stable region, the amplitude is unstable and the bifurcation is subcritical. Nature of
PAH-B (supercritical or subcritical) along the SB can be represented by fixed amplitude



oscillation curves. Figure 7 and 8 show 7.5% oscillation curves for different segments of the
SBs of Figure 5 and 6 N DTye—( rex — rexcriticar) PAraMeter space. The amplitude of

oscillations of the limit cycle along these curves is about 7.5% of the magnitude of
eigenvector elements. In Figure 7a, for the out - o -phase segment A -X, the oscillation curve is
in the unstable region, indicating a supercritical PAH-B aong the SB. From the out-of- phase
segment (A-X) of the SB to in-phase segment X-B, oscillation curve has a jump from the
unstable side to the stable side. For b, < 28.91 K, the oscillation curve of segment X-B is

in the stable region, and type of PAH-B is subcritical. For 28.91 < pr, < 31.42 K (point B),

the oscillation curve returns to the unstable region, and consequently type of PAH-B aong
this segment of the SB is supercritical. For segment B-C, Figure 7c show that oscillation
curve aong the B-C branch is always in the unstable region. Type of PAH-B aong this
segment is hence supercritical. Similar back-and-forth transitions from sub- to supercritical
bifurcations are observed for the low system pressure case. In Figure 8a, the type of
bifurcation is supercritica along the D-E branch of the SB. Along the E-F branch of the SB
(Figure 8b), when bt > 2.762 K, the bifurcation is supercritical; while for ot < 2.762

K, it is subcritical.

Supercritical | Subcritical Supercrifical  Subcritical Subcritical - Supercritical
~—f— —l

35—

B
™~ B
304
254
204
=}
€ 154

c

DT,e (K)

DT, (K)
o (K)

X

—

o o B B B B 8 &
.3, 5. 5. 8. 8. 8.4

T T T
-0.0012 00008 -0.0004 0.0000 -0.03 002 001 000 001 002

ro-r , Text ™ T extcrical ro-r
ext ext,critical ext ext,critical

7a 70 7c
Fig. 7 7.5% oscillation curve aong three segments of the SB in Figure 5

Supercrtical | Subcritical Subcritical _ Supercritical
404 E

|

3.54 D
3.04 3.04

2.54

DT et (K)
DT, ()

2.04
154 1.54
1.04 1.04

0.54 0.54

T T T J T T 1
0020 0015  -0010  -0.005 0.000 0.005 001 0.00 0.01 0.02 0.03

r -r r -r
ext  exteritical ext  extcritical

& 8b
Fig. 8 7.5% oscillation curve aong two segments of SB in the Figure 6

For the out-of-phase segment A-X (Figure 7a) and low prt, region of the in-phase
segment B-C (Figure 7c), deviation of r,, required for the 7.5% amplitude, are much
smaller than those for the segment X-B and high b, region of the segment B-C, indicating
that much larger amplitude oscillations (in-phase or out-of-phase) may result for the same
deviation along the SB of low subcooling than along that of high subcooling. Large amplitude
oscillation at lower inlet subcooling is due to longer two phase regions in the channel and
riser. Similar trend can be found in the low system pressure case (Figure 8).

The change of characteristics of bifurcation (supercritical or subcritical) and change of
characteristics of oscillations (in-phase or outof-phase) along the SB, thus, reveal complexity

0.000 0005 0010 0015 0020 0025  0.030



of the dynamic behavior of the coupled natural circulation BWR system.

3.4 Sensitivity Analysisfor Low System Pressure Case

Effect of operaing parameters other than b and 1o ON the SBsis investigated. Since behavior
of twophase naurd drculation systems under high system pressure conditions (dose to 7.0 MPa) is
reldivey better understood, we focus on sengtivity of operaing parameters when the system pressure is
rdaivdy low. To study effect of system pressure, we plot SBSin Dfyq—r o« Parameter space for five
different vaues of p,;; (Figure 9a). Impact of a change in p,;; on sysems with rdaively large
pressure (R, = 1.5, 1.0 MPa) is different from that on systems at low pressure (R, = 04, 0.3, 0.2
MPa). Stable region decresses as R, decreases if the sysem pressure is rdlatively high, especidly for
gndl vauesof r.,. Thus adropin r; hasadestabilizing effect under these conditions If the system
pressureisraivey low, however, adropin p,;, causesthe stableregion to increase. Therefore, ingteed

exit
of degahilizing, it has a Sabilizing effect on the dynamics of the sysem. Comparing these results with
those of pure therma-hydraulics modd [12], where adrop in sysem pressure is a destabilizing factor, this
new dahilizing effect can be atributed to the coupling between sysem thermakhydraulics and neutron
kinetics. At low systemn pressure, without neutronics coupling, smadl perturbation can quickly grow dueto
twophese flow ingahility. In the coupled system, however, void fraction feedback acts as a gahilizing
force. Perturbations in void fraction leed to negaive feedback of reectivity, which suppresses
thermal-hydraulic perturbations.
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Fig. 9 Sengtivity andyds results for different operating parameters. Out-of -phase ostillation SBsare
indicated by OP. A changein dope of the SB indicatestrandtion to in-phase SB.

Fgure 9b shows the effect of riser length L, , for p,;, = 0.4 MPacase In naurd circulation system,
increeaing L, incressesthe driving force leading to higher flow rate. Therefore, it has a strong Sabilizing

effect. However, Figure 9b dso showsthat out-df -phase ostillations are possible a low reectivity for long
risers Effect of pressure loss coeffidient & riser outlet k, o, IS not as drong as those for R, and L,



(Hgure 9c), but SBsindicate the possibility of out-of -phase oscillaions for low reativity if k; o IS high.
Fgure 9d shows the effect of an increase in pressure loss & the outlet of the core. Increesing ko
generdly tends to cause a loss of dahility. The lagt operating parameter sudied is the pressure loss
codfficient at the channd inlet, k¢;,. As shown in Fgure 9e, increesing of k., has a srong sabilizing
effect.

3.5 Numerical Simulations

Numericd Smulaions are carried out to gain further ingght into the dynamics of the coupled system
as wdl as b examine the results obtained using BIFDD. Eight points on the stability maps of high and
low pressure systems are chosen for numerica Smulations These points are shown in Fgures 10a and
10b. Table 2 lists operating parameters as well as characterigtics of bifurcation and neture of osdllaions

(inphase or out-af-phase) predicted by BIFDD.
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Fig.10 Operaing pointsfor numericd smulaionsinthe SBs, 10a) p,;; = 70 MPg 10b) r,; =
0.4 MPa
Table2 Operaing points for numerica smulations
Rt (MPa) I ext DTne (K)  Charatteridics| Characteridics
of osdllations |  of PAH-B
Point a 7.0 -0.03413 6.0 Outof-phese | Supercritica
Point b 7.0 -0.03400 6.0 Outof-phese | Supercritica
Point ¢ 7.0 -0.02781 20.0 In-phese Subcritica
Point d 7.0 -0.00840 20.0 I n-phese Supercritica
Point e 7.0 -0.00823 20.0 I n-phase Supercritica
Point f 04 0.01237 20 I n-phese Subcritica
Point g 0.4 -0.02570 38 I nphese Supercriticd
Point h 04 -0.02540 38 I n-phese Supercritica

Points a and b are dose to outof-phase ssgment of the SB in Fgure 10a Point ais in the undable
region, while paint b is in stable region. Bifurcation dong this ssgment of the SB is supercritica. Figure
11 shows reaults of numericad smulaion for parameter vaues corresponding to point a As expected,
gable amplitude limit cyde of n,t) and very smal amplitude of nyt) result. Figure 12 (for point b)
shows decreasing amplitude oscillaions for both ng(t) and my(t) . Points ¢, d and e are dose to in-phase
segment of the SB. Bifurcation at point ¢ is subcritical; while those for points d and e are supercriticd.
Figure 13, corresponding to point ¢, shows increesing amplitude of ny(t) (and decaying ny(t)) for large



perturbation even though point ¢ is in the sable region consdgent with the subcritical neture of the
hifurcation. For point d (in sable region) and e (in undable region), perturbations lead to decreasing
amplitude oscillations (point d) and stable limit cyde osaillations (point €) for nyt) while decreasing
amplitude oscillations result far ny(t) in both cases (Figure 14 and 15).

For the case of low sysem pressure, Hgures 16, 17, and 18 show that osdlllations a pointsf, g, and h
are in-phase as suggested by the gability andyss Large perturbation at paint f, which isin the sable
region, causes increesng amplitude oscillaion consgent with the subcritical bifurcation there,
Perturbations a point g (ungable region), and h (dable region) cause limit cyde and decreasng
amplitude osallations, repectively, for ng(t) . Numerica smulaions of sysem with high and low
system pressures agree with predictions of BIFDD stisfactorily.
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4. Summary

A new naurd-circulaion BWR modd that dlows loca pressure dependence of water saturation
enthapy and indudes fundamenta and firgt azimutha modes for neutronics has been developed. ODEs
of this modd are derived through weighted resdud and variaiond principle approaches. A nodakSze
sengtivity andyds shows that proper noddization is important to accuraidy cgpture the SB. Both
in-phase and out-of-phase osillaions aswell as supercritical and subcritical bifurcations can occur dong



the SBsfor both high and low system pressures. Sengtivity andyss of various operaing parametersis
dso caried out. It is shown that increesing system pressure may lead to a more dable or a less gable
system depending upon the vaue of the absolute system pressure. Increasing pressure loss coefficient at
the outlet of core or riser has a destabilizing effect, while increase of presaure loss coefficient at the core
inlet has a gabilizing effect. Numericd smulation results confirm findings é stability and bifurcation
andyses.
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ABSTRACT

The system code RAMONA, as well as the BWR reduced order model (ROM) described
and applied in Part |, are employed for the stability analysis of a specific operational point
of the Leibstadt nuclear power plant. This has been done in order to assess the ROM'’s
applicability and limitations in a quantitative manner. Thus, comparisons of the results
obtained using the ROM with those of RAMONA show that, although the ROM could
adequately predict certain characteristics, it is not able to correctly predict some others
because of the highly simplified reactor core geometry, the uncertainties in evaluating the
design and operating parameters, as because of the limitations of the feedback reactivity
model employed.

In the context of a detailed local bifurcation analysis carried out using RAMONA inthe
neighbourhood of the chosen Leibstadt operational point, a bridge is built between the
ROM and the system code. This has been achieved through interpreting RAMONA
solutions on the basis of the physical mechanisms identified in the course of applying the
ROM (Part I). This leads, for the first time, to the identification of a subcritical Poincaré-
AndronowHopf (PAH) bifurcation using a system code. As a consequence, the possibility of
a so-called correspondence hypothesis is suggested to underline the relationship between a
stable (unstable) limit cycle solution and the occurrence of a supercritical (subcritical)

PAH bifurcation in the modeling of boiling water reactor stability behaviour.



[. INTRODUCTION

A new BWR reduced order model (ROM) was deweloped and applied, in Ref. 1 (Part 1),
to simulate global andregional oscillations for typica values of BWR operating and design
parameters. Thereby, stability and bifurcation analyses were performed using the
bifurcation analysis code Bl FDD? Stability oundaries and the nature of PAH bifurcation
were determined and presented in a suitable two dimensional parameter -state space. From
an indepth investigation of the elements of the eigenvectors of the system, it was shown
that analysing the properties of the elements of the eigenvectors corresponding to the pairs
of complex eigenvalues with the largest and second largest real parts gives detailed
information on the type of oscillation mode, i.e. in-phase or out-d -phase, without solving
the corresponding set of ODEs.

The principal objective of the current exercise is to compare the ROM results with those
obtained using a large system code, viz RAMONA? for the same OP. The direct
comparisons between the ROM and the system code, with its much higher degree o NPP
modeling detail, have allowed important conclusions to be drawn regarding the ROM’s
applicability and limitations.

Various previous studies using reduced order models*®, including the analysis reported
in Ref. 1 (Part 1) with the present ROM, show that both sub- and supercritica PAH
bfiurcations can be expected during the loss of system stability in a BWR. These in fact
being the only bifurcation types encountered in such analyses while crossing the stability
boundary?.

In BWR stability analysis using system codes, stable limit cycle oscillations have been
observed and reported®?, as has also been the case for certain BWR stability tests

performed at NPPs such as Leibstadt and Ringhals*3'4 To the authors knowledge, unstable

& Deep inside the unstable region, a cascade of period-doubling bifurcations may exist as reported for instance
in Ref. 7.



limit cycles, however, have not been observed or reported in numerica studies using
system codes. Clearly, unstable limit cycles, in a numerical analysis, cannot be achieved by
marching forward in time. Their existence can only be inferred by studying the system
response to different amplitude perturbations

Within the framework of reduced order model semi-analytical bifurcation analysis,
results clearly distinguish stable fixed points with an unstable limit cycle around them from
unstable fixed points with stable limit cycle around them. With this information in hand,
confirmation of the results using numerical integration is straightforward. Thus, for an
unstable fixed point, whatever the initially induced perturbation amplitude, oscillations
aways grow in amplitude. On the other hand, for unstable limit cycles, the initia
perturbation amplitude plays an important role in determining the behaviour of the system,
viz. for small perturbation amplitudes the oscillations decay to the fixed point that exists
inside the unstable limit cycle, whereas for a large enough perturbation amplitude the
oscillations grow in amplitude. Such an exercise using a system code is very time
consuming. However, if semi-analytical bifurcation analysis results of an “approximate’
ROM are available, they can be judiciously used to help “zoom-in” the area of interest
(subcritical bifurcation) for a more detailed analysis using the system code.

In this paper, in Section |1, the ROM is implemented for a particular operational point
(OP) of the Lebstadt nuclear power plant (NPP) in Switzerland, and stability and
bifurcation characteristics such as stability boundary, nature of bifurcation and type of
oscillation mode are determined. In Section |11 of the present paper, the same Leibstadt OP,
as that analysed using the ROM, is analysed using the system code RAMONA® The
primary focus in Section Il is to address the RAMONA solutions in the light of the
physical mechanisms identified in the course of applying the ROM. Thus, a detailed
numerical bifurcation analysis is carried out with the system code by carefully examining

the solutions obtained at several different OPs in the neighbourhood of the reference



Leibstadt OP. A link is thereby established between the ROM and RAMONA, resulting in
the identification of a subcritical PAH bifurcation. To the authors knowledge, this is the
first demonstration of a subcritical bifurcation using a large scale BWR system code.

A summarized assessment of the present ROM against the results obtained with the

system code is given in Section 1V, while final conclusions are drawn in Section V.

I1. STABILITY AND BIFURCATION ANALY SISOF THEKKLC7_REC4OPUSING
THE REDUCED ORDER MODEL

In this section, as indicated earlier, the stability behaviour of a specific OP of Leibstadt
NPP is analysed using the current reduced order model. This OP corresponds to the so-
called cycle 7 record 4 (kkic7_rec4 OP), with 60.5% power and 36.7% mass flow rate. The
OP islocated in the plan’s exclusion aregl, in the power-flow plane, and is an OP for which
a stability measurement was carried out during cycle 7 reactor start-up in September 1990
showing growing out-of- phase oscillation amplitudes.

For the ROM modeling, the operating and design parameters for this OP have been
evaluated suitably. For ingance, the single and two-phase friction factors, the two-phase
multiplier, the fuel heat capacity, the thermal fuel conductivity and the gap conductance
have all been calculated using the correlations used in RAMONA. The inlet and exit loss
coefficients have been adjusted to include the spacer pressure losses in the channel at the
inlet and exit. The void and Doppler feedback reactivities have been calculated based on the
methodology proposed in Ref. 1. The complete set of design and operating parameters for
kkic7 rec4 OPisgivenin Ref. 15.

Figure 1 gives the stability boundary as predicted by the reduced order model for

kkic7_rec4 OPinthe N, - DP,, plane. Atthekklic7 rec4 OP:

ba conservatively defined region in the powerflow map where the reactor is not allowed to operate during
normal operating conditions.



a The subcooling enthalpy is 125x10°J xKg™*, which corresponds to a subcooling

temperature of 23.4 K, and a subcooling number N_, of 155 (al the

dimensionless quantities are defined in Ref. 15).

o The total pressure drop across the core is 0.4497 x10° N/nf. This corresponds to a

dimensionless total pressure drop across the core DP,,,of 8.57.

The estimation of the void distribution parameter and drift velocity values at this OP is

based on the following justifications:

()

(i)

The thermal-hydraulic model vaidation, mentioned briefly in Ref. 1, was carried

I .16

out mainly against the Saha et al.™ experimenta data. It has been shown in

Ref.15 that, for the Set | data (corresponding to an inlet velocity of 0.98 m/s), a
value of the void distribution parameter of 1.03 allows the current model to
predict a SB which best fits the measurements. Because, for the kkic7_rec4 OP,
the liquid inlet velocity is aso about 0.98 nV/s, C, =1.03 is clearly areasonable
value for the void distribution parameter.

Based on the relationship between the vapour and liquid velocities used for the
dip model in RAMONA, it was found that the average dip vaue is 1.35 for the

kkic7_rec4 OP. This correspondsto adrift velocity V,, =0.12.

[1.A. Semi-analytical Bifurcation Analysis

The bifurcation analysis for kklc7_rec4 OP was carried out using the bifurcation code

BIFDD. As seen in Fig. 1, the kkic7_rec4 OP is located on the unstable side and lies very

close to the stability boundary. The transformed stability boundary in the power-flow plane

is shown aong with the exclusion area in Fig. 2. Again, asin Fig. 1, the kkic7_rec4 OP is

located in the unstable region. In addition, Fig. 3, which shows the nature of PAH



bifurcation along the SB, indicates that for the SB branch with N_, > 2.1, the type of PAH
bifurcation is subcritical whereas, for the branch with N_, <21, supercritical PAH

bifurcation is expected.

With kkic7_rec4 located in the unstable region and lying very close to the SB branch
where a supercritical PAH bifurcation is expected, one can conclude that a stable limit
cycle solution should be found. Note that this OP is not too far from the SB branch where
subcritical PAH bifurcation can occur. Moreover, a close look at the properties of the
elements of the eigenvector corresponding to the eigenvalue with largest real part
(responsible for the occurrence of the PAH bifurcation) reveds that only in-phase
oscillations are expected to be doserved when the system loses its stability.

Confirmation of these BIFDD predictions of the system behaviour for kkic7 rec4 is
obtained in the following subsection by numerically integrating the set of 22 ODESs of this

ROM for parameter values corresponding to this OP using a MATLAB code based on the

Gear’s algorithm.

[1.B. Numerical Smulation

Figure 4shows the time evolution of the amplitude of the fundamental and first mode
oscillations. The development of a stable limit cycle for ny(t) is clearly seen here. Thisis
in agreement with the bifurcation analysis prediction (supercritical PAH bifurcation), as
well as with the eigenvector analysis that predicts the excitation of in-phase oscillations.
The time evolution of the inlet velocities of the two channels is depicted in Fig. 5 Both
channels are seen to behave in the same manner, i.e. the two inlet velocities have the same
amplitude and phase. This again confirms the excitation of the in-phase oscillation mode at

this OP. The oscillation frequency from the numerical results obtained using the reduced

order modd is 0.63 Hz.



[1l. STABILITY AND BIFURCATION ANALY SISUSING RAMONA

In this section, a detailed bifurcation analysis is carried out using the system code
RAMONA -5/PRESTOZ. Stability characteristics of kkic7_rec4 OP are determined first.
Then, in order to understand the system behaviour in the neighbourhood of this OP, further

analyses are performed for various nearby OPs

[11.A. Sability Behaviour of the kklc7_rec4 OP using RAMONA

The stability characteristics of kklc7_rec4 OP are investigated in this subsection using
the system code RAMONA.

Figure 6(a) shows the time series of LPRM84° and LPRM354 for a perturbation
amplitude of 2 nodes® A 2-nodeamplitudd control rod perturbation means that a
sinusoidal (perturbation) movement of a specific control rod bank is induced with an
amplitude of 2 nodes over 1 second.

Figure §a) clearly shows the excitation of out-df -phase oscillations (with a frequency of
0.58 Hz), i.e. when the power increases in LPRM84, it decreases in LPRM354, and vice
versa. In addition, the oscillation amplitudes of both LPRMs are increasing. The increasing
amplitude oscillation in Fig. §a) could be indicative of: 1) a stable fixed point with an
unstable limit cycle around it; 2) an unstable fixed point with a stable limit cycle® around it;
or 3) an unstable fixed point. A decreasing amplitude oscillation that has not been allowed
to evolve long enough to determine if it would decay to zero or would saturate at some
stable amplitude limit cycle, on the other hand, could be indicative of: 1) a stable fixed

point with an unstable limit cycle around it; 2) an unstable fixed point with a stable limit

¢ This version is equivalent to RAMONA-3, but runs much faster.

¢ LPRM84 stands for local power range monitor (LPRM) number 8 located at axial level 4. Level 4
corresponds to the highest level.

® Thisis the default value of the perturbation amplitude in RAMONA inpuit.

" The Leibstadt core is modelled with 25 axial nodesin RAM ONA, where each node equals 15.24 cm.

9 Historically, this type of solution was ascribed to the system at this OP™, with the argument that, at longer
times, the growing oscillation amplitude would saturate to a stable periodic solution (stable limit cycle).



cycle around it; or 3) a stable fixed point. Unlike the usage of ROM, presented in Section
[1, that allows analytical or semi-analytical bifurcation analysis leading to determination of
sub- or supercritical bifurcation along the SB, large scale system codes do not permit such
determinations. Therefore, detailed numerical investigations—simulations over much
longer period of time and/or simulations with different amplitude perturbations—must be
carried out to determine the type of solution (bifurcation) and to uniquely identify the state
of the system.

Thus, for an unstable fixed point, whatewver the initially induced perturbation amplitude,
oscillations always grow in amplitude. On the other hand, for the case of stable fixed point
with an unstable limit cycle around it, the initia perturbation amplitude plays an important
role in determining the behaviour of the system, viz. for small perturbation amplitudes the
oscillations decay to the stable fixed point, whereas for a large enough perturbation
amplitude the system is repelled by the unstable limit cycle and the oscillations grow in
amplitude. Thus, a perturbation with a significantly smaller amplitude is introduced to
determine the impact of perturbation amplitude on the system behaviour.

Figure 6(b) shows the time series of the two LPRMs a the same OP, but with a
perturbation amplitude of 0.05 node instead of 2 nodes. The figure clearly shows that the
oscillation amplitude decays to a stable fixed point, indicating a clear dependence on
perturbation amplitude and a dramatic change of the qualitative behaviour of the system
compared with the large amplitude perturbation case. This conclusively shows that the OP
is a stable fixed point with an unstable limit cycle around it. Once again, it should be borne
in mind that the question of the bifurcation type leading to an observed stable limit cycle or
growing/decaying amplitude oscillations in the course of BWR stability analysis using
large system codes has not been raised before. It should be recalled in this context that the
reduced order model had predicted a supercritical bifurcation at the kkic7_rec4 OP. This

will be discussed further in alater section.



[11.B. Bifurcation Analysisfor Different Leibstadt OPs around kkic7_rec4 OP

In this subsection, the stability behaviour of the Leibstadt NPP is anadysed in the
neighbourhood of the reference operational point kkic7_rec4. A detailed loca investigation
is carried out to study how the solution manifold of the system varies as a function of the
mass flow rate, which is here considered to be the bifurcation parameter. The results
obtained are then interpreted by comparing them with the results found using our reduced
order model. Note that based on the experience accumulated to date using ROMs of BWRS,
only sub- and supercritical PAH bifurcations have been observed and reported during the
loss of BWR stability.

It should be pointed out that the intention here has been to perform a quditative
comparison between the results found using RAMONA and those found using the current
ROM. In other words, the objective has been to compare how the solution manifold can
vary as a function of a certain bifurcation parameter, viz. the mass flow rate. In effect, the

stability behaviour isinvestigated at the following five OPs:

o 60.5% thermal power and 36.7% mass flow rate (nominal OP, kkic7_rec4).
o 60.5% thermal power and 37.0% mass flow rate (+0.3% F Olﬂ“).

0 60.5% therma power and 37.7% mass flow rate (+1%F OP).

o 60.5% thermal power and 36.4% mass flow rate (-0.3% F OP)).

o 60.5% thermal power and 35.7% mass flow rate (- 1%F OP).

At each of these OPs, RAMONA analyses have keen carried out by inducing control
rod (CR) perturbations with different amplitudes, the objective being to analyse the stability

behaviour for each OP and for each CR perturbation amplitude separately. Figures 7 to 11

f‘ means that the mass flow for this OP is higher than that for the nominal OP by 0.3%
" means that the mass flow for this OP is less than that for the nominal OP by 0.3%



show the LPRM354 time series signals, calculated using RAMONA, for the nomina OP,
+0.3%F OP, +1%F OP, -0.3%F OP and —1%F OP, respectively.

Thenominal OP: 60.5% power and 36.7% mass flow

As mentioned previoudly, this operating point is located in the exclusion area in the
power-flow map of the Leibstadt NPP. For a small amplitude perturbation (0.05-node
control rod perturbation), the power decays to the stable steady-gate solution as shown in
Fig. 7(a), while a perturbation amplitude of 0.1-node of the control rod leads to growing
oscillation amplitudes (Fig. 1b)). Increasing the initial perturbation further to 2 nodes also
results in growing amplitude oscillations (Fig. 1c)). Mathematically, this indicates that
beside the stable fixed point solution, an unstable limit cycle solution exists around this

operational point.

The+0.3% F OP: 60.5% power and 37.0% mass flow

Figure 8shows clearly that, at this operational point, the system again has two different
behaviours depending on the perturbation amplitude. Thus, for 0.05-node and 0.1-node
control rod perturbation amplitudes, the power oscillations are seen to decay to the stable
steady-state solution (stable fixed point) as shown in Fig. §a-b), while, for a 2node control
rod perturbation amplitude, oscillations with growing amplitudes are observed. Therefore,
an unstable limit cycle solution al so exists around this OP. Moreover, while at the nominal
OP a 0.1-node perturbation is enough to kick the system out of the stable fixed point’s
basin of attraction (growing oscillations (Fig. b)), the same perturbation at +0.3%F OP is
not enough to destabilize the sysem (decaying oscillations (Fig. §b))). This can be
explained by the difference in the amplitude of the unstable limit cycles at the two different
OPs (nominal and +0.3%F). Consequently, for a perturbation amplitude of 0.1 node or less,
the system in phase space remains in the basin of attraction of the stable fixed point and is

hence attracted by it (Fig. §a, b)).



The + 1%F OP: 60.5% power and 37.7% mass flow

The behaviour of the reactor at this operational point is shown in Fig. 9 From parts (a)
and (b) of thisfigure, it is clearly seen that the system is stable (stable fixed point solution)
for both 0.05- and 2-node control rod perturbation amplitudes. In order to rule out the
existence of a large-amplitude unstable limit cycle solution’, the control rod perturbation
amplitude was increased to 5 nodes‘. Figure gc) clearly shows that the analysed OP is

indeed a stable fixed point.

The -0.3%F OP: 60.5% power and 36.4% mass flow

For the —0.3%F OP, Fig. 10(a) and (b) show that, the oscillation amplitude grows
independently of the perturbation amplitude (0.05- or 2node control rod perturbation), i.e.

the system is unstable (unstable fixed point solution). To rule out the possibility of an
unstable limit cycle with very small amplitude, a case has been analysed in which there was
no induced control rod perturbation at al, i.e. only the numerical noise, assumed to be very
small, acts as a perturbation. Results shown in Fig. 10(c) clearly confirm that the system is

indeedunstable, i.e. an unstable fixed point is indeed the solution at this OP.

The -1%F OP: 60.5% power and 35.7% mass flow

The behaviour of the system at the —1%F OP is the same as that for the —0.3%F OP (see

Fig. 11(a)-(c)), i.e. once again the solution is seen to be an unstable fixed point.

VIif a large amplitude limit cycle exists, larger perturbation amplitudes are needed to take the system outside
the limit cycle.
kA control rod perturbation amplitude of 5 nodes is considered to be a very large perturbation.



[11.C. Interpretation and Discussion

At first glance, it may seem quite peculiar that the qualitative behaviour (solution type)
of the system changes dramatically within a small range of the mass flow rate (from 37.7%
to 35.7%), i.e. from a stable fixed point solution at the +1%F OP, to stable fixed points with
unstable limit cycle solutions at the +0.3%F and nominal OPs, and then to unstable fixed
point solutions at the —0.3%F and —1%F OPs. This is however quite consistent with the
predictions of the PAH bifurcation theorem and clearly indicates the behaviour of a
dynamica system that goes through a subcritical PAH bifurcation. Moreover, while
carrying out semi-analytical bifurcation analysis using our reduced order model, such a
system behaviour has been observed. Figure 12 shows the different solutions that exist
close to the SB when such a bifurcation is expected for the reduced order model Note that

region in N, - DP,, space where the ROM predicts subcritical PAH bifurcation is

different from the region around the nomina kkic7_rec4 OP. Hence, the similarity in the
variation of the solution type between the BWR system analysis with RAMONA and the
reduced order model analysis is only qualitative.

Thus, points A, B, and C in Fig. 12 are located in a region where a subcritical PAH
bifurcation occurs'. Because the operational point A is in the stable region and close to the
stability boundary, both a stable fixed point and anunstable limit cycle solution are found.
Point B is inside the stable region but far from the SB. Here only a stable fixed point
solution is observed. Finaly, point C is in the unstable region and the unstable fixed point
is, therefore, the only solution of the system. Again, it needs to be emphasized that such a
change of solution type happens only because of the occurrence of a subcritical PAH
bifurcation. Therefore, based on the reduced order mode findings, two important

conclusions can be drawn:

'from analysis using our reduced order model in conjunction with the bifurcation code BIFDD



1. The change of the solution type from +1%F OP to —1%F OP in the
RAMONA calculation can be explained only by the occurrence of a subcritical
PAH bifurcation during the loss of system stability.

2. The nominal, +0.3%F, and +1%F OPs are located in the stable region, while
the —0.3%F and —1%F OPs are located in the unstable region. Consequently, a
local stability boundary exists between the nominal OP and the —0.3%F OP. The

schema shown in Fig. 13 summarizes the results found in this study.

[11.D. The Correspondence Hypothesis: Stable (Unstable) Limit Cycle vs. Supercritical

(Subcritical) PAH Bifurcation

For a PAH hifurcation to occur, three conditions have to be fulfilled’. These conditions
can easly be verified when using models represented by a system of ODES, as is the case
with reduced order models, since analytical bifurcation analysis can then be carried out
using a bifurcation code like BIFDD. However, for models based on PDES, as those used
by the system code RAMONA, one does not presently have the capability to check the
fulfillment of the conditions for the occurrence of a PAH bifurcation. Nevertheless, certain
guidelines may be suggested by considering the following facts:

1. A supercritical PAH bifurcation is characterized by the appearance of stable limit
cycle sdutions inside the linear unstable region close to the SB, while a subcritical
PAH bifurcation is characterized by a stable fixed point and an unstable limit cycle
solution inside the linear stable region close to the SB.

2. Only sub- or supercritical PAH bif urcations have been observed and reported so far
during the loss of system stability in the context of BWR stability analysis using
reduced order models. Therefore, one can confidently assume that these two types of
bifurcation are the only ones that can le expected to occur when a BWR loses its

stability.



3. During the occurrence of a subcritical PAH bifurcation, a turning point may exist in

which large amplitude stable limit cycles™ are observed in the linear unstable region.

Therefore, excluding the large amplitude stable limit cycle case, i.e. turning point, the
following “correspondence hypothesis” is suggested in the framework of the system codes
BWR stability analysis:

When a BWR system loses its stability, the observation of a stable limit cycle is indication
of the occurrence of a supercritical PAH bifurcation, while the existence of an unstable

limit cycle indicates the occurrence of a subcritical PAH bifurcation.

IV.REDUCED ORDER MODEL ASSESSMENT AGAINST THE SYSTEM CODE

RAMONA

Comparing the kkic7_rec4 OP predictions obtained using RAMONA (Section 111.A)
and the current reduced order model (Section I1.B), one can draw several conclusions.
Thus, firstly, the reduced order model is seen to yield a good prediction of the location of
the OP with respect to the stability boundary (both tools predict the OP to be very close to
SB), as well as of the oscillation frequency value. However, the discrepancy is obvious
between the model results and those of RAMONA concerning the excited oscillation mode
(in-phase or out-of-phase) and the nature of PAH bifurcation. This is not surprising,
keeping in mind that: (a) the reduced order model is highly simplified with the entire BWR
core lumped into two representative channels; and (b) the design and operating parameters
used in the ROM are core-average values.

It should be stressed, however, that the main objective of ROM studies is to permit

analysis of the complete solution manifold of the BWR system. Thus, as demonstrated in

™ In Ref. 18, the amplitude of the stable limit cycle due to the turning point was found to exceed 300%.



Ref. 1 (Part 1), the application of a suitable ROM can provide deep generic insights into the
complex processes determining BWR stability. As discussed, also in Ref. 1 (Part 1), the
present ROM has been developed while trying to respect two conflicting requirements, viz.
faithful representation of the physical model (closeness to the system code RAMONA) and
simplicity. Clearly, the latter feature can result in certain discrepancies, and further
improvements in the ROM modeling are called for if the differences with respect to the
system code predictions are considered important in a given context.

The current reduced order model predicted in-phase oscillations, while out-d -phase
oscillations are predicted by RAMONA for the reference Leibstadt OP. This discrepancy is
mainly because of the limitations d the feedback reactivity model for the mode coupling
(r(t)and rg(t)) asdiscussed in Ref. 1. Accordingly, it is suggested that an improved
model for the feedback reactivities in mode coupling be derived for future work.

The discrepancy in predicting the nature of PAH bifurcation is due mainly to the
uncertainties in evaluating the design and operating parameters as core-average values. In
Ref. 15, it was found that changing the value of certain parameters, e.g. the drift flux model

parameters (C, and V;) or the inlet pressure |oss coefficient ( K, ), can change the nature

of PAH bifurcation. In other words, it was observed that a SB branch that was associated
with subcritical PAH bifurcation can become supercritical, or vice versa. This means that a
small discrepancy in evaluating one or more of such parameters may lead to a wrong
prediction as regards the nature of the PAH bifurcation. Also the recent ROM studies of

Zhou and Rizwan-uddin'® have shown that the type of PAH bifurcation encountered can be
very sensitive to the modelling assumptions made. Clearly, since the present ROM has
various modelling assumptions which differ from those of RAMONA, it is not surprising to

observe the discrepancy in PAH bifurcation type as predicted by the two models.



Despite the quantitative limitations of the present ROM, it has been clearly
demonstrated in Section Il that ROM predictions can be invaluable for the proper
interpretation of the complicated results which are sometimes obtained in BWR stability

analysis using large system codes.

V.SUMMARY AND CONCLUSIONS

The new BWR reduced order presented in Part | has been usedto analyse a specific
operational point of the Leibstadt NPP (kkic7_rec4). The results obtained have been
compared to those of the system code RAMONA for the same OP, thus permitting a direct
assessment of the performance of the current ROM in terms of both its applicability and its
limitations.

It has been seen that, for the case considered, the reduced order mode very well
predicts the frequency of the oscillations and aso localizes the analysed OP in an
appropriate region close to the stability boundary. However, clear discrepancies have been
found between the ROM model results and those of RAMONA as regards the prediction of
the oscillation mode (in-phase, out-of-phase) and the nature of PAH bifurcation at this
operationa point. The inability of the ROM to predict the out-df - phase oscillation mode at
this OP is due to the limitations of the feedback reactivity model for the mode coupling,
while the discrepancy in predicting the nature of PAH bifurcation is mainly due to the
uncertainties in evaluating the design and operating parameters adequately. These
“negative’ results concerning the reduced order model’s quantitative performance are in
fact not surprising, since the reduced order modd is highly simplified with the entire BWR
core being lumped into just two representative channels, and the design and operating
parameters calculated for a specific OP are core-average values.

A detailed numerical bifurcation analysis was carried out using the system code

RAMONA in the immediate neighbourhood of the reference OP. The main conclusion to



be drawn from this investigation is that, although the reduced order model has limitations in
guantitative performance, its results are of paramount importance in anaysing and
interpreting the results obtained with RAMONA. It is a consequence of the “bridge” built
between the ROM and RAMONA that a subcritical PAH bifurcation has been identified,
for the first time, in the course of BWR stability analysis using a system code.

As a genera conclusion, it should be stressed that detailed quantitative studies for
specific NPP operational points are still not possible using a reduced order model, and this
remains a challenge. Thus, reduced order models, with respect to detailed system codes,

till need to be considered as valuable complementarytools, and not as alternatives.
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been studied for a long time, and the progress in this field
has continuously been review&d. Thanks to the con-

The nonlinear dynamics of natural-circulation, boil- siderable research effort, significant success has been
ing two-phase flows are investigated using a two-phasachieved in explaining and identifying the main physical
flow loop. Experiments have been carried out in the unmechanisms involved in density-wave oscillations.
stable operating region of the facility for various system  The mechanism of density-wave oscillations in boil-
pressures and for different frictions at the exit of the risering channels can be explained in a number of equivalent
section. It appears that the boiling two-phase flow un-ways. The most commonly accepted explanation is as
dergoes the well-known Feigenbaum scenario, the periodellows: Channel inlet flow perturbations create enthalpy
doubling route toward chaotic behavior. Evaluation of fluctuations in the single-phase region. At the boiling
the recorded signals using nonlinear time series analysiboundary(the elevation at which the bulk of the liquid
methods indicates the occurrence of chaotic densityreaches the saturation temperature and starts tj bwel
wave oscillations. enthalpy perturbations are transformed into void-fraction
variations that travel with the flow through the system.
Obviously, the position of the boiling boundary fluctu-
ates as well. The combined effect of flow, void-fraction,
and boiling-boundary perturbations causes fluctuations
in the pressure drop across the channel. Since the total
pressure drop across the channel is imposed externally
by the characteristics of the system feeding the channel,

Natural-circulation, boiling two-phase flows are variations in the pressure drop produce a feedback per-
widely applied in industrial systems like heat exchangersurbation in the inlet flow. Under specific conditions, the
and boilers. The application of natural circulation of thepressure-drop perturbations can acquire appropriate
coolant in boiling water nuclear reactofBWRs) has phases, and the inlet flow oscillations become self-
gained interest in the last decades because it results sustained. Itis clear that transportation-delay and pressure-
more economical and safer designs than present-dagrop characteristics are of paramount importance for the
forced-circulation BWRs. stability of the system.

A major concern for the safe operation of the afore-  Although the current understanding of density-wave
mentioned industrial boiling, two-phase flow systems isoscillations is fairly good fotinear phenomen&,more
to avoid the occurrence of so-called density-wave oscilwork is needed to understamibnlinear dynamics and
lations. Density-wave oscillations in heated channels havenstablebehavior. For validating codes for these opera-
tional regimes, the experimental database on the dynam-
*E-mail: robert.zboray@psi.ch ics of natural circulation should be broadened. There is

I. INTRODUCTION
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no confidence that state-of-the-art codes are able to reirculation flow rate, which is maintained by the density

produce within acceptable margins the behavior of naturatlifference between the vapor-liquid mixture in the

circulation, boiling two-phase flows, particularly in assembly-riser and the liquid in the downcomer section.

regimes of highly nonlinear, unstable behavior, wherel'he scheme of the loop is shown in Fig. 1. Two sets of

modeling assumptions might play a more pronounceelectrical heater rods can be used in the facility: one set

role than in the more conventional, linear regime. with a uniform axial power profile, the other with a
Several attempts to model the nonlinear dynamics ofinustoffset profile. For the latter, the pitch of the coils

boiling flows can be found in the literature. Achard etal. of the resistance wire is a function of the position in the

have performed analytical Hopf-bifurcation analysis of arod in such a way that the axial power profile is

boiling channel using the homogeneous-equilibrium

model. It was later extended by Rizwan-uddin and Dorn- (1 2 f ) +(f,— 1)sin<zz>

ing® using the drift-flux model and nonuniform heater a P P L

profiles. As another approach, fully numerical studies P’(2) =P > . (D

o)

have been carried out as well. Rizwan-uddin and Dorn- 1— —

ing”®have shown that two-phase flow in a vertical heated ™

channel subjected to periodical forcing exhibits a strangg 1 ore

attractor. Clausse and Lahegleveloped a model based

on the homogeneous-equilibrium approach and found P = total power

limit-cycle oscillations and a strange attractor for a sin- _ .

gle channel with uniform heat flux. Extending that model, ~ Z = axial elevation

Chang and Lahéy predicted a period-doubling se-

guence and chaotic oscillations for a heated channel cou-

pled with an adiabatic riser. f, = axial power peaking factor, which has a value

As for theexperimentalnvestigation of the nonlin- of 1.4.

ear dynamics of boiling flows, the experiments are usu-

ally restricted to the determination of the threshold of A flow-resistance element with variable friction is

instability and to parametric studies on that, e.g., Sahistalled on top of the riser section. This enables the

et al.}* Furuteral? Delmastro et al*? and Kyung and study of density-wave oscillations in DESIRE since a

Lee'*15have performed an extensive measurement canigh outlet(two-phasg friction tends to destabilize the

paign on the stability of a natural-circulation Freon loop.two-phase flow(see below.

They encountered a region of excursive instability inside  The facility is fully equipped with pressure, temper-

the unstable region, at very high subcooling, which couldture, and flow sensors. Agamma-transmission setup with

result in “periodic flow excursions.” However, to the an 24Am source is used to measure the area-averaged

authors’ knowledge, no experimental findings have evevoid fraction at different heights along the assembly in

been reported about chaotic dynamics or period-doublingroad gamma beam geometry. The diameter of the gamma

sequences in boiling systems. beam is~2 cm, whereas the width of the assembly is

In the present paper, investigations on the nonlineap.4 cm.

dynamics of natural-circulation, boiling two-phase flows

are discussed concerning density-wave instabilities. EXy . System Behavior in the Stable Operating Region

periments have been carried out using the Delft Simu-

lated ReactofDESIRE) facility, a natural-circulation loop. To quantify the linear stability of the system, the

The facility is described briefly in Sec. Il. Thereafter, so-called decay ratitDR) is used. The DR is defined as

measurements on the nonlinear dynamics of the systethe ratio between two consecutive maxima of the im-

are presented. Measured time traces are analyzed usipglse response function of the system. The DR is smaller

nonlinear time series methods. than unity for a stable systefwith a damped responge
and it is equal to or larger than unity for an oscillatory,
unstable system. If the system is driven by wideband

Il. THE EXPERIMENTAL FACILITY (white) noise, the DR can also be extracted from the

consecutive maxima of the autocorrelation functia@F)

of measured dynamical variables of the system. The ACF

of signalx(t) is defined a%’

L = length of the rods

II.LA. Dimensions and Instrumentation

The DESIRE facility is a natural-circulation, boiling -
two-phase flow loop using Freon-12 as a working flifid. 1 X(H)x(t + 7) dt
The central part of the facility consists of & array of _ o
electrically heated rods, which is a scaled copy of one  ACF(7)y1) = lim 1T
fuel assembly of a BWR. Atall riser section is placed on = f x(t)2 dt
top of the heated assemlfgore”) to enhance the natural- T Jo

(2)
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Fig. 1. Scheme of the DESIRE facilitya) P, T, andF denote pressure, temperature, and flow sensors, respecfibeljhe
dimensions of the facility are shown. The length of the heated section is 962 mm; the liquid flows upward in this section;
the length of the riser section is 1400 mm.

The ACF of the inlet mass-flow rate and void-fraction where
signals are used here to obtain the DR.
Experimental series have been carried out to exam-
ine the linear stability of the DESIRE facility at different
settings of the riser-exit friction elemettAll of these
measurements have been performed at a nominal system h,, p; = saturated liquid enthalpy and density,
pressure of 11.6 bars. respectively
As an example, measurement points for a series per- ) )
formed for a uniform axial power profile are given in  Ng, pg = vapor enthalpy and density, respectively
terms of the dimensionless Zuljer phase-chang@um-
ber (Nz,) and the subcooling numbéNg,,) in Fig. 2.
These two dimensionless numbers are commonly usedin |t can be seen from the DR values in Fig. 2a that
the analy§is of boiIi_ng, two-phase flow systems. The for-mo\,ing toward higheN,, andNg,;, the DR, in general,
mer one is proportional to the total power to inlet massis increasing; i.e., the two-phase flow becomes gradually
flow ratio, and the latter one is proportional to the inletjess stable. For indicative purposes only, several equi-DR
subcooling: lines are drawn in Fig. 2a obtained by interpolating on
P P — Py the measurement points. Figure 2b compares the stability
Nz, = b(h,—h) for two riser-exit friction settings. It shows that the DR is
g Pg larger at about the same operating point for a higher
and riser-exit friction. This destabilizing effect of an in-
creased two-phadexit) friction on density-wave oscil-

P = total assembly power

¢ = inlet mass-flow rate

hi, = specific liquid enthalpy at the assembly inlet.

M= Pin o1 = pg (3) lations is well known from literature on two-phase flow

b= ' .
" hg—h  pg dynamics'-1t
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Fig. 2. The stability behavior of the system showing measurement points Ny i€, plane for uniform power profile settings.
The numerals are the measured DRs indicated near the points. Solid symbols indicate unstabl@impdheiscle
oscillations, DR= 1); open symbols indicate stable operating poiii&.Results obtained for riser-exit friction factor
Kexris = 122. Several equi-DR lines are drawn in this fig@oetained by cubic interpolation of the measured valdess
indicative purposegb) Comparison of the stability for two riser-exit friction settings; the uncertainty of the DR values is
~1 to 2%; the uncertainty of the operating poiit-Nsyp) is ~4 to 5%.

Several operating points of Fig. 2 are indicated to bénvestigated in Zboray et al?, and it is not examined
unstable(DR = 1). In these points, which lie in the un- further here.
stable operating region of the facility, constant-amplitude  The following procedure has been followed in all
oscillations are measured. These, so-called, limit-cycleases: Starting from a stable operating condition, the
oscillations are typical nonlinear phenomena for whichheating power is gradually increased, in steps, while keep-
the initially small-amplitude, growing oscillations are ing all other controllable system parameters constant and
bounded by nonlinear effects when the oscillation amwaiting at each step until transients die out and the sys-
plitude becomes large. tem reaches asymptotic behavior. The following scenario
The behavior of the natural-circulation two-phasehas been observed in all cases with different system pres-
flow in operating points deep in the unstable operatingures and with various frictions at the riser exit: As the
region is described in Sec. Ill. power reaches the threshold of stability, the fixed point
becomes unstable; it undergoes a supercritical Hopf bi-
furcation?® and limit-cycle flow oscillations result. As
the power reaches another critical value, the system un-

I1l. INVESTIGATING THE NONLINEAR DYNAMICS dergoes a next bifurcation: a so-called period-doubling
bifurcation. At this point, oscillations with two different
IILA. Experimental Results amplitudes and with a period twice the period of the

original oscillations arise. The occurrence of two such

The experiments in the unstable operating regiorronsecutive bifurcations indicates the onset of the well-
have been carried out for different system pressures arlthown Feigenbaum scenafibd.
for various distributions of the frictional pressure drops  In the Feigenbaum scenario, a cascade of successive
inthe single- and two-phase regions. The latter is achievegeriod-doubling bifurcations takes place as a system
by varying the friction coefficient of the adjustable flow parametefthe so-called bifurcation paramelés being
resistance element at the riser exit. Asiftadfset heating-  varied in a nonlinear system, and the aperidditaotio
power profile has been used in all the measurements. Theehavior starts off as the bifurcation parameter is varied
influence of the axial-power profile on the nonlinear dy-beyond a critical value. After each period doubling, the
namics of natural-circulation two-phase flows has beemumber of different oscillation amplitudes is doubled,
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which corresponds to the appearance of successive suba (a gradual broadening of the peaks and a peculiar
harmonic components in the frequency spectrum of thincrease in the broadband background; see Fig.a3c
oscillations. According to Feigenbaum’s theétythis  the power is increased past the first period-doubling
scenario possesses certain universal features; namely, thigurcation point.
critical values of the successive period-doubling bifur-  Since the discovery of the universality features of the
cations converge in an asymptotically geometric manneperiod-doubling route toward chaotic behavior, this sce-
toward the aperiodic limit. The convergence ratio is anhario has been observed experimentally in a broad vari-
universal number, the Feigenbaum-dé8a 4.662...). ety of small-scale physical systems including nonlinear
Another universal scaling feature of the scenario is thaglectronic circuit$? Rayleigh-Bénard cell& optically
the ratio of the amplitudes of the consecutive subdbistable laser cavitie¥, and superfluid heliurd® How-
harmonic components in the spectrum convergegte: ever, in large-scale physical, mechanical systems prone
6.5573.... to high noise levels, even the onset of the scendhe
Representative oscillation patterns and the correfirst period doubling has not been reported. For exam-
sponding Fourier spectra for the aforementioned behale, although predicted with theoretical models by Clausse
ior of the two-phase flow in the DESIRE facility are and Lahey and by Chang and Lahé$,it has not been
shown in Fig. 3. The maxima and minima of the oscilla-observed yet in boiling two-phase flow systems. To the
tions are shown in Fig. 4 as a function of the powerauthors’ knowledge, the results presented here are the
Running at 25.5 kW, the mass-flow rate shows a constantirst experimental evidence suggesting that a large, boil-
amplitude, limit-cycle oscillationFig. 38. The spec- ing two-phase flow system undergoes the Feigenbaum
trum indicates that the oscillation is not sinusoidal at allscenario.
but contains many higher harmonics. The maximum and  The influence of system pressure on the bifurcation
the minimum of this oscillation correspond with the two sequence is studied by repeating the experiments for two
symbols at 25.5 kW in Fig. 4. Figure 4 shows that thedifferent values of system pressure and the same riser
flow starts to oscillate at a power 6f18 kW, with in-  exit friction factor. Table | summarizes the experimental
creasing amplitude as the power is increased. Increasiridings for four experimental cases. The power at which
the power from 25.5 to 28.4 kW leads to the first periodthe system starts to oscillat®,), the power of the first
doubling: The flow oscillates now with a high and a low bifurcation(P,), and the measured chaotic liniR..) are
maximum and a high and a low minimum. Consequentlygiven. Using the Feigenbaum-delta, the chaotic limit is
Fig. 4 shows the four corresponding symbols at 28.4 kWalso estimated from the previous critical power values
A peak appears in the spectrum at half the original rescassuming geometric convergence withs
nance frequencga subharmonig its harmonics show up
as well. Increasing the power just a bit more to 32.3 kW pest_ p. 4 P —Po
leads to chaotic behavidFig. 39; correspondingly, the o Tl S .
number of maxima and minima becomes infinite, some
of which are indicated by small dots in Fig. 4. The spec- The estimated values of the chaotic limit are some-
trum does not contain clear resonance peaks any longevhat lower than the actually observed chaotic limit. The
The measured transition from limit-cycle oscillations todiscrepancy is believed to be due to the fact that in reality
chaotic oscillations is illustrated also in the bifurcationthe convergence is asymptotically geometric.
diagram in Fig. 5. Period doubling in experiment series 3 could not be
The finer details of the Feigenbaum scenario—theclearly detected, and hence, the effect of system pres-
cascade of period-doubling bifurcations—could not besure on the bifurcation sequence is not clear. The effect
detected conclusively. Because of the relatively largef changing the pressure drop in the two-phase region
value ofé§, the consecutive bifurcation points—after thewas studied by varying the riser-exit friction facte-
first few period doublings—cannot be distinguished fromries 1 and 4. Decreasing the frictional pressure drop at
each other in terms of the bifurcation parameter due tthe riser exit tends to increase the critical bifurcation
the finite resolution of the measurement. Because of thealues and the chaotic power lin{,,); it also tends to
scaling withu, the amplitude of the successive subharstretch the interval between the Hopf bifurcation and
monics(i.e., the vertical spacing of symbols in Fig. 4 the period-doubling bifurcation. Similar observations can
becomes very small for practicéimeasurementpur- be made comparing series 1 to seriesaBhough for
poses after a few period doublings as well. Obviouslythe latter the period-doubling bifurcation point is not
the presence of measurement noise diminishes furthetean.
the possibility to identify subsequent bifurcations. The  Itis not very instructive to try to extract features of a
small spectral peaks corresponding to higher-order bironlinear system by just looking at the power spectrum.
furcations disappear in the noisy background spectrurio qualify and quantify the system behavior in the pre-
(e.g., due to the boiling noiseNevertheless, in all cases, sumed chaotic region, methods developed for nonlinear
a gradual and clear change can be observed in the meaad chaotic time series analysis are of use. These meth-
sured oscillation patterns and in the corresponding speods are described and applied in Sec. I11.B.

(4)
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THE NONLINEAR DYNAMICS OF NATURAL-CIRCULATION, BOILING TWO-PHASE FLOWS

Fig. 3. Inlet flow rate oscillation patterns and the corresponding autopower spectral d&8)) for a system pressure of

11.6 bars and a friction factor at the riser exit of 1488. (a) Beyond the threshold of stabilitiat 25.5 kW powey, the
appearance of numerous higher harmonic components in the APSD indicates the strongly nonlinear character of the
oscillations.(b) Just beyond the first period-doubling pofiaitt 28.4 kW powey, the oscillation period is twice of that at

25.5 kW. Correspondingly, a halved frequency compoiiéntthe first subharmonjcappears in the spectrum nextfto

(c) Further beyond the first period-doubling bifurcati@t 32.3 kW powey, the oscillations are chaoti€The figures are

based on series 1 from Table I.
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Fig. 4. The plots show the minima and maxima of the flow-rate and void-fraction oscillations as a function of power measured at
a system pressure 11.6 bars and with a riser-exit friction factor oft118 The hollow dots show two stable fixed points
at low power just under the Hopf-bifurcation point. Several measured oscillation minima and maxima depicted at 32.3 kW
illustrate chaotic oscillations. The arrows indicate the regimes of different oscillation modes
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Fig. 5. Bifurcation diagram showing the oscillation amplitudes as a function of the power for the different measured oscillation
modes. The small dots show measured chaotic oscillation amplitudes at 32.3 kW.

lI1.B. Nonlinear Time Series Analysis state-space of the system using the time-delay embed-

. , ding techniqué? Given the measured time seriré )
A vast literature exists on methods to detect andyith =1,...,Nand sampling time, the reconstruction

quantify chaos in measured time serf8$’ Three yectors of dimension are formed as

chaos descriptors are determined here for the measured

signals: the Kolmogorov entropy, the correlation dimen-  X(i) = (x(i),x(i + T),...,x(i+ (d=1T)) , (5
sion, and the maximum Lyapunov exponent. The algo-

rithms for determining these quantities are based on thwhere T and d are the time delay and the embedding
reconstruction of the chaotistrange attractor in the dimension, respectively. The embedding dimension that
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TABLE |

Measured Critical Values of Heating Power for the Transition to Oscillatory Beh&gior
for the First Period-Doubling BifurcatioR;, and for the Chaotic Oscillatior,*

Pressure Pg P, P pest

Series (ban Kex ris (kW) (kW) (kW) (kW)
1 11.6 118+ 18 18.0+ 0.3 27.4+1.0 32.3 30.0t 1.3
2 8.4 145+ 17 15.2+ 0.3 24.6x 1.0 29.3 27,1 1.4

3 11.2 145+ 17 16.2+ 0.5 — 31.3 —
4 12.2 110+ 7 24.0+ 0.4 38.2+ 1.0 45.9 42.1 1.4

*Also shown are the estimated threshold values for transition to cR&b<€Experimental conditionépressure, riser-exit friction
factor, andKex ris) are given as well.

we use in the following analyses is typically50 with The maximum-likelihood estimation of the Kolmo-
T=1. gorov entropyKy, as proposed by Schouten et’dlis

used in this study, which has the advantage that the un-
111.B.1. The Kolmogorov Entropy certainty of the entropy can be easily estimated.

First, the influence of the embedding time window
The Kolmogorov entropiK characterizes thdynam-  (embedding dimensigron the estimation oKy, is ex-

ics (time evolution of chaotic behavior. One divides the amined. It is propos€ed that the average cycle time of
state-space into small cells and follows the time evoluthe oscillations(T¢) provides, in many cases, a robust
tion of the system using a collection of initial conditions and characteristic measure for the length of the embed-
located all within one cell. AfteN time steps of length,  ding time window(i.e.,d-T-7). The average cycle time
when the trajectories generally are already spread oug defined as
over a large number of cells, the entrdfyis calculated

using T. = [length of time seriegunits of time ]

[(number of crossings of average of time seyig$

SN = —2 p.Inp; , (6) The value oKy,_evaluated for a range of embedding
r time windows is depicted in Fig. 6. Figure 6 shows that
for embedding windows larger than twice the average

wherep; is the probability(the relative frequendgythat a cycle time, the estimated value ki, is independent of

trajectory is in cellr after N steps. The Kolmogorov
entropy characterizes the rate of chang&in

1
Kn = ; (Sve1— SV) - (7) 0.7
0.6
The precise definition oK is the average dfy over the
whole attractofasN — oo) in the limit of infinite small 0.5
cells size and time stefis — 0). -
One of the most fundamental features of a chaotic =~ £ 04 1
system is the divergence of nearby trajectories, which Lj
manifests itself as an exponential separation of initially Vi 03 1
close trajectories as times goes on. This can be inter- 02 | X
preted as information loss since the state of a single ini-
tial point specified with certain accuracy will not be 0.1
predictable after evolving for a finite time. The Kolmo-
gorov entropy measures the rate of information I@ss 0
gain) along the attractor. Itis usually expressed in bits per 0 1 2 3 4 5

second. A positive, finit& is considered as the conclu-
sive proof that the time series and the underlying system
are chaoticK equal to zero represents a regular, cyclicfig. 6. The influence of the choice of the embedding time
or constant motion, while an infinit& refers to a sto- window (normalized with Tc) on the estimated
chastic, random phenomenon. Kolmogorov entropy(series 4.

Normalized embedding time window
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TABLE I 0.3
Maximum-Likelihood Estimation of the )
Kolmogorov EntropyKm. 0.25 ¢
Inlet Flow Mass 0.2
Void Fraction Flow Rate )
Relative Relative ?D 'S
Standard Standard v
Power| Ky, | Deviation| Ky, | Deviation 0.1 . ..
Series| (kW) | (bit/s) (%) (bit/s) (%) * .
0.05
1 32.3 | 0.256 0.96 0.211 0.94 S e te *oe *
2 | 293| 0127| 093 | 0139  0.93 o P s P Y P,
3 31.3 | 0.044 0.93 0.044 0.91
4 459 | 0.189 0.94 0.116 0.89 18 20 22 24 2 28 30 32 34
Power [kW]

Fig. 7. Evaluation of the Kolmogorov entropy for the different
system state@scillation patternsas a function of the
heating power for series 1. The arrows indicate bifur-

the embedding time window. Generally, it is expected cation points and the chaotic limit. The Kolmogorov
that the quantifiers of the reconstructed attractor do not entropy is not zero for the regular oscillation patterns

(limit cycle, etc) due to the influence of noise; how-
ever, itremains small and jumps to a significantly higher
value once the chaotic limit is exceeded.

change as a function of the size of the embedding win-
dow once the window size necessary to accommodate the
attractor is reachett. Choosing the embedding window
as twice the cycle time, thi§y,_values evaluated for the
different measurements in the four experimental series
are summarized in Table 1.

It might be interestindgalso as a cross-check for the
above resultsto examine which value oKy, is pre-
dicted for the different system states from stable to cha- 1 N
otic, i.e., as a function of the increasing heating power. C(R) = —————= > >, O(R—|x — xl), (8
This is shown in Fig. 7 for experimental series 1. The NIN—1) S0
value ofKy_is not exactly zero for the regular oscillation where@ is the Heaviside function. IR is about the size
patterns—like limit cycles—as it should be theoretically. j¢ o attractor, thel€(R) — 1. if R is smaller than the
This is mainly because of the influence of measuremeni, a5t distance between the trajectory points, then
and inherent noise to which the entropy estimate is Serk(R) = 0. The correlation dimensidbc is defined to be
sitive 2° For example, just after the Hopf-bifurcation point the number that satisfies ¢
(Pg) where the oscillation amplitude is still quite small,
the influence of noise is relatively strong, leading to a C(R) = lim kRPe
high entropy estimate. As the oscillation amplitude in- R0
creases, the entropy estimate decreases toward zerogftequivalently
again increases past the first period-doubling pof
because the noise gets relatively stronger agedm- D = | log C(R) 9
pared to the small amplitude subharmoni€snally, Ky, c = am logR ©)
jumps suddenly to a distinctly higher value than for the

previous states as the powRy, is reached, confirming WhereDc is also called the scaling index beca®R)
that the system’s behavior is indeed chaotic. scales with it as a function &. This generalized dimen-

sion definition can give dimensionalities that are not in-
tegers for fractal objects. Fractals play an important role

[11.B.2. The Correlation Dimension in the dynamics of chaotic systems since a strange attrac-
tor, per definition, has a noninteger dimension.

To examine the topological characteristics of the cha-  Generally, measurement noise induces a bias in the
otic attractor in state-space,geometrictype of chaos observed distances of trajectories and corrupts the scal-
guantifier, the correlation dimension, is used. The correing behavior expressed in E(). To calculateD¢, we
lation dimension is proposed by Grassberger and Procaase the method proposed by Schouten &1 fr the case
cia®? based on the behavior of the so-called correlatiomf noisy attractors. This method can disentangle the di-
sum. If one lets the system trajectory evolve for a longemension of the underlying uncorrupted, noise-free

time and collectd trajectory points, then the correlation
sum is defined as
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Fig. 8. The behavior of the correlation dimension estimate as a function of the length of the normalized embedding time window
(series 4, where(a) shows that similar to the Kolmogorov entropy, the value of the correlation dimension seems to settle
as the embedding time window approaches two cycle timestarathows the same in terms of threot-rescalegllog C(R)
versus logR curves for a sequence of several embedding time windows correspondiiay tdote that because of
normalization, the upper limit of the scaling region is at log 10, and the lower limit of the scaling region varies
around—0.5.

attractor, assuming a bounded-amplitude noise, by re-
scaling the correlation integral. The method also pro-
vides an estimation of the noise level. For the rescaling
technique to work fine, the embedding dimension should

TABLE Il

The Values of the Correlation Dimension and the
Noise Level in the Measurement Series*

be chosen to be as large as possible. In practical cases|, it Inlet Flow

is Suggested to be at least of the order of Béf. 30. To Void Fraction Mass-Flow Rate
be sure about using an appropriate embedding, the be- Power

havior of the correlation dimension estimate is also ex} Series| (kW) D¢ In D¢ n
amined as a function of the size of the embedding time

window. Figure 8 shows that similar to the Kolmogorov| 1 323 | 1.738| 0.158]  1.796 0.206
entropy, the value of the correlation dimension seems tp 2 29.3 | 1746 0273 1831  0.242
settle as the embedding time window approaches twpo 2 zé'g 1%2 8'2% i'gég 8'%8‘1‘
times the average cycle time, which just corresponds tp ' ' ' ' ‘

(for our sampling frequency of 4 Han embedding di-

*ry, is relative to the average absolute deviation of the signal.

mension of~50 as proposed in Ref. 30. Therefore, the
correlation dimensions for the four measurement series
are evaluated using this embedding window, just as the
Kolmogorov entropy, in Table Il. The results are pre-yaye describing the strange attractor for chaotic
sented in Table Ill. The estimated dimension of the chaggiiations.
otic attractor varies-1.4 to 1.8 in almost all cases, which
indicates a low-dimensional chaotic behavior. The esti
mated noise levelg,) are relatively high, up to 30% of
the average absolute deviation of the signals. The Lyapunov exponents measure the average
Figure 9 shows the behavior 8 as a function of exponential rate of divergence or convergence of nearby
the increasing heating power. A qualitatively similar trendorbits in state-space and are closely related to the Kol-
can be observed as fét,,_ in Fig. 7, and it can be ex- mogorov entropy. Any system containing at least one
plained similar to that. For small-amplitude limit cycles, positive Lyapunov exponent is defined to be chaotic, and
the state-space filling effect of noise leads to a highethe magnitude of the exponent reflects the timescale on
dimension estimateD falls to ~1 for large-amplitude which system dynamics become unpredictable. Given a
limit-cycle and period-two oscillations, with the latter dynamical system in an-dimensional state-space, one
being more sensitive to noise, and finally, it jumps to themonitors the time evolution of an infinitesimadsphere.

T11.B.3. The Maximum Lyapunov Exponent
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2.5

(11D

whereM is the total number of replacement steps.
13 In the algorithm proposed by Wolf et & the evo-
. lution time t, — t,_41 is chosen constant; however, this
o T, seems to be a poor estimation of the maximal exponent
1 tee *Tteo in our case. Even for an optimized value of the evalua-
tion time, the maximum Lyapunov exponent estimates
[Eqg. (11] have high relative standard deviatiof200%
to 300%. The large scattering in the individual expo-
#pﬂ lpl P nent estimates, in addition to the influence of measure-
0 ment noise, is mainly due to the fixed evolution time.
18 20 22 24 26 28 30 32 34 Depending on the position on the attractor, a fixed evo-
Power [KW] lution time can be sometimes so long that one passes
from an expanding region to a folding region of the
Fig. 9. The behavior of the correlation dimension is plotted asattractor (since for bounded attractols cannot grow
a function of the heating power for series 1. A qualita- unlimited), which results in an underestimated or even
tively similar behavior is shown as for the Kolmogorov a negative exponent for that evolution and consequently
entropy in Fig. 7. an increased scattering of the mean. On the other hand,
choosing the evolution time to be very short would
increase the necessary number of replacement steps,
] o S which might lead more frequently to momentary loss of
After time t it will be transformed to am-ellipsoid with  following the direction of expansion at replacements.
principal axesi(t), and thei’th Lyapunov exponentis To circumvent these problems, we use variable evolu-
defined in terms of(t) as tion times: After each replacement we follow the evo-
lution of the distance between the two trajectories until
(10) it starts to decrease. At that point, the next replacement
(0) step is taken; thus, one always follows the trajectories
Hl the stretching region of the attractor, and the neces-
ing or contracting nature of different directions in S&/Y Number of replacement steps is decreased as well.
state-space. To reduce the effect of noise, we reject those evolutions
rT{hat are shorter than a few time steflikely due to

The estimation of the largest Lyapunov exponent fro is. The maximum Lyapunov exponents estimated
the measured time series is based on the method proposré : yap P

by Wolf et al23 The method, which tracks the evolution of wi h_the modified algorithm are summarized in Tablg V.
two points on nearby orbits of the reconstructed attractog htelr values vary t:_etweﬁn (::23 ar;d 0.§6r:‘or.the differ-
works as follows: First, the nearest neighljiorthe Eu- nt Series, suggesting chaolic system benhavior.
clidean senseof the first point of the embedded time se-

ries is located(we use the same embedding as in

Secs. lll.B.1and1ll.B.2 The distance of the initial points

D¢
L ]

Thus, the Lyapunov exponents are related to the expan

is denoted by (tg). At timet,, this distance increases to TABLE IV

L(t,) as the two points evolve along their trajectories. AS Egtimates of the Maximum Lyapunov Exponent Obtained
the separation between the two points becomes (atge- Using a Modified Version of the Method of Wolf et al.*
parable to the size of the attractahe algorithm replaces

the second point. In this way one monitors the evolutior Inlet Flow

of a single principal axis vector, and a Lyapunov expo Void Fraction Mass-Flow Rate
nent is estimated for each evolution before each replace-

ment. The replacement attempts to preserve orientation jn Standard Standard
state-space—so that it keeps following the evolution of Power| A, | Deviation| A, | Deviation

the principal axis always in an expanding direction—by| Series| (KW) | (bit/s) | (bit/s) | (bit/s) | (bit/s)

trying to minimize the angle between the replacement poir

—

. o . 1 32.3 0.23 0.13 0.21 0.12
and the replaced point. It also minimizes the distance bg- 5 203 | 033 0.25 0.30 0.29
tween the evolved first point and the replacement point. 3 313 | 0.29 0.19 0.25 0.21
The evolutiontreplacement procedure is repeated unti| 4 45.9 0.36 0.24 0.26 0.18
the end of the time series is reached and the set of esti-
mated Lyapunov exponents is averaged to get *Reference 33.
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IV. CONCLUSIONS 7. RIZWAN-UDDIN and J. J. DORNING, “A Chaotic Attrac-
tor in a Periodically Forced Two-Phase Flow Systeiyicl.

The nonlinear dynamics of natural-circulation, boil- EN9- Des 100, 393(1988.

ing two-phase flows have been investigated using an exg R|zwWAN-UDDIN and J. J. DORNING, “Chaotic Dynam-
perlmenta_l tWO'ph_ase flow loop. Sets of experiments haves of a Triply-Forced Two-Phase Flow SystenNucl. Eng.
been carried out in the unstable operating region of thees, 105 123(1990.

facility for various system pressures and for different .
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mum Lyapunov exponent. To find the correct embedding
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found that choosing the embedding time window as twicéNucl. Eng. Des 121, 129(1991).

the average cycle time or larger, the attractor is recon: . . .
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of the maximum Lyapunov exponent indicate chaotic
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Des, 162, 233(1996.
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