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EXECUTIVE SUMMARY

Nuclear-coupled flow/power oscillations in boiling water reactors (BWRs)

are investigated experimentally and analytically. A detailed literature survey is

performed to identify and classify instabilities in two-phase flow systems. The

classification and the identification of the leading physical mechanisms of the

two-phase flow instabilities are important to propose appropriate analytical mod-

els and scaling criteria for simulation. For the purpose of scaling and the anal-

ysis of the nonlinear aspects of the coupled flow/power oscillations, an exten-

sive analytical modeling strategy is developed and used to derive both frequency

and time domain analysis tools. The dimensional analysis performed in the fre-

quency domain is used to determine the governing dimensionless numbers for

1. flow field

2. fuel heat conduction, and

3. neutron kinetics

processes. The identification of the governing dimensionless numbers is im-

portant to design and construct an experimental facility for simulation and the

methods for the simulation strategy.

Within the framework of the project supported by DOE NEER program, the

followings are achieved:

1. A detailed literature review has been performed to reveal the available database

and analytical modeling techniques for the coupled flow/power oscillations.

The review also has been used to identify and classify the flow instabilities

based on the leading physical mechanism. Within the purpose of the re-

view, different modeling approaches have been determined. Based on the
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available literature and the nature of the instability problems, three differ-

ent types of the analysis tools are used to address the problem:

• Steady state analysis, which requires the solution of the steady-state

form of the governing equations. Flow excursion and the other static

instabilities can be addressed through this type of analysis.

• Frequency domain analysis, which is based on the linear stability the-

ory addresses the problem in frequency domain through transfer func-

tions to demonstrate the input-output relations among several system

parameters.

• Time domain analysis, which involves the solution of transient form of

the field equations and enables to capture nonlinear interaction among

the problem variables.

2. A detailed analytical modeling strategy has been developed based on the

governing physical processes such as flow field, fuel heat conduction, and

neutron kinetics. The objective of the modeling has two folds:

• Derive dimensionless numbers for each processes and the scaling cri-

teria for simulation through dimensional analysis, and

• Develop analytical tools to be used to address the coupled flow/power

instabilities in BWR systems to identify the effects of several important

variables in the problems such as power level, inlet subcooling, flow,

pressure, fuel time constant, and reactivity feedback parameters.

3. Based on the first objective, a scaling criteria for simulating couple flow/power

behavior in a BWR fuel channel have been derived. The scaling criteria have

then been used to design and construct the experimental facility to be used

for simulating a typical BWR fuel bundle. The simulation criteria for the

fuel heat conduction and the neutron kinetics processes have been estab-

lished to be able to simulate different operating conditions where the lack of
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an operating reactor data imposes a challenge for a designer. The flow field

scaling criteria are well-established for two-phase flow dynamic simulation.

The well-established criteria for flow field scaling have been extended to in-

clude the effect of subcooled boiling, which is one of the important thermo-

dynamic non-equilibrium conditions in two-phase flow problems.

4. A detailed dimensionless analysis for the heat conduction problem in a typ-

ical BWR fuel element and a commercial electrical heater used in the de-

signed facility identified the strategy for simulating the heat flux response,

which is the key element of the nuclear-coupled flow/power oscillations’

simulation. The scaling criteria for the heat flux response similarity have

been derived from a simplified heat conduction formulation based on area-

averaging and expressions for the fuel time constant for a given fuel element

have been derived. Based on the aforementioned analysis, an additional

ordinary differential equation have been proposed to account for the addi-

tional time delay required for the wall heat flux similarity.

5. The research performed within this program used impedance void-meter,

which is non-intrusive state-of-the-art instruments to measure area-averaged

void fraction in the experimental facility. The area-averaged void fraction

was then used to calculate the void-reactivity. The calculated void-reactivity

was then used to solve the point kinetic model equation in real time to cal-

culate the required heater power transient during an oscillatory condition.

6. The void-reactivity coefficient, which is the key to calculate the void-reactivity

feedback, has been determined through a detailed two-dimensional neu-

tron transport analysis. For the purpose of analysis, the HELIOS code has

been used to generate the void-reactivity coefficient as a function of the

void fraction and the system pressure.

7. A nonlinear dynamics model has been derived to investigate the nonlinear

aspects of the flow/power oscillations in a BWR fuel channel. The model de-
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rived in this research involves no finite difference formulation for the void

propagation problem; therefore, it is free from numerical dispersion and

damping, which are the key problems in the time domain analysis. Galarkin

weighted residual method has been applied for the enthalpy and the mix-

ture density propagation problem with polynomial approximation for the

spatial distribution.

8. Several experiments have been performed to address the instability prob-

lem in a BWR channel through simulated void-reactivity and the fuel time

constant. The flow excursion and the density wave oscillations have been

studied experimentally for different operational conditions. In this report,

a detailed description of the analytical and the experimental research per-

formed within this program is presented.



1. INTRODUCTION

It is well known that two–phase flow systems are vulnerable to different types

of instabilities. The mechanism leading to unstable flow behavior depends on

operational conditions and geometrical arrangement of the flow system. Clas-

sification and identification of the mechanisms that lead to instability need to

be understood in order to identify the required analytical modeling technique

and the precautions need to be taken to prevent the instabilities from occurring

and/or mitigate the consequences.

The unstable behavior in two-phase flow systems such as boiling water re-

actors (BWRs), steam generators, and condensation units is undesirable, since

they create severe operational problems and may impose significant mechanical

vibrations on the system components. Furthermore, the problem in BWRs has a

particular significance for the operational safety of the current and next genera-

tion designs. Due to inherent neutronic feedbacks in a BWR core such as void-

reactivity and Doppler-reactivity, flow and neutron fields are coupled and may

lead to coupled flow/power oscillations. In general, the BWR cores have nega-

tive void-reactivity coefficient, in other words, as the core void fraction increases,

the neutron population decreases due to reduction in moderation. However, the

BWR fuel elements are composed of ceramic UO2 pellet and Zr-4 cladding and

it is characterized by a fuel time constant 4-7 sec. The time delay due to the

heat diffusion may complicate the flow/power coupling and may result in pos-

itive void-reactivity coefficient in terms of wall heat flux. Therefore, the void-

reactivity feedback and the fuel heat conduction process are closely related and

the simulation strategy for these two phenomena should be developed carefully.

The instabilities at low pressure and low flow conditions are important for

1



the next generation BWRs using natural circulation for both normal and acci-

dental core cooling. Especially, the startup transient in these reactors is vulner-

able to different types of flow instabilities. In addition to the complexity of the

problem at aforementioned conditions, the existence of nuclear coupling via re-

activity feedbacks such as the void-reactivity and Doppler reactivity further com-

plicates the problem. At low pressure conditions, different forms of power/flow

oscillations can be observed. The detailed review on available database has been

shown that there is still a need to investigate the nuclear-coupled instabilities in

both conventional and next generation BWRs. Especially, the lack of the reactor

data regarding the low pressure, flow flow nuclear-coupled instabilities necessi-

tates the void-reactivity feedback simulation in a well-scaled experimental facil-

ity to investigate the problem and generate a reliable database for benchmarking

the available analytical models.

This report summarizes the three-year research on nuclear-coupled flow/power

instabilities in BWRs. The report has two main parts: First part concentrates on

the analytical modeling activities performed within the scope of this project in-

cluding the scaling of the experimental facility that has been designed and built

for studying nuclear-coupled instabilities, experimentally. The second part fo-

cuses on the experimental facility design and the experimental data taken from

this facility.

Chapter 2 describes the nature of the problem concentrating on conven-

tional and natural circulation BWR designs. The classification and the identifi-

cation of different instabilities that may occur in two-phase flow systems are de-

scribed in detail. The physics-based classification allows us to identify the analyt-

ical modeling techniques and the scaling strategy developed for the experimental

study. A detailed literature review is provided to understand the state-of-the-art

in instabilities, especially in BWR designs.

The formulation of the flow field including single- and two-phase mixture

flow is given in chapter 3. After introducing the challenges in advanced two-fluid

2



models, kinematic wave theory for two-phase flow, first introduced by Zuber, is

described for the formulation of the problem. The dimensional analysis intro-

duced by Ishii [1] is discussed to identify the scaling criteria for the formulation.

As an extension to the criteria developed by Ishii [1], subcooled boiling model

is introduced to account for the thermal non-equilibrium between the phases at

low-pressure and low-flow conditions.

The fuel heat conduction problem is discussed in chapter 4. One–dimensional

form of the field equations for the heat conduction is taken as starting point and

a simplified heat conduction model based on the area-averaging is derived. The

model derived for the conduction provides the simplicity of deriving the scaling

criteria for the wall heat flux response simulation. The other objective is to for-

mulate the problem in a less-complicated fashion for the linear stability analysis,

where the analytical derivations for the heat conduction problem is less challeng-

ing.

The neutron field is expressed with point kinetic model where a set of or-

dinary differential equations are used in chapter 5. Two feedback mechanisms

are considered for the flow field/neutron field coupling: Void-reactivity and fuel-

temperature or Doppler feedbacks. A two dimensional neutron transport code

is used to calculate the void-reactivity coefficients for a 8×8 BWR fuel bundle for

different pressure and void fraction. The mechanism of the reactivity feedback is

described and the methodology for implementing the average void-fraction in a

BWR bundle as a void-reactivity is discussed.

As described in executive summary section of the report, three analytical

modeling techniques are identified: Steady-state analysis, frequency domain anal-

ysis, and time domain analysis. Steady-state analysis is implemented in chapter 6

for analyzing the flow excursion phenomena in a forced convection and a natu-

ral circulation system including the effect of the subcooled boiling. For the time

domain analysis, Galarkin weighted residual method is implemented for the den-

sity wave equation in order to convert the partial differential equation into a set of
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non-linear ordinary differential equations and the detailed derivations are given

in chapter 7.

The experimental facility that has been designed and built according to the

similarity criteria derived is described in chapter 8 along the with the state-of-

the-art instrumentation for the acquiring of necessary data for the quantification

of the phenomena.
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2. STATE-OF-THE-ART REVIEW

Flow instabilities are most common operating problem in two-phase flow sys-

tems such as conventional boilers, steam generator and nuclear reactors. They

are undesirable since they can degrade the system performance and cause se-

rious control problems. Several experimental and analytical studies had been

performed over past decades. Different analytical models had been proposed for

different types of flow instabilities. However, there are still issues to be resolved

for a general stability problem. Especially, flow instabilities that may occur at

low-pressure and low-flow conditions need to be clearly understood based on

experimental data and reliable analytical models, since under these conditions,

the instabilities can be most commonly encountered.

In this chapter, the state-of-the-art of the stability issue in two-phase flow

systems is highlighted by emphasizing the importance of the problem in BWR

systems. Because of the strong coupling between the flow-temperature or void-

fraction field and neutron field, instabilities in BWR systems accompany with

oscillation in both flow and power. The void-reactivity is the most significant

component of the feedback loop and it creates the additional link between the

oscillations in the flow and power.

2.1 Classification of Flow Instabilities

Identification and classification of physical mechanisms that lead to unsta-

ble conditions in two-phase flow systems are important not only for proper de-

sign but also for taking the necessary precautions for mitigating the instabilities.

The flow instabilities, in general, cause forced mechanical vibration on system

components, thermal oscillations, control problems and may even lead to the
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premature burnout of the heated surface. Combining all these effects, proper

operation of the equipment is difficult once unstable behavior occurs.

The instability issue is more complicated in BWRs. Because of strong cou-

pling of thermal-hydraulics and neutron field which are interrelated by means

of neutronic feedbacks such as void-reactivity and fuel temperature or Doppler

feedback, coupled flow-power oscillations can be potentially encountered in these

reactors.

Instabilities in general are classified into two main categories, namely static

and dynamic instabilities. There are many review studies on instabilities [2, 3,

4]. The classification based on physical mechanisms is more appropriate since

each type has a similar methodology for analysis. Before proceeding further on

different types of flow instabilities, it is worthwhile to introduce some definitions:

Steady Flow: Flow is said to be steady if the system parameters are functions of

spatial variables only. However, normally flow shows some small fluctua-

tions due to turbulent two-phase flow or nucleation process.

Stable Flow: Flow is said to be stable if, when it is momentarily disturbed, its new

operating conditions tend asymptotically towards the initial ones.

2.1.1 Static Instabilities

Static instabilities are governed by the steady-state characteristic of the sys-

tem. Pressure drop characteristics of a flow channel, nucleation properties, and

flow regime transitions play important roles on characterization of these type of

flow instabilities. The important static flow instabilities can be listed as follows:

1. Flow Excursion (Ledinegg Instability)

2. Critical Heat Flux (CHF) or Boiling Crisis

3. Flow Regime Transition Instability

4. Geysering, Chugging, and Vapor Burst
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Among these instabilities, the flow excursion is the most important flow insta-

bility of significant consequences. Ledinegg [5] first identified and analyzed the

problem. The instability is also called Ledinegg Instability. The flow excursion

involves a sudden change in the flow rate, normally from high flow to a very low

flow. It occurs when the slope of the channel demand pressure drop vs flow rate

curve becomes algebraically smaller than the slope of the loop supply pressure

drop vs flow rate curve. The criterion for this instability can be written as

∂∆Pint

∂υin

<
∂∆Pext

∂υin

(2.1)

where ∆Pint is the steady-state pressure drop along the flow channel, which is

the internal characteristic of the channel, and ∆Pext is the supply pressure drop

which drives the flow. The channel inlet velocity is denoted by υin.

This behavior requires that the channel characteristics exhibit a region where

the pressure drop decreases with increasing flow. In two-phase flow, the friction

and convective acceleration terms in the total pressure drop may increase with

decreasing flow. For most of the systems of interest, the supply pressure drop for

a channel is nearly constant. This applied to a parallel channel system and chan-

nel accompanied with a large bypass. Maulbetsch and Griffith [6] tested a low-

pressure, subcooled boiling system for flow excursion by paralleling the heated

channel with a large bypass. They observed that CHF occurs well below the val-

ues calculated by using conventional CHF correlations. They also concluded that

excursions leading to CHF were observed near the minima in the pressure drop

versus mass flow rate curve.

CHF is another important instability associated with the change in heat

transfer mechanism and sudden rise in wall temperature but it is not a flow in-

stability. However, flow instabilities are one of the phenomena that may lead to

CHF. Flow excursion induced CHF has been analyzed and its implication in fast

reactor safety has been discussed [7]. Mathisen [8] observed that boiling cri-
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sis occurred simultaneously with flow oscillations in a boiling water channel at

pressure higher than 6 MPa.

The third static instability is the flow regime transition instability. It is a re-

laxation instability caused by different pressure drop characteristics of different

flow patterns. As it is well known that bubbly and churn-turbulent flows have a

larger pressure drop compared to annular and annular-mist flow. One may con-

sider a two-phase flow channel subjected to a constant pressure drop bound-

ary condition and assume that churn-turbulent flow regime exists at the channel

exit, and the flow at the channel inlet is decreased for a while. At the reduced flow

condition, annular flow regime occurs at the channel exit where pressure drop is

smaller. Since the imposed pressure drop is constant, it causes the flow to accel-

erate. At the new flow conditions, annular flow regime cannot be sustained. The

cyclic flow regime pattern change results in flow oscillations. Even though the

instability is oscillatory in nature, its basic characteristics lie on the steady state

pressure drop of different flow patterns. Jeglic and Grace [9] observed cyclic flow

pattern transition with oscillatory behavior, however it is not clear whether the

flow pattern transition is the cause or the consequence of density wave propaga-

tion.

Geysering, chugging and vapor burst are important static flow instabilities,

which may occur in natural circulation boiling water reactors and some liquid

metal cooled reactors. Especially, geysering is a phenomenon which may be en-

countered during the startup of Simplified Boiling Water Reactor (SBWR). Gey-

sering has been observed in a variety of closed end, vertical columns of liquid,

which are heated at the base [10, 11]. When the heat flux is high and flow is low,

boiling is initiated at the base. In low-pressure systems, this results in a sud-

denly increased bubble size due to reduction in hydrostatic head, and usually

an expulsion of vapor from the channel. The liquid then returns and subcooled

non-boiling conditions are restored, and cycle starts over again. The cyclic void

appearance and disappearance may lead to an operational problem during the
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startup of natural circulation BWRs at very low pressure. This phenomenon de-

pends on the nucleation characteristics of the channel wall, system geometry and

operational conditions.

2.1.2 Dynamic Instabilities

Most of the practical flow instability problems are dynamic in nature. The

process is governed by inertia and feedback effects and by the whole system re-

sponse rather than by the local thermal-hydraulic conditions. Therefore, the

transient form of the governing equations for the system of interest should be

solved for the analysis.

In the analysis of dynamic flow instabilities, two important aspects should

be taken into account:

1. Any disturbance needs some time to propagate and induce other distur-

bances with a certain time lag.

2. System has several feedback mechanisms.

In the first aspect, the important phenomenon is the wave type by which distur-

bances are propagated. In two-phase flow systems, the disturbances are mostly

propagated by two different waves:

1. Pressure or Acoustic Wave

2. Kinematic Wave or Density (Void) Wave

These two types of waves are always present in the system of consideration. The

pressure wave is characterized by sonic speed inside the two-phase mixture. Kine-

matic waves or density waves are characterized by kinematic wave velocity, which

is close to the vapor velocity. Therefore, the kinematic waves have much lower

speed than the acoustic waves. Basic characteristics of the dynamic flow insta-

bilities are explained in terms of these waves. Oscillation frequency of the dy-

namic instabilities is related to the dominant wave velocity in the system and the
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residence time of the wave. For instance, oscillations governed by the pressure

waves have higher frequencies. Important dynamic instabilities can be listed as

follows:

• Density Wave Oscillations (DWO)

• Acoustic Oscillations

• Pressure Drop Oscillations

• Thermal Oscillations

Most common dynamic instability encountered in two-phase flow systems

is DWO. One may consider a boiling channel with a constant pressure drop bound-

ary condition. A temporary reduction in the inlet flow in a heated channel in-

creases the rate of enthalpy rise, thereby reducing the non-boiling length. In the

single phase region, the enthalpy wave is propagated with the liquid velocity, thus

there is a time lag due to this propagation. The perturbation is translated to the

void or density perturbation in the two-phase region. Since there is time needed

for the propagation of the density wave in the two-phase region, time lag appears

between the channel inlet flow and the two-phase pressure drop. For certain

combinations of geometrical arrangement, operating conditions, and boundary

conditions, the perturbations may acquire 180◦ out-of-phase pressure drop fluc-

tuations at the exit. The perturbations are then transmitted to the inlet flow rate

and become self-sustained. In this instability, the phase-shift occurs because

of the delay introduced by the propagation of the enthalpy and void or density

waves. The period of the oscillations is on the order of the residence time of the

coolant inside the channel. These are low-frequency oscillations and the com-

pressibility of the phases is not important parameter in the physical mechanism.

This is the most common instability mode in the current operating BWRs and

extensive experimental and analytical studies have been carried out to eliminate

this instability.
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The formulation of the problem by using one-dimensional drift-flux model

has been performed by Ishii [1, 12]. The formulation of the problem was general

in the sense that it accounts for the dynamics of the flow in single phase heated,

two-phase heated and two-phase unheated sections of a flow loop. The formu-

lation neglects the thermodynamic non-equilibrium and accounts for the me-

chanical non-equilibrium between the phases with a given constitutive relation

for the drift velocity. The governing equations are perturbed around the steady

state and the characteristic equation is obtained by integrating the mass, energy,

and momentum equations for the single phase and the two-phase regions. The

characteristic equation is written in terms of dimensionless numbers that gov-

ern the system static and dynamic conditions. These dimensionless numbers

are important not only for understanding the physical phenomenon for low fre-

quency oscillations but also for scaling an experimental facility that can be used

for the simulation of the flow instabilities and other transients such as LOCAs in

the prototype systems. In that study, the dimensionless stability plane has been

proposed for presenting stability boundary of a two-phase flow system. The sta-

bility plane which has the axes of Zuber Number and Subcooling Number be-

came a standard for the stability map. The comparison with experimental data

showed good agreement as far as stability boundary and oscillation frequency

are concerned. This study has been extended by Saha [13] by accounting for the

thermal non-equilibrium effects between the phases. The stability boundary has

been presented on the same plane, and it has been shown that it gives very sim-

ilar results especially at high subcooling. The detailed discussion of the problem

in BWR systems can be found in [14, 15].

In contrast to the low frequency density wave oscillations, acoustic instabil-

ities governed by the propagation of the acoustic waves are high frequency oscil-

lations and the compressibility effects are important. Even though it has little im-

portance in practical nuclear engineering problems, there has been research on

these oscillations in relation to the rocket engine stability problems. Several au-
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thors [16, 17] have reported that pressure oscillations of relatively high frequency

are observed when the systems are operated under high subcooling conditions.

As a rule of thumb, the acoustic oscillations need to be considered when a system

has Mach number greater than 0.1.

Another important dynamic instability is the pressure drop oscillations. This

type of instability is observed in systems which are operated on the negative slope

portion of the pressure drop versus flow rate curve and are associated with a com-

pressible volume. This instability is a compound instability which is the result of

the combination of the flow excursion and the density wave oscillations.

The thermal oscillations are associated with the thermal response of the

heating wall after dryout as identified by Stenning and Veziroglu [18]. It was

suggested that flow could oscillate between film boiling and transition boiling

at a given point, thus producing large amplitude temperature oscillations on the

channel wall. The thermal oscillations have been found to have periods of ap-

proximately 80 sec in their experiments.

The instabilities mentioned here are based on classification of leading phys-

ical mechanisms. The boundary conditions introduced in the problem and geo-

metrical arrangement of the system are also important and might yield different

oscillation modes. The boundary conditions of the problem can be also impor-

tant for identifying feedback mechanisms. In pure thermal-hydraulic instabili-

ties, there are two common types of boundary conditions considered:

1. Hydrodynamic Boundary Conditions are given as the pressure drop across

the channel or the inlet flow rate and pressure. The geometry of the prob-

lem is important in determining the suitable boundary conditions. For ex-

ample, in natural circulation systems, if flow is governed by a constant grav-

ity head, the constant pressure drop boundary condition is applicable. This

type of boundary condition is appropriate when a typical single channel is

considered with a large number of parallel channels where the average of

the majority channels give the stable pressure drop.
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2. Thermal Boundary Conditions are given at the boiling channel inlet as the

inlet subcooling or the heated wall temperature, which is the solution of

heat conduction problem in the wall. The inlet subcooling given in the

problem might be oscillatory in nature. In general, thermal boundary con-

dition at the channel inlet is the solution of the thermal-hydraulic problem

in other part of the system.

The detailed review of the problem can be found in Ref. [2]. Table 2.1 sum-

marizes many instability types encountered in practical engineering applications.

However, the instability issue in BWRs requires much more detailed attention be-

cause of its complexity. In the following sections, the flow instabilities in BWR

systems are highlighted.

2.2 Stability Problem in Current BWRs

As described in the previous sections, two-phase flow systems are vulnera-

ble to different types of flow instabilities either static or dynamic in nature. The

problem in BWRs is much more complex because different considerations come

into play. First, BWR systems have strong coupling between the thermal-hydraulics

and the neutronics via the void reactivity and the fuel temperature feedbacks.

The most important feedback is due to the void since the coolant in BWRs also

serves as the moderator. Any change in the moderator density via change in the

void fraction affects thermal neutron population (via neutron moderation). This

changes the heat generation rate inside the fuel and feedbacks to core thermal-

hydraulics. The problem in BWRs becomes more complicated since the balance

of the plant part should also be considered to account for the feedbacks from

feedwater temperature and reactor dome pressure.

BWR plants have been designed since 1950s and put into operation starting

from early 1960s [14]. The stability had been the major concern during the design

development stage of BWRs and extensive experimental and analytical studies
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Table 2.1. Classification of Flow Instabilities

Class: Type: Mechanism: Characteristics:
Static Insta-
bilities

Flow Excur-
sion

Negative Slope of
∆P vs. ṁ curve

Flow undergoes
sudden, large am-
plitude excursion
to a new, stable
operating condition

Boiling Crisis Ineffective removal
of heat from heated
surface

Wall temperature
excursion and flow
oscillations

Flow Pattern
Transition
Instability

Churn-Turbulent
flow has higher ∆P
than that of annular
flow

Cyclic flow pattern
transitions and flow
rate variations

Bumping,
geysering or
chugging

Periodic adjust-
ment of meta-
stable condition,
usually due to lack
of nucleation sites

Periodic process
of superheat and
violent evaporation
with possible expul-
sion and refilling

Dynamic In-
stabilities

Acoustic Os-
cillations

Resonance of Pres-
sure Waves

High frequencies
(10-100 Hz) related
to time required
for pressure wave
propagation in the
system

Density
Wave Oscil-
lations

Delay and feedback
effects in relation-
ship between flow
rate, density and
pressure drop

Low frequencies (1
Hz) related to tran-
sit time of a conti-
nuity wave

Pressure
Drop Oscilla-
tion

Flow excursion
initiates dynamic
interaction be-
tween channel
and compressible
volume

Very low frequency
(0.1 Hz) process

Thermal Os-
cillations

Interaction of vari-
able heat transfer
coefficient with
flow dynamics

It occurs in film
boiling
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had been performed [19]. Starting from 1960s, different BWR types had been

designed and some of them had been built. The ones that had been built and

operated are

• Natural Circulation BWR (DODEWARD)

• External Recirculation with Jet Pump BWR (GE)

• Internal Recirculation-Pump BWR (Japan, Sweden)

All BWR types listed above have quite similar internal characteristics. The typical

BWR vessel internals are

• Upper and Lower Downcomer

• Recirculation Pumps (internal or jet pumps)

• Lower Plenum

• Reactor Core

• Upper Plenum and Chimney

• Separator Assemblies

• Steam Dryer

• Steam Dome

For complete analysis of a BWR instability problem, all internal component of

the reactor pressure vessel (RPV) should be modeled. However, the unstable flow

behavior is most important inside the core region. For proper modeling and cal-

culation of core boundary conditions, ex-core systems should be taken into ac-

count. Some of the ex-core related parameters are listed below:

1. Pressure drop caused by geometrical discontinuities (especially at the core

and steam separator inlet)

15



2. Length and volume of the chimney section

3. Subcooling at the core inlet and the amount that can be changed by recir-

culation flow

4. Downcomer water level

5. Flow distribution in lower plenum towards fuel bundles

The BWR core is composed of several bundles supported by lower core support

plate and separated from the downcomer by a shroud. Each fuel bundle has a

number of fuel rods arranged in square lattice and contained by a square zircaloy

box. The region between the fuel bundles is occupied by single-phase bypass

coolant. Cruciform control blades and in-core flux detectors are inserted in this

region. The function of the fuel boxes or fuel cans is

• To ensure sufficient moderation at the upper part of the core

• To prevent transversal mixing of mass flow of coolant

• To properly control the void distribution and flow

Depending on the fuel design, some of the fuel rods are replaced by water rods

to enhance moderation. A small part of the total power in the reactor core (≈5%)

is generated in non-fuel regions (bypass coolant) because of the neutron moder-

ation and the attenuation of γ-rays. In addition, some of the heat is transferred

from the inside of the fuel bundles in which warmer coolant flows. Direct gener-

ation of heat in the bypass and coolant region is also called “Direct Heating” and

can be important in stability problem.

For the stability problem, some of the important core-related parameters

are listed as follows:

1. Axial power distribution (single-channel or core-wide oscillations)

2. Radial (global) power distribution (regional oscillations)
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3. Fuel material and geometry (fuel conductance and its response time)

4. Reactivity coefficients (void and Doppler)

5. Core bypass flow area or fraction of bypass flow

6. Fuel bundle type and fuel burnup distribution

7. Control blade insertion pattern

As mentioned before, the balance-of-the-plant part of a BWR system is important

for supplying boundary conditions for RPV. Balance-of-the-plant is defined as

components and systems, which are necessary to convert thermal energy to elec-

tricity with efficiency (including turbine, condenser, feedwater heaters, moisture

separators, relevant control systems, etc.). The parameters relevant to the insta-

bility issue in BWRs are

1. Feedwater flow rate and temperature

2. Steam dome pressure (controlled by turbine and turbine bypass valve)

3. Recirculation pump velocity (mainly controlled by turbine shaft load)

4. Feedwater preheaters’ dynamics (affecting feedwater temperature)

Because of dynamic interaction of different physical processes, the proper mod-

eling strategy of a BWR system is important not only for instability but also for

the understanding of the static and dynamic characteristics of the plant. In order

to clarify the phenomenon, Figure 2.1 demonstrates the basic physical processes

involved in a BWR plant by showing the interactions in the processes. The accu-

rate description of the reactor behavior during an instability event requires the

modeling of each process. The analysis performed for a BWR instability problem

has the following components:

1. Determining the stability margin during both normal and off-normal oper-

ating conditions
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Figure 2.1. Physical Processes Involved in BWR Stability
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2. Predicting the transient behavior of the reactor parameters during unstable

conditions such as the amplitude of oscillations

3. Designing and assessing the effectiveness of countermeasures adopted to

prevent and mitigate the consequences of instabilities

In order to achieve these, it is necessary to establish realistic models for the phys-

ical phenomena and mechanisms that lead to unstable flow conditions. It is

known that the BWR stability problem is a result of complex interactions of thermal-

hydraulics and neutronics, therefore models developed for the problem should

account for both phenomena.

In a BWR core, different oscillation patterns might exist [20]. Each oscilla-

tion pattern requires different analysis approach. The oscillation patterns are

• Single-channel oscillations

• Core-wide oscillations

• Core-regional oscillations

In core-wide oscillations, similar to single-channel oscillations, all channels in

the core behaves as if they are one single channel, while in core regional oscil-

lations (also called out-of-phase oscillations) modeling of parallel channels, in

which flow oscillates with certain phase shift, is necessary. In any case, boiling

boundary dynamics, calculation of pressure drop components along the chan-

nel, heat conduction dynamics, heat transfer and flow regime determination are

all necessary to address the issue properly. The implementation of neutronic

feedbacks is also important and modeling can be done by either point kinetic

model or three-dimensional kinetic model depending on the mode of oscilla-

tions that are being studied.

Recirculation loop dynamics is important for determining the core bound-

ary conditions. In general, flow instabilities in a conventional BWR core can be
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analyzed by considering the core section only with appropriate boundary con-

ditions. However, more accurate treatment of the problem requires the model-

ing of recirculation flow path including the phenomena of liquid-steam separa-

tion, recirculation, downcomer water mixing, lower plenum velocity field, etc.

Exact treatment of core boundary conditions also requires the consideration of

the balance-of-the-plant, since the dome pressure and the feedwater tempera-

ture are determined from the turbine-side dynamics.

The stability of a system can be quantified by analyzing the response of the

system to a given perturbation. The stability, in absolute sense, can be derived

by analyzing the system response, i.e., whether it diverges from or converges to

the initial state. The detailed analysis mostly depends on the level of the mod-

eling and the main focus of the analysis. There are two most common tools for

instability analysis:

1. Frequency Domain Analysis (linear)

2. Time Domain Analysis (nonlinear)

In frequency domain method, governing equations are linearized assuming small

perturbation around steady state. By taking the Laplace transform, the problem

can be converted into frequency domain and a transfer function for each pro-

cess can be derived. By combining the transfer functions, overall characteristic

equation can be derived and the stability of the system can be analyzed based

on basic properties of the equation. There are many computer codes that have

been developed for BWR stability issue. Lahey et al. [21] developed the computer

code NUFREQ for nuclear-coupled oscillations in BWRs. The program was then

updated by Park [22]. These methods are good for generating stability maps and

analyzing parametric effects. However, it is impossible to observe the nonlinear

effects on the phenomenon such as the amplitude.

In the time domain analysis method, the complete transient form of the

equations is solved by using a wide variety of numerical methods. For the pur-
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pose of analysis, system analysis codes, such as RAMONA-4B, TRACE, and RE-

LAP5, may be used, however the user shoud be careful about the code capability

limit due to the numerical method and the model. There are also small scale

computer codes used for stability analysis. For instance, Yokomizo [23] has de-

veloped a computer code which accounts for the non-equilibrium effects in two-

phase flow, multi-channel core arrangement and neutron kinetics for oscillations

in BWRs. The program has been adopted to commercial size BWRs and it has

been concluded that the current design with frequency domain analysis is valid

for finite disturbances.

2.3 Stability Problem in Natural Circulation BWRs

Natural circulation as a passive heat removal mechanism in both normal

operations and accidental conditions has been studied extensively since 1950s.

The early studies focused on steady natural circulation for both single-phase and

two-phase flows. Through the early work, the utilization of natural circulation

flow as a passively safe method to cool down the nuclear reactor under differ-

ent scenarios has become increasingly practical for many types of reactors. Since

the two-phase mixture has considerably smaller density compared to the single-

phase liquid, two-phase natural circulation might produce much larger flow and

provide better cooling capability. This is paricularly true for water reactors where

the coolant has a large latent heat, thus two-phase boiling heat transfer is also

efficient. However, two-phase flow instabilities can accompany the natural cir-

culation flow. This is a concern in next generation BWRs, which use natural cir-

culation to drive the core flow, e.g., SBWR and ESBWR. Especially, the startup

phase of these reactors is vulnerable to instabilities due to low pressure and low

flow conditions. Geysering and flashing induced instabilities are most probable

instability types and may impose a serious problem when flow oscillations are

coupled to the core power via neutronic feedbacks.

Aritomi et al. [10, 11] and Chiang et al. [24] conducted fundamental stud-
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ies of geysering in a parallel-channel natural circulation loop with the aim of es-

tablishing a rational startup procedure. They pointed out that in-phase natural

circulation oscillation was induced by hydrostatic head fluctuations in a non-

heated channel due to insufficient vapor generation. The effect of superheated

liquid and flashing at the chimney section on the instabilities were not addressed

in their work.

Inada et al. [25] investigated flow instabilities in a boiling natural circulation

loop with a chimney. Their work revealed that adiabatic flashing due to decrease

in gravity head in the chimney plays an important role in the two-phase insta-

bility. The type of instability that occurred in their experiments was suggested

to be density wave oscillations due to flashing in the chimney. In relation to the

Three-Mile Accident (TMI), Lee and Ishii [26] performed a two-phase natural cir-

culation instability study in a simulated B&W light water reactor geometry. Here

they found that the flashing in the riser section induced large amplitude cyclic

instability. Other instabilities which can occur has been found to be DWO and

manometric oscillations. Babelli [27] incorporated the effect of void generation

due to flashing in the chimney section into his model for the stability boundary

of a low-flow and low-pressure natural circulation system.

Paniagua et al. [28] also emphasized the pressure dependency of the local

thermal-hydraulic parameters in the prediction of possible startup instabilities.

In their model, the local parameters were calculated based on local pressure esti-

mated using the steady-state distribution. The model was validated with the ex-

perimental data obtained in a low-pressure natural circulation loop at high sub-

cooling.
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3. FLOW FIELD FORMULATION

The formulation for the two-phase flow field is presented in this chapter. The

objective is to provide an overview of different flow models and applicable sim-

plified assumption in view of modeling instabilities. Two fundamental two-phase

flow formulations exist as described by Ishii [29]:

1. Two-fluid (three-fluid) model

2. Mixture or drift-flux model

Most important characteristic of two-phase flow is the presence of inter-

faces. In general, interfaces are irregular in shape and deforming. Mass, momen-

tum, and energy transfers occur across these interfaces. Therefore, it is necessary

to establish the geometrical and dynamical information about these interfaces:

• Classify interfaces depending on the configuration so called flow regimes,

• Dynamically model the interfaces as transport equation which specifies the

transportation of the interface with source and sink terms.

Due to its stochastic nature of the problem, it is impossible or impractical

to solve instantenous equations; field equations are derived for each field and

phase. The common approach is to apply statistical or temporal averaging to

the field equations [29]. Different averaging techniques are given by Ishii [29].

Depending on the nature of the problem, with spatial averaging methods, 3-D

temporal-averaged equations can be further reduced to 2-D or 1-D forms, which

are applicable to most common engineering problems.

This chapter first discusses several aspects of two-fluid and drift-flux mod-

els in view of modeling of flow dynamics. Later, kinematic wave theory for two-

phase flow is introduced for the modeling of flow instabilities and steady-state
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two-phase flow including the effect of subcooled boiling and relative motion be-

tween the phases. In this analysis, the separation of kinematic and dynamic for

the two-phase flow is emphesized through the incompressibility assumption for

the phases. Several simplifying assumptions are introduced in order to make the

field equations managable analytically. Based on the simplifying assumptions,

the field equations are made dimensionless by introducing appropriate scaling

variables. The dimensionless numbers derived based on this analysis provide

the kinematic and dynamic scaling criteria for the two-phase flow field.

3.1 Two-fluid Model vs Drift-flux Model

In two-phase flow systems, there is always a relative motion between the

phases. Therefore, the formulation needs to be performed for each field consid-

ering the conservation of mass, momentum, and energy. As mentioned earlier,

statistical or temporal averaging is employed to remove the singularities in the

local formulation and the transfer terms across the interface should be specified

in a time-averaged manner. A detailed discussion on the formulation of two-fluid

model along with several averaging techniques is given by Ishii [29].

General 3-D formulation of field equations for each phase can be derived

by using Reynolds transport theorem, Leibnitz rule for moving boundaries, and

statistical or temporal averaging of balance equations. The 3-D field equations

for phase k1 are given as follows:

∂αkρk

∂t
+∇.(αkρk~υk) = Γk (3.1)

∂αkρk~υk

∂t
+ ∇.(αkρk~υk~υk) = −αkPk +∇.αk(τ

µ + τT ) (3.2)

+ αkρg~g + ~υki.Γk + ~Mki −∇αk.τi

1k=f for liquid, k=g for gas
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∂αkρkik

∂t
+ ∇.(αkρk~υkik) = −∇.αk(q

µ
k + qT

k) (3.3)

+ αk
DkPk

Dt
+ iki.Γk +

q′′ki

Ls

+ Φk,

where
Γk mass generation rate for phase k

~Mik generalized interfacial drag

τi interfacial shear stress

q′′ki interfacial heat flux

iki phase k enthalpy at the interface
1

Ls

= ai interfacial area concentration =
interfacial area
mixture volume

~υki phase k velocity at interface

qk phase k heat flux

Φk viscous dissipation for phase k

The most important challange in the two-fluid formulation (field equations

for each phase) is the inaccuracy of the interaction terms, the boxed terms ap-

pearing in Eqs. (3.2), (3.2), and (3.3), especially those appear in the momentum

equation (Eq. (3.2)). Furthermore, these interaction terms may pose numerical

instabilities in the solution. The advantage of the two-fluid formulation depends

on the accuracy of the interaction terms. In spite of these challanges, two-fluid

model is the necessary formulation for two-phase flow problems where coupling

of phases is weak, for instance:

• Sudden mixes of phases

• Sudden acceleration of one phase respect to the other phase

• Transient counter-current flow

• Transient flooding and flow reversal

• Sudden condensation and void generation
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Aformentioned difficulties of two-fluid model can be overcome by using

drift-flux model for certain two-phase flow problems, for instance:

• Steady-state or quasi-steady two-phase flow

• Relatively high pressure, high flow two-phase flow

• Mild transient where the response of the whole mixture is important such

as density wave oscillations

The drift-flux model is based on single momentum equation for the whole

mixture. Instead of solving a field equation for phasic velocities, constitutive re-

lations are used to specify the relative motion between the phases [29, 30]. The

drift-flux model provides very flexible formulation. Even, analytical solution is

possible for certain two-phase flow problems with certain simplifying assump-

tions and gives comparebly accurate results. The drift-flux formulation has been

applied to density wave oscillation analysis and system scaling [1, 31]. Detailed

field equations are not introduced in this section. However, the field equations

for the drift-flux formulation is presented in the context of kinematic wave theory

for two-phase flow, first introduced by Zuber.

3.2 Kinematic Wave Theory for Two-phase Flow

This section describes the kinematic wave theory for two-phase flow to ad-

dress the kinematic wave propagation phenomena. It is originally developed for

analyzing highway traffic and flood waves. Zuber implemented this theory for

the kinematic void wave propagation phenomena in two-phase flow systems. As

mentioned earlier, the kinematic wave propagation is one of the two wave type

observed in a two-phase flow system. Since acoustic wave propagation is im-

portant for Mach number greater than 0.1, low-frequency oscillations created by

kinematic wave propagation is important in most practical situations. Along with

the equations derived here, we will be able to characterize the wave propagation

with application to density wave oscillations.
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Considering the k-th phase continuity equation (Eq. (3.1), expanding the

derivatives and dividing both sides with ρk, the following equation can be ob-

tained:
∂αk

∂t
+∇.(αk~υk) =

Γk

ρk

−
αk

ρk

Dkρk

Dt
, (3.4)

where
Dk

Dt
=

∂

∂t
+ ~υk∇ is the material derivative for phase-k. Summing Eq. (3.4)

over k and using the definitions
∑

k

αk = 1 and~j ,
∑

k

αk~υk, the following equa-

tion is obtained:

∇.~j =
∑

k

Γk

ρk

−
∑

k

αk

ρk

Dkρk

Dt
, (3.5)

where ~j is center-of-volume velocity. Equation 3.5 is called “mixture flux diver-

gence equation”. Introducing the equation of state for each phase as ρk = ρk(Pk, uk),

where uk is the internal energy for phase-k and using the continuity jump condi-

tion
∑

k

Γk = 0, Eq. (3.5) can be written in more detail:

∇.~j = Γg
ρf − ρg

ρfρg

−
∑

k

αk

ρk

∂ρk

∂Pk

)
uk

DkPk

Dt
−

∑

k

αk

ρk

∂ρk

∂uk

)
Pk

Dkuk

Dt
, (3.6)

where the first, the second, and the third terms on the RHS of Eq. (3.6) represents

the source/sink term due to phase change, compressibility, and expandability,

respectively. If density of each phase is assumed constant, the RHS of Eq. (3.6)

is defined as “reaction frequency” or “characteristic frequency of phase change”.

Denoting the reaction frequency by Ω,

Ω = Γg
∆ρ

ρfρg

, (3.7)

where ∆ρ = ρf − ρg is the density difference. Another important aspect of Eq. (3.6)

is that the equation is coupled to momentum and energy equations through equa-

tion of state.

Let us continue by introducing the fundamental equation for drift-flux for-
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mulation given by

~υk ,~j + ~υkj, (3.8)

where ~υkj is the drift velocity of phase-k respect to center-of-volume. By means

of the definition of ~j =
∑

k

αkυk, the following expression is written for the gas

phase,

~υgj = (1 − α)~υr, (3.9)

where ~υr = ~υg − ~υf is the relative velocity. Generally, gas phase moves faster than

the liquid, therefore, the relative velocity is positive. Similarly, for the liquid phase

~υfj = −α~υr, (3.10)

where the same relative velocity definition is used. It is important to note that ~υgj

is positive when the gas moves faster and ~υfj is positive when the liquid moves

faster. By introducing a constitutive equation for the relative velocity, the phasic

velocities can be recovered from the solution of Eq. (3.6) without solving the pha-

sic momentum equations once an equation for the void fraction is introduced.

In the following part, an equation for α is derived.

For the gas phase, Eq. (3.4) becomes:

∂α

∂t
+∇.(α~υg) =

Γg

ρg

−
α

ρg

Dgρg

Dt
. (3.11)

Using Eq. (3.8) for the gas phase and assuming ~υgj = ~υgj(α) (flow-regime depen-

dent), the following identity can be obtained:

∇.(α~υg) =
(
~j +

∂α~υgj

∂α

)
∇α + α∇.~j, (3.12)

and using Eq. (3.6), the void continuity equation reduces to the following form:

∂α

∂t
+ ~CK∇α = Γg

ρm

ρfρg

− α(1 − α)
( 1

ρg

Dgρg

Dt
−

1

ρf

Dfρf

Dt

)
(3.13)
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where ~CK =~j + ~υgj + α
∂~υgj

∂α
is the kinematic wave velocity and ρm = ρf − α∆ρ is

the mixture density. Equation 3.13 represents the propagation of void-waves with

velocity ~CK. Equation 3.13 is the general form of the void-propagation equation

with no approximation (except ~υgj = ~υgj(α)).

Before introducing any simplification, let us examine the kinematic wave

velocity for two different flow-regimes, namely; bubbly and churn-turbulent regimes.

The drift velocity for these two regimes are given as follows [29]:

~υgj =





√
2
(

σg∆ρ
ρ2

f

)0.25

(1 − α)1.75 bubbly flow
√

2
(

σg∆ρ
ρ2

f

)0.25

churn-turbulent flow
(3.14)

Therefore, the expressions for ~CK for these flow regimes becomes:

~CK =~j +
√

2
(σg∆ρ

ρ2
f

)0.25

×





4−11α
4

(1 − α)0.75 bubbly flow

1 churn-turbulent flow
(3.15)

If we plot the function f(α) =
4 − 11α

4
(1 − α)0.75, it can be seen that the ~CK

in bubbly flow is smaller than the ~CK in churn-turbulent flow.

If the compressibility of each phase is neglected, the void-propagation equa-

tion can be transformed into density-propagation equation as follows:

∂ρm

∂t
+ ~CK∇ρm = −Ωρm, (3.16)

where Ω = Γg
∆ρ

ρfρg

is the reaction frequency. By assuming the flow is churn-turbulent,

the kinematic wave velocity becomes

~CK =~j + ~υgj, (3.17)

which is the gas velocity.
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Equation 3.16 is the key equation for the analysis of density wave oscilla-

tions or any instability where the compressibility effects can be neglected. This

equation is the result of the assumption that each phase is incompressible. In

other words, mixture density is only a function of enthalpy, not both enthalpy

and pressure.

For the solution of the kinematic wave propagation problem in a given two-

phase flow systems, following two constitutive equations need to be supplied for

closure:

Γg = Γg(α, Pk, ik, etc . . .) (3.18a)

and

~υgj = ~υgj(α, Pk, etc . . .) (3.18b)

Since the incompressibility assumption decouples the momentum equa-
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tion, the kinematic and dynamic fields are separated. After solving the kinemat-

ics of flow through the equations derived in this section, the dynamics of the sys-

tem can be determined by integrating the following mixture momentum equa-

tion,

∂ρm~υm

∂t
+ ∇.(ρm~υm~υm) = −∇.Pm +∇.(τµ

m + τT
m) (3.19)

+ ρm~g −∇.
(ρf − ρm

ρm − ρg

ρfρg

ρm

~υgj~υgj

)

In most of typical engineering problems, multidimensional effects can be

neglected. Therefore, one–dimensional formulation is enough accurate to ana-

lyze practical two-phase flow problems. In the following section, one–dimensional

drift–flux model is discussed in the formulation flow kinematics and dynamics in

view of modeling the nuclear-coupled flow/power instabilities.

3.3 One–dimensional Drift Flux Model

One–dimensional drift-flux model can be obtained through area-averaging

of the 3-D temporal averaged field equations discussed in the previous section.

First, the area-averaging operator is defined as follows:

〈Ψ〉 , 1

A

∫∫

A

ΨdA, (3.20)

where Ψ is the variable for which the area-averaging is applied. Another form of

area-averaging is defined for a phasic variable Ψk such as density, velocity, and

enthalpy. The area-averaging is applied over the phasic area–area which is occu-

pied by k-th phase– and it is defined as:

〈〈Ψk〉〉 , 1

Ak

∫∫

Ak

ΨkdA =
〈αkΨk〉
〈αk〉 (3.21)

Before introducing the field equations for the one–dimensional drift-flux

model, several velocity fields need to be clarified in two-phase flow:
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• Center-of-volume Velocity: Denoted by j and it is defined as follows:

〈j〉 =
∑

k

〈αk〉〈〈υk〉〉 = 〈j〉g + 〈j〉f (3.22)

• Center-of-mass velocity: Denoted by υm and defined as follows:

υm =

∑
k〈αk〉ρk〈〈υk〉〉∑

k〈αk〉ρk

(3.23)

• Center-of-momentum velocity: Denoted by υp and defined as

υp =

∑
k〈αk〉ρk〈〈υk〉〉〈〈υk〉〉∑

k〈αk〉ρk〈〈υk〉〉 (3.24)

• Center-of-energy velocity: Similar to the center-of-volume velocity, the center-

of-energy velocity is defined in terms of individual enthalpies of the phases

as follows:

υe =

∑
k〈αk〉ρk〈〈ik〉〉〈〈υk〉〉∑

k〈αk〉ρk〈〈ik〉〉 (3.25)

• Relative Velocity: The relative motion between the phases is best described

with the following velocity,

υr = 〈〈υg〉〉− 〈〈υf〉〉 (3.26)

• Drift Velocity: Generally, the vapor phase moves faster than liquid phase.

The relative velocity of vapor respect to the center-of-volume velocity is de-

fined for one–dimensional formulation as follows:

υgj = (Co − 1)〈j〉+ Vgj, (3.27)

where Co =
〈jα〉
〈j〉〈α〉 is the distribution parameter and Vgj =

〈αυgj〉
〈α〉 is the void-

weighted averaged of local drift velocity. The first term on RHS of Eq. (3.27)
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represents the global drift due to nonuniform void and velocity distribution

and the second term represents the effect of local drift.

• Diffusion Velocity: Diffusion velocity for each phase represents the relative

motion of each individual phases respect to the mixture velocity as follows:

Vgm = 〈〈υg〉〉− υm, (3.28)

where this velocity can be used to transform the continuity equation for the

vapor phase to a diffusion equation.

After defining important velocity fieds, the field equations representing the

one–dimensional flow field are described in the following section.

3.4 Field Equations

The field equations for the one–dimensional drift–flux formulation is intro-

duced in this section according to the derivation of the kinematic wave theory

for the two-phase flow. Following simplifying assumptions are used to derive the

model for a typical BWR fuel channel for the analysis of coupled flow/power os-

cillations:

1. Both phases are assumed incompressible. Therefore, the mixture density

is assumed to be a function of only enthalpy, not a function of both en-

thalpy and pressure. By this assumption, it is also implicitly assumed that

the acoustic wave propagation speed in infinity and we are only interested

in the propagation of kinematic or continuity waves.

2. Furthermore, it is assumed that the pressure drop is small compared to the

system operating pressure. Therefore, the fluid properties of each phases

are evaluated at given system pressure.

3. The vapor phase is always at saturation. The liquid phase can be either sub-

cooled or saturated. The subcooled boiling model is taken into account by
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means of profile-fit-model, which assumes a profile for the liquid temper-

ature. The departure subcooling is handled by means of several emprical

models such as Saha-Zuber model.

4. The relative motion between the phases is modeled through one–dimensional

drift–flux model assuming that the drift flux parameters; Co and Vgj are in-

dependent from flow regime. A detailed discussion on the constitutive re-

lations is given in section 3.5.2.

5. The heat generation profile in the axial direction is assumed uniform. How-

ever, the wall heat flux response is calculated for two different regions in the

flow channel, i.e. single-phase and two-phase mixture flow. It is implicitly

assumed that within these two regions, the wall heat flux is uniform.

6. The incomprsessibility assumption for the liquid phase results in zero di-

vergence for the single-phase liquid region. Therefore, there is no spatial

information to be integrated within this region.

Based on these simplyfing assumptions summarized above, the field equa-

tions for the flow field are given as kinematics, dynamics, and energetics. The as-

sumption that neglects the compressibility of the phases causes the decoupling

of momentum and continuity equations.

3.4.1 Kinematics of Flow

The flux-divergence equation is written as follows:2

∂j

∂z
= Γg

∆ρ

ρfρg

= Ω, (3.29)

where Γg is the volumetric vapor generation rate which will be described in detail

to account for the subcooled boiling in section 3.5.1. As it is clear from Eq. (3.29),

the RHS of this equation is zero for single-phase flow. In order to complete the

2Averaging symbol is removed for clarity
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kinematics of flow, the mixture density propagation equation needs to be given

as follows:
∂Φm

∂t
+ CK

∂Φm

∂z
= −CoΩ, (3.30)

where Φm = ln
(ρ′m

ρf

)
is the function which can be related to the mixture density

by means of the following equation:

ρ′m = (1 − Co)ρf + Coρm = (1 − αCo)ρf + αCoρg (3.31)

In Eq. (3.30), CK is the kinematic wave velocity, and under the assumption

that the drift flux parameters are constant, it is equal to the vapor phase velocity.

From the kinematic constitutive relations given by Ishii [30], whole velocity field

can be recovered by means of the solutions of Eq. (3.30) and (3.29). The void

fraction can be recovered as follows:

α =
ρf

∆ρ

1 − eΦm

Co

(3.32)

The liquid and gas velocities are given as follows:

υg = Coj + Vgj (3.33a)

υg =
1 − Coα

1 − Co

j −
α

1 − α
Vgj = CK (3.33b)

Furthermore, the mixture momentum is given as follows:

ρmυm = ((1 − Co)ρf + Coρm)j − α∆ρVgj (3.34)

It is important to note that in the single-phase flow section Co = 1 and Vgj = 0.

In this case, υf = j = υin. υin is the inlet velocity of the channel where the single-

phase flow enters with certain subcooling. The kinematics of flow can be deter-

mined through the solution of these equations. The dynamics of flow is deter-
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mined by means of mixture momentum equation given in the following section.

3.4.2 Dynamics of Flow

The mixture momentum equation is written as follows:

−
dP

dz
=

∂ρmυm

∂t
+

∂ρmυ2
m

∂z
+

∂

∂z

(
ρf − ρm

ρm − ρg

ρfρg

ρm

[
(Co − 1)j + Vgj

]2
)

(3.35)

−
ξwτw

A
+ ρmg cos(θ) +

∑

k

Kk

2
ρmυ2

mδ(z − zk),

where the second and the third terms on the RHS of Eq. (3.35) represent the accel-

eration due to phase change. The third term is the acceleration due to drift stress.

ξw and A are the wetted perimeter and A flow area, respectively. The fourth term

on the RHS is the wall friction and can be related to the known variables:

−
ξwτw

A
=

f1φ

2De

ρmυm|υm|Cm, (3.36)

where f1φ is the single-phase friction factor calculated based on the total flow and

Cm is the two-phase friction factor multiplier.

3.4.3 Energetics of Flow

As will be described in the following sections, the interfacial mass and en-

ergy transfer in two-phase mixture flow including the effect of subcooled boil-

ing is described through profile-fit-model, which assumes a profile for the liquid

temperature. Therefore, the mixture energy equation becomes redundant. How-

ever, the energy equation in single-phase heated region is required to determine

the location at which the bulk liquid enthalpy reaches the departure and the lo-

cation at which the bulk liquid enthalpy reaches the saturated liquid enthalpy.

Assuming negligible viscous dissipation and axial heat flux, the energy equation

becomes:
∂if

∂t
+ υin

∂if

∂z
=

q′′wξh

Aρf

, (3.37)
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where q′′wξh and ξh are the wall heat flux and the heated perimeter, respectively.

The methods which are used to compute the wall heat flux in the single-phase

heated section is discussed in the following chapter.

The single-phase energy equation given by Eq. (3.37) can be transformed in

to an equation that is written in terms of dimensionless subcooling defined as:

Θ =
ifs − if

∆ifg

∆ρ

ρg

, (3.38)

where ifs is the saturated liquid enthalpy and ∆ifg is the latent heat. By means of

this definition, the equation can be re-written as follows:

∂Θ

∂t
+ υin(t)

∂Θ

∂z
= −

q′wξh

A∆ifg

∆ρ

ρfρg

, (3.39)

where the RHS of this equation has units of 1/s, which can be considered as fre-

quency.

3.5 Constitutive Equations

In this section, a necessary constitutive equation set is described for clo-

sure of the problem. For the purpose of analysis, the neccessary equation set is

categorized into the following parts:

1. Interfacial Mass/Energy Transfer, which specifies the volumetric vapor gen-

eration rate in two-phase mixture flow to account for the subcooled boiling,

2. Interfacial Momentum Transfer, which specifies the interfacial forces in the

drift-flux model’s perspective, and

3. Wall Shear Stress, which specifies the two-phase friction factor multiplier,

Cm to calculate the frictional pressure drop in the two-phase mixture sec-

tion of the heated channel.

In the following section, a detailed discussion is provided for each category of

constitutive equations.
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3.5.1 Interfacial Mass and Energy Transfer

Subcooled boiling is an important thermodynamic nonequilibrium condi-

tion which is significant at low-pressure. high heat-flux, and high inlet subcool-

ings. Due to the radial temperature distribution in a heated channel, the liquid

close to the wall becomes superheated even though the bulk liquid temperature

is still below the saturation temperature. Depending on the subcooling outside

the superheated layer around the heated wall, no net vapor generation can be

observed due to subsequent condensation of bubbles generated on the wall. As

the bubles are sliding along the wall and condended inside the subcooled liquid

layer, the liquid temperature increases. After certain point along the channel,

which is designated by λ in Figure 3.2, net vapor generation starts and it signifi-

cantly increases the average void fraction, while the bulk coolant is still below sat-

uration temperature. This point,λ is hydrodynamically important to determine

the starting point of the two-phase flow region and is called “point of net vapor

generation”. The region denoted by “wall voidage” can be neglected hydrody-

namically, since the void fraction is very small. The point of net vapor generation

is characterized by a departure criterion given by either enthalpy or temperature.

In subcooled boiling region, some part of the total heat input from the wall goes

to the vapor generation while the rest goes to increase the liquid temperature. As

demonstrated in Figure 3.2, the actual equilibrium point, denoted by λe, is above

the location where the thermodynamic equilibrium model predicts the net vapor

generation point, (i.e. point where the bulk fluid is at saturation temperature) de-

noted by λs.

The profile-fit-model is used to derive an expression for the volumetric va-

por generation rate. From the steady-state form of the continuity equation for

the vapor phase, the flow quality can be related to the following equation:

G
dx

dz
= Γg, (3.40)
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Figure 3.2. Development of Void Fraction in Subcooled Boiling

where G is the mass flux and x is the flow quality. Under the assumption of ther-

modynamic equilibrium between the phases, a similar expression can be written

for the thermodynamic equilibrium quality as follows:

G
dxe

dz
= Γs =

q′wξh

A∆ifg
, (3.41)

where Γs is the volumetric vapor generation rate under the assumption of ther-

modynamic equilibrium where all the heat from the heated wall goes to saturated

vapor generation from saturated liquid. The expression for Γs has a significance

of relating the volumetric vapor generation rate expression to the wall heat flux.
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By means of Eqs. (3.40) and (3.41), the following equation can be derived:

γg =
Γg

Γs

=
dx

dxe

(3.42)

From simple energy balance and certain simplifying assumptions, the following

general expression can be derived for the flow quality:

x = xe − xedFs(xe/xed), (3.43)

where xed is the thermodynamic equilibrium quality at the departure point and Fs

is the profile for the liquid temperature variation in the subcooled boiling region.

For the uniform heat flux profile, the following two expressions can be derived

for the subcooled boiling multiplier, γg, as follows:

γg =





1 − exp

[
−

z − λ(t)

λs(t) − λ(t)

]
exponential profile

tanh2

[
z − λ(t)

λs(t) − λ(t)

]
hyperbolic profile

(3.44)

3.5.2 Interfacial Momentum Transfer

The distribution parameter and the void-weighted mean drift velocity should

be supplied via constitutive relations to close the system for the interfacial mo-

mentum transfer, which is lost through the macroscopic jump conditions used to

obtain mixture momentum equation . There are several correlations and models

suggested for these two parameters based on extensive experimental database.

Ishii [30] derived constitutive equations for the drift flux parameters by taking

into account the interfacial geometry, the body force field, the shear stresses, and

the interfacial momentum transfer. The details of the equations are not repro-

duced here. However, three different flow regimes are emphasized; i. Bubbly

Flow, ii. Churn-Turbulent Flow, iii. Annular Flow. In general, the distrubution
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parameter has the following limits,

lim
α→0

Co = 0 , lim
α→1

Co = 1 (3.45)

lim
ρg/ρf→1

Co = 1

The bubbly flow generally appears below % 30 void fraction. The distribu-

tion parameter and the void-weighted mean drift velocity for the bubbly flow are

given by the following equations,

Co =

(
1.2 − 0.2

√
ρg

ρf

)(
1 − e−18α

)
(3.46a)

Vgj =
√

2(1 − α)1.75

(
σg∆ρ

ρ2
f

)0.25

(3.46b)

where σ is the surface tension. Eq. (3.46a) is also valid in the churn-turbulent

regime. However, the exponential term aproaches zero when void fraction in-

creases. The following two equations represents the distribution parameter and

void fraction weighted drift velocity in the churn-turbulent regime:

Co =

(
1.2 − 0.2

√
ρg

ρf

)
(3.47a)

Vgj =
√

2

(
σg∆ρ

ρ2
f

)0.25

(3.47b)

For the annular flow, the expressions are given as

Co = 1 +
1 − α

α + 4
√

ρg

ρf

(3.48a)

Vgj =
1 − α

α + 4
√

ρg

ρf

√
gD∆ρ

(1 − α)

0.015ρf

(3.48b)

Equations (3.48a) and (3.48b) are simplified based on the assumption that ρg ¿
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ρf, which is valid especially at low pressure.

Based on these observations, a simplified model equation can be solved

easily if one can assume that these two-parameters are independent of flow regimes,

especially the void fraction. For the purpose of the analysis, these two-parameters

are given as;

Co = 1.2 − 0.2

√
ρg

ρf

or a given constant (3.49a)

Vgj = Cdr

(σg∆ρ

ρ2
f

)0.25

, (3.49b)

where Cdr is the given adjustable parameters. As described in this section, for the

churn-turbulent flow, this constant is around 1.42.

3.5.3 Wall Shear Stress

As described in the previous sections, the wall shear stress can be written

as a function of the two-phase mixture inertia and the two-phase friction factor

multiplier, Cm, This multiplier, in fact, can be related to the two-phase friction

multiplier that is standard in two-phase flow literature as follows:

Cm =
ρm

ρf

Φ2
lo, (3.50)

where Φ2
lo is the two-phase friction multiplier. Different models for this multi-

plier can be used to derive expressions for the two-phase friction factor multi-

plier. For instance, through simple manipulations, Cm can be written based on

Martinelli-Nelson model as follows:

Cm =
(1 − x)2−n

1 − α
, (3.51)

where the exponent n is around 0.25.

Another popular model which is implemented in RAMONA-4B computer
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code is based on the Becker’s model such that

Cm = (1 − α)
[
1 + 1.49× 108

(x

P

)0.96]
, (3.52)

where P is the pressure in Pa and x is the flow quality.

Finally, the expressions for the single-phase friction factor are given as a

function of the Reynolds number, which is;

NRe , ρfυinDe

µf

, (3.53)

and the friction factor is given by the following formulas;

f1φ =





0.128 NRe ≤ 500

64

NRe

500 ≥ NRe ≤ 1500

0.184N−0.2
Re NRe ≥ 1500

(3.54)

3.6 Dimensional Analysis and Dimensionless Field Equations

In this section, the dimensionless analysis is carried out to derive the di-

mensionless groups for the static and the dynamics of a general two-phase flow

systems based on the sipmlifying assumptions described before. The analysis is

given by choosing proper scaling parameters for the system. The details of the

system is described by Ishii [1].

Table 3.1 shows the scaling variables used for several dimensions and pa-

rameters in the problem. For the time, inverse of the reaction frequency, Ωs, is

used. It is also called the “charactertistic frequency of the phase change”, which

was defined by Eq. (3.7).

The channel heated height,lh, is chosen as the length scale. Therefore, the

hydraulic diameter,De, and the heated perimeter,ξh are scaled by lh. Further-

more, the charactertistic velocity becomes Ωslh, which can be noticed from Eq. (3.29).
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Scaled Variable Scaling Parameter
Time Ω−1

s

Length lh

Area Ah

Density ρf

Velocity Ωslh

Enthalpy
1

∆ifg

∆ρ

ρg

Pressure ρf(Ωslh)2

Table 3.1. Scaling Variables in Dimensionless Analysis

Therefore, the dimensionless channel inlet velocity is defined as follows:

υ∗in =
υin

Ωslh

(3.55)

The heated section flow area scales the area. The liquid enthalpy is scaled by

using the latent heat and the density ratio. The dimensionless enthalpy definition

includes the scaling these scaling parameters as follows:

Θ =
ifs − i

∆ifg

∆ρ

ρg

(3.56)

3.6.1 Dimensionless Governing Equations

Based on the scaling parameters introduced in the previous section, the

governing equations listed in the previous sections can be transformed in to the

dimensionless form. The solution of steady state single phase contunity equa-

tion yields to the inverse of the Zuber number, which is one of the important

dimensionless numbers in the stability analysis;

υ∗in,o =
υin,o

Ωslh

=
1

NZu

(3.57)
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The single phase energy equation in dimensionless form is written as follows:

∂N∗
s

∂t∗
+ υ∗i

∂N∗
s

∂z∗
= −Ω∗

1φ (3.58)

where Ω∗
1φ is written in terms of the wall heat flux in the single phase heated

section as follow:

Ω∗
1φ =

q′′1φξh

Ah∆ifg

∆ρ

ρfρg

1

Ωs

For the solution of the single-phase energy equation in Eq. (3.58), the dimension-

less boundary condition must be introduced at the channel inlet as

Θ(0, t∗) = Nsin(t∗) =
ifs − ifin(t∗)

∆ifg

∆ρ

ρg

(3.59)

In order to locate the boiling boundary, the departure enthalpy is introduced.

The departure enthalpy given by Saha-Zuber model can be made dimensionless

as follows:

Θd =





0.0022
D∗

e

ξ∗h

1

a∗f
NPe < 70000

154

(ξhlh)∗
1

υ∗fin
NPe > 70000

(3.60)

where a∗f =
kf

ρfcpf

1

ΩsAh

is the dimensionless liquid diffusivity, (ξhlh)∗ =
ξhlh

Ah

is

the dimensionless heat transfer area.

The dimensionless single-phase momentum equation takes the following

form,

−
dP∗

dz∗
=

dυ∗fin
dt∗

+ Nfυ
∗2
i +

N−1
Fr

N2
Zu

sin(θ) +
1

2
Kiυ

∗2
finδ(z∗) (3.61)

where ,Nf =
f1φlh

2De

, is the friction number, and NFr =
υ2

fin,o

glh

is the Froude number.

In the two-phase mixture region, the mixture volumetric flux equation re-

duces to the following form
∂j∗

∂z∗
= Ω∗

2φγg (3.62)
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where Ω∗
2φ is the dimensionless reaction frequency in the two-phse mixture re-

gion written in terms of the wall heat flux in this region. Based on the solution of

this equation, the kinematic wave velocity in dimensionless form becomes

C∗
k = Coj

∗ +
Nd

NZu

(3.63)

where Nd =
Vgj

υin,o

is the drift number.

The dimensionless density wave equation in terms of the modified density

is written as follows:

∂ρ+∗
m

∂t∗
+ C∗

K

∂ρ+∗
m

∂z∗
= −CoCgΩ

∗
2φγg (3.64)

The boundary condition for the density wave equation simply becomes ρ+∗
m (λ∗, t∗) = 1.

The dimensionless mixture momentum equation can be obtained by using

the scaling parameter given in Table (3.1) from Eq. (3.35):

−
dP∗

dz∗
= ρ∗m

∂υ∗m
∂t∗

+ ρ∗mυ∗m
∂υ∗m
∂z∗

+ CmNfρ
∗
mυ∗2m +

N−1
Fr

N2
Zu

ρ∗m cos(θ) (3.65)

+
∂

∂z∗

[
1 − ρ∗m

ρ∗m

Nρ

ρ∗m − Nρ

υ∗2gj

]
+

1

2
Keρ

∗
mυ∗2mδ(z∗ − 1)

The dimensionless mixture velocity which is needed to integrate the momentum

equation can be obtained via the following equation:

υ∗m =
ρ+∗

m

ρ∗m
j∗ −

1 − ρ∗m
ρ∗m

Nd

NZu

(3.66)

3.6.2 Dimensionless Numbers

In the previous section, the dimensionless form of the field equations have

been obtained based on the given scaling variables. In this section, the definition

and the physical significance of the dimensionless numbers appearing in the di-

mensionless equations are examined.
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◦ Subcooling Number: The subcooling number appears as a boundary condition

for the single-phase energy equation and incorporates the efffect of the inlet

subcooling into the analysis. As will be discussed later, it also quantifies the

delay due to the propagation of the enthalpy wave in the single phase heated

section

Nsub =
∆isub

∆ifg

∆ρ

ρg

(3.67)

◦ Zuber Number: The Zuber number, or the phase change number, is another

important dimensionless number in the stability analysis. It scales the phase

change due to the heat addition. Along with the subcooling number, it shows

the thermodynamic state within the channel. It is defined as follows:

NZu =
Q

ṁ∆ifg
=

Ωslh

υfin,o

(3.68)

where Q is the total heat input to the flow, and ṁ is the mass flow rate through

the channel.

◦ Froude Number: In the momentum equations given by Eqs. (3.61) and (3.65),

the Froude number appears in the gravity term. It is the ratio of the inertia and

gravity forces. The inverse of the Froude number scales the gravity and is the

important scaling parameter in the natural circulation systems where flow is

induced by gravity. The Froude number is defined as

NFr =
υ2

fin,o

gH
(3.69)

◦ Friction Number: It demonstrates relative effect of the friction in the momen-

tum equation.

Nf =
f1φHh

2De

(3.70)

where f1φ is the single-phase friction factor which depends on the Reynold
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number:

f1φ = CNm
Re (3.71)

In turbulent flow, m = −0.25 and C = 0.184. Since the constant multiplier is

used for the two-phase friction factor,fm, the friction number also scales the

frictional forces in two-phase mixture region.

◦ Density Ratio Number: The density ratio number defined by Eq. (3.72) scales

the system pressure. The density ratio number appears in the constitutive rela-

tion for Co and the drift term in two-phase mixture momentum equation given

by Eq. (3.65).

Nρ =
ρg

ρf

(3.72)

This number appears implicitly in the subcooling number and zuber number.

Therefore, the pressure scaling is concealed in these numbers via Nρ.

◦ Drift Number: It represents the relative importance of the mechanical equi-

librium in the two-phase mixture. It is defined in terms of the void-weighted

mean velocity,

Nd =
Vgj

υfin,o

(3.73)

Another parameter effecting the drift is the distribution parameter, Co, which

is already dimensionless. Therefore, along with Co, the drift number reflects

the mechanical non-equilibrium between the phases and the flow regime.

◦ Peclet Number: It appears in the departure enthalpy correlation of Saha-Zuber

model. It is important scaling parameter in the modeling the effect of sub-

cooled boiling.

NPe =
Gcpf

kf

(3.74)

◦ Reynolds Number: Reynolds number appears in single-phase friction factor. It
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is defined as

NRe =
ρfυfin,oDe

µf

(3.75)

It is the ratio of the inertia and viscous forces, and it has little importance in

scaling issue for the instabilities, since the Reynold number effect on the fric-

tion factor is small for the turbulent flow.

◦ Geometrical Dimensionless Groups: In addition to the dimensionless num-

bers described above, the dimensionless equations include parameters related

to geometry of the system like dimensionless hydraulic diameter, D∗
e =

De

Hh

,

inlet-flow-loss coefficient, Kin, exit-flow-loss coefficient, Ke, and sine of the

channel orientation angle, sin(θ).
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4. FUEL HEAT CONDUCTION FORMULATION

Modeling of the heat conduction process in the nuclear fuel plays an important

role in reactor design and safety analysis. Accurate description of temperature

profile within the fuel element is necessary to predict lifetime of the fuel ele-

ment and its safety characteristics. Thermal stress cracking, maximum allowable

power rating and many other aspects of thermal design are directly related to the

temperature distribution inside the fuel element.

The basic aspects of the fuel design described above can be analyzed based

on the steady-state solution of the heat conduction equation in either one di-

mension or multi dimensions. However, in most cases, a transient solution of

the process is necessary. Especially, during accident conditions such as LOCA,

maximum cladding temperature depends on the solution of the heat conduction

equation (generally in two dimensions) along with the coolant side conditions.

In the BWR technology, the fuel heat conduction process is important not

only for accidental conditions but also for transients such as nuclear-coupled

flow oscillations. Actually, the process provides the link between the neutronic

(heat generation inside the fuel) and heat transferred to the coolant. The time

required for the conduction of heat through the fuel element(fuel time constant)

plays a central role in the stability analysis, because it gives the time lag effect

between the heat generation and heat flux to the coolant. Even though BWRs

have negative void-reactivity coefficients, under certain frequencies of oscilla-

tions, they might have positive void-reactivity coefficients in terms of coolant

heat flux, which may amplify the oscillations’ amplitude and worsen the insta-

bility.

All of the Light Water Reactors (LWRs) have similar fuel element design ex-
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cept some changes in assembly design, geometry and material. A typical BWR

fuel element consists of UO2 fuel pellet enclosed within Zircaloy-2 cladding. There

is an initial gap between the pellet and the cladding that is filled with inert helium

gas. After a few days of operation, this gap is closed due to expansion of the pellet

and thermal cracking on the surfaces. In addition, some fission product gases,

such as Krypton and Xenon, escape from the fuel pellet and go to the gap region.

The prediction of the characteristics of the gap conductance is a complex task

and empirical correlations based on extensive experimental database are used.

As will be described in the following sections, an accurate description of the

heat conduction process and the temperature distribution can be determined by

solving the parabolic heat conduction equation. This is basically done by an ap-

propriate numerical method. In this study, several simplified models are intro-

duced to predict both the steady-state and transient characteristics of the fuel

element temperature. This study has been performed to construct a tractable

model for two-phase flow instabilities in BWR systems.

Based on the simplified models developed in this study, expressions for the

fuel element time constant are derived. One objective is to appreciate the or-

der of magnitude of this parameter and to analyze several effects such as the

temperature-dependent conductivity and non-uniform heat generation, etc., in

the process. The other objective is to derive dimensionless groups for the heat

conduction process and examine the effects of the modeling strategy. For the

purpose of analysis, the frequency domain analysis has been performed based

on a linearized conduction equation. Transfer functions have been derived and

analyzed for several important links among processes, namely heat generation,

heat conduction, and coolant side effects.

The dimensionless analysis carried out in this chapter yields important di-

mensionless groups for the wall heat flux simulation. Since the SBWR fuel ele-

ment has a fuel time constant larger than that of the electric heater used in the

test section of the experimental loop as described in Chapter 8 , the delay due
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to the heat conduction process should be simulated in the facility based on the

dimensionless groups derived for the heat conduction through the fuel element.

4.1 Heat Conduction in Fuel Element

The temperature distribution within the fuel elements depends on the heat

generation rate, material thermo-physical properties, and coolant conditions. In

general, the heat conduction process is governed by the following solid energy

equation:

ρc
∂T
∂t

= ∇ · k(T)∇T(~r, t) + Q′′′(~r, t) (4.1)

where ρc is the volumetric heat capacity of the solid. This equation, which is a

parabolic type, can be solved numerically with given initial and boundary condi-

tions along with the number of dimensions required for the problem considered.

In general, one-dimensional form is appropriate for adequate description of the

phenomenon. Two important parameters in Eq. (4.1) are the thermal conductiv-

ity, k(T), and heat generation rate, Q′′′(~r, t). In the fuel pellet, because of its low

thermal conductivity, a steep temperature gradient exists. However, the thermal

conductivity of UO2 changes significantly with temperature. Another complex-

ity of the problem is that the heat generation term depends on space, the fuel

temperature and material properties. The thermal neutron flux distribution de-

termines the rate and spatial distribution of the heat generation inside the pellet.

The heat transfer out of the fuel element via convection is also a strong function

of the coolant side conditions. Therefore, the process is extremely complex and

nonlinear.

A typical BWR fuel element cross section is shown in Figure 4.1. In most

cases; except the reflood calculations in LOCA, the axial conduction is negligible

compared to the heat conduction in radial direction. This is justified by the very

small D/L ratio of the fuel rod. Therefore, the one-dimensional form of Eq. (4.1)

can be used,

ρc
∂T
∂t

=
1

r

∂

∂r

(
k(T)r

∂T
∂r

)
+ Q′′′(r, t) (4.2)
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C l a d d i n g

R c
R p

Figure 4.1. Typical BWR Fuel Element

Complications due to the temperature-dependent thermal conductivity, com-

plex heat generation term and non-linear boundary conditions make the analyt-

ical solution impossible. However, under certain simplified assumptions, some

analytical expressions can be derived. Before proceeding further, necessary bound-

ary conditions should be supplied. Even though there are three different zones in

a fuel element cross section, equations are derived for only two regions, namely

the fuel pellet (p) and the cladding (c). As it will be described below, the gap is

practically closed after a few days of operations. As shown in Figure 4.1, protru-

sions are created especially on the pellet outer surface, and there are many con-

tact points between the pellet and the cladding. Thermal expansion coefficient

of the fuel pellet and the cladding is also different. For instance, the coefficient

for the fuel pellet is approximately two times greater than that of the cladding.
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This is another reason for the gap closure. However, there is significant temper-

ature drop within this region that should be taken into account. The amount of

temperature drop is determined based on “Gap Heat Transfer Coefficient (hg)”,

which is an experimentally determined parameter and depends on the thermal

conductivity of gases, size of protrusions, burnup level, etc. This region is taken

into account as thermal contact resistance. Applicable boundary conditions are

given in Eq. (4.3) as

∂T
∂r

)

r=0

= 0 (4.3)

−kp
∂T
∂r

)

r=R−
p

= hg

(
T(R−

p ) − T(R+
p )

)
= hg∆Tg

−kc
∂T
∂r

)

r=Rc

= h∞
(

T(Rc) − T∞
)

where kp and kc are the thermal conductivity of the pellet and clad, respectively;

h∞ denotes the coolant heat transfer coefficient, and T∞ is the bulk coolant tem-

perature. T(R−
p ) represents the temperature on the pellet outer surface, and T(R+

p )

represents the clad inner surface temperature. Therefore, ∆Tg = T(R−
p )− T(R+

p ) is

the temperature drop across the gap region. The first boundary condition given

by Eq. (4.3) is for centerline symmetry of temperature at the pellet center. The

second boundary condition is for the gap temperature drop and the last one ac-

counts for convective boundary condition at the cladding wall, which requires

the coolant side temperature, T∞ and heat transfer coefficient, h∞. However, in

addition to the boundary conditions, the heat generation term in Eq. (4.2) should

also be given for the solution. For the purpose of this analysis, time and space

separability is assumed to specify the heat generation term. As it will be de-

scribed in Chapter 5, this assumption is the starting point of the derivation of the

Point Kinetic Model (PKM). By considering the radial power shape inside the fuel

pellet, the following equation is used to describe position- and time-dependent
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volumetric heat generation term:

Q′′′(r, t) = 〈Q′′′
o 〉n(t)φ(r) (4.4)

where 〈Q′′′
o 〉 is the area-averaged volumetric heat generation rate at steady-state,

n(t) is the neutron amplitude function, which can be determined from the PKM

equations, and φ(r) is the shape function that characterizes the spatial distribu-

tion of the thermal neutrons inside the pellet. In this analysis, the power shape is

normalized such that,
2

R2
p

∫Rp

0

φ(r)rdr = 1 .

Therefore, the area-averaged volumetric heat generation under steady-state con-

ditions can be determined from the following equation:

〈Q′′′
o 〉 =

∫Rp

0
Q′′′

o (r)rdr
∫Rp

0
φ(r)rdr

. (4.5)

The amount of heat generation and its spatial distribution depend on the

thermal neutron flux. The neutron flux, in turn, depends on the fuel composi-

tion, temperature, and coolant density. As far as the spatial power shape within

the fuel pellet is concerned, a parameter called “Flux Depression Factor”, denoted

by ζ, determines the effect of the power profile tilting inside the pellet. The ther-

mal neutron flux is higher inside the coolant and lower inside the pellet. This is

because of the fact that neutrons are generated inside the fuel as fast neutrons

and they are thermalized in the moderator/coolant region. Therefore, the ther-

mal neutrons, which cause most part of the fission, enter the fuel from the mod-

erator side. Since both U235 and U238 atoms have high absorption cross sections,

more of the thermal neutrons are absorbed at the periphery of the fuel pellet.

This effect causes the inner region of the fuel pellet to be shielded against thermal

neutrons. Therefore, because of this self-shielding effect, the power generation

in the pellet is higher at the periphery. The non-uniform power shape changes
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the time lag characteristics of the fuel heat conduction and causes the fuel time

constant of the fuel element smaller than that of the uniform power profile case.

For the purpose of this study, a parabolic power shape is considered for the

radial power shape, φ(r) to account for the self-shielding effect. The power pro-

file is given by

φ(r) = 1 +

[( r

Rp

)2

−
1

2

]
f , (4.6)

where f is an adjustable parameter to account for the effect of the flux depres-

sion factor, ζ, which is defined as the ratio of the power generation at the pellet

periphery and pellet center:

ζ =
φ(0)

φ(Rp)
(4.7)

Therefore, the parameter, f, can be written as a function of the flux depression

factor as

f =
2(1 − ζ)

1 + ζ
(4.8)

The flux depression factor is characterized by the neutron flux distribution inside

the fuel pellet. It can be calculated via a neutron transport code for a given cell

geometry and composition profile.

4.2 Steady-state Temperature Distribution and Thermal Resistances

The steady-state temperature distribution inside the fuel element is deter-

mined with given boundary conditions. Thermal resistances in different zones of

the fuel element are derived based on the solution of the steady-state heat con-

duction equation given by Eq. (4.2). In the derivation of the thermal resistance

expressions and the simplified models used for the fuel heat conduction, area-

averaging over the fuel pellet and cladding is performed. Therefore, the problem

is formulated based on two different regions, namely fuel pellet and cladding. For

the fuel pellet, power profile-weighted area-averaging is employed to accommo-

date the effect of the power profile on the fuel time constant. The power profile-
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〈〈T〉〉p ! T(R−
p ) ! T(R+

p ) ! 〈T〉c ! T(Rc) ! T∞

Figure 4.2. Heat Conduction Network for the Fuel Element based on
Averaged Temperatures

weighted area-averaged temperature for the fuel pellet is given as follows:

〈〈T〉〉p , 〈T(r)φ(r)〉p
〈φ(r)〉 =

2

R2
p

∫Rp

0

T(r)φ(r)rdr (4.9)

Similar to Eq. (4.9), the average clad temperature is defined as

〈T〉c =
1

Ac

∫∫

Ak

T(r)dA =
2

R2
c − R2

p

∫Rc

Rp

T(r)rdr (4.10)

In the following sections, the steady-state temperature distribution for each re-

gion (pellet and clad) and thermal resistances are derived. The heat transfer net-

work shown in Figure 4.2 is the basic scheme in the derivation of the resistances

and the simplified models for the fuel heat conduction.

4.2.1 Pellet Region

The steady-state form of Eq. (4.2) can be solved for the pellet by introducing

the pellet outer surface temperature, T(R−
p ), as a boundary condition. By con-

sidering the temperature-dependent thermal conductivity of UO2, the following

equation can be written for the general solution of the steady-state temperature

distribution inside the pellet:

∫T(r)

T(R−
p )

k(T)dT = 〈Q′′′〉R2
p

[
1 − r′2

4
−

(
r′2 − 1

4

)2

f

]
(4.11)

where r′ =
r

Rp

. The integral on the left-hand-side of Eq. (4.11) is called “Con-

ductivity Integral” and can be evaluated with a given “k(T)”. The thermal con-
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Figure 4.3. Thermal Conductivity of UO2 Pellet

ductivity of the UO2 pellet shown in Figure 4.3 is given by a correlation based on

extensive database [32]. As seen from the figure, the pellet thermal conductivity

is a strong function of the temperature. However, the pellet thermal conductivity

depends on many other factors besides temperature, such as irradiation due to

composition change and porosity [33].

The temperature distribution given by Eq. (4.11) requires an iterative pro-

cess. For simplicity, an averaged value for the pellet thermal conductivity is used.

Based on the minimum and maximum temperature inside the pellet during the

transient, Tmin, Tmax, following equation can be written for the average thermal
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conductivity of the pellet,

kp =
1

Tmax − Tmin

∫Tmax

Tmin

k(T)dT (4.12)

By introducing the averaged-thermal conductivity of the pellet, following

equation for the pellet steady-state temperature distribution can be written from

Eq. (4.11),

Tp(r) = T(R−
p ) +

〈Q′〉
πkp

[
1 − r′2

4
−

(
r′2 − 1

4

)2

f

]
(4.13)

where 〈Q′〉 = πR2
p〈Q′′′〉 is the area-average linear heat rate for the fuel element. By

using the definition of power profile-weighted area-averaging given by Eq. (4.9),

the average temperature drop across the fuel pellet is given as follows,

〈〈T〉〉p − T(R−
p ) = 〈Q′〉f

2 − 8f + 24

192πkp

(4.14)

The conductive thermal resistance for the fuel pellet, R′1, based on the average

temperature drop given by Eq. (4.14) can be written as follows

R′1 , f2 − 8f + 24

192πkp

(4.15)

In general, the thermal resistance, R′, is defined as follows

R′ =
∆T
〈Q′〉 (4.16)

which is given in terms of the linear heat rate. Therefore, R′ has unit
m◦K

W
.

4.2.2 Gap and Cladding Regions

As described in Section 4.1, the gap region is practically closed after few

days of operation. Therefore, it is reasonable to treat this region as a contact ther-

mal resistance given in terms of gap heat transfer coefficient, hg. The determina-

tion of the gap heat transfer coefficient is quite complicated and difficult to de-
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velop an analytical model. The current approach for the gap conductance prob-

lem is to treat the gap conductance as a contact resistance between two solids

(pellet and clad) including the effect of protrusions, fission gas release rate and

its content. The detailed analysis for the gap conductance is given by Ref. [34, 35].

In the current study, the value of 5700 W/m2K for the gap heat transfer coefficient

is used as recommended for design calculations [36].

As shown in Eqs. (4.3), the linear heat rate can be written in terms of gap

heat transfer coefficient, hg, and gap temperature drop, ∆Tg = (T(R−
p ) − T(R+

p ))

as follows,

〈Q′〉 = 2πRphg(T(R−
p ) − T(R+

p )) . (4.17)

From the definition of the thermal resistance given by Eq. (4.16), the gap region

thermal resistance, R′2 is given by

R′2 , 1

2πRphg

. (4.18)

The steady-state heat conduction equation for the cladding can be obtained

by dropping the heat generation term in Eq. (4.2). During normal operation, cer-

tain amount of heat is also deposited inside the cladding due to the γ-ray at-

tenuation, however this is negligible compared to the heat generation inside the

pellet, therefore, it is simply neglected.

As shown in Figure 4.2, two separate thermal resistance expressions are de-

rived for the cladding. This can be achieved by solving the conduction equation

with the clad inner surface temperature, T(R+
p ), and the clad outer surface tem-

perature, T(Rc), as boundary conditions. Therefore, two different forms of the

clad temperature distribution are derived. By means of clad inner surface tem-

perature as a boundary condition, the following equation is written for the clad,

Tc(r) = T(R+
p ) −

〈Q′〉
2πkc

ln

(
r

Rp

)
(4.19)
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Figure 4.4. Thermal Conductivity of Zr2 Cladding

where kc is the average thermal conductivity of the clad. The effect of tempera-

ture on the thermal conductivity should also be considered for Zircaloy-2. How-

ever, the effect is not as significant as that in UO2 thermal conductivity. The linear

dependency can be easily assumed as can be seen from Figure 4.4. The correla-

tion for the Zircaloy-2 thermal conductivity used in the figure was developed by

Scott [37].

The average temperature drop, T(R+
p ) − 〈T〉c, in the clad can be determined

by applying area averaging defined via Eq. (4.10). The thermal resistance cor-

responding to the temperature drop, T(R+
p ) − 〈T〉c, can be written by means of
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Eq. (4.16) as follows,

R′3 , 1

2πkc

[
R2

c

R2
c − R2

p

ln

(
Rc

Rp

)
1

2

]
(4.20)

The temperature profile can also be determined by introducing the bound-

ary condition on the clad outer surface. Therefore, by using the clad outer surface

temperature (wall temperature), T(Rc), the distribution is given as

Tc(r) = T(Rc) +
〈Q′〉
2πkc

ln

(
Rc

r

)
(4.21)

The second thermal resistance of the clad for the temperature drop, 〈T〉c − T(Rc),

is determined after area-averaging and by using the definition of the thermal re-

sistance as follows,

R′4 , 1

2πkc

[
1

2
−

R2
p

R2
c − R2

p

ln

(
Rc

Rp

)]
(4.22)

4.2.3 Convective Resistance of the Coolant

Based on the temperature difference between the clad outer surface tem-

perature, T(Rc), and the bulk coolant temperature, T∞, the resistance for the con-

vective heat transfer between the clad and coolant is given by

R′5 , 1

2πRch∞
(4.23)

where h∞ is the heat transfer coefficient of the coolant. Since its functional de-

pendency on flow conditions differs depending on whether the flow is single

phase or two-phase, two different flow conditions should be examined sepa-

rately.

In the single phase flow, the heat transfer coefficient is written as a function

of the Reynolds and Prandtl numbers. Neglecting the pressure dependency on

the flow conditions, the heat transfer coefficient in single phase flow, h1φ, is writ-
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Table 4.1. Coefficient of Eq. (4.27) for Different Correlations

κ(P)(106) m

Jens and Lottes
exp(4P/6.2)

254
3

Thom
exp(2P/8.7)

22.74
1

ten as a function of liquid velocity through the Reynolds number. The Reynolds

number is defined as

NRe , ρfυfDe

µf

(4.24)

where ρf and µf are the liquid density and viscosity, respectively. υf is the liquid

velocity and De is the equivalent hydraulic diameter of the flow channel. The heat

transfer coefficient in single phase flow can be determined from Dittus-Boelter

correlation [38],

h1φ = 0.023
kf

Dh

N0.8
Re N0.4

Pr (4.25)

where kf is the liquid thermal conductivity and Dh is the heated diameter calcu-

lated based on heated perimeter of the heated channel. NPr is the Prandtl number

given by

NPr , νf

af

(4.26)

where νf and af are the momentum and thermal diffusivity of the liquid, respec-

tively.

In two-phase flow, the heat transfer coefficient is determined based on given

heat transfer regime. In general, nucleate boiling heat transfer dominates. The

general form of the heat transfer coefficient is given as a function of pressure,P,
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and wall superheat, ∆Tw = T(Rc) − Ts, as

h2φ = κ(P)∆Tm
w (4.27)

The saturation temperature,Ts, at given pressure is considered as the bulk coolant

temperature in the two-phase flow.

For the purpose of the analysis, two correlations for the nucleate boiling are

highlighted: Jens and Lottes [39] and Thom [40] correlations. Table 4.1 summa-

rizes the coefficients of Eq. (4.27) for those two correlations.

4.3 Simplified Models for Fuel Heat Conduction

In this section, simplified models for predicting the transient behavior of

the fuel heat conduction process are derived. The partial differential equations

given by Eq. (4.2) is transformed into two ordinary differential equations for the

pellet and cladding regions by introducing the area averaging over each region

of the fuel element. Two alternative models are presented in this study: One is

“Double-Node Lumped Model”, which considers the fuel pellet and clad sepa-

rately; While the other method, called “Single-Node Lumped Model”, is the result

of lumping the pellet and cladding regions into one, which is called “fuel ele-

ment”.

As shown in Figure 4.2, there are five thermal resistances along the heat

flow path. Since ordinary differential equations are written for power profile-

weighted area-averaged pellet temperature and area-averaged clad temperature,

two separate heat conductances are defined:

U′
pc , Nrod

R′1 + R′2 + R′3
(4.28)

which considers the heat flow from the fuel pellet to the clad. The conductance
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from the cladding to the coolant is given by

U′
c∞ , Nrod

R′4 + R′5
(4.29)

where Nrod is the number of fuel rods in the reactor core. R′1 is the pellet resis-

tance (Eq. (4.15)); R′2 is the gap resistance (Eq. (4.18)); R′3 is the resistance of the

inside half of the cladding (Eq. (4.20)); R′4 is the resistance for the outside half

of the cladding (Eq. (4.22)); and R′5 is the convective resistance of the coolant

(Eq. (4.23)).

4.3.1 Double-Node Lumped Model

The one-dimensional form of the heat conduction equation given by Eq. (4.2)

can be integrated over each region to obtain the coupled ordinary differential

equations for the fuel pellet and the clad. The following equations can be ob-

tained for the double-node lumped model: The pellet region:

〈ρc〉pAp
d〈〈T〉〉p

dt
= 〈Q′

o〉n(t) − U′
pc

(
〈〈T〉〉p − 〈T〉c

)
(4.30a)

and the cladding region:

〈ρc〉cAc
d〈T〉c

dt
= U′

pc

(
〈〈T〉〉p − 〈T〉c

)
− U′

c∞
(
〈T〉c − T∞

)
(4.30b)

where 〈ρc〉p and 〈ρc〉c are the volumetric heat capacity of the pellet and clad, re-

spectively. Ap = NrodπR2
p is the total fuel pellet cross sectional area, and Ac =

Nrodπ(R2
c −R2

p) is the total clad cross sectional area. Equations (4.30a) and (4.30b)

are integral energy balance equations inside each region, considering energy pro-

duction, transfer and storage terms. Since they are ordinary differential equa-

tions in time domain, the solution requires initial temperatures for each region.

The initial conditions are given as

〈〈T〉〉p,o = T∞,o + 〈Q′
o〉

U′
pc + U′

c∞
U′

pcU′
c∞

(4.31a)
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〈T〉c,o = T∞,o +
〈Q′

o〉
U′

c∞
(4.31b)

4.3.2 Single-Node Lumped Model

Single-node lumped model can be obtained by integrating the energy equa-

tion over the entire cross-sectional area of the fuel element, including the pellet

and cladding. The area-averaged fuel element temperature for which the single-

node lumped model is derived is written in terms of power profile-weighted area-

averaged pellet temperature, 〈〈T〉〉p, and area-averaged clad temperature, 〈T〉c:

〈T〉fe =
Ap

Afe

〈〈T〉〉p +
Ac

Afe

〈T〉c (4.32)

where Afe = Ap + Ac = NrodπR2
c is the total fuel element cross sectional area.

Therefore, the differential equation for the area-averaged fuel element tempera-

ture is written as follows:

〈ρc〉feAfe
d〈T〉fe

dt
= 〈Q′

o〉n(t) − U′
(
〈T〉fe − T∞

)
(4.33)

where U′ is the overall heat conductance which is derived based on the area av-

eraging as follows,

U′ =
Nrod

Ap

Afe

(
R′1 + R′2 + R′3

)
+ R′4 + R′5

(4.34)

The area-averaged volumetric heat capacity of the fuel element, 〈ρc〉fe, is given

as,

〈ρc〉fe =
〈ρc〉pAp + 〈ρc〉cAc

Ap + Ac

(4.35)

The initial condition required for the solution of Eq. (4.33) is given as follows:

〈T〉fe,o = T∞,o +
Q′

o

U′ . (4.36)
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4.4 Fuel Heat Conduction Time Constant

The conduction of the heat across the fuel element requires a certain amount

of time which is characterized by a time constant. A typical BWR fuel element has

the time constant of four to six seconds. The time constant is one of the funda-

mental parameter in the stability analysis of the nuclear-coupled density wave

oscillations. Depending on the frequency of the flow oscillations, the oscillations

in the void and the heat flux may be in-phase, which results in positive void co-

efficient in terms of heat flux to the coolant.

In this section, based on the developed models in Section 4.3, expressions

for the fuel time constant of a typical fuel element are derived.

By using the double-node lumped model, Eqs. (4.30a) and (4.30b) can be

written in matrix-vector form as

d
dt

(
~〈T〉

)
= A ~〈T〉+ ~b, (4.37)

where vector ~〈T〉 = [〈〈T〉〉p 〈T〉c]T . The matrix A, which is used for the time con-

stant determination, is written as

A =




−
U′

pc

〈ρc〉pAp

U′
pc

〈ρc〉pAp

U′
pc

〈ρc〉cAc

−
U′

pc + U′
c∞

〈ρc〉cAc




. (4.38)

Transient characteristics of the conduction process can be determined by

analyzing the eigenvalues of the matrix in Eq. (4.37) . The characteristic equation

of this matrix is a second order polynomial, which is written as

p(λ) = det(A − λI) = λ2 + p1λ + p2 = 0, (4.39)
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where the coefficients are

p1 =
U′

pc

〈ρc〉pAp

+
U′

pc + U′
c∞

〈ρc〉cAc

(4.40a)

and

p2 =
U′

pcU′
c∞

〈ρc〉cAc〈ρc〉pAp

(4.40b)

As can be seen from Eqs. (4.40), both coefficients (p1 and p2) are positive.

Therefore, the roots of Eq. (4.39) have the same signs. In addition, the discrim-

inant, ∆ = p2
1 − 4p2, is always greater than zero, assuring that the following two

roots are real:

λ1 = −
p1

2

[
1 +

(
1 −

4p2

p2
1

)1/2]
(4.41a)

λ2 =
p1

2

[(
1 −

4p2

p2
1

)1/2

− 1

]
(4.41b)

The second root that is the smallest in magnitude determines the transient char-

acteristics dominantly. Therefore, the fuel time constant is the inverse of the sec-

ond root, given by

τF =
2

p1

[(
1 −

4p2

p2
1

)1/2

− 1

]. (4.42)

The second approach for determining the fuel time constant is to derive

expressions from the single-node lumped model. From the ordinary differential

equation written for the average fuel element temperature, the fuel time constant

expression becomes

τF =

(
〈ρc〉pAp + 〈ρc〉cAc

)
( Ap

Afe

)
U′

c∞ + U′
pc

U′
pcU′

c∞
. (4.43)
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4.5 Dimensional Analysis and Transfer Functions for Fuel Heat Conduction

In the previous sections, the simplified models for the fuel heat conduction

process in a typical BWR fuel element have been derived. Applying area aver-

aging to the one-dimensional heat conduction equation in cylindrical geometry,

two ordinary differential equations are derived for the power profile-weighted

area-averaged fuel pellet temperature and area-averaged clad temperature. The

model is further simplified by lumping the pellet and cladding region into one

single region.

In this section, a detailed dimensional analysis is performed. By introduc-

ing appropriate form of the scaling variables, the model equations are nondi-

mensionalized. The problem is transformed into frequency domain by lineariz-

ing and applying Laplace transformation on Eq. (4.33). The frequency domain

analysis provides the transfer functions that link the heat generation and wall

heat flux. Based on the derived transfer function for the fuel heat conduction

process, several dimensionless numbers are emphasized for the modeling of heat

conduction delay in the void-reactivity feedback simulation experiments.

4.5.1 Scaling Variables and Dimensionless Conduction Equations

Essence of dimensional analysis is based on the definition of appropriate

scaling variables. The scaling variables are chosen in such a way that they are

consistent with the flow-field dimensionless analysis described in Chapter 3. The

following list describes the scaling variables for each dimension appearing in the

model formulation:

I. Time: Inverse of the reaction frequency in saturated two-phase flow, Ωo, is

chosen for time scale. The reaction frequency at steady-state conditions is

defined as

Ωo =
〈Q′

o〉
A∆ifg

∆ρ

ρfρg

(4.44)
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where

〈Q′
o〉 , Linear heat rate at steady-state [W/m]

∆ρ , Density difference between liquid and vapor at saturation [kg/m3]

A , Channel Flow Area [m2]

∆ifg , Latent heat of vaporization [J/kg]

Ωo , Reaction Frequency at steady-state [1/sec]

Therefore, the dimensionless time is defined as

t∗ = tΩo (4.45)

The dimensionless fuel time constant determined from the single-node lumped

model is written as

τ∗F =
〈ρc〉feAfe

U′ Ωo (4.46)

The term
U′

〈ρc〉fe , denoted by afe is considered as pseudo thermal diffusivity

which is the integral quantity of the fuel element. Similarly, pseudo thermal

diffusivity for the pellet and cladding can be written as follows,

ap =
U′

pc

〈ρc〉p ac =
U′

c∞
〈ρc〉c (4.47)

II. Area: The transverse length scale is lost due to the area-averaging in the ra-

dial direction. The area scale is chosen to be the channel flow area as it is

consistent with flow field scaling. Therefore, the dimensionless cross sec-

tional area of the pellet and cladding becomes,

A∗
p =

Ap

A
A∗

c =
Ac

A
(4.48)

where subscripts p and c stand for the pellet and cladding regions, respec-
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tively.

III. Volumetric Heat Capacity: The volumetric heat capacity of each region is

scaled by the saturated liquid heat capacity, ρfcpf:

〈ρc〉∗p =
〈ρc〉p
ρfcpf

〈ρc〉∗c =
〈ρc〉c
ρfcpf

(4.49)

IV. Reaction Frequency: The reaction frequency, Ω, depends on whether the

flow is single phase or two-phase. The transient reaction frequency for the

single phase and two-phase flows is defined in terms of the linear heat rate,

〈Q′〉, in each flow region as follows:

Ω1φ =
〈Q′

1φ〉
A∆ifg

∆ρ

ρfρg

Ω2φ =
〈Q′

2φ〉
A∆ifg

∆ρ

ρfρg

(4.50)

The linear heat rate in each flow conditions is written as follows,

〈Q′〉 = U′
c∞

(
〈T〉c − T∞

)
(4.51)

where the heat conductance, U′
c∞, and the bulk coolant temperature T∞

change depending on the flow condition as described in Section 4.2.3. Equa-

tion (4.51) is written based on the area-averaged clad temperature. However,

a similar expression can be written based on the single-node lumped model

by replacing U′
c∞ with U′ and 〈T〉c with 〈T〉fe. It is important to note that U′

c∞

and U′ are both a function of the heat transfer coefficient of the coolant, h∞,

which is time dependent. Based on the definitions given by Eq. (4.50), the

dimensionless transient reaction frequency for each phase is given by

Ω∗
1φ =

Ω1φ

Ωo

Ω∗
2φ =

Ω2φ

Ωo

(4.52)

V. Temperature: The dimensionless temperature for the pellet and cladding is
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defined as follows,

θ∗p ,
cpf

(
〈〈T〉〉p − Ts

)

∆ifg

∆ρ

ρg

θ∗c ,
cpf

(
〈T〉c − Ts

)

∆ifg

∆ρ

ρg

(4.53)

where Ts is the saturation temperature of the coolant at a given system pres-

sure. The definition of the dimensionless temperatures given in Eq. (4.53) is

similar to the dimensionless liquid enthalpy in single phase flow in flow field

scaling [41]. From the definition of the dimensionless liquid enthalpy in sin-

gle phase flow, the dimensionless temperature for the bulk coolant temper-

ature is given by

θ∗∞ ,
cpf

(
Ts − T∞

)

∆ifg

∆ρ

ρg

(4.54)

As seen from Eqs. (4.53) and (4.54), the dimensionless temperatures are all

positive quantities. In two-phase flow section of the channel, θ∗∞ becomes

zero since bulk coolant temperature is the same as the saturation tempera-

ture.

Based on the scaling variables defined above, the dimensionless fuel pellet

and cladding equations are written as

dθ∗p
dt∗

=
n(t∗)
〈ρc〉∗pA∗

p

− a∗p
(
θ∗p − θ∗c

)
(4.55a)

dθ∗c
dt∗

= a∗p
〈ρc〉∗pA∗

p

〈ρc〉∗cA∗
c

(
θ∗p − θ∗c

)
− a∗c

(
θ∗c + θ∗∞

)
(4.55b)

where a∗p and a∗c are the dimensionless pseudo thermal diffusivity of the pellet

and cladding, respectively. Another dimensionless equation is written for the

single-node lumped model as follows:

dθ∗fe
dt∗

=
n(t∗)

〈ρc〉∗feA∗
fe

− a∗fe
(
θ∗fe + θ∗∞

)
(4.56)
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4.5.2 Frequency Domain Analysis: Transfer Functions

In this section, the problem derived in time domain in the previous sections

is transformed into frequency domain by linearizing Eq. (4.56) and then applying

the Laplace transformation to it. The transfer functions between coolant power

and the heat generation inside the pellet are derived by considering the single

and two-phase flow conditions in the channel.

The initial condition for Eq. (4.56) is given as

θ∗fe,o =
1

NFo〈ρc〉∗feA∗
fe

− θ∗∞,o (4.57)

where NFo is the Fourier number defined as

NFo , U′
o

〈ρc〉feAfe

1

Ωo

(4.58)

which is the dimensionless fuel element thermal diffusivity at steady state. Since

the heat conductance, U′
o, depends on the flow conditions, the Fourier number

is defined for single and two-phase flow sections of the channel, separately. The

Fourier number is the ratio of the heat transferred to the heat stored in the fuel

element and a measure of the conduction time lag. Therefore, it is one of the

important dimensionless numbers of the fuel heat conduction process.

In single phase flow, the heat transfer coefficient, h1φ, can be written as a

function of liquid velocity after neglecting the pressure dependency. From Dittus-

Boelter correlation [38], the following equation is written for the heat transfer co-

efficient in terms of dimensionless liquid velocity,

h1φ

h1φ,o

=
(

NZuυ∗f
)0.8

(4.59)

where υ∗f =
υf

Ωlh

is the dimensionless liquid velocity in single phase flow. NZu is
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the Zuber or Phase Change Number defined as

NZu , Ωolh

υf,o

=
〈Q′

o〉lh

A∆ifgυf,oρf

∆ρ

ρg

(4.60)

where lh is the channel heated length. As described in Ref. [41], the Zuber num-

ber is one of the important dimensionless numbers in fluid flow field scaling.

h1φ,o in Eq. (4.59) is the heat transfer coefficient in single phase flow computed

from the liquid velocity at the steady-state condition.

In two-phase flow, as described in Section 4.2.3, the heat transfer coeffi-

cient, h2φ, depends on wall superheat, ∆Tw =
(

T(Rc) − Ts

)
. However, the model

equation is written in terms of area-averaged temperature. Therefore, the func-

tional form of the heat transfer coefficient in the two-phase flow should be ad-

justed from Eq. (4.27) and resistance network shown in Figure 4.2. The following

equation can be written for the heat transfer coefficient in the two-phase flow by

neglecting the pressure effect:

h2φ

h2φ,o

=

(
θ∗fe
θ∗fe,o

) m

m + 1
(4.61)

where the coefficient, m, is given in Table 4.1. In the formulation of Eq. (4.61), the

convective resistance, R′5, is assumed small compared to other conductive ther-

mal resistances in the fuel pellet and cladding. This is a reasonable assumption

especially for the two-phase flow since the two-phase flow associates with higher

heat transfer coefficients.

In the following two sections, the transfer functions between coolant power

(reaction frequency) and heat generation inside the fuel pellet (neutron ampli-

tude function) are derived for both single and two-phase sections of the flow

channel.

The linearization procedure can be viewed as a first order Taylor expansion
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of a function. Let f be a function of parameters x1, x2, x3, . . . , xn. The first order

perturbation on the independent variables, xi, yields perturbation in f as

δf =
∂f

∂x1

δx1 +
∂f

∂x2

δx2 + . . . +
∂f

∂xn

δxn (4.62)

where partial derivatives are evaluated at stationary state.

4.5.2.1 Single Phase Flow

The dimensionless thermal diffusivity in Eq. (4.56), which is a function of

the liquid velocity, can be perturbed and Laplace-transformed to yield

δa∗fe(s
∗) = 0.8

NFo,1φ

NBi,1φ

NZuδυ∗f(s
∗) (4.63)

where NBi,1φ is the Biot number for the single phase flow defined as follows,

NBi,1φ , 2πNrodRch1φ,o

U′
o

(4.64)

The Biot number represents the ratio of convective conductance, 2πNrodRch1φ,o,

to the total conductance, U′
o. NFo,1φ is the Fourier number in the single phase

flow calculated by means of the heat transfer coefficient, h1φ,o from Eq. (4.58).

The reaction frequency in the single phase flow is written as

Ω∗
1φ = a∗fe〈ρc〉∗feA∗

fe

(
θ∗fe + θ∗∞

)
(4.65)

By linearizing Eqs. (4.56) and (4.65), and applying the Laplace transformation,

the following transfer function for the reaction frequency in the single phase flow

can be derived,

δΩ∗
1φ(s∗) =

NFo,1φ

s∗ + NFo,1φ

δn(s∗) + 〈ρc〉∗feA∗
fe

NFo,1φs∗

s∗ + NFo,1φ

δθ∗∞(s∗) (4.66)

+ 0.8
NZu

NBi,1φ

s∗

s∗ + NFo,1φ

δυ∗f(s
∗)
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where s∗ =
s

Ωo

is the dimensionless frequency.

4.5.2.2 Two-phase Flow

In two-phase flow section of the channel, the dimensionless fuel element

equation reduces to
dθ∗fe
dt∗

=
n(t∗)

〈ρc〉∗feA∗
fe

− a∗feθ
∗
fe (4.67)

where the dimensionless thermal diffusivity, a∗fe, depends on the dimensionless

fuel element temperature, θ∗fe through Eq. (4.61). Applying first order perturba-

tion and the Laplace transformation, the following expression is obtained,

δa∗fe(s
∗) =

NFo,2φ

NBi,2φ

m

m + 1
δθ∗fe(s

∗) (4.68)

where NFo,2φ and NBi,2φ are Fourier and Biot numbers in two-phase flow com-

puted by means of heat transfer coefficient, h2φ,o.

The dimensionless reaction frequency in the two-phase flow is written as

Ω∗
2φ = a∗fe〈ρc〉∗feA∗

feθ
∗
fe (4.69)

By linearizing Eqs. (4.67) and (4.69) and applying the Laplace transformation, the

following transfer function for the reaction frequency in the two-phase flow can

be obtained:

Ω∗
2φ(s∗) =

NFo,2φ +
m

m + 1

1

〈ρc〉∗feA∗
feNBi,2φ

s∗ + NFo,2φ +
m

m + 1

1

〈ρc〉∗feA∗
feNBi,2φ

(4.70)

Equation (4.70) can be further simplified if one assumes

NFo,2φ À m

m + 1

1

NBi,2φ〈ρc〉∗feA∗
fe

(4.71)
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to the following form:

δΩ∗
2φ(s∗) =

NFo,2φ

s∗ + NFo,2φ

δn(s∗) (4.72)

As seen from Eqs. (4.66) and (4.72), the Fourier number is the most impor-

tant dimensionless number for fuel heat conduction time delay, which charac-

terizes the time lag between the generation inside the pellet (δn(s∗)) and the heat

transferred to the coolant (Ω∗
1φ(s∗), Ω∗

2φ(s∗)). The transfer function between Ω∗
1φ,

Ω∗
2φ and n is simply a first order time delay and has quite similar characteristics

compared to RC-circuits which are used in signal processing in electronics. The

following section examines this similarity based on two different RC-circuits.

4.6 RC-circuit Analogy

Heat conduction process can be considered as a process which can be rep-

resented with representative resistance and capacitance in a RC circuit. Two dif-

ferent RC circuits are shown in Figure 4.5.

The first circuit is used as a low-pass filter which removes the high fre-

quency content of the input signal. When the frequency domain analysis is per-

formed for the input and the output signals, the following transfer function can

be obtained:
δEout

δEin

=
1

τs + 1
, (4.73)

where τ = RC is the time constant of the circuit, which is equivalent to the in-

verse of the Fourier number defined by Eq. (4.58). R and C represent the resis-

tance and capacitance in the circuits shown in Figure 4.5. The basic function of

the circuit is integration and it filters the high frequency oscillations in the input

signal. Comparing to the transfer function obtained between the heat flux (re-

action frequency) and heat generation (neutron amplitude) given in Eqs. (4.66)

and (4.72), it can be concluded that the heat conduction process behaves sim-

ilarly compared to the RC-integrator circuit which removes the high frequency
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Figure 4.5. High Pass and Low Pass RC Circuits

oscillations in the input signal, which is the neutron flux amplitude.

The detailed properties of a RC-integrator can be analyzed by giving a si-

nusoidal input signal with an oscillating frequency, ω. The input signal can be

defined as

Ein = Ain sin(2πωt) (4.74)

and the output signal

Eout = Aout sin(2πωt + φ) (4.75)

where φ is the phase shift between the input and output signals. Ain and Aout

represent the input and output amplitudes, respectively. The amplitude ratio of

the output signal to the input signal, which is the damping in the system, can be

written as
|Aout|

|Ain

=
1√

1 + (ω/ωf)
. (4.76)

Furthermore, the phase shift between the input and output signals is written as

φ = − arctan(ω/ωf) (4.77)
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where ωf is the characteristic frequency given as the reciprocal of the circuit time

constant, τ. Similarly, for the heat conduction process, the characteristic fre-

quency is proportional to the Fourier number.

There is a certain relation between the oscillation period and the time con-

stant in terms of the damping in the system. However, it can be easily shown that

when the oscillating frequency is much larger than the Fourier number, ω À NFo,

the system has large damping on the neutron flux oscillations. In other words, the

high-frequency oscillations in neutron flux are smoothed out by the heat conduc-

tion. The coolant side does not feel rapid change in the heat generation due to

the high frequency neutron flux oscillations. On the other hand, when the os-

cillating frequency is much smaller then the Fourier number, ω ¿ NFo, which

corresponds to low-frequency oscillations, there is almost no damping. There-

fore, large amplitude neutron flux oscillations are translated into large amplitude

heat flux oscillations on the fuel element wall.

For the second circuit in Figure 4.5, which is CR-Differentiator circuit, the

transfer function between the input and the output signal is written as

δEout

δEin

=
τs

τs + 1
. (4.78)

The RC-Differentiator circuit is used for removing the low-frequency content of

the signal. In other words, only high-frequency information is passed through.

From the transfer function of the wall heat flux in the single phase region given

by Eq. (4.66), it can be seen that the coolant side perturbation like velocity and the

inlet subcooling have RC-Differentiator-like behavior on the wall heat flux. How-

ever, the neutron flux oscillations have major contribution to the wall heat flux

oscillations. In addition, in the two-phase region, inlet velocity and subcooling

have no effect on the wall heat flux response. Therefore, low-pass filter behavior

is dominant in the heat conduction process.
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5. NEUTRON FIELD FORMULATION

The neutron kinetics describes the rate of change in the neutron flux throughout

the core. Since the neutron flux level determines the amount of heat generation

inside the fuel pellet as a result of fission, it is directly related to the volumetric

heat generation rate in the heat conduction equation.

General introduction and modeling strategy for the neutron kinetics analy-

sis are presented in this chapter. After some introductory material, Point Kinetic

Model (PKM) is described as a model for simulating the void-reactivity coupling

simulation in the experimental facility.

The vital part of the void-reactivity feedback simulation is to generate the

void-reactivity coefficient which links the neutron flux change to the void frac-

tion change in the core. HELIOS [42], a two dimensional neutron transport code,

is used to determine the void-reactivity coefficient for a typical SBWR fuel bun-

dle under different operating pressures and average void fractions. By generating

the neutron group constants at different thermal-hydraulic conditions, the reac-

tivity coefficient as a function of simulated void fraction and pressure used in the

simulation is obtained.

5.1 Introduction

The nature of the kinetic problem in reactor physics highly depends on the

time constant of the phenomenon considered [43]. Three different phenomena

can be highlighted:

1. Short Time Phenomena, which typically occur in time intervals of millisec-

onds to seconds: In special cases, the time intervals may extend to many

minutes.
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2. Medium Time Phenomena, which occur over hours or days corresponding

to the mean buildup and decay times of certain fission products that can

strongly affect the reactivity.

3. Long Term Phenomena, with variations developing over several month to

years.

In each category, the modeling strategy differs appreciably. For the startup

analysis of SBWR, the strategy includes the phenomena of first and second types.

Since the startup process takes over hours, medium time phenomena becomes

important and requires consideration of control rod motion and power increase.

On the other hand, possible oscillation in the flow field causes the void-reactivity

feedback loop to occur, which creates short time power change within seconds.

For the medium term transients, parameters affecting the neutron kinematics

can be considered in a quasi-steady manner. However, for the latter case in which

void oscillations occur in the core, transient aspects of the problem should be

considered in detail such as the heat conduction time constant, the neutron gen-

eration time, and the precursor decay constant, etc.

The transient behavior of neutron flux in the core is a result of off-criticality.

In other words, transient is caused by the imbalance between the neutron pro-

duction via fission and loss via absorption and leakage. Off-criticality can be de-

scribed by a time-dependent neutron diffusion equation of the form

1

υ

∂Φ

∂t
= (F − M − Fd)Φ + Sd, (5.1)

where
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F : Fission operator which contains fission cross section

Fd : Delayed fission operator which represents the delayed fission neutron source

M : Diffusion and loss operator which contains absorption and transport cross

sections

Φ: Space, time and energy dependent neutron flux

Sd : Delayed neutron source coming from the decay of some of the fission products

υ : Neutron velocity

Small fraction of total fission neutrons comes from the decay of some of

the fission products. Even though the fraction, which is called “delayed neutron

yield”, is very small (0.00625), it is very important in nuclear reactor control be-

cause of their long time constants [43]. Since the delayed neutrons are coming

from some of the fission product groups, the delayed neutron population is also

a function of the neutron flux. Therefore, an equation for Sd is necessary for clo-

sure. The relation between the delayed neutron source, Sd, and the precursor

concentration, Ck, is given as follows:

Sd(~r, t) =
∑

k

λkCk(~r, t) (5.2)

where index k represents the kth precursor group. The equation for the precursor

concentration of the group k is written as a simple balance equation consisting

of a source term due to fission and loss term due to radioactive decay:

∂Ck

∂t
= −λkCk(~r, t) +

∫∞

0

νdkΣf(~r, t)Φ(E′~r, t)dE′. (5.3)

where the energy dependency in the neutron flux is considered.

Precursor groups describes the nuclei groups having similar properties in

terms of the decay constant and neutron energy. Each group can be described

with precursor concentration, Ck, decay constant, λk, and delayed neutron yield,

νdk.

82



5.2 Point Kinetic Model

Transient behavior of the neutron flux or the core power generation can be

determined by solving the Eqs. (5.1) and (5.3). However, the neutron group cross-

sections, especially absorption and transport cross-sections are strong functions

of temperature and flow field. In BWRs, the coolant density or the void fraction

changes the diffusion and loss operator, M, appreciably. The phenomenon is

called “void-reactivity feedback” and requires the knowledge of the void-fraction

dependent neutron group cross-sections.

There are some simplified models which can be used to predict the time-

dependent behavior [43]. The Point Kinetic Model (PKM) is one of the very sim-

plified models which has been used over the years. It is based on the separability

assumption that space and time dependency of neutron flux can be described by

two-separate functions; neutron amplitude,n(t), and neutron flux distribution

at steady state, Φo(r). Therefore, the neutron flux can be written as a product of

these two functions

Φ(r, t) = n(t)Φo(r), (5.4)

This model considers the reactor core as a point where time dependent change

in neutron flux distribution is negligible. This model gives good estimation for

BWR oscillations where the whole core oscillates in-phase [20].

Based on the separability assumption, two set of ordinary differential equa-

tions can be obtained for the neutron amplitude function, n(t), and the precursor

concentration for group k, ξk(t), as follows

dn

dt
=

ρ(t) − β

Λ
n(t) +

1

Λ

6∑

k=1

λkξk(t) (5.5a)

and
dξk

dt
= −λkξk(t) + βkn(t), (5.5b)

where
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βk : Delayed neutron yield of the kth group

λk : kth group precursor decay constant

ξk : kth group reduced precursor concentration

ρ : dynamic reactivity
k − 1

k

Λ : neutron generation time

Reactivity used in Eq. (5.5a) is an integral quantity defined as

ρ =
k − 1

k
(5.6)

where k is the multiplication factor, which is the inverse of the eigenvalue of the

diffusion equation. From its definition, reactivity is zero for a critical reactor.

Positive values indicate the super-criticality and negative values indicate the sub-

criticality. The formal definition of reactivity can be derived from the first order

perturbation theory as [44]

ρ(t) =

∫
V

∫
E
Φ∗

o(r, E)( 1
k
∆F − ∆M)Φo(~r, E)dEdV∫

V

∫
E
Φ∗

o(~r, E)FoΦo(~r, E)dEdV
, (5.7)

where Φ∗
o is adjoint flux which shows the importance of neutrons. The adjoint

flux is actually the eigenfunction of the neutron diffusion problem at steady state

written in terms of adjoint operators for M and F. Ref. [44] provides detailed ex-

planation of the problem for adjoint flux and operators for the neutron diffusion

equation. For the one group neutron diffusion equation, it can be shown that the

adjoint flux, Φ∗
o, is same as the neutron flux, Φo. Therefore, Φ∗

o is larger at the core

center where neutron population is higher and more important. The definition

of reactivity involves the change in migration and fission operators. For BWR ap-

plications, reactivity change due to the void fluctuations comes from the change

in M.

For a general neutron kinetics problem, the reactivity should be provided

in order to solve the problem when the Point Kinetic Equations (PKEs) given in
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Eqs. (5.5a,5.5b) and are used ρ consists of several components,

ρ(t) = ρext(t) + ρα(t) + ρD(t) (5.8)

where

ρext(t) : reactivity due to control rods or other control elements

ρα(t) : reactivity due to void fraction change –moderator density

ρD(t) : reactivity due to fuel temperature change – Doppler

External reactivity due to control rod motion is the reactivity that can be

computed from power curve. For a given power transient, inverse problem, which

will be described later, can be solved for reactivity. However, for medium tran-

sients such as the startup of SBWR, one should also consider the thermodynamic

state change (changes in the average void and the fuel temperature) during this

transient. In that case, it is necessary to consider the reactivity loss due to the

moderator density change via average core void fraction and fuel temperature

changes.

The void-reactivity and the fuel temperature-reactivity are two important

reactivities that link the thermal-hydraulics and the neutronics. Generally, they

are specified with reactivity coefficients which show the change in the reactivity

due to change in the feedback parameter, either the void fraction or the fuel tem-

perature. Therefore, following coefficients are defined for the thermal-hydraulic

feedback reactivities,

Kα =
∂ρ

∂α
(5.9a)

and

KD =
∂ρ

∂Tp

(5.9b)

where 〈〈T〉〉p is the fuel pellet temperature which is properly averaged over pellet

region considering the pellet radial power shape. Based on the definitions of the

reactivity coefficients, reactivity due to each feedback loop can be determined
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from the following equations:

ρα =

∫ 〈〈〈α〉〉〉(t)
〈〈〈α〉〉〉o

Kαd〈〈〈α〉〉〉 (5.10a)

and

ρD =

∫ 〈〈T〉〉p(t)

〈〈T〉〉po

KDd〈〈T〉〉p (5.10b)

5.3 Void Reactivity Coefficient for SBWR

The void-reactivity coefficient, the vital part of the void-reactivity feedback

simulation, is calculated by means of the HELIOS code [42], which is a two-dimensional

neutron transport code. A typical SBWR 8 × 8 square-array fresh fuel bundle is

considered for the analysis. All detailed structures such as Zircaloy-2 bundle-box,

single-phase liquid which surrounds the bundle can and control rod blade are

modeled.

Considering the different pressure levels during the startup process, bundle-

reactivity for the SBWR is generated for different values of the void fraction. By

varying the void fraction from 0% to 100%, the bundle-reactivity is plotted against

the void fraction at different pressures. As an example of the calculation results,

Figure 5.1 demonstrates the change in bundle reactivity with the void fraction at

two different pressures.

As shown in Figure 5.1, the bundle reactivity increases with the void frac-

tion at low pressures. This behavior can be explained in terms of the absorption

and the moderation effect of the water at low pressure. The liquid density at low

pressures is higher than the density at high pressures. Therefore, the bundle is

initially over-moderated. In other words, neutrons are effectively thermalized

and some of the neutrons are absorbed by the coolant. The amount of the ab-

sorption effect is higher than that of the moderation. Therefore, increasing the

void fraction is equivalent to remove the absorber material (like withdrawing a

control rod). Until a certain void fraction value is reached, the absorption effect

of the coolant is important. However, when the void fraction is further increased,
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Figure 5.1. Change in Bundle Reactivity with the Void Fraction at Dif-
ferent Pressures
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the reactivity starts to decrease due to the loss of the moderator material. At the

nominal operating pressure, bundle is always under-moderated. Therefore, in-

creasing the void fraction always accompany with decreasing reactivity assuring

that the void-reactivity coefficient is always negative. Figure 5.2 shows the deriva-

tive of the plot in Figure 5.1 which is the void-reactivity coefficient. It can be

clearly seen that at low pressures up to around 22% void fraction, void-reactivity

coefficient is positive. However, the total reactivity coefficient,i.e., the sum of the

void-reactivity and Doppler reactivity, is always negative, otherwise the reactor

cannot be stable. The requirement for a reactor to be stable all the time is that

it should have a negative power-reactivity coefficient, thus an increase in reactor

power is always accompanied with decreasing reactivity.

In order to reveal the complete picture relevant to the void-reactivity coef-

ficient in the SBWR fuel bundle, several pressure levels are tested and the void-

reactivity coefficients is calculated. Figure 5.3 demonstrates the pressure effect

on void-reactivity coefficient. Since the reactivity coefficient is averaged over a

certain range of the void fraction, the positiveness of the coefficient at low pres-

sure is lost. The averaging is performed over void fraction range from 0% to 30%.

Smaller averaging intervals would reveal the positive void reactivity coefficient

region at lower pressure. However, the important point in this analysis is that the

negative reactivity coefficient increases in magnitude as the pressure increases

which increases the amount of reactivity due to void fluctuations.

5.4 Calculation of Reactivities for Point Kinetic Model

A calculation of a transient via PKEs requires specification of reactivities of

different types. In this section, a methodology for calculating the following reac-

tivities is discussed:

i. Void Reactivity due to void fraction change

ii. Doppler Reactivity due to fuel temperature change.
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The void-reactivity feedback caused by th void fraction change in two-dimensional

core can be estimated from [45]

∆ρα(t) =
1

V

∫∫∫

V

Φ(~r)∗Φ(~r)Kαα(~r)dV, (5.11)

where Φ∗(~r) is the adjoint flux described in Section 5.2. In one-group diffusion

theory, it can be shown that the adjoint flux, Φ∗(~r), is identical to the neutron

flux, Φ(~r), or simply the core power distribution [44]. The definition of the void-

reactivity can be further simplified by considering the volume-averaged void frac-

tion as;

∆ρα(t) =

∫ 〈〈〈α〉〉〉(t)
0

Kαd〈〈〈α〉〉〉, (5.12)

where 〈〈〈α〉〉〉 is the volume-averaged void fraction which includes the effect of

power shape and Kα is the void-reactivity coefficient which is calculated via HE-

LIOS [42] code predictions described in Section 5.3.

Similarly, the Doppler reactivity coefficient can be computed from

∆ρD(t) =

∫ 〈〈〈Tp〉〉〉(t)

〈〈〈Tp〉〉〉o
KDd〈〈〈Tp〉〉〉 (5.13)

where 〈〈〈Tp〉〉〉 is the volume-averaged fuel pellet temperature.
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6. FLOW EXCURSION–STEADY-STATE ANALYSIS

The detailed analysis of the flow excursion phenomenon in forced and the natu-

ral circulation systems is presented in this chapter. The dimensionless character-

istic equation derived based on the analytical modeling presented in Chapter 3

is solved to generate stability maps on Subcooling Number – Zuber Number and

Zuber Number (or Subcooling Number) – Froude Number planes.

Before deriving the general characteristic equation for the flow excursion,

the problem fundementals are described in terms of the integral loop momen-

tum equation. The channel pressure drop characteristics are described on the

pressure drop vs. mass flow rate curve.

The steady-state solution of the dimensionless equations introduced in the

previuous chapter is presented and the dimensionless pressure drop components

are obtained by integrating the momentum equation over the single-phase and

the two-phase regions. The criterion obtained for the flow excursion stability is

applied and the characteristic equation is obtained in terms of the dimensionless

numbers.

6.1 Stability Criterion for Flow Excursion

For simplicity, let us consider a single heated channel imposed to constant

pressure drop boundary condition. Integrating the momentum equation along

the flow path gives the following loop momentum equation:

( lh

Ah

)dṁ

dt
= ∆Ps −

∑

i

(∆P)i (6.1)

where ∆Ps is the supply pressure drop for the channel, which is provided by either

a pump or gravity head. In the particular example, the supply pressure drop is
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taken constant, i.e. independent from channel flow rate, ṁ. ∆Pi is the ith pressure

drop component such as gravity, friction, spatial acceleration etc.

By assuming small perturbation around the steady state solution for flow

rate and expanding the pressure drop into the Taylor Series expansion, the fol-

lowing equation can be obtained after neglecting the second and higher order

terms:

δṁ(t) = δṁ(0) exp

[(
lh

Ah

){
∂∆Pso

∂ṁ
−

∑

i

∂(∆Po)i

∂ṁ

}
t

]
(6.2)

In order for the initial perturbation on the channel flow rate,δṁ(0), to die away,

the term inside the exponential in Eq. (6.2) should be negative. Therefore, for

the stability of the system in terms of the flow excursion, the following criterion

should be met,
∑

i

∂∆(Po)i

∂ṁ
≥ ∂∆Pso

∂ṁ
= 0 (6.3)

where the subscript,o, denotes the steady state value. The steady state pressure

drop can be written as a summation of the several components;

(∆P)o = (∆P)in + (∆P)fr + (∆P)gr + (∆P)sa + (∆P)dr + (∆P)e (6.4)

The first term on the right-hand-side of Eq. (6.4) is the channel inlet pressure

drop, the second term is the frictional pressure drop, the third is the pressure

drop due to the gravity, the forth term is due to convective acceleration, the fifth

term is the pressure drop due to the drift and last term stands for the localized

pressure drop at the channel exit.

6.2 Characteristic Equation for Flow Excursion

The characteristic equation for the flow excursion can be derived based on

the steady state solution of the dimensionless field equations. The formulation

presented in this section considers the following sections:

i– Single Phase Heated Section
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ii– Two-Phase Mixture Heated Section

iii– Two-Phase Mixture Unheated Section

For each region, required field equations are solved to obtain the velocity and the

density profile. Finally, the integration of the momentum equation in each region

yields Euler Number,NEu, which is the ratio of the pressure to the inertia forces,

defined as

NEu =
∆P

ρfυ
2
fin,o

=
∆P

ρf(Ωslh)2

(Ωslh)2

υ2
fin,o

= ∆P∗N2
Zu (6.5)

6.2.1 Single-Phase Heated Section

The constant liquid density assumption yields spatially uniform liquid ve-

locity in the single phase heated section. Therefore, up to the PNVG ,λ, the di-

mensionless velocity is given as the inverse of the Zuber number defined by Eq. (3.68).

Since axially uniform heat flux distribution is assumed, the single phase energy

equation can be easily integrated to obtain the non-boiling height with the fol-

lowing boundary conditions; Ns(0) = Nsub, and Ns(λ) = Nsd, which is the dimen-

sionless departure enthalpy for PNVG. Therefore, the non-boiling height is give

as follows:

λ∗ =
Nsub

NZu

−
1

NZu





0.0022
D∗

e

ξ∗h

1

a∗f
NPe < 70000

154

A∗
h

NZu NPe ≥ 70000

(6.6)

The integration of the momentum equation given by Eq. (3.61) in this region,(0 <

z∗ < λ∗), gives the single phase heated region Euler number as follows;

N1φ
Eu,h =

[(
Nf +

1

NFr

)
λ∗ +

Kin

2

]
(6.7)

6.2.2 Two-Phase Mixture Heated Section

In order to integrate the momentum equation over this region, the void dis-

tribution should be obtained via solving the continuity equations described in
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Chapter 3. The solution of the mixture volumetric flux equation gives a linear

profile,

j∗(z∗) =
1

NZu

+ Cg(z
∗ − λ∗) (6.8)

and the kinematic wave velocity becomes

C∗
k =

Co + Nd

NZu

+ CoCg(z
∗ − λ∗) (6.9)

where Cg is the parameter defined by the following equation to account for the

subcooled boiling in the volumetric vapor generation rate:

Cg = 1 −
λs − λ

lh − λ

[
1 − exp

{
−

lh − λ

λs − λ

}]
(6.10)

The solution of the density wave equation with Eq. (6.9) along with bound-

ary condition, ρ+∗
m (λ∗) = 1, is given by,

ρ+∗
m =

C∗
k(λ

∗)
Ck(z∗)

(6.11)

which is related to the real density as

ρ∗m =
(Co − 1)C∗

k(z
∗) + C∗

k(λ
∗)

CoC
∗
k(λ

∗)
(6.12)

From Eq. (6.12), the heated channel exit density required for the solution in the

unheated section can be obtained as follows:

ρ∗me =
(Co − 1)C∗

r + 1

CoC∗
r

(6.13)

where C∗
r is the ratio of the kinematic wave velocity at the channel exit and the

boiling boundary, given by

C∗
r = 1 +

NZuCoCg

Co + Nd

(1 − λ∗)
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which is always greater than one as long as the two-phase mixture exists in the

heated section.

The momentum equation given by Eq. (3.65) can be integrated to determine

the Euler number in the two-phase mixture heated section. The integration of the

second term in Eq. (3.65) yields the Euler number due to convective acceleration:

Nsa
Eu,h =

C∗
r − 1

1 + C∗
r(Co − 1)

(6.14)

The Euler number due to friction is determined as:

Nfr
Eu,h = Nf

Cm(Co + Nd)

NZu(Co − 1)Cg

[
(C∗

r − 1) −
1

Co − 1
ln

(1 + C∗
r(Co − 1)

Co

)]
(6.15)

The Euler number due to gravity is

Ngr
Eu,h =

1

NFr

[
Co − 1

Co

(1 − λ∗) +
Co + Nd
NZuC2

oCg

ln(C∗
r)

]
(6.16)

Finally, the Euler number in terms of the localized pressure drop at the channel

exit, where the two-phase mixture exists, can be written as

Ne
Eu,h =

Ke

2

CoC
∗
r

1 + C∗
r(Co − 1)

(6.17)

The total Euler number in the heated section is given in Appendix A. In the fol-

lowing section, the Euler number is obtained for the unheated two-phase mixture

section.

6.2.3 Two-Phase Mixture Unheated Section

Since it is assumed that unheated section is adiabatic and the compress-

ibility effects are neglected, the void fraction is spatially uniform throughout the
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unheated part. The mixture velocity in this section becomes

υ∗muh = υ∗m(1)
1

A∗
uh

where A∗
uh is the dimensionless flow area in the unheated two-phase mixture sec-

tion. By integrating the momentum equation, the Euler number for this section

is obtained as follows:

Nc
Eu =

CoC
∗
r

1 + C∗
r(Co − 1)

[
CmNf

D∗
e,uhA∗2

uh

+
Ke,c

2

1

A∗2
uh

]
+

1

NFr

1 + C∗
r(Co − 1)

CoC∗
r

l∗uh (6.18)

where Ke,c represents the localized flow resistance at the unheated section exit.

In contrast to the forced circulation systems, the subcooling number is not

independent parameter in the natural circulation systems. It depends on the

feedwater subcooling and the heated section exit quality which determines the

amount of saturated liquid separated in separator section of the loop. There-

fore, the subcooling number in the natural circulation systems is a function of

the feedwater subcooling number and the Zuber number. By means of a simple

energy and mass balance in the mixer region, one can obtain the expression for

the subcooling number as

Nsub =
(1 − Nρ)NF

sub

1 + Nρ(NF
sub − 1)

NZu (6.19)

where NF
sub is the feedwater subcooling number defined in terms of the feedwater

enthalpy, iFf .

Finally, the Euler number of the system can be written as sum of all compo-

nents as described before;

NEu = N1φ
Eu,h + N2φ

Eu,h + N2φ
Eu,uh

The detailed form of each term is summarized in Appendix A. From Eq. (6.3),
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the dimensionless characteristic equation can be written by considering the in-

let velocity dependency of some of the dimensionless groups such as the Zuber

number, Froude number, friction number, and the drift number. In the natural

circulation systems, it has been shown that the subcooling number also depends

on the inlet velocity via the Zuber number. Therefore, the subcooling number

dependency in the characteristic equation should be included.

The characteristic equation for the flow excursion can be written based on

the partial derivatives of the Euler number respect to the dimensionless numbers

described above, as follows:

Q∗ = −NZu
∂NEu

∂NZu

+ 2NFr
∂NEu

∂NFr

− Nsub
∂NEu

∂Nsub

+ mNf
∂NEu

∂Nf

− Nd
∂NEu

∂Nd

= 0 (6.20)

which is written in a general form,

Q∗(NZu, Nsub, NFr, Nf, Nd) = 0

where m is the Reynold number exponent in the single phase friction factor,

which is around 0.25 for the turbulent flow. The negative values of the charac-

teristic equation for the given geometry and operational conditions imply the

instability in terms of the flow excursion.

6.3 Pressure Drop vs. Flow Rate Curve Characteristics

As described in Section 6.1, the physical mechanism that causes the flow

excursion phenomenaon is explained in terms of the channel pressure drop and

the supply pressure drop characteristics. In this section, the detailed discussion

on the ∆P–υi curve is presented based on parametric study performed for a typ-

ical BWR fuel bundle. Effects of several important parameters such as the heat

flux, the inlet subcooling, the localized flow resistance, and the flow orientation

are discussed.

Figure 6.1 explains the basic properties of the pressure drop in a heated
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Figure 6.1. The Pressure Drop versus Flow Rate Curve

channel. One of the distinguished characteristics of the two-phase flow is that it

has higher pressure drop compared to single-phase flow with the same mass flow

rate. Especially the frictional and the accelerational pressure drop components

of the total channel pressure drop increases with decreasing flow rate. This is be-

cause of increasing in the flow quality with decreasing flow at fixed power input.

Therefore, under certain conditions, the demand pressure drop curve may have a

negative slope. The supply pressure drop or the pressure drop across the channel

is constant for the parallel channel systems and natural circulation systems. This

causes multiple steady-state solution exists. It is obvious that the solution on the

negative-slope portion is statically unstable because of the criterion given by Eq.

(6.3).

For a typical BWR bundle geometry, the pressure drop components are shown

in Figure 6.2. As the figure implies, the two-phase frictional and the acceler-

ational pressure drop are the main cause of the s-shaped curve. However, the

gravitational pressure drop component always tries to make the derivative of the

curve positive in the upward flow systems. Therefore, gravity is stabilizing effect.
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Figure 6.2. Pressure Drop Components for a Typical BWR Fuel Bundle

6.3.1 Effect of Heat Flux

The power input is the important parameter for the flow excursion since it

determines the amount of void generation in the system. For understanding the

effect of the heat flux on the pressure drop versus flow rate curve, several values

of heat input are considered. Figure 6.3 clearly shows that increase in the heat

flux enlarges the negative slope portion of the curve and makes the system more

unstable. The starting point of s-shape shifts towards the higher flow rate as the

heat flux increases. Since the s-shape curve may move up and down with the heat

flux, and the channel demand pressure drop is more or less constant, system may

have unstable steady-state solution by varying the heat flux.
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Figure 6.3. Effect of Heat Flux on ∆P-ṁ Curve

6.3.2 Effect of Inlet Subcooling

The inlet subcooling is another important parameter for the steady-state

characteristics of a heated channel. It determines the single-phase length and

the time-lag in the single-phase heated section. Figure 6.4 demonstrates the ef-

fect of the inlet subcooling on the pressure drop characteristics. It shows that

increase in the inlet subcooling has the same effect as increasing the heat flux

and is destabilizing effect.

6.3.3 Effect of Localized Flow Resistances

The localized flow resistances at the inlet and the exit of the bundle are ex-

amined. Figure 6.5 shows that large values of Ki eliminates the negative slope

portion of the curve, while Ke increases the negative slope region on the curve.

Obviously, increasing Ki is stabilizing effect on the flow excursion. However, as

the figure demonstrates, the stability is paid by the pumping power requirements

for a given flow rate because of the increase in the channel pressure drop.
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Figure 6.5. Effect of Localized Flow Resistances on ∆P-ṁ Curve
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6.3.4 Effect of Channel Orientation

The effect of the gravity is investigated by considering three different flow

orientations: Upward, Downward and Horizontal. Figure 6.6 demonstrates that

the gravity in the upward flow is always stabilizing, because it has positive con-

tribution to total pressure drop. In contrast to the upward flow, downward flow

seems to be the most unstable flow configuration in terms of the flow excursion

because of the inverse effect of the gravity field.

6.4 Stability Maps for Flow Excursion

The equation derived in Section 6.2 describes the stability of a given system

in terms of the dimensionless groups. It is common practice to show the stability

boundary on a suitable map. For the purpose, two different stability maps are in-

troduced; Subcooling Number vs. Zuber Number and Zuber Number vs. Inverse

of Froude Number Planes.
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Table 6.1. Typical BWR Fuel Bundle Geometrical Data

Bundle Type 8× 8, Square Array
Hydraulic Diameter(m) 1.32× 10−2

Heated Perimeter (m) 2.52

Heated Height (m) 3.71

Flow Area(m2) 100.9× 10−4

As an example for the forced circulation systems, a typical BWR fuel bun-

dle is considered. The geometrical parameters for the bundle is presented in Ta-

ble 6.1.

6.4.1 Subcooling Number versus Zuber Number Plane

The subcooling number vs. zuber number plane is well-known stability

plane [1] and combines the effect of the subcooling, the channel power, the inlet

velocity and the pressure in a single plane. The characteristic equation is solved

by fixing the dimensionless numbers other than subcooling number and zuber

number via bisection method. The detailed discusssion about the characteris-

tic equation and solution methedology are given in Appendix A. A typical sta-

bility map on the subcooling number vs. zuber number is shown in Figure 6.7.

Two lines enclosing the unstable region represent the solution where
∂∆P

δυi

is zero.

Therefore, between the lines, the channel pressure drop has negative slope.

The first boundary on the left-hand-side of the Xe = 0 line is due to sub-

cooled boiling initiated at the channel exit. In other words, the line can be con-

sidered as a separating line between the single-phase and the two-phase regions

inside the channel. Since it is the indication of the starting point of the two-phase

flow, from Saha-Zuber model, an equation can be written for that line which can

also be used to estimate the flow excursion boundary. Assuming NPe ≥ 70000

where departure enthalpy is hydraulically controlled, the following equation can
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Figure 6.7. Stability on Subcooling Number –Zuber Number

be used to estimate the line

Nsub

NZu

= 154
Ah

ξhHh

(6.21)

Figure 6.8 shows the effect of subcooled boiling on prediction of flow excursion

stability boundary compared to the model which assumes thermodynamic equi-

librium between the phases. The subcooled boiling should be included in the

analysis of flow excursion, since neglecting subcooled boiling gives non-conservative

estimation for stability boundary especially at high subcoolings.

When the thermodynamic equilibrium between the phase is assumes, un-

stable region starts when boiling starts at the channel exit which is given by Xe =

0 line. Similarly, first line can be estimated by the Saha-Zuber model for the de-

parture enthalpy and provides good approximation for the stability boundary at

high subcooling numbers.
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Figure 6.8. Effect of Subcooled Boiling on Flow Excursion Boundary

6.4.2 Zuber Number versus Inverse of Froude Number

It has been shown that gravity is one of the important parameters in the

flow excursion. Therefore, the stability boundary is expected to be strong func-

tion of the froude number which is the ratio of inertial to gravity forces. Zuber

number vs. inverse of froude number plane is proposed for the flow excursion as

an alternative stability map. Inverse of the froude number is used as one of the

axis of the map. A similar stability map can be generated by means of subcooling

number instead of zuber number. In this case, the map shows the constant zuber

number curves.

Figure 6.9 shows a typical stability map on the zuber number vs. inverse of

the froude number plane. It is clearly shown that increasing the froude number

is alway destabilizing effect. This is basically due to decrease in the effective-

ness of the gravity field. Since the froude number is proportional to the square

of the velocity, increase in the froude number due to increase in the inertia is
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stabilizing due to decrease in the zuber number as can be seen from Figure 6.7.

The same stability map can be generated for different subcooling numbers. Fig-

ure 6.10 shows the destabiziling effect of the inlet subcooling by enlarging the

unstable region.

6.5 Forced Circulation versus Natural Circulation

Figure 6.11 demonstrates the comparison of the flow excursion boundary

between the BWR and SBWR. The geometrical information of the SBWR as an

example of a natural circulation system is given in Table 6.2.

Figure 6.11 has shown that at high inlet subcooling, BWR is less stable than

the SBWR. The first boundary appears at the smaller zuber number due to the

subcooled boiling. In other words, the subcooled boiling is not important for the

natural circulation systems as far as the flow excursion boundary is concerned.

However, the natural circulation systems have larger negative slope region in
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Table 6.2. SBWR Geometrical Data

Bundle Type 8× 8, Square Array
Number of Fuel Bundle 732

Core Hydraulic Diameter (m) 1.97× 10−2

Core Heated Perimeter (m) 1694

Core Heated Height (m) 2.74

Core Flow Area (m2) 7.4

Chimney Hydraulic Diameter (m) 0.5

Chimney Height (m) 9.1

Chimney Flow Area (m2) 18.6
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the pressure drop curve provided by the unstable area in the figure. It can also

be seen that as the subcooling becomes smaller, the natural circulation systems

seem to be more stable. This simulation has been performed by keeping the Ki

and Ke same.
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7. TIME DOMAIN ANALYSIS

This chapter presents the time domain formulation of the nuclear-coupled insta-

bility for a BWR fuel channel based on Galarkin Weighted Residual Method. The

method is implemented for the enthalpy and the mixture density propagation

problem given by first order partial differential equations discussed in chapter 3.

There are different methods to solve nonlinear partial differential equations

representing the different processes such as enthalpy and void propagations, fuel

heat conduction, and neutron kinetics. The implemented model for the flow field

has particular importance, since the excessive numerical damping and disper-

sion is detrimental and result in lost of the physical propagation information. In

this respect, three classes of models used to solve nonlinear dynamics of a given

systems:

1. The solution based on the finite difference approximation: In this method,

the physical channel is divided in to number of cells and the differential

equations are discritized in space and either implicit or explicit time inte-

gration schemes are implemented. As described in many numerical method

textbooks [46], the explicit methods are favorable since it has lesser amount

of damping. Furthermore, it can be shown mathematically that the explicit

upwind scheme yield analytical solution for a simple wave problem when

the ratio of the numerical velocity and the propagation velocity becomes

one. However, for propagation problems where the wave propagation ve-

locity is not uniform along the channel, the damping always exist and only

minimizing the damping effect of the algorithm is the question needs to be

answered.

2. The solution based on the method of characteristics: The method of char-
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acteristics employs the solution algorithm in Lagrangian point of view. In

other words, the solution is seek along the characteristic curve on the space-

time coordinate. This method provides analytical solution for certain class

of problems where the particle path can be easily derived. Knowing the

particle path, the partial differential equation written in Lagrangian coordi-

nates that appear to be a simple first order differential equation in particle

path can be integrated to get the solution. However, due to complexity of

the expression for the particle path and the source term of the problem, ob-

taining a solution can be numerically challenging. This method has been

successfully implemented for the nonlinear dynamic analysis of the insta-

bility problem based on simple homogeneous equilibrium model [47, 48].

3. The solution based on functional approximation for the spatial distribu-

tion: This class of problems involves the approximation of the solution via

known functions such as polynomials. This method is implemented by

Karve [49] for nuclear-coupled instabilities in BWRs. In this chapter, it is the

objective to implement similar algorithm for the wave propagation prob-

lem including the effect of subcooled boiling and the drift flux parame-

ters. From the analysis of a simple wave propagation problem, it can be

shown that this method gives quite accurate results without having numer-

ical damping problem.

7.1 Galarkin Weighted Residual Method

The first order wave equation presented in chapter 3 for the enthalpy and

the mixture density propagation is given by the following general equations:

∂Φ

∂t
+ C

∂Φ

∂z
= S(z, t), (7.1)

where C(z, t) is the wave propagation velocity by which the wave Φ(z, t) is propa-

gated and S(z, t) represents the source term that determine if the wave is growing.
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For the solution of Eq. (7.1), one initial and one boundary condition should

be introduced:

Φ(z, t = 0) = Φo(z) initial condition (7.2a)

Φ(z = a, t) = Φin(t) boundary condition (7.2b)

The method suggests to approximate the solution with known spatial dis-

tribution with time dependent coefficients:

Φ(z, t) ≈ Φin(t) +

N∑

j=1

Φj(t)Ψj(z), (7.3)

where Ψj(z)s are the known spatial functions. The residual equation can be ob-

tained by inserting Eq. (7.3) into Eq. (7.1):

R(z, t) =
dΦin

dt
+

N∑

j=1

dΦj

dt
Ψj(z) + C(z, t)

N∑

j=1

Φj(t)
dΨj

dz
− S(z, t), (7.4)

which is obviously not zero. The next step in this method is to minimize the resid-

ual equation by evaluating the following integral:

∫b

a

R(z, t)ωi(z, t) = 0, i = 1 . . . N, (7.5)

where ωis are the weighting functions. The Galarkin method suggests to use the

expansion functions as the weighting functions. Since the spatial approximating

functions should also satisfy the boundary condition, polynomial is best suited

for the approximating functions. Furthermore, the polynomial enables less rig-

orous algebra when evaluating the integrals.

For a channel extending from z = a to z = b, the following approximation

can be proposed:

Φ(z, t) ≈ Φin(t) +

N∑

j=1

Φj(t)
( z − a

b − a

)j

= Φin(t) +

N∑

j=1

Φj(t)η
j, (7.6)
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where η =
z − a

b − a
and it extends from η = 0 to η = 1. Assuming a and b are time

independent,
∂η

∂t
= 0 and

∂η

∂z
=

1

b − a
. The residual integral can be transformed

in to a matrix-vector equations such that

A
d~Φ

dt
= ~b, (7.7)

where ~Φ = [Φ1,Φ2, . . . , ΦN]T is the solution vector, which contains the unknown

coefficients and A is a symmetric matrix. The coefficients of the matrix A and the

vector ~b are given as follows:

[A]ij =
1

i + j
(7.8a)

[b]i = −
1

i

dΦin

dt
−

1

b − a

N∑

j=1

jΦj(t)

∫ 1

0

C(z, t)ηi+j−2dη +

∫ 1

0

S(z, t)ηi−1, (7.8b)

where z = (b − a)η + a can be used to evaluate the integral through variable trans-

formation.

The formulation can be applied to a rather simple problem with constant

wave velocity and no source term for a channel extending from z = 0 to z = l. In

this case, the coefficient of the vector becomes:

[b]i = −
1

i

dΦin

dt
−

C

l

N∑

j=1

j

i + j − 1
Φj(t) (7.9)

The transient solution of these equation can be easily obtained through time-

domain integration.

7.2 Flow Field Formulation

The detailed discussion has been presented in Chapter 3 about the basics

of flow field formulation in dimensionless form 1. In this section, the necessary

equations for the nonlinear dynamics are derived based on Galarkin Weighted

1In this chapter, the asterisk sign (*) is removed from the dimensionless equations. Throughout
the chapter, all parameters should be understood as dimensionless
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Residual Method described in Section 7.1. However, for the purpose of analysis,

some simplifying assumptions are used. The mechanical and thermal equilib-

rium between the phases are assumed. Therefore, the drift number, Nd and sub-

cooled boiling number, Nsd are set to zero. In the following sections, the details

of the derivation are presented. First, the single phase energy equation, which

shows the propagation of the enthalpy wave in the single phase heated section,

is solved to determine the boundary between the single and two-phase mixture

section in a heated channel. Once the equation for the boiling boundary is de-

termined, the density wave equation given by Eq. (3.64) is solved to obtain the

mixture density or void fraction along the heated channel. By knowing the boil-

ing boundary and the mixture density, the dimensionless momentum equations

for the heated channel can be integrated.

At steady-state condition, it has been shown that the mixture density is spa-

tially constant in the unheated section. However, during the transient where the

heated section exit mixture density oscillates, the mixture density is also a func-

tion of the space due to the void wave propagation. Therefore, the mixture den-

sity in the unheated section should also be solved.

7.2.1 Boiling Boundary Dynamics

The single phase energy equation in dimensionless form is given by Eq. (3.58).

In this equation, Ω1φ, represents the reaction frequency in single phase heated

region which is given in terms of the wall heat flux. The formulation for the wall

heat flux is described in Chapter 4. It is important to mention here that the wall

heat flux is assumed spatially constant considering uniform wall heat generation

and averaged bulk liquid temperature.

The following polynomial of degree N1 is used to describe the general solu-

tion to Eq. (3.58):

Ns(z, t) ≈ Nsin(t) + Ns1(t)z + . . . + NsN1(t)z
N1 = Nsin(t) +

N1∑

i=1

Nsiz
i (7.10)
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where Nsin(t) represents the inlet subcooling which is introduced as a boundary

condition for the problem. By choosing the weighting function as zi, i = 0 . . . N1−

1, and integration domain as [0, λ(t)], the equation for the coefficients can be

determined. The equation can be written in matrix-vector form as follows:

M1φ
d~Ns

dt
= ~b1φ (7.11)

where the generic elements for the matrix, M1φ and the vector, ~b1φ can be written

as follows:

[M1φ]i,j , λi+j(t)

i + j
(7.12a)

[b1φ]i , −

(
dNsin

dt
+ Ω1φ(t)

)
λ(t)i

i
− υfin(t)

N1∑

k=1

kλk+i−1(t)

k + i − 1
Nsk(t) (7.12b)

where the vector, ~Ns in Eq. (7.11) is given as ~Ns = [Ns1 . . . NsN1
]
T

.

The boiling boundary, λ(t), in Eq. (7.12a) can be determined by solving

Eq. (7.10) for λ(t) with given boundary condition, Ns(λ(t), t) = 0. Another method

of deriving an equation for the boiling boundary dynamics is to differentiate

Eq. (7.10) with respect to time after inserting z = λ(t) in to the equation. The

following equation can be easily derived for the boiling boundary:

(
N1∑

i=1

iλi−1(t)Nsi(t)

)
dλ

dt
= −

dNsin

dt
−

N1∑

i=1

dNsi

dt
λi(t) (7.13)

Equation (7.13) is coupled to Eq. (7.11). However, a simpler boiling boundary dy-

namics equation can be derived by assuming linear enthalpy profile and constant

inlet subcooling. The resulting equation can be written as follows:

dλ

dt
= 2υfin(t) − 2

Ω1φ(t)

Nsub

λ(t) (7.14)

where Nsub is the subcooling number given by Eq. (3.67). The detailed derivations

related to the boiling boundary can be found in Appendix B.
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7.2.2 Mixture Density and Velocity in Two-phase Mixture Regions

By assuming mechanical and thermal equilibrium between the phases, the

equation for the mixture density in the heated section can be written as follows:

∂υm

∂z
= Ω2φ(t) (7.15)

which can be easily integrated by supplying the boundary condition at the boil-

ing boundary, υm(λ(t), t) = υfin(t) to obtain the solution as,

υm(z, t) = υfin(t) + Ω2φ(t)(z − λ(t)) (7.16)

where Ω2φ is the reaction frequency in the two-phase mixture heated section. It

is determined via solving the heat conduction equation.

The density wave equation in the heated section can be simplified as fol-

lows:
∂ρm

∂t
+ υm

∂ρm

∂z
= −Ω2φρm (7.17)

which can be rewritten asH2φρm(z, t) = 0. The operator,H2φ is defined as

H2φ , ∂

∂t
+ υm

∂

∂z
+ Ω2φ (7.18)

For the solution of the mixture density in the heated section, the following

Nth
2 degree polynomial is proposed as an approximate solution:

ρm(z, t) ≈ ρ′m(z, t) = 1 +

N2∑

i=1

ρmi(t)θ
i (7.19)

where θ = z − λ(t) is the position in the heated mixture region. By choosing the

weighting function as θi, i = 0 . . . N2 − 1 and performing the integration for the

residual equation, the following set of equation can be obtained for the coeffi-
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cients in Eq. (7.19):

M2φ
d~ρm

dt
= ~b2φ (7.20)

where the generic elements for the matrix, M1φ and the vector, ~b1φ can be written

as follows:

[M1φ]i,j , θ
i+j
1 (t)

i + j
(7.21a)

[b2φ]i ,
(

N2∑

k=1

kθk+i−1
1

k + i − 1
ρmk(t)

)(
dλ

dt
− υfin(t)

)
(7.21b)

− Ω2φ(t)

(
(k + 1)θk+i

1

k + i
ρmk(t) +

θi
1

i

)

where the vector, ~ρm in Eq. (7.20) is given as ~ρm = [ρm1 . . . ρmN2]
T .

In the unheated section, the mixture velocity is spatially uniform as can be

seen from Eq. (7.15) since Ω2φ becomes zero. However, the mixture density is a

function of the spatial coordinate due to wave propagation. Therefore, solution

of Eq. (7.17) is needed to define the two-phase flow in the unheated section. The

following polynomial of degree N3 is used for the solution:

ρm,uh(z, t) ≈ ρ′m(z, t) = ρme(t) +

N2∑

i=1

ρm,uhi(t)z
i (7.22)

where ρme(t) is the heated section exit mixture density. The integration domain

for the unheated mixture section for computing the equation for the coefficient

of Eq. (7.22) is [0, luh]. The parameter, luh, is the dimensionless unheated section

height. The general equation for the coefficients can be determined in a similar

way performed for the coefficients in the heated mixture region. In the matrix-

vector form, the general equation for the unheated mixture density coefficients

is given as follows:

M2φ,uh
d~ρm,uh

dt
= ~b2φ,uh (7.23)
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where the generic elements for the matrix, M1φ and the vector, ~b1φ can be written

as follows:

[M2φ,uh]i,j , l
i+j
uh

i + j
(7.24a)

[b2φ,uh]i , −υm,uh

N3∑

k=1

klk+i−1
uh

k + i − 1
ρm,uhk(t) −

li
uh

i

dρme

dt
(7.24b)

where the vector, ~ρm,uh in Eq. (7.23) is given as ~ρm,uh = [ρm,uh1 . . . ρm,uhN2]
T . The

heated section mixture density, ρme(t), is given by

ρme = 1 +

N2∑

i=1

ρmi(t)θ
i
1 (7.25)

where θ1 = 1−λ(t) is the boiling length of the channel or the length of the heated

mixture region. The mixture velocity in the unheated section is spatially uniform

and from the continuity requirements it can be written as follows:

υm,uh(t) =
1

Auh

(
υfin(t) + Ω2φ(t)θ1(t)

)
(7.26)

7.2.3 Flow Dynamics

The dynamic characteristics of the flow can be determined by integrating

the momentum equation over the heated and unheated section to yield an equa-

tion for the inlet velocity, υfin(t). By using the constant pressure drop boundary

condition across the heated and unheated sections, ∆Ph + ∆Puh = ∆Po, the fol-

lowing equation can be obtained for the inlet velocity:

I(t)
dυfin

dt
= ∆Po (7.27)

−
dΩ2φ

dt

(
θ2

1

2
+

N2∑

i=1

θi+1
1

i + 1
ρmi(t) +

θ1

Auh

(
ρme(t)luh +

N3∑

i=1

li+1
h

i + 1
ρm,uhi(t)

))

+ Ω2φ(t)
dλ

dt

(
θ1 +

N2∑

i=1

θi+1
1

i + 1
ρmi(t) +

1

Auh

(
ρme(t)luh +

N3∑

i=1

li+1
h

i + 1
ρm,uhi(t)

))

− ∆Psa(t) − ∆Pfr(t) − ∆Pgr(t) − ∆Pform
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where I(t) is the inertia of the flow which is given as follows:

I(t) = 1 +

N2∑

i=1

θi+1
1

i + 1
ρmi(t) +

1

Auh

(
ρme(t)luh +

N3∑

i=1

li+1
uh

i + 1
ρm,uhi(t)

)
(7.28)

In Eq. (7.27), ∆Psa denotes the convective acceleration. ∆Pfr, ∆Pgr represents the

frictional and gravitational pressure drop components along the heated and un-

heated sections. The last term on RHS of Eq. (7.27) represents the localized pres-

sure drop. The detailed expressions for the pressure drop components are given

in Appendix C.

7.3 Fuel Heat Conduction Equations

The detailed discussion about the heat conduction process inside a typical

BWR fuel element has been presented in Chapter 4 where the governing equa-

tions for the fuel heat conduction equation are transformed. For the formulation

of the problem, the single-node lumped model is used. The field equations are

reproduced here as follows:

dθ1φ

dt
=

n(t)

〈ρc〉feAfe

− afe,1φ

(
θ1φ +

Nsin(t)

2

)
(7.29a)

dθ2φ

dt
=

n(t)

〈ρc〉feAfe

− afe,2φθ2φ (7.29b)

where afe is the dimensionless thermal diffusivity defined for both single and

two-phase mixture section of the heated channel. The detailed expressions for

afe in each section are described in Chapter 4. However, the expression for the

reaction frequencies , Ω1φ and Ω2φ, are given here. In addition to the reaction

frequencies, the derivative of the reaction frequency in two-phase mixture region

appears in Eq. (7.27) needs to be derived.

The reaction frequency in the single phase region, Ω1φ is given by the fol-
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lowing equation:

Ω1φ = 〈〈ρc〉〉feAfeafe,1φ

(
θ1φ(t) +

Nsin(t)

2

)
(7.30)

The dimensionless thermal diffusivity is a function of the heat transfer coefficient

in the single phase heated section. The heat transfer coefficient, h1φ, is a function

of the inlet velocity as shown in Eq. (4.25). In the two-phase mixture region, the

reaction frequency is given by

Ω2φ = 〈〈ρc〉〉feAfeafe,2φθ2φ (7.31)

The derivative of Eq. (7.31) can be written by assuming the time rate of change in

the heat transfer coefficient, h2φ in two-phase mixture region is small as follows:

dΩ2φ

dt
= 〈〈ρc〉〉feAfeafe,2φ

dθ2φ

dt
(7.32)

where the time dependency in afe,2φ is taken into account via Eq. (4.27).

7.4 Neutron Kinetics

The neutron kinetic is modeled through the PKM as described in Chap-

ter 5. The time rate of change in the volumetric heat generation term is described

by the function n(t), which is the neutron amplitude function represented with

Eq. (5.5a). The delayed neutron source is represented via precursor concentra-

tion equation given by Eq. (5.5b). Two important parameters in the neutron

kinetics model are void-reactivity and Doppler reactivity feedback. In order to

compute the feedback reactivities, the axial-averaged void fraction and fuel tem-

perature are defined. The averaged void-fraction for the channel is given in terms

of the mixture density coefficients described in Section 7.2.2 as follows:

〈α〉z(t) =
1

θ1(Nρ − 1)

N2∑

i=1

θi+1
1

i + 1
ρmi(t) (7.33)
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where θ1 = 1 − λ(t) is the boiling length and Nρ is the density ratio number. The

averaged fuel temperature is defined as follows:

〈θ〉z(t) = (1 − λ(t))θ2φ(t) + λ(t)θ1φ(t) (7.34)

By considering the void fraction-dependent void reactivity coefficient, Kα(α) and

constant Doppler reactivity coefficient, KD, the total reactivity, ρ(t), in Eq. (5.5a)

can be written as follows:

ρ(t) = ρext(t) +

∫ 〈α〉z(t)

〈αo〉z
Kα(α)dα + KD(〈θ〉z(t) − 〈θo〉z) (7.35)

7.5 ODE Set for the Nonlinear Dynamics

The equations derived in previous section can be written as a system of

equation as follows:
d~X

dt
= ~F(~X; ~γ) (7.36)

where the vector ~X represents the state variables for which the ODEs are derived.

Therefore, it is a vector of N1 +N2 +N3 +11 dimensions: N1 equations for Nsi, i =

1 . . . N1, single equation for λ(t), N2 equations for ρmi, i = 1 . . .N2, N3 equations

for ρm,uhi, i = 1 . . .N3, single equation for υfin(t), single equation for θ1φ, single

equation for θ2φ, single equation for n(t), and finally six equations for ξi(t), i =

1 . . . 6. The vector, ~γ represents the dimensionless numbers such as NZu, Nsub, Nρ,

Nf, NFo, etc., representing the operational state of the system in terms of steady-

state values.

The model developed in this chapter is used to investigate the nuclear-

coupled flow instabilities in a typical BWR fuel bundle. Figure 7.1 demonstrates

a typical limit-cycle oscillations which can be observed in unstable region which

is determined by frequency domain tools. The limit-cycle is directly related to

the nonlinear effects inherent to the nature of the problem. Even though the sys-

tem is linearly unstable, the indefinite grow of oscillations are inhibited due to
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Figure 7.1. Neutron Flux Oscillations inside the Linearly Unstable Re-
gion

the nonlinearities. This can also be viewed from phase portraits where nonlinear

effects can be seen clearly. For the purpose, the phase plane composed of the

neutron amplitude function and its derivative is demonstrated in Figure 7.2.
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Figure 7.2. Limit-cycle Oscillation in a Phase Plane
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8. EXPERIMENTAL FACILITY

An experimental facility has been designed and built to study thermal-hydraulic

instabilities and characterize the phenomena with hydrodynamic, kinematic and

thermal parameters. The measured parameters are area-averaged instantaneous

void fraction, temperature, pressure, pressure differential across certain section

of the loop, liquid flow rate, heater power. The facility is a scaled prototypic BWR

based on scaling criteria for geometric, hydrodynamic and thermal similarities.

The experimental facility, test section, instrumentation and data acquisition sys-

tem are described in this chapter.

8.1 Experimental Loop Layout

The experimental facility is mainly composed of a test section, bypass chan-

nel, condenser/cooler, main tank, expansion tank, preheater and pump. The

general layout of the facility is shown in figure 8.1. Test section simulates the

typical BWR fuel channel with a single fuel rod. The large bypass channel incor-

porated parallel to the test section. It provides constant pressure drop boundary

condition for the test section by allowing most of the flow through the bypass

channel. The constant pressure drop boundary condition is typical hydrody-

namic boundary condition for BWR instabilities. Especially, during oscillations

where large number of fuel channels are stable and few of them oscillate, this

type of boundary condition is applicable. It is also valid when out-of-phase os-

cillations are observed.

Large water volume is kept inside the main tank. The water is pumped from

this tank by a G&L SSH pump, and divided into bypass line and test section af-

ter the preheater. The water can be mixed with air before it is injected into the

test section to calibrate the impedance meters, which are used for area-averaged
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Figure 8.1. Experimental Loop Layout
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void fraction measurement. Air supply also provides the capability of perform-

ing air-water experiments in an annular channel. Preheater power can be setup

to provide variable heating for given set temperature or it can be adjusted man-

ually through computer. The test section is annular geometry which is built by

PYREX glass pipes on the outside and a cartridge heater on the inside. The air-

water mixture flows through the vertical test section. However, for the diabatic

steam-water flow, flow enters with a certain amount of subcooling, which is con-

trolled by preheater and cooling water flow rate. The boiling starts after certain

point and two-phase flow region starts. The steam-water flow then mixes with

single-phase bypass flow and enters the condenser located at the top section of

the facility. The condensate flows downward toward the main tank and pumped

through the test section and bypass line.

The bypass section is made of 3.81 cm stainless steel pipe, providing 13.83

cm2 of flow area. The bottom of the pipe is directly connected prehater inlet with

a hose of length 60 cm. The bypass channel ensures that stable single-phase liq-

uid flows through the section so that it can provide constant pressure differential

across the test section. The magnetic flow meter is located on the middle of the

bypass pipe to measure the volumetric flow rate of liquid.

The main holding tank for the subcooled water is 600 gal. stainless steel

tank. The tank is cylindrical and oriented vertically. There are two penetrations

on the top and bottom. The 101.6 mm I.D. top penetration is connected to the

condensate return line, and the 152.4 mm I.D. bottom penetration is connected

to the pump inlet. A K-type thermocouple is installed at the pump inlet to mea-

sure the tank water temperature.

The pump is an AISI 316L stainless steel pump manufactured by G&L Pumps.

It is controlled with a Toshiba S7 Adjustable Speed Drive. Following the pump

exit, the pipe is divided into test section flow and bypass flow through preheater.

The preheater is a process heater made by Gaumer Company, Inc. The 18 kW

heater is built in a 7.62 cm stainless steel pipe with a length of 136 cm. The heater
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is powered with a three phase 480 VAC source. A flexible pipe is installed between

pump inlet and pipe coming from main tank to reduce the vibrations. Flow rate

through test section and bypass are measured with two Honeywell MagneW-3000

magnetic flow meters. The main flow is directed toward the test section with four

separate line made of 25.04 mm hose to make test section inlet flow uniform.

8.2 Test Section

A detailed schematic view of the test section is demonstrated in figure 8.2.

The test section flow is diverted via four separate lines. The air supply line is in-

tegrated on each line via Mott type 850 sparger element made of stainless steel.

The spargers have overall length of 152.4 mm with a 95.3 mm porous length. Air

comes from a regulated laboratory supply. The supply air tank provides a con-

stant supply of air at 896 kPa. A regulator and filter are placed in-line to provide a

variable line pressure. The regulator is a Norgren Excelon in-line filter-regulator.

The air then flows into a set of rotameters that control the flow rate of air into

the spargers. The rotameters are ranged 7.87 to 39.3 cm3/s, 23.6 to 157 cm3/s and

47.2 to 787 cm3/s. These rotameters are accurate to±10% scale. A pressure gauge

is used to measure the line backpressure. The air line leaves the pressure gauge

and is divided into four separate lines. Each line is connected to a gas sparger. Air

and water lines are connected to lower injection flange via four nipples, which are

connected at 30◦ normal to the flange bottom. The center of the cylinder has a

19.1 mm hole cut through it to allow insertion of heater rod through the bottom

flange into the test section. O-rings are used to seal the connection of the heater

rod and the flange. A strip heater is wrapped around the flange to prevent heat

loss. The strip heater is controlled with a solid-state relay on a 120 VAC line. The

solid-state relay is controlled with a Dwyer model 15010 PID process controller

and a thermocouple is placed between the heater and the flange to provide a

feedback loop. The flange is also insulated against heat loss using fiberglass in-

sulation.
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Figure 8.2. Test Section Layout
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The test section is mainly made of four transparent QVF conical pipes of

length 60.69 cm. One polycarbonate pipe added to the test section for adjust-

ment, as well as three impedance probes inserted between these pipes. The to-

tal height of the test section is 331.5 cm. Each glass pipe has 38.1 mm I.D. The

maximum pressure of the pipes is 60 psig (4.2 kg/cm2). The pipes have defor-

mation temperature of 525◦C, and up to that point, they retain their mechanical

strength. Furthermore, the glass pipe has good properties related to permissible

thermal shock. Maximum permissible thermal shock is given as 120◦K, which is

high enough for the instability tests where oscillatory temperatures occur inside

the test section. Two holes are built on the bottom and top polycarbonate flanges.

One hole is for a pressure tap and the other one is for thermocouple. Differential

pressure(DP) transducer lines are connected to a Honeywell ST3000 smart pres-

sure cell to measure pressure differential across the test section. A pressure cell is

connected to the inlet DP line to measure absolute pressure at the inlet of the test

section. The K-type thermocouples are installed at test section inlet and outlet.

Test section is supported by five supports made of 1014 aluminum, which

are mounted on a single I-beam, for aligning. The supports are spring loaded to

absorb possible vibrations on the test section.

Test section heater (main heater) is a cartridge type heater, which is custom

made by Watlow Corporation. The overall length of the heater is 3.81 m and has

a 19.1 mm O.D. The heated section of the heater rod is 287 cm and begins 64 cm

from the bottom of the heater. The maximum power of the heater is 40 kW and

provides a maximum heat flux 233 kW/m2. It is powered with a three phase 480

VAC source. K-type thermocouple is inserted inside the heater at the location

of 210 cm high from bottom. The rod is is movable and can be traversed with

a milling table. The heater rod must be supported to prevent it from bending.

Each impedance probe provides two four-point support at its end flanges. Three

sets of the support are used to support the heater rod. For each support, a hole

is drilled and tapped; a 6-24 316 stainless steel screw is used. The screw end
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that is in the flow field are machined off and become a rounded tip. Although

these supports interfere with the flow field, it is a necessary trade-off for accurate

positioning of the heater.

The top of the test section is connected to an expansion joint. The expan-

sion joint is necessary to accommodate the thermal expansion of the glass test

section. Between the expansion joint and test section upper flange, there is an-

other heater rod support for centering.

Two OMEGA SCR73 series zero angle fired controllers are used to control

the power of the main heater and preheater. SCR is acronym for Silicon Con-

trolled Rectifier. The controller accepts a 4-20 mA input from a process con-

troller. The SCR uses zero voltage-switching that controls the load by controlling

the number of completed sine waves. Because only whole sine waves are used

and the power is switched when the sine wave crosses the zero, there exists no

radio frequency interference. The minimum power is 0.8% and the maximum

power is 100%. The SCR has a variable time base from 0.2 to 2 sec. The SCR of the

heater is sized to allow a maximum current draw of 75 amps for a 3 phase, 480

VAC potential. Similarly, the SCR of the preheater is sized to allow a maximum

current draw of 30 amps for a 3 phase, 480 VAC potential.

The SCRs are controlled with either the PC based data acquisition system or

an OMEGA CN7600 PID process controller. By using the former feature, nuclear

coupling due to void reactivity feedback can be simulated based on void-meter

signals. The OMEGA process controller uses a PID scheme to control the feed-

back temperature. This feature is not used for the heater because constant heat

flux is needed during the experiments. This controller is used to prevent heater

from burnout by allowing a set point for a maximum temperature and a max-

imum temperature rate change. The controller gives a 4-20 mA output that is

interfaced to an SCR power controller.
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8.3 Experimental Loop Instrumentation

This section describes the instrumentation developed for and used in the

experimental loop. The instrumentation consists of impedance void-meters, a

thermistor, thermocouples, magnetic flow meters, differential and absolute pres-

sure transducers.

8.3.1 Impedance Void Meter

Knowledge of instantaneous void fraction in two-phase flow is important

for both theoretical and experimental aspects of the thermal hydraulic instability

studies. Void propagation velocity, which is the key for density wave oscillations,

can be calculated based on void fraction measurement through the flow channel.

Many methods have been applied for void fraction measurement [50]. For

instance, Revankar and Ishii [51] and Miller and Mitchie [52]. For the area av-

eraged void fraction measurement, attenuation techniques were used by Chan

and Bannerjee [53] and Eberle et.al. [54], whereas for the volume-averaged void

fraction measurement, the traditional ”Quick Valve Closure” method was used by

Oliver and Hoon [55]. Among these techniques, the one based on the impedance

measurement is the most suitable for thermal hydraulic instability experiments

due to its fast response and direct knowledge of instantaneous area-averaged

void fraction.

The impedance technique can provide the information about void fraction

by measuring the electrical impedance of two-phase flow, and applying the re-

lationship between the void fraction and the impedance. The fast response of

impedance void-meters makes it possible to use them for measurement during

transient situation as well as steady-state conditions. Impedance void-meters

have attractive economic features as well, since it is much easier to construct

them than other void measurement instruments.

8.3.1.1 Impedance Probe Design

The impedance void-meter consists of two major components: a probe and

an electronic circuit. The design of the impedance probe is based on the require-
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ment of withstanding the higher temperature up to 120◦C. For good mechani-

cal and non-corrosive properties, stainless steel is chosen as the material for the

electrodes. Polycarbonate is used as an electrical insulator between electrodes,

and the liner of the probe. The structure of the probe is shown in figure 8.3. Two

rings are flush mounted on the inside wall and insulated from each other. The

internal diameter is same as the inner diameter of the test section. The height

of the electrodes is 12.7 mm and the distance between electrodes is 50.8 mm. A

series of O-Rings are installed in gaps between electrodes and insulator material.

The impedance circuit consists of several parts including a buffer, a current-

voltage amplifier, a rectifier, a low-pass filter and a voltage amplifier. An alternat-

ing current is supplied at 100 kHz to the electrodes on the impedance probe in

order to avoid the double-layer effect. The circuit is versatile such that it can be

adapted for void fraction measurement of multiphase flow with liquids of dif-

ferent electrical conductivities and different probe sizes by adjusting the gain of

amplifiers of the circuit.

In impedance-based void measurements, some errors might be introduced.

These errors can be avoided or reduced as discussed below;

1. Effect of Liquid Electrical Conductivity: The conductivity of water varies with

temperature. This effect increases the difficulty of void fraction measure-

ments. In order to account for the temperature effect on liquid conductivity,

the relationship between temperature and liquid conductivity is measured

over temperature range of interest. Based on this relationship, the mea-

sured impedance can be converted into dimensionless form at reference

temperature.

Conductive chemicals are added to water to increase its conductivity. The

chemicals are Morpholine and Ammonia Hydroxide. The water conductiv-

ity is kept around 300-400 µSi. Small portion of these chemicals might va-

porize during the experiments and could change water conductivity. How-

ever, it is difficult to trace the conductivity change during the experiments.
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Figure 8.3. Impedance Probe with Ring Type Electrodes
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It is assumed that the water conductivity is constant during the experiments.

This assumption should be justified based on the experimental results.

2. Electronics Drift: The output of impedance measurement circuit is propor-

tional to the amplitude of the carrier signal from the function generator,

values of the feedback resistors of voltage amplifier, and conductance of

the two-phase mixture. Therefore, the drift of the amplitude of the carrier

signal and values of feedback resistors should be minimized. Feedback re-

sistors with 0.1% temperature coefficient are used. Normally tests are con-

ducted after keeping the instruments on for more than one hour to stabilize

the circuit as well as the function generator.

3. Mechanical Installation Error: It should be noted that mechanical errors

could be introduced if the impedance probes were not installed with proper

alignment. In order to reduce mechanical errors, the impedance probes are

installed with extreme care and properly aligned with the test section.

8.3.1.2 Theoretical Basis

During the experiments, the water acts as conductive liquid, and conduc-

tance measurements are performed. Normally, conductance of a two-phase mix-

ture depends on conductivity of the phases and their distribution. If conductivity

can be assumed constant, the relationship between impedance and void fraction

can be predicted for some ideal distributions such as uniform dispersed flow and

concentric separated flow.

The dimensionless impedance of a two-phase mixture,G∗, is defined as

G∗ =
Gf − Gm

Gf − Gg

(8.1)

where Gm is the measured impedance value between two electrodes, Gg is impedance

value when the probe section is full of non-conductive gas (vapor) and Gf is

impedance measured when probe section is full with conductive liquid.
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For dispersed flow, especially bubbly flow, the electrical field between two

electrodes is uniformly distributed in the mixture. Hence the impedance of the

mixture depends only on the conductivity of the mixture. In such a case, the

dimensionless impedance of the two-phase mixture, G∗, can be predicted by

Maxwell’s relation [56].

G∗ =
3α

2 + α
(8.2)

Maxwell’s relation is based on the assumption that the non-conductive dispersed

phase is composed of non-interacting and equal-size spheres, and distributed

uniformly in the continuous phase liquid, which is consistent with the charac-

teristics of bubbly flow when the void fraction is low (less than 30%).

For annular flow, void fraction measurement is no more than a film thick-

ness measurement, if the droplets entrained into the gas phase is neglected. In

this case, ring-type electrodes of the impedance probe exhibit more advantages

than other type of electrodes. Theoretical analysis of of the behavior of a probe

with parallel rectangular electrodes separated by a short distance was developed

by Coney [57]. Coney computed the impedance between two rectangular elec-

trodes by the conformal transformation and obtained

Gm = σoLe
K(m)

K(1 − m)
(8.3)

where K(m) =

∫π/2

0

(1 − m sin2(x))−1/2dx is the complete elliptic integral of the first

kind, Le is the effective length of electrodes, and

m =
sinh2

(
πW
2δe

)

sinh2
(

π(W+D)
2δe

) (8.4)

where W is the width of the electrodes, D is the distance between electrodes, and

δe is the (equivalent) liquid film thickness.

Andreussi et al. [58] extended the above analysis to the impedance probes
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with ring-type electrodes by introducing an equivalent thickness,

δe =
Af

ξw

(8.5)

where ξw is the wetted perimeter, Af is the flow area. For annular flow, the equiv-

alent thickness is

δe = D
1 − α

4
(8.6)

If it can be assumed that the liquid film attached on an electrode has the same

potential as the electrode’s, the dimensionless impedance of the two-phase mix-

ture can be approximately expressed as

G∗ = α (8.7)

This implies that, for very thin liquid film, the dimensionless impedance mea-

sured by the impedance void-meter can be related linearly to void fraction.

8.3.2 Thermistor Probe

The inlet temperature is one of the key parameters in instability experi-

ments. In order to improve the measurement accuracy, a thermistor probe (OMEGA

0N-403-PP) is installed just above the inlet flange of the test section. The ther-

mistor probe has interchangeable sensor and its accuracy is around±0.1◦C. Dur-

ing an experiment, measured inlet temperature can be obtained from a hand-

held thermistor thermometer(OMEGA HH42) that is connected to the thermistor

probe. The measurement range for the thermistor thermometer is from -20◦C to

+130◦C, and its resolution is 0.01◦C from -20 to 102◦C.

The stainless steel probe is 3.2mm in diameter, and 114mm in length. The

section of the probe immersed in the flow is required to be at least twenty times

longer than the probe diameter, which is 6.4 mm. The flow channel of the test

section is only 19.05 mm in width. Thus, the probe is bent 90◦ and the immersed

length us 76,2 mm as seen in figure 8.4.
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8.3.3 Magnetic Flowmeter

HONEYWELL MagneW 300 PLUS magnetic flow meters are setup to mea-

sure volumetric flow rate in the test section and the bypass section. The flow-

meter that measures the main flow through the test section is placed at the pre-

heater outlet. The other flow meter, which is for bypass flow, is located on the

middle of the bypass flow.

Each magnetic flow meter consists of a detector and a converter combina-

tion, which operates on the principles of Faraday’s Law. The detector receives

its power from the converter in the form of DC square waves to the detector’s

excitation coils. These coils create a magnetic field at a right angle with respect

to the flow direction. As the conductive liquid flows through this magnetic field,

a voltage is produced across the electrodes, which is proportional to liquid flow

velocity. The detector send this voltage signal to the converter. The converter,

which holds the circuitry that calculates and displays the flow data, converts the

detector signal into standard 4-20 mA output for recording and controlling in-

strumentation.

8.3.4 Differential Pressure Transducer

The measurement of pressure drop across the test section and various parts

of the experimental loop is necessary to quantify the thermal-hydraulic insta-

bilities. For the purpose, three differential pressure transducers (DP) have been

installed. Two of them are HONEYWELL STD130 type, while the other is HONEY-

WELL STD120 type. The measurement is done by a piezoresistive sensor, which

actually contains three sensors in one. It contains a differential pressure sensor,

a temperature sensor, and a static pressure sensor. Micro-processor-based elec-

tronics provide higher span-turn-down ratio, improved temperature and pres-

sure compensation, and improved accuracy. The type STD130 has differential

pressure range between 0 to 7 bar. The other type STD120 has measuring range

between 0 to 1 bar. The locations where differential pressures are measured;

1. Pressure drop across the test section
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2. Pump outlet to test section outlet

3. Test section inlet to top of the experimental loop

The exit and inlet losses can be calculated by comparing the measurements from

DP cells.

8.3.5 Absolute Pressure Transducer

One of the important parameters in the instability experiments is the inlet

subcooling (∆T = Tsat − Tin), which is used to compute the subcooling number.

Along with the Zuber Number, subcooling number determines the stability of the

system for given other dimensionless numbers. Therefore, determination of inlet

subcooling via measuring inlet temperature and inlet absolute pressure is highly

important.

For the purpose, HONEYWELL ST 3000 Smart Transmitter Series 100e Ab-

solute Pressure Transmitter Type STD140 is used. The working principle is the

same as the working principle of the differential pressure transducer. The range

for the equipment is between 0 and 500 psia.

8.3.6 Thermocouples

In addition to the thermistor at the test section inlet, there are several points

at which temperature is measured with OMEGA K-type thermocouples of model

number KMQSS-062G-6. Temperature is measured at test section inlet, test sec-

tion exit, top of the loop, pump inlet, pump outlet (preheater inlet) and preheater

outlet. Temperature measurement at test section inlet and exit are fed to the PC-

based data acquisition system. For the inlet temperature measurement, reading

from thermistor probe are used to quantify the inlet subcooling because of its

higher accuracy.

8.4 Data Acquisition System

Data is acquired from the instruments using a personal computer and a

data acquisition system. The computer is a DELL Dimension XPS T800r with 800
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MHz CPU. It has a hard drive with 10 GB capacity for data storage. A CD burner

and an IOMEGA ZIP drive are installed to archive the raw data.

The data acquisition board is a National Instruments AT-MIO-64E3. The

board has a maximum acquisition rate of 500,000 samples per second for a single

channel and 12-bit resolution. The board is configured for 64 single-ended or

32 differential analog inputs. The board input range is software selectable. The

internal DAS board is connected to a SC-2056 adapter. Most signal-carrying wires

are connected to this adapter.

A 5B01 backplane is attached to the SC-2056 adapter. On this signal con-

ditioning backplane, two 5B37 Thermocouple Input Modules and two 5B39 Cur-

rent Output Modules are installed. The 5B37 Thermocouple Input Modules have

input span limits of±10 mV to±0.5 V and ab output range of 0 to +5 V. The accu-

racy and nonlinearity of these input modules are ±0.05% of span and ± of span,

respectively. The 5B39-01 Current Output Modules are used to control the heater

and the preheater power. These output modules accept a high level signal at its

input from the AT-MIO-64E3 analog output and provide a galvannically isolated

4-20 mA process current output signal. The 5B39-01 Current Output Modules

features high accuracy of ± 0.05%, ±0.02% of nonlinearity and 1500 Vrms com-

mon mode voltage isolation protection.
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9. EXPERIMENTAL RESULTS

The experimental results for the flow excursion and the DWO including the sim-

ulated void-reactivity feedback and the fuel time constant are presented in this

chapter. Air-water experiments are performed to calibrate the impedance void-

meter against DP measurements. The characteristic of the flow instabilities ob-

served in the experimental facility is clarified by the diabatic experiments per-

formed at different operating points on the subcooling number and the Zuber

number plane.

9.1 Air-Water Tests

Series of air-water experiments are performed to cross-calibrate the impedance

void-meter with the DP measurements. The dimensionless impedance which is

given by

G∗ =
Gf − Gm

Gf − Gg

(9.1)

where Gf is the impedance measured when the probe is full with water, Gg is the

impedance measured when the probe is full with air, and Gm is the impedance

corresponding to the two-phase mixture. As can be seen from the Eq. (9.1), G∗

is direct indication of the area-averaged void fraction. By increasing the air flow

through the test section, different flow regimes can be observed. The impedance

probes can also be used for the identification of the flow regimes, since probe

signal carries the signature of different flow regimes. Figure 9.1 shows the typical

signature of the bubbly, the cap-bubbly and the slug flow regimes observed in the

test section.

The differential pressure transducer (DP-2) located to measure the pressure

differential across the test section can also be used to measure the the volume-
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Figure 9.1. Typical Impedance Signal for Different Flow Regimes

143



0 0.05 0.1 0.15 0.2 0.25 0.3
0

0.05

0.1

0.15

0.2

0.25

Void Fraction by DP Measurement

D
im

en
si

on
le

ss
 Im

pe
da

nc
e 

(G
* )

Imp1
Imp2
Imp3

Figure 9.2. Cross-Calibration Curve for the Void Measurement with
the DP Cell and the Impedance Probe

averaged void fraction. The void fraction can be computed from the DP measure-

ment by assuming the gravitational pressure drop is the dominant pressure drop

component;

α =
∆Ptest

ρfgltest

(9.2)

where ltest is the distance between two pressure taps, ρf is the liquid density in-

side the DP line, and g is the gravitational acceleration. Figure 9.2 shows the

cross-calibration curve between void fraction measured by DP cell and the di-

mensionless impedance for each of the impedance probe located along the test

section. Imp1 denotes the impedance probe at the lowest location, Imp2 denotes

impedance probe at the middle of the test section, and Imp3 denotes the probe

at the top of the test section.
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It can be seen from Figure 9.2 that the dimensionless impedance G∗ gives

similar void fraction compared to the one measured by the test section pressure

drop up to % 15 of void fraction. However, beyond that point, the discrepancy

between two measurement methods increases. The reason is that accelerational

and frictional effects in the DP measurement increase with void fraction. This

basically results in underestimation of the void fraction. In the analysis of the

experimental results, the dimensionless impedance is used as area-averaged void

fraction measured at each axial location on the test section.

9.2 Flow Instability Tests

Series of experiments are performed for the different operational condi-

tions in the test facility described in Chapter 8. The following measurements are

taken for different tests conditions:

1. Impedance at Three Axial Locations (Imp1, Imp2, Imp3)

2. Absolute Pressure at the Test Section Inlet (Pcell)

3. Differential Pressure across Different Section of the Facility (DP-1, DP-2,

DP-3)

4. Volumetric Flow in the Test Section and the Bypass Section (Mag-1, Mag-2)

5. Test Section Inlet and Exit Temperature (Tinlet, Texit)

6. Test Section Heater (MHeater)

7. Preheater (Heater)

The name inside the parenthesis denotes the name tag assigned for each of the

instrument.

9.2.1 Experimental Procedure

An experimental procure guide is prepared for the general guideline to be

followed during the experiment. Before starting the experiment, impedance cir-
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cuit and DC power supply are turned on one-hour prior taking data. This is nec-

essary to overcome the effect of electronic drift exists in the circuitry. Bypass flow

is adjusted by using the valve located on the bypass channel to control the frac-

tion of bypass flow in the test facility. The bypass flow is kept much larger ( 3

times ) than the test section flow in order to ensure that most of the flow goes

through the bypass section to maintain constant pressure drop boundary condi-

tion across the test section. Preheater is used to initial heat-up of the facility from

the cold conditions. After reaching the predetermined test section inlet temper-

ature, the test section power is gradually increased. At the same time, the cool-

ing flow rate is adjusted to keep the inlet temperature constant. For given test

section power, inlet velocity and inlet temperature, steady-state conditions are

maintained. From the analytical study given in Chapter 6 , it has been shown that

decrease in the channel inlet velocity is always stabilizing as can be seen from

the maps generated on the subcooling number and the zuber number. There-

fore, one way to destabilize the system is to gradually decrease the flow velocity

via adjusting the pump rotation frequency. Before decreasing the velocity at fixed

heater power and inlet temperature, data acquisition system is triggered to take

the data for five minuted. The data acquisition frequency is set to 200 Hz.

Table 9.1 summarizes the flow conditions where the flow excursion is ob-

served. The data is plotted on subcooling number and zuber number plane with

analytical model prediction for the stability boundary. Figure 9.3 shows the com-

parison between the data and the prediction obtained by solving the dimension-

less characteristic equation for the flow excursion. The experimental data also

shows that subcooled boiling is major destabilizing effect in two-phase flows as

prediced by the analytical model. Therefore, neglecting subcooled boiling non-

conservative results in terms of the flow excursion boundary. The discrepency

between the data and the model can be explained as follows;

i. The characteristic equation derived for the flow excursion in Chapter 6 de-

scribes the problem as finding the solution where
∂∆P

∂υi

= 0. This equation
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Test No: Tin (◦C) υi (m/s) Q (kW) Nsub NZu

1 93 1.2 40 42.1 18.9
2 82 0.8 35 62.1 28.2
3 85.5 0.85 35 54.8 26.5
4 88 0.95 35 49.6 23.3
5 89 0.97 35 48.3 22.4
6 81 0.65 30 64.6 30.7
7 84.5 0.7 30 57 27.5
8 88 0.85 30 50.6 22.1
9 91.5 1.05 30 43.5 17.9

Table 9.1. Test Conditions for the Flow Excursion
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Figure 9.3. Comparison of the Experimental Data and the Model Pre-
diction
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gives a region inside which pressure drop vs. flow rate curve has negative

slope with two lines. Therefore, the first boundary represents the conditions

where
∂∆P

∂υi

= 0. This point can be crossed by changing the heat flux which

moves the curve up and down. However, the channel inlet velocity is de-

creased gradually until it reaches the flow excursion conditions in the exper-

iments. As referring to Figure 9.4, the flow excursion occurs at point B where

the velocity is smaller than the velocity at point A which is predicted by the

model. Therefore, the experimental conditions at which the excursion begins

correspond to the higher zuber number.
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ii. The other factor that may cause the discrepency is the validity of the sub-

cooled boiling at low pressure conditions. The experiments performed for

subcooled boiling at low pressures indicate that the Saha-Zuber model un-

derestimates the departure enthalpy at low pressures. In other words, the

void-departure starts at lower value of liquid enthalpy than the one predicted

by the Saha-Zuber model.

Figure 9.5 shows the typical flow transient during the flow excursion (test

no:2). Once the flow excursion boundary reached, there is rapid decrease in the

flow. This is the reason that the velocity which is shown with an arrow in the

figure is statically unstable. Small decrease in the flow further decelerates the

flow until it reaches another stable steady-state solution which corresponds to

the high quality two-phase region (point C in Figure 9.4.

Figure 9.6 demonstrates how the void fraction in the channel increases in

the channel following the flow excursion. The data shown in the figure corre-

sponds to the dimensionless impedance which can be interpreted as void frac-

tion. Following the excursion, the channel rapidly becomes vapor. In the tests,

tests have been terminated at this point. Since high quality conditions may easily

reaches the CHF conditions. The flow excursion induced CHF is very important

CHF mechanism under natural circulation conditions at low-pressures [7].

However, the flow excursion does not need to yield stable solution at high

quality two-phase flow. Especially, at low subcooling, the oscillatory flow might

occur due to interaction between the flow excursion and DWO. For instance, at

test no:9, the oscillatory flow occurs in the channel following the flow excursion.

Figure 9.7 shows the constant amplitude oscillations following the flow excur-

sion. In this case, CHF is not as certain as in the case shown in Figure 9.5.
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Test No: Tin (◦C) Q (kW)
10 95 30
11 95 25
12 94.5 27.5
13 96 32.5
14 98 20
15 99 20
16 100 30
17 100 32.5
18 100 35
19 99.5 37.5
20 100 40

Table 9.2. Test Conditions for Flow Oscillations at High Inlet Temper-
ature

Experimental observations demonstrated that the pure flow excursion oc-

curs when the inlet subcooling is high. Series of experiments have been per-

formed at relatively high inlet temperatures where large amplitude, low frequency

oscillations are observed. Table 9.2 summarizes the tests conditions in terms of

the inlet temperature, and the main heater power.

Figure 9.8 shows the oscillations observed at test no:14. It clearly shows

that the channel inlet velocity has phase-shift around 180◦ respect to the chan-

nel exit void fraction. The phase-shift is an indication of the void propagation

through the channel. In other words, any disturbance occurs at the channel inlet

propagates with the kinematic wave velocity which is close to the vapor velocity

and induces disturbance in the two-phase mixture region. Since this process is

associated with certain time-lag due to the void-wave propagation, phase-shift

occurs between the inlet velocity and the exit void fraction (or two-phase pres-

sure drop). As explained in Chapter 2, when the phase-shift becomes 180◦, self-

sustained flow oscillations are observed.

Figure 9.9 clearly shows that as the heater power is increased, the oscilla-

tions’ amplitude becomes larger. However, oscillation frequency is almost same

for the test no: 16, 17, 18 and 20.
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9.3 Void-Reactivity Feedback Simulation

The implementation of the void-reactivity feedback simulation via heater

power control program written in LabView is described in this chapter. The sim-

ulation considers the time rate of change in the heater power predicted by the

point kinetic model and the artificial time delay predicted by the single lumped

model derived in Chapter 4. This insures that the actual heat flux to the coolant

is well simulated in the electric heater rod such that the overall impact of the

nuclear-coupled thermal-hydraulic instabilities can be accurately assessed ex-

perimentally.

Figure 9.10 demonstrates the data flow in the facility when simulating the

nuclear-coupled instabilities. The instantenous area-averaged void fraction is

measured at three different axial locations along the test section. Along with

the other instruments, the impedance circuit outputs are connected to SC-2056

adapter, which feeds the data into the data acquisition computer. The AI-MIO-

64E3 DAQ card converts the analog input to the digital format that can be pro-

cessed via the power control program written in LabView.

Point kinetic equations given by Eqs. (5.5a) and (5.5b) can be solved numer-

ically by introducing the first order implicit Euler method. In this method, time

derivatives are approximated as

dn

dt
≈ ni+1 − ni

∆t
, (9.3)

where ∆t is the time step size and i is the time index starting from 0. Implicit

methods are favorable since the method is always stable irrespective of the time-

step size. However, if the time step size is too large, then the accuracy of the so-

lution is reduced. By means of the implicit Euler method, explicit expressions for

new time step values for the neutron amplitude and the precursor concentration
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can be determined as

ni+1 =

λ

Λ
ξie

−λ∆t + ni

[
1

∆t
+ λβ∆t

2Λ
e−λ∆t

]

1

∆t
−

ρi − β

Λ
−

λβ∆t

2Λ

(9.4a)

ξi+1 = ξie
−λ∆t +

β∆t

2

[
ni+1 + nie

−λ∆t

]
(9.4b)

The scheme is started with n0 = 1 and ξ0 = β
λ

, then Eq. (9.4a) is solved first.

With calculated ni+1, Eq. (9.4b) is used to update the value for ξi+1. The current

time is t = i∆t.

The void-reactivity feedback at time step i is written as follows:

ρi = ∆ρα(〈α〉z(ti), 〈αo〉z) (9.5)

where 〈α〉z represents the axially averaged void fraction from the area- and time-

averaged void fraction. The time averaging is performed via moving averaging to

remove the high frequency noise in the void signal. The axial averaging is simply

the arithmetic mean of the three void fraction values. The void-reactivity given

in Eq. (9.5) is calculated by evaluating the integral in Eq. (5.12).

Figure 9.12 demonstrates heater power oscillations created by density wave

oscillations for the void-reactivity coefficient of -2 $/void and the artificial time

delay of 1 sec. The oscillations in the flow field are characterized by the oscilla-

tions in the inlet velocity, which is shown in Figure 9.11. The oscillation frequency

is similar to the frequency observed in the heater power oscillations. However,

there is certain amount of delay due to the propagation of the void waves.

Figure 9.13 demonstrates the effect of the void-reactivity coefficient on the

amplitude of the power oscillations. As shown in the figure, as the void-reactivity

coefficient becomes more negative, the power oscillations’ amplitude become
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Figure 9.11. Heater Power Oscillations
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Figure 9.12. Inlet Velocity Oscillations including the Void-reactivity
Feedback Effect
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Figure 9.13. Effect of the Void-reactivity Coefficient on the Power Os-
cillations

larger due to increase in the feedback gain. In Figure 9.14, the effect of the arti-

ficial time delay is demonstrated. From this figure, it is clear that the additional

time delay tends to stabilize the system by damping the wall heat flux oscillatios.
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10. SUMMARY AND CONCLUSIONS

In view of the importance of the nuclear-coupled flow/power instabilities in both

conventional and next generation natural circulation BWR system, a detailed an-

alytical modeling study has been carried out to derive the dimensionless groups.

The physical processes namely, the fluid flow, fuel heat conduction, and neutron

kinetics have been examined in a general two-phase flow systems such that the

developed model can be applied to both forced and natural circulation systems.

The flow field formulation based on the one-dimensional drift-flux model

has been performed by Ishii [1]. In the present study, the problem formulation

given by Ishii has been extended by considering the subcooled boiling via Saha-

Zuber [13]. The dimensionless groups that are important for the static and dy-

namics of the flow are rephrased in this study considering the time-dependent

wall heat flux response.

The fuel heat conduction process has been examined for a typical BWR fuel

pin consisting of the pellet, gap, and cladding regions. The detailed problem

formulation has been performed and a simplified model based on dimension-

less numbers are derived. It has been shown that the Fourier number defined by

Eq. (4.58) is the most important dimensionless number. The Fourier number is

the ratio of the heat transferred and the heat stored. Therefore, it demonstrated

the measure of the time-lag due to diffusion of the heat throughout the fuel el-

ement. The artificial time-lag that is required to simulate the wall heat flux of a

BWR fuel pin in the experimental facility can be determined based on the Fourier

number scaling.

The model derived in Chapter 3 has been applied to flow excursion phe-

nomenon in both forced and natural circulation systems. It has been concluded
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that the subcooled boiling has a destabilizing effect. Neglecting the subcooled

boiling gives non-conservative results in terms of the stability boundary.

A simple nonlinear dynamics model has been derived for the nuclear-coupled

flow/power instabilities for the flow systems described in Chapter 3. The field

equations for the fluid flow, fuel heat conduction, and neutron kinetics have been

transformed into a set of coupled nonlinear ODEs by means of Galarkin Weighted

Residual Method. The problem formulation has been kept general such that

any degree of polynomial can be used to simulate the enthalpy wave propaga-

tion in the single phase heated section and void wave propagation in the two-

phase mixture heated and unheated sections of a flow loop. A sample calculation

for a single channel BWR core has demonstrated that limit-cycle oscillations are

observed in the unstable region which is predicted via linear frequency domain

tools. The model developed in this study can be used to understand the physics

of the nonlinear DWO with or without nuclear feedbacks. Therefore, a detailed

parametric study can be performed to investigate the effects of the void-reactivity

coefficient, fuel heat conduction parameters such as flux depression factor, inlet

subcooling, operating pressure/power, localized flow resistances, etc.

Based on the detailed scaling study for each process (fluid flow, heat con-

duction, neutron kinetics), a strategy has been developed to simulate the void-

reactivity feedback in the experimental facility introduced in Chapter 8.
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APPENDIX A. SINGLE AND TWO-PHASE EULER NUMBERS

Integration of momentum equation based on steady-state solution for density

and velocity field yields euler number, which is the ratio of pressure and inertial

forces.

1. Single Phase Heated Region:

N1φ
Eu,h =

[
1

2
Ki + λ∗

(
Nf +

1

NFr

)]
(A.1)

2. Two-Phase Mixture Heated Region:
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2
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Nd
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+
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[
1 +
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r − 1

Co

(Co + Nd)

]
(A.3)

3. Two-Phase Mixture Unheated Section: The euler number for unheated sec-

169



tion or chimney section

N2φ
Eu,uh = l∗uh

[
1 + C∗

r(Co − 1)
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∗
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The boiling boundary at steady-state conditions is written in dimensionless

form by means of Saha-Zuber model,

λ∗ =
Nsub

NZu

−





0.0022
D∗

e

ξ∗h

1

a∗f

1

NZu

NPe < 70000

154
1
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h
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(A.5)

Parameter C∗
r is the ratio of kinematic wave velocity at the heated section

exit and boiling boundary, which is given by

C∗
r = 1 +

NZuCoCg

Co + Nd

(1 − λ∗) (A.6)

which is always greater than 1 if boiling starts in heated section.
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APPENDIX B. BOILING BOUNDARY DYNAMICS EQUATIONS

Inserting Eq. (7.10) in to the single phase energy equation, the following equation

for the residual can be obtained:

H1φNs + 1 =
dNsin

dt
+

N1∑

i=1

dNsi

z

i

+ υfin(t)

N1∑

i=1

dNsi

i
zi−1 + Ω1φ (B.1)

The wighted functions are given as 1, z, . . . zN1−1. Therefore, N1 equations can be

determined by evaluating the integral over [0, λ(t)]. In general, Mth equation can

be written as follows:

N1∑

i=1

λ(t)i+M

i + M

dNsi

dt
= −

dNsin

dt

λ(t)M

M
− υfin(t)

N1∑

i=1

i

i + M − 1
λ(t)i+M−1Nsi(t) −

λ(t)M

M

(B.2)

By using the boundary condition at z = λ(t),

Nsin(t) +

N1∑

i=1

Nsi(t)λ(t)i = 0 (B.3)

The differentiation of Eq. (B.3) respect to time gives the equation for the boiling

boundary given by Eq. (7.13). Equation 7.13 together with the system of equation

defined via Eq. (7.11) is solved to determine the boiling boundary dynamics and

the single phase liquid enthalpy wave propagation.
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APPENDIX C. PRESSURE DROP COMPONENTS

The integrating the second term on RHS of Eq. (3.65)) gives the pressure drop

due to the convective acceleration. The integration can be modified via using the

mixture continuity equation as follows:

∫θ1

0

ρmυm
∂υm

∂z
dθ = ρmυ2

m

∣∣∣
θ1

0
+

∫θ1

0

υm
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∂t
dθ (C.1)

Therefore, the pressure drop due to convective acceleration, ∆Psa(t) is given as,

∆Psa(t) =
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The total frictional pressure drop in the channel is given as follows:
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The gravitational pressure drop can be simply obtained via the integration
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of the density along the channel. It is given as,
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Finally, the pressure loss due to localized flow resistances, Kk, along the

channel at locations, zk, is given by the following equation,

∆Pform =
∑
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where θk = zk − λ(t).
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