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Abstract

Steady, two-dimensional flow of aliquid metal jet pouring vertically down from a nozzle in the
presence of crossed magnetic and electric fields has been investigated. The magnetic field is
supposed to have a single component transverse to the flow. An asymptotic, high Hartmann
number model has been used to study a combined effect of surface tension, nonuniform magnetic
field, gravity and inertia. Relations have been obtained for ajet issuing from a duct, pouring into
adraining duct, pouring from one duct into another, and that in aliquid bridge. The results show
that the jet becomes thicker if the field increases along the flow and thinner if it decreases. It has
also been shown that for gradually varying fields characteristic for the divertor region of both
C-MOD and NSTX tokamaks, inertial effects are negligible for N > 10, where N isthe interaction
parameter. Thus, provided the jet remains stable, the inertialess flow model is expected to give
good results even for relatively low magnetic fields and high jet velocity. Surface tension plays a
crucia role in shaping the jet profile at the nozzle. Partial flooding of the nozzle walls is
predicted. Finally, proposals have been made to investigate a possibility of using an axisymmetric
curtain aong the perimeter of the bottom of a tokamak as an alternative to the film- or jet-

divertors, or to use a system of plane liquid metal sheets.



Contents

L. TNEFOAUCTION. ...ttt ettt nn e n e
P2 o 0 010 = o] o 1S
3. Inertialessjet flow for Nigh Ha.........oooioii e
B COrES G, .t e
B2St€AAY FIOW. .. .e e
33 Parallel layer Sa X = 0....cciuiinie e
A RESUITS. .ot
3.4.1 Jet of constant thiCKNESS. ..........vveviie i e
3.4.2 Negligible surfacetension (I ® 0).......ccevvvviiiiiiine e,
3.4.3 Uniformmagnetic field.............ooiiiiiii
3.4.3.1Linearized solutionfor b ~1.........ccooeiiiiiiiiinnnn.
3.4.3.2Flowfor arbitraryh, k andb..............c.cooiiiiiinn .
3433 DiSCUSSION. ...ttt et e e
3.4.3.4 Jet pouring from a supplying into the draining duct.......
3.4.4 Nonuniform magnetic field..............ccooiiiii i
3A45Taloringthejel. ...
4. Slender INErtial JEL ......... e s
4 COrES G, G e e
A2 RESUITS. ..ot e e e e e e
4.2.1 Jet of constant thickness............ccoovv i,
4.2.2 Uniform magneticfield.............cooiiii i
4.2.2.1 Negligible surfacetension (I ® 0).........ccvvvvennnnnnn.
4.2.2.2 Solution of alinearized equationfor b ~1..................
4.2.2.3Flowfor arbitraryhandb..................ccooiiiininnis
4.2.3 Nonuniform magnetic field..............cooooii i
5. CONCIUSIONS. .. e e e e e e e e e e e e e e e
ACKNOWIEAGMENL. ...ttt
REFEIENCES..... .ot



1. Introduction

Liquid metal free-surface flows offer the potential to solve the lifetime issues limiting
solid surface designs for tokamak reactors by eliminating the problems of erosion and thermal
stresses [1], [2]. They also provide the possibility of absorbing impurities and possibly helium for
removal outside of the plasma chamber. In the US ALPS divertor concept thisrole is fulfilled by
acurtain of liquid metal jets[1].

One of the most important problems for the liquid-metal divertors is the
magnetohydrodynamic (MHD) interaction. When a liquid metal flows in a magnetic field,
electric currents are induced. These currents in turn interact with the magnetic field and the
resulting electromagnetic force induces a high MHD pressure drop and significant
nonuniformities of the velocity profile. Although some experimental and theoretical work on the
MHD jet flows has been performed, many issues still need to be resolved (see areview in [3]).
Among the most important ones are the effects of nonuniform magnetic fields, inertia, surface
tension, and gravity on both the jet cross-section and trajectory.

The main aim of this paper is to study a combined effect of surface tension, gravity,
inertia and a transverse nonuniform magnetic field on the steady jet flow. Asan initial step atwo-
dimensional flow is considered (Fig. 1). Thus the flow geometry may be thought of that of a
curtain, which iswidely used in coating flows [4] (Fig. 2). The assumption of two-dimensionality
means that the flow is confined laterally by two perfectly conducting sidewalls. Away from the
immediate vicinity of the sidewalls the flow istwo-dimensiona (cf. [5]).

The flow also approximates that in an axisymmetric, vertical curtain in aradial, horizontal
magnetic field (Fig. 3), which may be placed along the perimeter of the bottom of a tokamak. If
the radius of such a curtain, R, is much higher than the curtain thickness, a’, the effects of the
azimuthal curvature may be neglected and the flow in an azimuthal cross-section may be
considered two-dimensional.

It should be emphasized that as far as divertors for tokamaks are concerned, the jets are
likely to have a finite cross-section, and that al the solid walls are either insulating or have a
finite conductivity. Thus this particular model flow has its limitations in terms of direct
applicability to real divertor flows. In such flows, however, nonlinear effects are difficult to

analyse. In contrast, the geometry studied here presents a unique opportunity to get an assessment



of the importance of inertial and surface tension effects and to derive simple relations for the jet
velocity and thickness, which may be used to verify numerical methods being devel oped for more
realistic geometries.

Despite the limitations, curtain flow has severa advantages with respect to a jet- or film-

flow, which are discussed in Conclusions, and which may be employed in the divertor design.

2. Formulation

Consider a flow of a viscous, electrically conducting, incompressible fluid in a jet (curtain)
pouring downward in the X -direction (the direction of gravity) from an orifice (Fig. 1). Here
(X',y,Z) isthe Cartesian co-ordinate system. Dimensional quantities are denoted by letters
with asterisks, while their dimensionless counterparts - with the same letters, but without the
asterisks. For X < 0 the flow is between two parallel eectrically insulating plates located at
y =+a /2, while for X > 0O there is a free-surface flow. The location of the free surface is
defined asfollows: y" =+h"(x',t"), wheret istime. The flow is supposed to be symmetric with
respect to y', and therefore flow for y* > 0 only will be considered. Electrically insulating solid
platesat X =0, |y |Fa /2 may aso be present. In this case the fluid issues from a wall. If
these plates are absent, the flow will be referred to as “the nozzle problem”.

The flow occurs in the presence of a strong, transverse magnetic field B" = B,B(2x /a')y,
where B, = constant is the induction of the magnetic field in the far upstream region. It should be

noted that the fact that B tendsto 1 as X ® - ¥ is not a necessary assumption; B, may be a
magnitude of B” at any reference point within the flow region.
Laterally the flow is confined by perfectly conducting sidewalls located at z =+L (Fig. 1),

which are connected through aresistor, so that the resulting constant electric field E” is supposed

to be given (see the discussion below). In this case, sufficiently far from the sidewalls the electric
current flowsin the Z -direction only, while the flow may be considered two-dimensional, in the
(x',y") -plane [5]. The sidewalls are analogous to the edge guides in curtain flows (Fig. 2), which

support the jet (curtain) from contracting owing to surface tension [4].



The characteristic values of the length, the fluid velocity, time, the electric current density,

the electric field and the pressure are a' /2, v, =Q /a (average velocity in the duct region),
alv,, sv,B,, B, and a'sv,B,?, respectively. In the above, s,r,n are the electrical

conductivity, density and kinematic viscosity of the fluid, Q is the flow rate. Then the

dimensionless, two-dimensional, inductionless equations governing the flow are [3]:

N : _Tp 41 fu fu , fud
Ha“N“u- | B(X)=—-d+ N fu—+v—+—v, 1
1809 X DTy ﬂtg (13
Ha 2Ry =P 4 N'lguﬂ+vﬂ+ﬂu, (1b)
P Ty Tty

j, =E+UuB(x), (1)
T Voo, (1d)

ix Ty

where u and v are the x- and y- components of the fluid velocity, respectively, p isthe pressure, j,

is the electric current; Ha=a'B;(s/rn)*'? isthe Hartmann number, which expresses the ratio of
the electromagnetic to the viscous force; N =a'sB,?/rv; is the interaction parameter, which
expresses the ratio of the electromagnetic to the inertial force; parameter d=rg/sVv,B;>=(FrN)™

expresses the ratio of the gravitational to the electromagnetic force [3], where Fr =v,?/a’g is
the Froude number. Typical values of the dimensionless parameters are given in Table 1.

The values of B, of 10T, 5T and 1T are characteristic for the conditions in large-scale
tokamaks (e.g. ITER), C-MOD and NSTX, respectively [3], [6]. From Table 1 follows that both
Ha and N are high in general. For NSTX, however, N may be ~1 or even lower in the regions of
lower field. For velocities ~ 10m/s it is unlikely that the flow in NSTX will be laminar (see Sec. 4
and Conclusions), and thus the theory presented here is expected to be valid for NSTX conditions
only for lower velocities.

In free-surface MHD flows parameter d may be as low as ~ 10*10° (negligible gravity;
Table 1), or as high as ~1 (see Table 3.3 in [3]). Therefore, in the following it is treated as an
O(1) parameter.



Table 1. Typical values of dimensionless parameters for Li divertors, for a’ = 0.005m.
Thermophysical data for Li have been taken from[3].

A 10m/s 1m/s
Fr 2039 20.39
Ca 0.0115 0.00115
B, 10T 5T iT 10T 5T iT
Ha 4308 2154 431 4308 2154 431
N 334 83.5 3.34 3340 835 334
N/Ha  0.078 0.039 0.0078 0.78 0.39 0.078

d 14740° 58740° 14740°% 14740° 58740° 147X40°

| 4.6940° 1.8740° 4.6940°* 4.6940° 18740° 4.6940°

The symmetry conditions are:
fu/fy=0, v=0 ay=0. (1ef)
The boundary conditions at the duct wall are the no-slip- conditions:
u=v=0 ay=1x<0. (1g,h)
The boundary conditions at the free surface are the kinematic and the dynamic boundary

conditions [3], [4]:

Mov o ay=neo (i)



2P flu e ogho Uéu v :
PRLLR LS sl 4=0 ay=h(xp), 1
WA g &g By a0 2V TR ()

ahe't leeéTho Ufu  Théfu ﬂVLﬂJ .
- Ha? +2éL+ e i —- — =Ca'k aty=h(xt), 1k
P 8 gﬂxﬂ.fgﬂxﬂ g T ﬂxgﬂ_y ﬂX% y=heat) (1k)

where
he  ahsl
k=rspd+&-2g (1)
ixa efxag

is the curvature of the free surface; Ca=rnv, /g is the capillary number, which expresses the

ratio of viscous to surface tension terms in the dynamic boundary condition; g is the surface
tension coefficient. Typical values of parameter Ca are shown in Table 1 above and in Table 2.2
in[3].

Far upstream the flow is fully developed, which requires

/X ® constant, Mu/x® 0 as x® -¥ . (1m,n)

Finally, the solution is normalized using the condition of afixed flow rate:

1

ydy=1 forx<0. (10)
0

If the flow is steady, then
h
Oydy =1 forx>0. (1p)
0

The constant electric field E is a parameter of the problem, which is determined by the
external circuit, and which is created by a fixed potential difference applied to the sides. Similar
to flows in ducts[7], [8], the present flow may be in the regime of either a brake, or a generator,
depending on the value of E.

Consider the duct region, x < 0. Integrating Eq. (1c) over the duct cross-section yields:
I (X) = 4B(x) + E]. Suppose for an instant that B = 1 and thus | = constant. Then the flows may

be classified asfollows. For E=-1 onegets| = 0 (an open electric circuit). This caseisrelevant



to ductgjets of a finite cross-section. The case E = 0 corresponds to either short-circuited
sidewalls, or to an axisymmetric curtain shown in Fig. 3. In this case the current | is generated by
the flow. For E < -1 (current | <0 is supplied to the system) the flow is accelerated, i.e. gravity is
artificially enhanced. For E = d gravity is balanced by the term EB, and thereisno flow. Values E
> d are not relevant for the discussion here as a much stronger Lorentz force acts against gravity
and destroys the curtain. Thus, in the following we will consider E to be within the range
-¥<EE£d.

If B is not a constant, then current | varies with x, so that different parts of the flow region
may function in different regimes, e.g. the current may be generated in one part and brake the
flow in another. Similar analysis holds for the jet region.

In the following the problem defined by Egs. (1) is analysed for high values of parameter Ha.

First the inertialess flow is studied in Sec. 3 for an arbitrary jet thickness and curvature of the free

surface. Thenin Sec. 4 slender inertial jet is studied, which requires [fh/ X <<1.

Although here we are interested in the steady flow, the unsteady, evolution equations are
derived first in the quasi-static approximation. These equations will be analysed in a subsequent
investigation.

3. Inertialess jet flow for high Ha

In this section the problem defined by Egs. (1) is analysed for high values of Ha and for
N® ¥ . In the following all the flow variables denote their core values. Terms O(Ha™) are
neglected.

In a sufficiently strong magnetic field the flow region splits into the following subregions
(Fig. 1): the cores C1, C2, the Hartmann layers H1, H2 of thickness O(Ha™) at thewallsy =+ 1
and the free surface, respectively, and the internal parallel layer Sat x = 0 of thickness O(Ha™"?).
There are also corner layers at x = 0, y = £1 (being passive; not shown in the Fig. 1) with
dimensions O(Ha'*)” O(Ha™').

The analysis of the Hartmann layers is standard and thus is not presented here. The

Hartmann layers H1, H2 provide matching conditions for the variablesin cores C1 and C2. In the



duct region (C1) this is the non-penetration condition (1h). In the jet region the Hartmann layer
H2 vanishesto O(1) [5], [9]. As aresult for variables in the core C2 the kinematic condition (1i)

holds, while the normal component of the dynamic condition (1K) reducesto
p=-1k ay=h(xt). 2

The constant pressure of the surrounding medium is set to zero. In the above parameter
| =(Ha*Ca) ' =g/(a”’B,’sV,) expresses the ratio of the surface tension and electromagnetic
forces, and thus depends neither on viscosity nor density of the fluid.

As| variesin awide range (~107-10°% (see Table 1 above and Table 3.3 in [3]), it will be
treated as an O(1) parameter. If | islow, the electromagnetic force dominates the surface tension.
This is despite the fact that the values of the capillary number for liquid metals are usually low.
Nevertheless, as will be shown below even if the value of | is low, in general surface tension
cannot be neglected.

Another point of view on Eq. (2) isthat in atwo-dimensional MHD flow changes in pressure
O(l ) cause respective changesin curvature O(1).

The tangential component of the dynamic condition (Eq. (1j)) is taken into account in the
O(Ha™) termsin the Hartmann layer. Aswill be shown later the x-component of the core velocity
is a function of x and t only, while the y-component is linear in y. As the core velocity does not
satisfy condition (1)), this leads to the O(Ha™) flow in the Hartmann layer at the free surface.
Since we are interested here in the O(1) variables only, this secondary effect will not be analysed
(see the details of the analysis for a similar problem of the fully developed rivulet flow in [9]),
and thus Eq. (1j) is omitted.

3.1 Cores C1, C2

The analysis for both cores goes along the same lines. In the cores both viscous and inertia
terms in Egs. (1ab) are neglected. Now, for high values of N there are two time scales in the
problem. One is slow, O(1), which appears via the kinematic condition (1j). The other is fast,
O(N™), as follows from Egs. (1ab). If one assumes that variations of the free surface are

sufficiently slow, derivatives with respect to time in Egs. (1a,b) may be neglected, while that in
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Eq. (1i) retained. The result is the so-called quasi-static approximation employed in the study of
sow motion of drops, jets and other flows in ordinary hydrodynamics (see reviewsin [10], [11]).

Then Egs. (1a,b) become:

B =T g, o=TP (3ab)
X

iy

Substituting Eg. (1c) into Eq. (38) and using Eq. (1d) gives the expressions for the

components of the core velocity as follows:

-2l b[o]¥ 1
1)=B2d- PV E?
u(x,t) I ﬂx\ﬁ (49)
V(x,yt) = - y M (4b)
Ix

where p(x,t) is an unknown core pressure. These expressions are valid for both cores.
Now, in the duct region the non-penetration condition (1h) holds. Using Egs. (4ab) and

(1c,0) give the solution for the core C1 as follows:
0
u=1, v=0, j;=E+1, p(x)=p,(t)+dx+JE+B(9)}B(s)ds forx<O0, (5ad)

where po(t) is the unknown pressure at the duct exit x = 0. It follows that the Hartmann flow holds
up to the junction, while the pressure “ absorbs’ all variations of the field with x.

It should be noted that for d = 0 and E = -1 the pressure gradient is O(Ha™) (see e.g. [7], [8])
and thusis neglected as we are interested in O(1) terms only.

As B(x) ® 1 for x® - ¥ , theasymptotics for pressure far upstream in the duct is:
p(x) ~ (d—E-1)x. (6)
Now let us discuss the jet region. We note first that Eq. (2) yields the expression

P, (t) =- 1 k(x=0) at the duct exit. As the pressure is continuous, any disturbance in the free-

surface curvature at x = 0 would modify the level of pressure in the duct (see Eq. (5d)). However,
as the steady term given by Eq. (6) dominates at large distances into the duct region, then
sufficiently far upstream from the orifice the importance of the possibly time-dependent surface

tension term diminishes.
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Applying the kinematic condition (1i) to the core velocity (4) and using Eq. (2) gives:

fh 1
L =- " (uh 7
it ﬂX(u ), (7)
't =B'21I ﬂ_k+du- EB’. 8
u(xt) 14 \5 (8)

This system may be reduced further to a single fourth-order evolution equation as follows:

fh_ 1

. ﬂx} he 2 0, T hgife- ag ). ©
|

Ix Ix

Eq. (9) will be the subject of investigation of a separate study.

3.2 Steady flow

Our main interest here isin the steady flow. Neglecting time derivative in Eq. (7) and taking

into account Eq. (1p) gives:
u(x) = h™*(x). (10)
Substituting Eg. (10) into Eq. (8) gives the nonlinear third-order equation for function h(x) as
follows:
| k'=EB- d+B*h, (11)

where * = d/dx. This equation describes equilibrium solutions of Eq. (9) subject to condition (1p).
Once h isknown, core flow variables are determined from Egs. (2), (10), (1c) and (4b).
As there is a sharp corner at x = 0, y = 1, the fluid will tend to be attached to it [4], [12].

Therefore, we assume first that the so-called pinned-end conditions hold at this point. This gives:
h=1 ax=0, (12)

while the value of the angle, g =tan*(h'(0)) (Fig. 1) isthe result of the solution of the problem.
The wetting line will remain attached to the edge for a range of contact angles given by Gibbs

inequality [4]:

12



dr £9£q,+180°- g, (13)

where ga, gr are the so-called advancing and receding angles for two different walls, and g: isthe

included edge angle (Fig. 4). Asfar aswe know there has been no measurements of the angles ga

and gr for MHD flows. Therefore, we treat g being arbitrary, provided the steady solution exists.
The conditions far downstream from the jet exit depend on the asymptotics of B at infinity.

For B® B, =constant as x® ¥ , the boundary conditions compatible with Eq. (11) are:

h® b, h® 0 as x® ¥, (14a,b)
where
2
b=_ D¢ (15)
d- EB,

In this case parameter b has a meaning of being half the constant jet thickness far downstream.
Therefore, the jet will expand if b > 1 and contract if b < 1.

More generally, parameter b™ may be thought of as an efficient gravity modified by the
Lorentz force.

In the far downstream region the flow variables are:

u, =dB,*- EB;*, v, =0, j, =dB;, p, =0, (16a-d)

so that the fluid flows with a constant velocity in ajet of a uniform thickness determined by the
magnetic field in the downstream region.

If E = 0 (sidewalls short-circuited), then u, =dB,?. In this case the dimensiona jet
thickness, velocity and current are: 2h, =a'b=a'v,;sB//rg, u, =rg/sB/?, j, =rg/B,,
respectively. Thus, neither dimensional velocity nor current depend on either the average flow
velocity v, or surface tension. For d<<B?, sufficiently far downstream, the jet thickness is
expected to increase dramatically.

Egs. (16) are in fact the exact solution of the problem defined by Egs. (1) for an infinitely

long jet driven by gravity. In such aflow gravity is balanced by the Lorentz force, while variation

of pressure vanishes, and thus h = constant. In a corresponding hydrodynamic problem, vertical

13



jet flow with a uniform velocity is not possible [13], [14], as there is no body force to balance
gravity. This causes the fluid to accelerate and thus the jet to contract.

If d = 0 (negligible gravity), then u, =-EB,', j, =0. In this case the electric current
vanishesand h, ~ B, .

If bothd=0and E =0, no uniform flow is possible.

3.3 Parallel layer Satx =0

The flow in the parallel layer is discussed here for B = 1 and for h'(0) = tan(q) = O(1). As
both the core pressure and axial component of core velocity (cf. Eq (10)) are continuous across

x =0, thenin layer Sthe following expansions of the flow variables hold:
u=1+Ha"?ug, v=v,, p=p,+Ha'p;. (17)

Here po = -l k(0), while quantities with index S are the parallel-layer corrections to the core

variables. Asthe parallel layer does not disturb the core flow to O(1), it is passive.

/2

Introducing the stretched co-ordinate x = Ha'?x into Eqgs. (1ab,d) yields the equations

governing theflow in layer Sasfollows:

™ _Tps  Tps _ TV (18a,b)
> Ty o Ty

while function usis determined from the equation

Ug =- % (18¢c)

As the Taylor's expansion of function h a x = 0is h=1+h'(0)x +..., the geometry of the

vicinity of x = 0 in the layer is similar to that of a linearly expanding (b > 1) or contracting
(b < 1) duct [15]. Therefore, the boundary and matching conditions for the system of Egs. (18a,b)
are (see[15] and Fig. 3):

vo=0ay=1,x<0, (18d)

14



vs =h'(0) aay=1,x>0, (18e)
Vy® Oasx® -¥, (18f)
Vs ® yh'(0) as x® ¥ . (180)

The solution to this system may be obtained in a similar way to that described in [15], and

thusis not discussed here.

3.4 Results

Before we proceed with a general discussion of the problem defined by Egs. (11), (12), (14),

several limiting caseswill be considered.

3.4.1 Jet of constant thickness

If B=1, b =1, the jet thickness is constant to O(1). The flow variables are: u = 1,
V=jz= p= 0.

3.4.2 Negligible surfacetension (I ® 0)

If | ® O pressureinthejet vanishes, and the solution to the reduced version of Eq. (11) is:

~ o B(X)

h(x) = d- EB() ' (19a)
and thus

~, . _d- EB(X)

u(x)_—BZ(x) : (19b)

In the above " denotes quantities obtained for | = 0. With regard to Egs. (19) the following
observations can be made:

(1) Ford<<1(negligible gravity) one gets:

15



h(x) =- BX)E™, G(X) =- EB(X). (20a,b)

The jet width is proportional to the induction of the field. The jet expands if B
increases or contract if B decreases along the flow. The fluid decelerates or

accelerates, respectively.
(i) Function his always non-zero. It becomes unbounded when d = EB(X).
(ili) For E =0 (sidewalls short-circuited) one gets
ﬁ(x) =B*(x)d*, G(x)=dB?(x). (21a,b)

If B increases/decreases along the flow, the rate of expansion/contraction of the jet
becomes higher than in (i) because the electric currents are higher in this case than
for E* 0. If in addition d = O (negligible gravity), the solution fails to exist. In this
case the jet is diverted into the horizontal direction straight at the duct exit (see
discussion in Sec. 4.2.3).

(iv) Evenif | issmall, surface tension is negligibly small in the whole domain only if

the solution h satisfies the boundary condition (12). This occurs for
B%(0) = d — EB(0) only.

3.4.3 Uniform magnetic field

IfI 1 0and B =1, Eq. (11) becomes:
lk'=h'-b*. (22

First of al let us consider what reductions of this equation are possible. Basically, two main
simplifications can be made.

If |n’| << 1, curvature may be linearized, i.e.
k»h. (23)
If h ~ 1, then the right-hand side of Eq. (22) may be linearized, which yields:

h'-b!'»Dh-H. (24)

16



HereH = 1—h, and Dh =b - 1 isthe difference between the jet thickness far downstream and that
at the orifice.

A combination of these two cases, as well as the limit when h® 0 leads to the following
five cases presented in Table 2.

Table 2. Particular types of Eq. (22) for various limiting cases. Inthetable '=d/dx.

Approximation Equation Notation
| h-1]<<1, |h'|<<1 | H"'+H =Dh H=1-h
h—-1|<<1,
I | k'(H)+H =Dh H=1-h, Xx=x
h' arbitrary
" h® 0, h’ arbitrary kK'(fy=f" f=h/l, x=x/1,
v h® 0, |h|<<1 fro=f"* f=h, x=123x
V  hahbitrary, |'|<<1 frr=f1-1 f=h/b, x=( /b%)"*x

It is worth noting that the reduced Egs. IV and V from Table 2 belong to the following
family:

f'"=-c+c,f ", (25)

where nisareal number and ¢, are certain constants. For various values of n Eq. (25) describes
travelling-wave solutions for a spreading or a sliding drop, drawing down a vertical wall, Hele-
Shaw cell, porous media, etc. (see reviews in [10], [11], [16], [17]). However, Eq. (22) is more
general than Eq. (25) in that it involves full curvature and thus does not require the assumption

that a fluid volume be thin, which is employed while deriving Eqg. (25) for the above-mentioned
flows.

17



3.4.3.1 Linearized solutionfor b ~ 1

Suppose that both the variation of the free surface and the slope aong the flow are
sufficiently small. Then Eq. (22) may be linearized. It will be shown below that this requires
IDh| <<1 %3,

Assuming that h = 1 + H, where H << 1, and substituting this expression into Eq. (22) and

boundary conditions (12), (14) givesthe following problem for function H:

|H"'+H =Dh, (26q)
H(0) =0, (26b)
H® Dh, H® 0 as x® ¥. (26¢,d)

The solution to the problem defined by Egs. (26) is:

H =Dh{l- e}, 27)

[ -3

whereh =x , and thus

h=b- e"Dh. (28)
The corresponding expressions for the fluid velocity, pressure and current in the jet are:
u=b*{l+e"Dh}, v=1"%"b'Dh, p=IY%"Dh, j,=d+e"Dh. (29ad)

Therefore, for gradual variation of the jet thickness, the surface tension acts at a distance
O( 3 from the orifice. For | ¥3 << 1 this becomes a layer across the flow in which all flow
variables tend towards the far-downstream solution exponentially. Within the layer there is a
balance of surface tension and Lorentz forces. Solution (28) is shown in Fig. 6 with broken lines.

Let us discuss now the validity of the linearized solution. From Eq. (28) follows that

h'~1'°Dh. Therefore, curvature may be linearized only if
Dh<<| Y3, (30a)
The second requirement is that the surface-tension layer is thicker than the parallel layer, i.e.

Ha Y2 << | Y3, (30b)
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This is equivalent to Ca << Ha Y2, which holds in most cases except for very high magnetic
fields. For Ca = O(Ha™?) the jet thickness varies within the parallel layer governed by viscous-
electromagnetic-surface tension interaction. The problem in the layer becomes nonlinear; it
requires a separate study.

3.4.3.2 Flow for arbitrary h, k and b

If his arbitrary, the boundary-value problem defined by Egs. (22), (12), (14) is solved
numerically using three different methods for reasons described below.

Method 1 is as follows. A subroutine DBVPFD from IMSL library is used to solve the
boundary-value problem. The method employs a variable order, variable step size finite
difference method with deferred corrections. For low vaues of | parameter continuation
technique is used. Method 1 is also applicable to flows in nonuniform magnetic fields discussed
in Sec. 3.4.4; neither Method 2 nor 3 is.

The results of calculations for | = 10” and for several values of b are shown in Fig. 6.
Solutions of linearized EQ. (26) are also shown in the figure with broken lines. As the selected
values of b are sufficiently close to 1, solutions of EQ. (26) approximate the actual ones very
well.

However, when b has been increased above about 1.07 or decreased below about 0.94, a
problem appeared: the numerical solution diverged. Similar situation occurred for a fixed value
of b and for various values of | (Fig. 7). For example, for b =1.25 decreasing parameter | below
the value of 0.003 was not possible.

To clarify the reason for the divergence of the numerical method, calculations have been

performed for a fixed value of b =1.25 and for various values of | using Method 2, which is

described below.

As the conditions far downstream are known, (h=b, h’ =0, k = 0), the solution is obtained
by integrating backwards using the function ode45 from MATLAB, which employs a fourth-
order Runge-Kutta method. Calculations start from a certain value of X = Xend. AS EQ. (22) is

invariant with respect to translation along the x-axis, the value of Xenq is arbitrary. When the value
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of h reaches 1 at a certain point, this indicates the position of the orifice. However, we let
calculations run even belyond the level h = 1 until the solution terminates.

The results are shown in Fig. 8. It is seen that for | =1 (and higher) the solution exists for all
positive values of h. For | below about 0.6 the solution curves terminate at certain points for
h > 0. At points of termination the absolute values of the first (and the second) derivatives
becomes very high (see Fig. 9). In fact we will show below that at these points h'® ¥,
h"® -¥ , while curvature remains finite. For | < 0.003 the solution terminates above h = 1.
Therefore, for sufficiently low values of | the steady flow obeying the boundary condition (12) is
not possible.

In calculations described above curvature k has been nonlinear. If curvatureis linearized, i.e.
Eq. V from Table 2 is solved instead of Eq. (22), the solution exists for all values of | and b (see
Fig. 8, broken lines).

As follows from Figs. 9, 10, athough curvature at the points of termination remans
moderate, the absolute values of both the first and the second derivatives of h become very high.
Therefore, there is a possibility that the solution terminates because of numerical errors. In order
to eliminate this possibility the following approach has been adopted (Method 3).

Since coefficients of Eq. (22) are constant, this third-order equation may be reduced to the

second-order one by means of the following substitution:
s={+h2J"?, (31)

where 0 £ s£ 1 is an unknown function of h. The plane (h,s) is the phase plane for the original
flow.

The limiting values s = 0 and s = 1 correspond to |h'[® ¥ and h' = O, respectively. Then
Eq. (22) yields:

1ndS- @ 10 . (32)

The upper and lower signs in the above equation are taken for solutions with h” > 0 (expanding
jet) and h' < O (contracting jet), respectively. The expression for h' in terms of s is:

h'=+(1- s*)"?/s. It should also be noted that

ds/dh = k. (33)
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Eq. (32) is solved as follows. As the value s =1 (0" = 0) is reached at h = b, this point
corresponds to X ® ¥ . Then EqQ. (32) may be integrated numerically from h = b towardsh =1

using theinitial conditions:
s=1, ds/dh=0 a h=bh. (34)

The initial-value problem defined by Egs. (32), (34) is solved by a fourth-order Runge-Kutta
method.

The advantage of this approach is that the derivatives of s remain bounded for al values of h,
which reduces possible numerical errors.

Calculations of the problem defined by Egs. (32), (34) have been performed for various
values of parameters. The results of calculations on a phase plane (h,s) for b = 1.25 (expanding
jet) and for various values of | are shown in Fig. 11. For sufficiently high values of | (> 0.003)
function s is monotonic. The resulting value of (1) decreases with decreasing | (curves 1 - 4),
i.e. b’ remainsfinite. For I = 0.003, the value s(1) becomes zero (curve 5), i.e. h' tends to infinity
ah=1 Forl <0.003itfollowsthat s® O for acertain h > 1 (curve 6). Therefore, a passfrom
h =b to h =1 becomesimpossible.

The situation for which the solution breaks down first will be called critical, characterised by
critical values of parameters: | ¢, Dher (Or ber).

The results presented above are in full agreement with the results obtained by Methods 1 and
2. In fact, comparison of the numerical results obtained by the three methods are in perfect
agreement, i.e. numerical errors related to high values of h" and '’ do not alter the accuracy of
either Methods 1 or 2.

Finally, further decrease in | leads to oscillating solutions of Eq. (32) (curves 7, 8 in
Fig. 11). The frequency of oscillations increases as | decreases. It should be noted that negative
values of s have no physical meaning. However, branches of positive values of s, which start and
terminate at s = 0 do. We postpone the discussion of these branches until Sec. 3.4.3.3.

Variation of angle q with | for expanding jets is shown in Fig. 12. For any non-zero value of
Dh, as | decreases the angle q eventually becomes equal to either +90° or —90°, respectively

(critical solutions). Fig. 13 shows the results for |g| in alog-log scale, from which follows that

|al=4%- c(Dh) (35)

21



for virtually al valuesof | . Here c isa coefficient of proportionality, which is afunction of Dh.

Now, the question is what happens if the values of parameters| and Dh are beyond critical,
i.e. we are interested in what happens if we dlightly increase or decrease, say Dh. There are
several possibilities: (i) the flow becomes unstable; (ii) the slope never becomes equal to p/2,
being adjusted in the parallel layer; (iii) pinned-end boundary condition is violated and a new
equilibrium state results.

Here we study scenario (iii), i.e. we are looking for steady, post-critical solutions of the
problem. As has been discussed in Sec. 3.2 the fluid tends to be attached to sharp corners, while
the angle q results from the solution of the problem. If such aflow is not possible, a new steady
flow may result.

It is easy to predict what will happen if b < 1 (i.e. for the jet velocity higher than that in the
duct; contracting jet) and if we dightly decrease the Dh below critical. If boundary condition (12)
is violated, the point of attachment will move upstream. At the solid walls a contact angle, qo,
must be specified. If one assumes that this angle is static, then it is uniquely determined by the
material properties of the particular solid, liquid, and the surrounding medium. If wettability of
the walls is good (e.g. for In-Ga-Zn, which wets most materials), then qo < p/2, while for poor
wettability (e.g. Hg) qo > p/2 (Fig. 14).

Therefore, if wettability of wallsat y = +1 is poor (Fig. 14a), the duct will drain. Indeed, as
the contact angle qo > p/2, this corresponds to the angle q defined in Fig. 1 being higher than
—p/2, i.e. above critical. However, for post-critical conditions such a flow is not permitted.
Therefore, the point of attachment will continuously move upstream until the whole duct drains.
As has been analysed in the above, for | = 10" thiswill happen for Dhe = 0.075 (i.€. by = 0.93).

If wettability of wallsat y = 1 isgood (qo < p/2), a new equilibrium is possible, as shownin
Fig. 14b. In this case regions of stagnant fluid (St) are formed. Indeed, in such aregion thereis a
“dead end” at the point of attachment, through which the fluid cannot flow. Since u is afunction
of x only, recirculating flow in region & is not possible, and thus thisregion is stagnant.

The equation of equilibriumin regions St is:

k'=-(b)™, (36)
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which represents a balance between the efficient gravity and surface tension. For E = 0 (pure
gravity) parameter (I b)™* = Bo, where Bo=a'*r g/ g is the Bond number, which expresses the
ratio of the gravitational and surface tension forces.

At points A in Fig. 14b the first derivative of h is infinite and changes the sign, while
curvature in region & matches that of a critical solution. The method of obtaining post-critical
solutions is described at the end of this section.

What exactly will happen for an expanding jet if we dlightly increase the Dh above critical
largely depends on the geometry of the flow at x = 0 and again on the wettability of the solid
walls. Several situations are possible as shown in Fig. 15.

In the first two cases (Figs. 15a,b) solid walls at x = 0 are present. Suppose now that | is
fixed, and that Dh isjust below the value Dh,. If Dh isincreased dightly above Dhg, the point of
attachment will suddenly start moving along the wall x = O until a certain value of h(0+) is
reached, which corresponds to a given value of the contact angle gqo. An example of such a
scenario for | = 10, Dhy = 0.075 is shown in Fig. 16, where two resulting post-jump jet profiles
are presented. These are for qo = 30° (good wettability) and 150° (poor wettability).

As there is now ajump in the value of h at x = O, vertical velocity in the parallel layer will
increase by a factor of Ha"2 The geometry in the vicinity of x = 0 will become that in a sudden
expansion studied in [18].

The transition from a sub- to a post- critical state is likely to be even more complicated,
because the hysteresis of the contact angle occurs not only for the angle q, given by the Gibbs
inequality, but for the contact angle go as well. In dynamic problems qo is not necessarily static.

In fact, its value varies within arange
Jor < o < Joa, (37)

where goa and qor are the advancing and receding contact angles for a particular wall [4]. Besides
other factors a particular value of go depends on roughness of the wall and the presence of
surfactants. Therefore, new jumps may occur if qo fails to satisfy condition (37).

Ultimately, the dynamics of the transition and the post-critical flow itself will depend on
such experimental conditions as wall roughness, cleanness, etc. Therefore, experimental studies

of the dynamics contact anglesin MHD flows are very important.
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Consider further possibilities for post-critical flows. If there are no vertical walls at x = 0 (the
nozzle problem), several post-critical states are possible (Figs. 15¢-h).

As the nozzle walls have a finite thickness, the point of attachment will first jump to the
upper corner of the wall, as shown in Fig. 15c. The fluid will stick to this corner until the flow
becomes critical again. If Dh decreases further, the fluid will partialy flood the nozzle wall as
shown in Figs. 15d,e. In both cases of good (Fig. 15d) and poor (Fig. 15€) wettability there will
be azone S of stagnant fluid for x < 0.

If anozzle protrudes from awall over a certain distance (Fig. 15f-h), again severa states are
possible. The fluid may stick to the inner corner as shown in Fig. 15f, or if this becomes
impossible (the third critical situation), will flood the vertical wall as shown in Figs. 15g,h.

Let us demonstrate how to obtain post-critical solutions for the flow of the type presented in

Figs. 15d,e, for which the following conditions hold:
h=1, h=tanqo a x=-L, (38a,b)

where x = -L isthe point of attachment.
Eq. (36) may beintegrated twice to give, consequently:

=. %+k(0) for x <0, (39)
L P(x) forx<O (40)
V1+h? ’

where P(x)=- 1 x*(I b) *+k(0)x+c,, c, = h'(O)[1+ h'2 (0)]'1/2. Expressing h’ in terms of P (X)
and noting that h’ and P must have the same sign (Eg. (40)), and thus be positive, one gets:
P(X)

J1- P3(X)

From Eq. (41) follows the following restriction on the valuesof P (x): -1 £ P (x) < 1.

h'= forx<O0. (41)

Next, integrating Eq. (41) and using the boundary condition (38a) yields:

h(x) =1+ &P Ot

_OU/1- P2(t)

forx<O0. (42)
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Now, in the region x > 0O the solution curves are shown in Fig. 8. Each curve in the figure,
which has been obtained for fixed values of b and | , generates a family of solutions. Indeed, the
position x = 0 may be placed at any point along the curve. If we fix such a point, so that h(0) is
known, then both h’(0) and k(0) are known as they are uniquely determined by the value of h(0).
Therefore, region x > 0 provides only one unknown value, h(0). The only other unknown value is
L. These two unknowns are determined from a system of nonlinear equations as follows:

% P(t)dt
h(0) =1 , 43
O 0n ey *
sinq, =*P(-L). (44)

The second equation follows from Egs. (38b) and (40). The upper and lower signsin Egs. (44) is
taken for qo < p/2 and qo > p/2, respectively.
For a given contact angle one needs to iterate between Egs. (43), (44) and the numerical

solution of the problem in the region x > 0O to get the resulting post-critical flow.
3.4.3.3 Discussion

The preliminary conclusions that can be made at this point of the discussion is that surface

Y3 from the orifice. If

tension plays a crucia role in shaping the jet profile over a distance O(l
the value of | is very low, the events take place in the vicinity of the orifice, so most of the jet
region will not be affected. However, sudden jumps of the point of attachment and restructuring
of the flow in the parallel layer may affect global flow stability. This requires a separate study.
We finally note that the effects described in this section are closely related to the so-called
“tea-pot effect” [19] in ordinary hydrodynamics of curtain flows. Several figures presented in
[19] and in [4] show various steady flows with partially “flooded” walls. In these flows strong
“tea-pot” effect occurs mainly at the backside of walls inclined to the gravity vector. In the
present MHD flow partia flooding of walls is the result of strong braking of the flow, which
cannot be held by the surface tension. Thus it occurs even for avertical curtain studied here.
Flooding of walls transverse to the flow in various MHD free-surface film flows is also

common (see e.g. [20]). In the above we provide the mechanism for this effect.
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3.4.3.4 Jets pouring from a supplying into the draining duct

We postponed the discussion of curve 8 in Fig. 8 until this section. For s3 0 some branches
of this curve start and end up a s = 0. These and other similar curves have an important
interpretation: they correspond to flows for curtains pouring from one duct into the other, liquid
bridges, semi-infinite jets pouring into draining ducts, jetsimpinging on alayer of fluid, etc.

Let us consider two cases. The first case corresponds to a straight jet as x® - ¥ , pouring
into a draining duct. Since h® b, '® 0, k® 0 as x® - ¥, the starting point in the (h,s)
phase planeis h =b, and the initial conditions are given by Eqg. (34). We solve Eq. (32), but now
we shoot in the direction h > b. The result of calculations of for b = 1.25, 1 = 0.1 is shown in
Fig. 17. Again this curve generates a family of solutions. One could place awall of the draining
duct along any point along the curve. Two examples are shown in Fig. 17. For the first one (thick
solid line), the edge of the draining duct is placed at the curve, which corresponds to pinned-end
conditions. For the second (thick broken line), the fluid goes into the duct, which correspondsto a
given contact angle.

Combining the solutions presented in Sec. 3.4.3.2 with the one discussed above gives a jet
pouring from a supplying duct, which becomes straight, and then pours into a draining duct.

If the distance between the two ducts is short, one gets aflow in aliquid bridge. To obtain a

solution for the bridge, one needs to perform cal culations with the following initial conditions:
s=gy, ds/dh=-ko a h=1, (45)

where 5o and ko are certain non-zero numbers. An example of a liquid bridge for b = 5,
| =0.0001, 55=0.1, kg =-120isshown in Fig. 18.

The solutions which start and terminate at s = 0 (see e.g. curve 8 in Fig. 8) are the critical
solutions for liquid bridges/jets, for which |g| = p/2 a both ends. These solutions by necessity

have an inflection point, which corresponds to a maximum of s along the curves.
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3.4.4 Nonuniform magnetic field

We return now to the discussion of the jet flow pouring from the orifice.

If a nonuniform magnetic field is applied, Eqg. (11), together with the boundary conditions
(12), (14) is solved using Method 1. Neither Methods 2 nor 3 are applicable, because coefficients
in Eq. (11) are functions of x.

In the following we will consider a family of step-like magnetic fields defined by the

following expression:
1 1
B=§(B¥ +1)+§(B¥ - Dtanhz(Xx- X,) . (46)

The field magnitude equals1 as x® -¥ and B, as x® ¥ . Parameter z defines the gradient of
the field; xo defines the position where B is an average value of B, and 1. The results of
caculationsfor E=-1,d =0, and for various valuesof B, , |, z and xo are shown in Figs. 19, 20.
Fig. 19 shows the flow in a decreasing, high-gradient field, while Fig. 20 shows that in an
increasing, low-gradient field.

If point Xo is located far into the jet region, the jet profile at the orifice is a constant (Fig. 19,
curves 1-5 and Fig. 20, curve 1). As the change of the jet thickness occurs sufficiently far from

|1/3

the orifice, for << 1 the surface tension plays a minor role. For | = O(1) “wiggles’ in the jet

profile are present. They occur near points where solution for | * O intersects function h, which
isthesolution for | =0. Thisresultsin several inflection pointsin the jet profile.

If point Xp is within the duct or near x = 0, so that the jet is inside a magnetic field region
right from the orifice, then surface tension plays an important role (Fig. 19, curve 6 and Fig. 20,
curves 2,3).

Curve 6 in Fig. 19 shows the result for | = 1. The gradient of h at x = 0 is higher than those
for smaller values of | . If | isincreased further, Gibbs condition may be violated walls may be
flooded as a result. The effect is the opposite to that discussed in Sec. 3.4.3.2. For jet profiles
tending to uniform at infinity, adecreasein | leadsto wall flooding. For the flow studied in this
Section the cause of flooding is surface-tension induced wiggles owing to rapid decrease in the
field. Theresults shown in Fig. 19 are high field gradient and for xo = 5.
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If either field gradient or X, are reduced, the wiggles become less pronounced, and the effect
reverses. Fig. 20 shows the results for a gradually varying field, over a distance of about 10
values of the characteristic length, which is characteristic to both C-MOD and NSTX conditions
[8]. No wiggles are observed if point xq isfar from the orifice.

For Xo = 0 the solution for | = 0 given by Eq. (19a) does not satisfy the pinned-end condition
(12). Thus the jet profile with surface tension attempts to match that for | = 0 (curve 4). Then at
x = 0 al the effects related to flooding and discussed in Sec. 3.4.3.2, which are now induced by

the jump | h- 1|, apply. Curve 3in Fig. 20 corresponds to a critical solution with | = 0.1.

3.4.5Tailoring the jet

Nonuniform magnetic fields can be efficiently used to tailor the jet profile. Indeed, it is
possible to obtain profile of the jet with a desired thickness. Suppose y = h(x) is such a profile,
which satisfies the boundary condition. Solving Eqg. (11) for B(x) gives:

B(x) :%{- Eh+\/E2h2 +4(d- | hk')}_ (47)

As an example consider ajet expanding linearly ford=0,E=-1, i.e.
h=1+mx, u=(1+mx)*, v=ym/(1+mx)?, (48a-C)

where m = constant is the expansion ratio. Then the curvature vanishes identically, and Eq. (47)
gives:
B = 1+mx. (49
Although in tokamaks the magnetic fields cannot be changed and there are other two field
components, one could try to select such a direction of the jet (with the use of the expressions of

the type (47)), for which the effects of the nonuniform magnetic fields are either minimized or

even exploited.
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4. Slender inertial jet

Consider now the inertial flow for sufficiently high values of N. The restriction on N is
determined by the requirement that the flow remains laminar. Since no experimental data for
transition to turbulence in a jet exist, we base the restriction on N on the available data for the
duct flow. Therefore, we require that N/Ha > 0.004 [21].

As follows from Table 1 this condition holds for al the three values of the field and both
values of the characteristic velocity. For both C-MOD and large-scale tokamaks the values of
N/Ha are sufficiently higher than critical. Thus the flow in these reactors may be expected to be
laminar. It should be noted, however, that the condition is valid for fully developed duct flows in
a uniform field. It is based on the pressure drop measurements. This does not exclude the
presence of two-dimensional turbulence in the presumably laminar regime, which does not affect
the pressure drop. Thus concerning NSTX, for velocities ~ 10m/s the condition is likely to be
violated (see Conclusions). The interaction parameter in NSTX may be as low as 0.1, which

indicates a three-dimensional MHD turbulent flow regime.
4.1 Cores C1, C2

The analysis for both cores goes along the same lines as that for the inertialess flow. In the
cores the flow is inviscid. The inertial term N *ufu/x in Eq. (14) is retained, while all other
inertial terms in Egs. (1ab) are neglected. This requires that the jet is dlender (0" << 1) [13].
Similar analysis to that in Sec. 3 yields a third-order ordinary differential equation for the jet

thickness as follows:

Th_B'(_ BT, .
|ﬂX3 e ﬂX+o| EB(x) . (50)

This equation, together with the boundary conditions (12), (14), constitutes the problem for
the dlender inertial jet.

The analysis of the flow in theinertial paralel layer issimilar to that presented in [15] and is
not discussed here.
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4.2 Results
4.2.1 Jet of constant thickness
If B=1,b =1, thejet thicknessish =1, asfor theinertialess flow.
4.2.2 Uniform magnetic field
4.2.2.1 Negligible surfacetension (I ® 0)

If | ® 0 Eqg. (50) reduces to the first-order ordinary differential equation of Abel type as
follows:
N *h'= h*(EB- d) +h*B?, (51
and if further B = 1, one gets:
N*'h'=-h’b'+h?. (52
This equation can be easily integrated. Taking into account the boundary condition (12) gives the
solution to Eq. (52) inanimplicit form as follows:

x=N* brtini(h - b3 /- bY)+1- b3 forx>0. (53)

The interaction parameter ssimply scales the x-co-ordinate: the lower the N, the more gradual
variation of the jet profile is. From the discussion in Sec. 4.2.2.2 follows that the solution (53) is
valid for N <<| %2,

Variation of the jet thickness with xN for severa values of b is shown in Fig. 21. For all
cases presented in Fig. 21, except for b ® ¥ | inertia acts over a distance of about 2N, which is

less than one value of the characteristic length for al the three values of the magnetic field
presented in Table 1.

For b® ¥ (E =d) gravity isfully compensated by the Lorentz force, and Eq. (52) yields:

h(x) =[1- Nx]*, (54a)
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which gives
u(x) =1- Nx, Vv(Xy)=Ny. (54b,c)

This is a stagnation-point type flow, which indicates that the jet is completely diverted in the
+y-direction at a distance x = N (curve 1 in Fig. 21). The solution is exactly the same as that for
a submerged two-dimensional jet studied in [22]. As the jet is supposed to be slender here,
solution (54) remains valid for h << N2, For higher values of h other inertial termsin Egs. (1a,b)
become important. For E = d = 0 solution (54) becomes valid for nonuniform fields as well.

Solution (54) gives an indication of what will happen with an axisymmetric curtain presented
in Fig. 3. Thefluid will be diverted into a horizontal direction and islikely to cover al the bottom
of the reactor. We believe that it is worth investigating this idea as an alternative to the either jet
or film divertor.

As N tends to infinity, the flow becomes inertialess, while the jet will be diverted in the
ty-direction right at the junction, in layer S,

If b® 0 (high gravity or high |E|), then Eq. (52) reduces to

N 'h'=-h’p?, (55)
the solution of whichis:
o112
h= g’ﬂ s (56)
b g

The jet becomes thinner along the flow, sothat h® 0 as x® ¥ (curve 7 in Fig. 21), while the
fluid accelerates. If E = 0, then b = d* = NFr, so that N/b = Fr. Then the Eq. (56) gives the
classical solution for an ordinary hydrodynamic flow [13], [14].

For asmall but finite b, when h® becomes sufficiently small, the term h? in Eq. (52) becomes
of the same order as the term —h® ™. Therefore, the current will eventually brake the flow so that

jet thickness far downstream will tend to a constant (curve 6 in Fig. 21).
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4.2.2.2 Solution of a linearized equation for b ~ 1

Suppose, asin Sec. 3.4.3.1, that both the variation of the free surface and the slope along the
flow are small. Assuming that h = 1 + H, where H << 1, and substituting this expression into
Eqg. (52) and boundary conditions (12), (14) gives the following problem for function H:

3
OI':’ftd—H+H=Dh, (57a)
dh dh
H(0) =0, (57b)
H® Dh, H® 0 as x® ¥, (57c,d)

whereh =xl *®andt =1 *N'%. The solution to problem defined by Egs. (57) is:
H = Dhil- ¢ ™}, (58)
where

12t - r?/3
m="—"—___

5, =-108+12y12t°+81.
6r

Both parameters mand r are non-negative for all valuesof t.

From Eq. (58) follows that surface tension acts over a distance O(l “*m). In this region there
is abalance between the electromagnetic, inertial and surface tension forces.

For N>>|"3 onegetst ® 0, m® 1, i.e. the flow becomes inertialess. For a sufficiently
low N, N<<I| 3 onegetst® ¥, m~t*, from which follows that mh ~ Nx. In this case

inertiaacts over adistance O(N'™).

The expressions for half the jet thickness, the fluid velocity, pressure and current are:
h=b-e™Dh, u=b*{l+e™Dh}, v=1*me™b 'Dh, (59aC)

p=1"°me™Dh, j,=d+e™Dh. (59d,e)

32



4.2.2.3 Flow for arbitrary h and b

For auniform field and for arbitrary values of h and b Eq. (50) yields:
I h"'=-N"*h>h+h*- b (60)

This third-order equation with constant coefficients can be easily reduced to the second-order
one, and then studied in a phase plane. As the slender-jet Eq. (60) assumes linearised curvature, it
will not be possible to obtain critical solutions. However, for appropriate values of the advancing
and receding contact angles (for which |h’(0)| remains small) solutions to the problem defined by
Egs. (60), (12), (14) may violate the Gibbs inequality (13). Thus may describe solutions for
partialy flooded walls.

Our main aim here is to investigate at what range of values of N the flow becomes
inertialess. The results of calculations for b = 1.25, 1 = 0.004 and for various values of N using
Method 1 are shown in Fig. 22. Curve 1 in Fig. 22 corresponds to the inertialess solution shown
with curve 4 in Fig. 7. The jet profiles deviate from that for the inertialess flow only for N < 10
(curve 2, Fig. 22). Even then the deviation is significant only for N < 3 (curves 3,4, Fig. 22). Thus
the steady two-dimensional jet flow in both C-MOD and large-scale tokamaks will be inertialess.
It should be noted that for N = 1 the flow is close to the boundary of turbulent flow (Table 1), and

thusfor thisvalue of N the solution may beinvalid.

4.2.3 Nonuniform magnetic field

Finally we consider the slender jet flow in anonuniform field given by Eq. (46).

First the effect of inertia is studied for a high-gradient field, whose magnitude changes
sufficiently far from the orifice, and for| =1, E=-1, B, =0.6,d=0, z = 1. The inertialess jet
profile for this set of parameters has been discussed in Sec. 3.4.4 and is shown in Fig. 19, curve 3,
which show surface-tension induced wiggles.

Fig. 23 shown the results for several values of N. As expected, with decreasing N the curves
are shifted downstream. Part of the curves following the maximum is smoothed by inertia. The

reason is that smaller values of h correspond to higher values of u. Thus, the effect of inertiais
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higher at the centre of the jet. However, the wiggles at h = 1 remain. Moreover, with decreasing
N they increase in intensity. This may be explained in asimilar way: at the local minimum inertia
ishigher, which leadsto local steepening of the jet profile.

Again, the flow may be considered to be inertialessfor N > 10.

If the field is increasing, then h increases as well, which may lead to steepening of the
gradient of h and eventual breskdown of the steady solution. For gradually-varying fields,
however, characteristic for C-MOD and NSTX, this does not happen (Fig. 24). The solution is
locally fully developed; it follows the profile of the field almost exactly, and may be considered
to beinertialessfor N > 1.

5. Conclusions

Steady, two-dimensional flow of aliquid metal jet pouring vertically down from a nozzle in
the presence of crossed magnetic (B) and electric (E) fields has been investigated. The magnetic
field is supposed to have a single component transverse to the flow. An asymptotic, high
Hartmann number model has been used to study a combined effect of surface tension,
nonuniform magnetic field, gravity and inertia Relations have been obtained for a jet issuing
from a duct, pouring into a draining duct, pouring from one duct into another, and that in aliquid
bridge.

Let usdiscussfirst theinertialess flows.

For a uniform magnetic field the jet thickness tends to a certain constant b sufficiently far
downstream. The value of b is determined by gravity, the electric and magnetic field only. In this
region the Lorentz force compensates gravity, while variations of pressure and thus surface
tension force vanish. Therefore in contrast to ordinary hydrodynamic flowsit is possible to create
acurtain of a constant thickness.

The parameter characterising the importance of gravity is not Fr, as in ordinary
hydrodynamics, but (FrN)™. It is expected to be very small in divertors (Table 1), but not always
small in liquid-metal MHD experiments [3]. For parameters presented in Table 1 gravity is
important only if the sidewalls are short-circuited (E = 0) or for an axisymmetric curtain shown in
Fig. 3.
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Concerning the effect of surface tension, it acts over a distance O(l ¥®) from the orifice.
Parameter | characterises the ratio of the surface tension and the electromagnetic forces. If | is
small, as expected in divertor flows for both C-MOD and NSTX, surface tension acts in a narrow
region at the nozzle, where the flow is governed by the electromagnetic-surface tension balance.
The surface tension tends to smooth the jump |b-1| in the constant jet profile downstream and that
a the nozzle. As one moves from downstream region towards the nozzle, the absolute value of
curvature monotonically increases. If the jump to be smoothed is too high, the solution ceases to
exist. Thissituation is called critical.

Cdculations show that for small values of | sub-critical solutions exist only for a very
narrow range of the jump |b-1|. If thevalue of | or |b-1| are beyond critical, partial flooding of the
nozzle walls, or draining of the supplying duct are expected. Various possible post-critical flows
have been shown in Figs. 14-16.

The critical solutions give the upper limit for the pinned-end condition to hold. If the
advancing or receding contact angles for a particular wall are not 0° or 180°, the Gibbs' condition
will be violated for the values of parameters |b-1| and | lessthan critical, so in reality the range of
existence of asub-critical flow is even narrower.

If the magnetic field is non-uniform, the jet tends to expand if the field increases, and
contract if the field decreases; the jet thickness being proportional to B(x). Partial flooding of
walls is aso expected. For high-gradient field surface-tension induced wiggles have been
observed in thejet profile, which increase in magnitude with increasing | .

It has been shown that for the steady flow of a Slender jet inertial effects are negligible for
N > 10. Even for N = 3 these effects are not very high. Inertial effects may be important for a
high-gradient magnetic field increasing along the flow. This may result in a flip-over of the jet
profile at some distance from the nozzle. For gradually varying fields this effect does not occur.

In C-MOD the fields vary gradualy, over a distance of about 10-20 vaues of the
characteristic length. For these conditions the jet will develop in a locally fully developed
manner, following the profile of the field. Nozzle walls are expected to be partially flooded, as
the magnetic field is nonuniform in the whole flow domain, not only within jet region. If the flow
remains steady, inertia is not important. Similar conclusion could have been made about the flow
in NSTX. For this machine and for velocities ~10m/s, however, the flow is expected to be
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turbulent. Thus the present theory does not apply (see the discussion in [23]). It may be
applicable for velocities ~ 1m/s.

Magnetic fields can be used to tailor the jet profile. One could pose an inverse problem and
attempt to find such a magnetic field that creates a jet of a desired thickness. It is very easy to do
it for the two-dimensional jet using the expressions, which we derived. In tokamaks the field is
fixed, but the jet trgjectory is not. Thus there are reasons to believe that by choosing the right
trajectory it will be possible to shape ajet of afinite cross-section in athree-component field.

The analysis presented here is valid for a single-component field and for a two-dimensional
jet. The relations we derived can be used for testing numerical methods. For some flows the
CFX-based MHD code developed in [23] has already shown an excellent agreement with the
theory presented here. The work on jets of finite cross-section and flow stability isin progress.

We recommend to investigate further a possibility of using an axisymmetric curtain with no
dividing walls in the divertor region as an aternative to either films or jets (Fig. 25). If either the
outer or the inner walls of the annulus is extended to the bottom of the tokamak, the curtain is
diverted by the electromagnetic forces in the horizontal direction at a distance of about N 7,
which is very short. The fluid will flow either radially outwards, or inwards, respectively,
covering either the whole or a part of the bottom of a tokamak. Two curtains, one from the
outboard, and another from the inboard direction are also possible. The poloidal field component
is not expected to change the qualitative picture. Of course, the stability of such a curtain and the
effect of the nonuniform, though gradually varying, toroidal field need to be studied separately.

If an axisymmetric curtain turns out not to be suitable for heat extraction, or owing to other
issues, another possibility is to place a system of curtains (Fig. 26) along the perimeter of the
divertor area. The planes of the curtains should be strictly transverse to the direction of the three-
component field. As gravity is negligible, and the fluid velocity is high, the curtains could have
an arbitrary angle to the horizon, with the electric field creating an artificial gravity in any
direction. Therefore, qualitatively, the flow behaviour ought to be similar to that described above.
The advantage of this system is that (i) the field does not cross solid walls (in contrast to the
chute, where severe distortions of the film thickness are expected owing to a nonuniform
Hartmann braking); (ii) the sidewall electrodes may be actively used to control the curtain
thickness (thisis not possible for jets of finite cross-section); (iii) the same concept could be used

at the top of a tokamak with fluid being pumped up by the electric field. This idea may be
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especialy attractive for test machines such as C-MOD or NSTX to study feasibility of the free-
surface liquid metal flows in tokamaks.

If electrodes are allowed in large-scale machines, one could try to extend this concept further
and consider the system of such curtains between curved electrodes going down (but not
touching) the walls the plasma chamber, and thus serve as an alternative to the liquid-wall

concept.
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Fig. 2 Curtain flow with edge guides (from [4]).
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for b =1.064 (1), 1.042 (2), 1.020 (3), 1.000 (4), 0.981 (5), 0.962 (6),
0.943 (7). Corresponding soltuion of linearized equations is shown
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Fig. 7 Flow in a uniform field. Variation of the jet thickness with x
forb=1.25andforl =1 (1), 0.1 (2), 0.01 (3), 0.004 (4).
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0.003 (5), 0.001 (6). Calculations for linearized curvature are shown

with dotted lines.
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Fig. 11 Flow in a uniform field. Variation of s with h for b = 1.25
andforl =1 (1), 0.1(2), 0.01 (3), 0.004 (4),
0.003 (5), 0.001 (6), 0.0001 (7), 0.00001 (8).
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Fig. 12 Flow in a uniform field for an expanding jet.

Variation of g with | for b =1.25 (1), 1.67 (2), 2.5 (3).
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Fig. 13 Flow in a uniform field for an expanding jet.
Variation of q with | in a log-log scale for b = 1.25 (1),

1.67 (2), 2.5 (3).
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Here |l =0.1, b =1.25. Pinned-end conditions (thick solid straight line);

given contact angle (thich broken straight line).
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Fig. 19 Flow in a step-like nonuniform field. Variation of the jet thickness with x
for x, =20, 1 =107 (1), x,=20,1 =0.1(2), x,=20,| =1(3),
x,=5,1 =10%(4),x,=5,1 =0.1(5),%x,=5,1 =1(6). Here E=-1,B_. = 0.6,

z=1,d=0. The curves for | =0 coincide with those for| = 10,
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Fig. 20 Flow in a step-like nonuniform field. Variation of the jet thickness with x
forx,=20,1 =1,0.2,10"* (1), x,=0,1 =1(2),%,=0,1 =0.1(3),
X, = 0,1 =0 (formula (18a)) (4). HereE=-1,B,,=1.4,z=0.2,d=0.
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Fig. 21 Slender inertial jet in a uniform field for | = 0 and for b = infinity (1), 4 (2), 2 (3),
0.57 (4), 1 (5), 10 (6), and pure-gravity solution (Eq. (50)) for b = 10 (7).

60


melissa
60


1.30

1.25 -

1.20 ~

1.15 ~

1.10 -

1.05

1.00 +

Fig. 22 Inertial flow in a uniform field. Variation of the jet thickness with x

forb=1.25,1 =0.004 and N = infinity (1), 10 (2), 3 (3), 1 (4).
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Fig. 23 Inertial flow in a step-like nonuniform field. Variation of the jet thickness with x
for x,=20, |1 =1 and for N = infinity (1), 10 (2), 3 (3), 1(4). Here E=-1, B, ;= 0.6,
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Fig. 24 Inertial flow in a step-like nonuniform field. Variation of the jet thickness with x
for x, =20, 1 =10° and for N = infinity (1), 1 (2).

HereE=-1,B,,=1.4,z2=0.2,d=0.
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Schematic diagram of an axisymmetric curtain flowing radially
into the plasma chamber.
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thickness may be controlled by the electrodes. If the field direction varies
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of acurtain to gravity plays no role as artificial gravity in the required
direction iscreated by the electric field.
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