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I. INTRODUCTION

Early work on the spatiotemporal evolution of parametric instabilities was described by
Bers [1]. Recently, there has been a resurgence of interest in the spatiotemporal evolution
of stimulated Raman scattering (SRS) [2-12] and stimulated Brillouin scattering (SBS) [13-
21], driven by the realization that the transient phase of these instabilities dominates many
experiments. This current work serves to expand and unify our previous works [7, 8, 10-12]
by developing an analytic model of parametric instabilities within a plasma channel which
includes the effects of two spatial dimensions, damping, finite pulse and plasma boundaries,
and oblique reflections of the daughter waves induced by lateral density variations.

Due to the multitude of parametric instabilities, it is impossible to include all of
them in this work. Thus, with regard to current interest, we have chosen as an example
to consider only that of Stokes generation as applicable to stimulated Ramén scattering.
The analyses of other parametric instabilities can follow quite easily in a similar fashion.

Stimulated Raman Scattering (SRS) is the decay of an incident light wave (0)
into a frequency-downshifted, or Stokes, light wave (1) and Langmuir wave (2) (Fig. 1).
The conservation of energy and momentum is reflected in the frequency and wave-vector
matching conditions

Wy = w1 +wsg , k():kl—i—kg (1)

In the weak-coupling regime, the initial evolution of SRS in a homogeneous two-dimensional

collisionless plasma is governed by the linearized equations
(8t + 'Ulyay + 'Ulzna:z:) A:I: = 70Ni7 at]\r:i: = 70A:i:7 (2)

where z and y are the two spatial dimensions, ¢ = ct, positive signs refer to upgoing
waves [Fig. 1(a)], negative signs refer to downgoing waves [Fig. 1(b)], Ao + = eAq 4 /mec?
represents the quiver velocity of the Stokes waves, N1 = (wy /w1)}?wan/c|ks| ng represents
1/2

the plasma density fluctuations of the Langmuir waves, yo = wa |ka| Ag/4[ws (wo — w2)]

is the temporal growth rate of SRS in an infinite plasma, and the group velocities of-

2



the daughter waves are given by v; = c? |k1| /w1 and vy = 3v? |k2| /2w; where v; is the
thermal velocity of the electrons [22]. In consideration of the large velocity of the Stokes
wave within the plasma (vi; ~ ccos@,v1y = csin@ for scattering angle 0 < § < ) and the
comparably small velocity of the Langmuir wave, we have neglected terms such as v2,0,
and vy, 0, in the second of Egs. (2) so that the Langmuir wave does not convect relative
to the plasma. Although the governing equations neglect additive stochastic source terms,
the closed form analytic solutions for the daughter wave amplitudes that these equations
produce have the same gain factor and qualitative spatiotemporal evolution as models
which include the stochastic terms [13-15]. Finally, a system such as Egs. (2) can also be
generalized to include both the stabilizing effect of the anti-Stokes (frequency-upshifted)

wave [2, 5, 9] and the effects of strong coupling [9, 16, 18, 19].

II. TWO-DIMENSIONAL FORWARD SRS

The governing equations and boundary and initial conditions for two-dimensional forward

SRS in a collisionless plasma channel are given by Eqs. (2) with

Ay (0,y,8) =0, A,(z,0,t)=rA_(z,0,t),

A_(0,y,t) =0, A_(z,l,t)=71As(z,ly1),

N, (0,y,8)=1, N_(0,y,t)=1,

Ag (2,9,0) =0, Ny (z,9,0)=1.
This system is representative of a rectangular constant amplitude laser pulse of semi-
infinite extent in the negative x direction, propagating to the right at speed vy wheré at
t = x = 0 its leading edge enters a plasma channel which is bounded by 0 < z <, and
0 <y <l and has a uniform Langmuir seed for the initiation of the instability. Within
the channel the laser pulse decays into both an upgoing and downgoing electron plasma
(Langmuir) wave and scattered light (Stokes) wave which propagates obliquely to the right
(0 < 0 < m/2) and reflects off of the channel walls at y = 0 and y = [, with a reflectivity

coefficient 0 < 7(6) < 1. Note that at z = 0 it is only necessary to define either the Stokes
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or Langmuir amplitude and the other condition becomes a consequence of the interaction.
Additionally, it is the boundary conditions and not the governing equations that couple
the upgoing and downgoing waves so that in the zero reflectivity limit we recover the
interaction studied in Ref. 12.

Using the characteristic variables ¢ = wiyzr/(lyviz), 7 = y/ly and T =
v1y (vot — 2) / [ly (vo — v1z)], and defining By = [(vo — viz) /7)0]1/2 Ay and v =

Yoly [(vo — v1c) Jo)/? /v1y, Egs. (2) and (3) become
(0r £0y + 0¢) By = YNy, 0;Ni =By, (4)

and
By (0,m,7) =0, B,(£0,7)=rB_(£0,1),

B_(0,n,7)=0, B_({1,7)=rB,(,1,7),
Ny (0,m,7)=1, N_(0,9,7)=1,
By (£,1,0) =0, Ni(£n,0)=1,
within the plasma channel. If we first take the Laplace transform of Egs. (4) and (5) with

respect to 7 (Laplace transform variable s) and then with respect to £ (Laplace transform

variable q) we get

(+8y +s+¢) By =yN4, sNi—1/q=~Bx, (6)
and
By (0,1,5) =0, By(q,0,5) =rB_(q,0,5),
B_ (0,m,8) =0, B_ (g,1,s) = r§+ (g,1,s), :
N, (0,m,8)=1, N_(0,7,5) =1, o
B (g,7,0)=0, Ni(g,7,0)=1/(sq),

where the double overbar denotes that a double Laplace transform has been taken. The-
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solutions to Egs. (6) and (7) are

= 1—-r e” Iy 1 0
B+: tyaxn o - 0
1-rel-Dg(a—gq) s qg(a—q) s
_ —q(1—
= _ - Uy a1
lL—reledgla~q) s qg(a—q) s (8)
= 1-—7 e~ v\ 2 1 7\2 1
N, = y an______(_ =
T 1 —rele-d) g (a — q) (s) ¢ q(a—q) s) +sq
ﬁ B 1—7 e—9(1—m) (Z)Zea(l—n)_ 1 (1)2+_1_
T l-reledg(a-q) \s gla—q) \s 5q’

where @ = v2/s — s. Close inspection of the amplitudes in Eqs. (8) shows that the lateral
symmetry in the governing equations and initial and boundary conditions is manifested in
such a way that the downgoing amplitudes are simply the mirror images of the upgoing am-
plitudes: B_ (€,n,7) = B.(§,1—n,7) and N_ (,n,7) = N, (§,1 —n, 7). Furthermore,
reflections are solely introduced in the solutions as (1—7)/[1 - re(@=9] coefficients in
the first terms of the daughter wave amplitudes so that for the zero reflectivity case we
recover the zero damping limit (h; = hy = 0) of Egs. (8) of Ref. 12. These coefficients can
be cast in a more useful form by applying 1/ (1 — 8) = > o>, 8™ to each coefficient. (The
validity of employing this identity for our purposes is contingent on !re("‘_q)| being less
than unity and is discussed in detail in Refs. 13 and 24.) For inverse Laplace transforms

with respect to g we use

_ 1 1— e
ﬁl{ﬂa~®}~ a 9)
L F@e | =F-nH(E—n),



so that the inverse Laplace transform of Eqgs. (8) can be cast in the form

n Y le} @
By= L Lo (=) + Le™H (¢ 1)

as s
— v 0
+ D - H (€~ =) + ——e™H(—n—n+1)
n=1

o) g g —p—mn)— Leotn=DF (¢ —p—pntl
T s¢ (E=n—n)——e E—n-n+1)],

2 2 2 (10)

~ Y I v Y

N,=—"1— 3+ 24 L e (n_¢)+ L e[ (¢ —
+ as? s «as? € (71 &) us? € )

00 2 2
nf_ 7 Y
o [‘a;ieagH(ﬁ’ﬂ“’ﬂ)+a§€a€H(€*ﬂ—n+1)
n=1

2 2
Y a(n+n Y +n—1
+;8-56 ( )H(f—n—n)—&;—z—e“(” >H(§—n—n+1)],

where H is the Heaviside step function. The remaining nontrivial inverse Laplace trans-
forms are all of the form ve®¥ /(as) for the Stokes wave and y2e®¥ /(«s?) for the Langmuir
wave. These inverse transforms have been solved previously in Eqs. (7)-(15) of Ref. 8 and

are the fundamental solutions of the governing equations [7, 8, 10-12]. Explicitly they are

Nk

PR
ﬂ

<
<

F5(¢7T) =

)m+1/2 Iom 41 {2’)’ [ (T — ¢)]1/2} — sinh ('77')} H(r =)

L
3
N
<o

(11)
4

7'_

FL(¢7T):

gL
N
=

)m Tom {2718 (7 = )}/ } = cosh (77)} H (7~ )

3
I

for the Stokes and Langmuir amplitudes respectively.

The upgoing daughter wave amplitudes for forward SRS in a two-dimensional -
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collisionless plasma channel are now evident given Egs. (10) and (11):

+(€,n,7’):sinh(w)+Fs(£, TVH (n— &)+ Fs(n,m)H({—n)
+Zr ~Fs(¢,HE-n—n)+Fs (¢, HE-n—n+1)
+Fs(n+n,T)H(£—n—n)—Fs(n+n~1,T)H(£—n~n+l)},
N+(€,n,7)=cosh(’7T)+FL(€,T)H(n—£)+FL(77,T)H(€—77)
+Z [~Fr(&nHE-n—n)+FL(§m)H(E~n—n+1)

+FL(77+n,T)H(§—77—n)—~FL (7I+n—1,T)H(§—n—n+1)](, |
12

and the downgoing wave amplitudes are given by B_ (£,n,7) = By (£,1—n,7) and
N_(&mn,7) = N4 (&,1 —n,7) where there is also the restriction that the amplitudes are
zero outside of the plasma (z < 0) and have their initial values ahead of the laser pulse
(x > wvot). Amplitudes outside of the channel and laser pulse but within the surrounding

plasma (y < 0, y > [,)) are discussed in section IV of Ref. 12.

We have purposefully written the amplitudes in Eqgs. (12) as sums in r” to
highlight the physical implication of reflections. In fact, all of the 70 terms are equivalent
to the undamped solutions studied in Ref. 12 (here they are merely expressed in terms of
the fundamental solutions Fs ;, and the characteristic variables &, , and 7). Furthermore,
each of the terms in the sum for n greater than zero can be thought of as being the result of
image sources outside of the plasma channel. Thus, the inclusion of reflections is equivalent
to the addition of an infinite series of image sources. The effect of these image sources on

the spatiotemporal evolution of the daughter waves within the channel is best shown by -
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rewriting Egs. (12) as

By (§,m,7) = sinh (yr) H({ — 7)H(n — 7)
+ [Fis (€,7) + sinh (y7)] H (r — §) H (€ — )

+ZTnSinh(’)’T)H(§——T)H(T—77+1—n)H(Tl—T+77)

n=1

+ Y r[Fs (&) +sinh (yr)| H(r = ) H(E—n+1-n)H(n - &+1)

oo

+(L=r) Y " [Fs (n+n,7) +sinh (y) H(r —n—n) H(E —n —n),

Ny (&m,7)=cosh(yr)H(é —17)H(n — )
+ [Fr (& 7) + cosh (yr)| H (7 — &) H (£ — 1)

+Zr”cosh('y7') E-nH((r-n+1—n)H(n—-71+n)
Z [Fr (&) +cosh(yr)|H(r =) H(E—n+1-n)H(n—-E{+n)

+ (1 —T)Z?""’ [Fr (n+n,7)+ cosh (y)] H(T —=n—n) H({ —n—n).

n=0 (13)
In the nonreflective theory of Ref. 12 we had three distinct regions of spatiotemporal
growth. In the reflective theory, we will now have three distinct regions of growth for
each n in Eqgs. (13) (Fig. 2). For n = 0 we will have the same three regions as in
the nonreflective theory with the two-dimensional amplitudes multiplied by a factor of
(1 — 7). In terms of the space and time variables z, y, and ¢, the first region for n > 1
is vig[y + (n — Dy} /viyvie(y + nly) Jv1y < ¢ < vig(y + nly) /vy, < and £ < vt and
will contribute a one-dimensional sum of Bessel functions multiplied by r™; the second
region is v (y + nly) /vy < z < vt — (v — v1z) (y + nly)/v1, and will contribute a two-
dimensional sum of Bessel functions multiplied by (1—7)7"; the third region is z > v1,t and
vot — (Vo — v1z) (Y+nly) /vy < 2 < vol— (Vg — V1e) [y + (n—1)ly]/v1y and will contribute a

one-dimensional hyperbolic function multiplied by ™. The representation of these regions-

8



in Fig. 2 shows that the spatiotemporal character of each reflection is manifested in such a
way that the total spatiotemporal character of the amplitudes is unchanged in that for any
finite number of reflections there are only three regions of general spatiotemporal growth
for the total amplitude (distinguished by the solid lines in Fig. 2). Region I is characterized
by one-dimensional Bessel growth, region II is characterized by one and two-dimensional
Bessel growth and one-dimensional exponential (hyperbolic) growth, and region III is char-
acterized purely by exponential (hyperbolic) growth. Comparing these regions with that of
Ref. 12 shows that the inclusion of a finite number of reflections does not alter the general
spatiotemporal character between the reflective and nonreflective theories, but it does sig-
nificantly change the daughter wave amplitudes within each corresponding nth subregion

of region IL.

Plots of Eqgs. (12) and (13) can be found in Fig. 3. In each plot a snapshot of
the upgoing Langmuir amplitude is shown for a given time and forward scattering angle
where the scattering angle of the Stokes wave is indicated in the top center, the solid lines
distinguish the three distinct general regions of spatiotemporal growth, and each plot is
normalized so that the largest amplitude is white and smallest amplitude is dark gray.
The chosen time is ¢ = 1 so that the leading edge of the laser pulse is at z = vot = 1 and
the plasma is bounded by 0 < z < 1 and 0 < y < 0.5 with reflective boundaries at y = 0
and y = 0.5 with a reflection coefficient of r = 0.5. All of the other plasma parameters
are the same as in Fig. 3 of Ref. 12 so that direct comparisons can be made between
the reflective and nonreflective theories. It is immediately obvious from Fig. 3 that the
inclusion of a finite number of reflections does not alter the dividing lines between the three
general regions of growth. It is also immediately obvious that the amplitudes in region I
and III are exactly the same as in the nonreflective theory and there is a vast difference in
the spatiotemporal evolution of region II in the reflective and nonreflective theories. The
reflective theory predicts amplitudes in region II that are greater than the nonreflective

theory and depend less on the lateral spatial variable y. This can be attributed to the-
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manner in which each of the n reflections in Eqs. (13) contribute to the total amplitudé.
From Fig. 2 we see that each nth reflection has its own three regions of growth, and each
n-plus-first reflection adds in such a way that its regions I and III overlap the nth region II.
Since regions I and III are both one dimensional in nature and region II is two-dimensional
we see that for a finitely large number of reflections the total amplitude in the general
two-dimensional region can become dominated by one-dimensional growth.

If we now consider damping within the plasma channel then the governing equa-

tions become
(8t + ’Ulyay + vlzé)m + 1/1) Ai = ’)’ON:;:, (8t -+ Vg) N:t = ’YOA:l: (14)

along with the boundary and initial conditions of Eqgs. (3). It is not difficult to show that
the solutions for these governing equations are given by Eqgs. (12) and (13) and all of the
above arguments and discussions are valid if we simply replace the fundamental solutions

[Egs. (11)] with their damped counterparts [12]:

Fs (,7) = H(T — ) | —ype™"*" sinh (1 /p) + ype~h2Te~2hat
 hap ) (a0 O\
D e AT

Fr, (¢,7) = H(r =)

y = (hap +1)™ — (hgp — nm W (m—1)/2 o
| 2(yp)" (T - ¢> T {27 [y (7 — )] } ,
(15)

where hl = Vlly/'Uly; h2 = Vzly (Uo — 'Ula;) / (Uo’Uly), hs = (hl -+ h2) /2, hd = (hl - h2) /2,
—-1/2

—hgpe™ "7 sinh (7/p) 4+ e "7 cosh (7/p) + ype 27T~ 2ha¥

m=

and p = (h?i + 72)

ITI. TWO-DIMENSIONAL BACKWARD SRS

The governing equations and boundary and initial conditions for two-dimensional backward

SRS in a plasma channel are given by
(at x Ulyay — 'Ulzaa:) A:l: - fYONiy at-ZV:i: = ’YOA:i:v (16)<
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Ay (lz,y,t) =0, Ay (x,0,t)=7rA_(z,0,t),

A_(lg,y,t) =0, A_(z,ly,t) =rAL (x,l,,t),
(17)
N+ (l$7y>t):17 N_ (lz7y7t):17

Ay (2,9,0)=0, Ni(z,y,0)=1,

where v1; = |v1,| so that the Stokes wave is now propagating obliquely to the left (7/2 <
6 < w). The geometry of the interaction is the same as in the two-dimensional forward
case with the laser pulse being of semi-infinite extent in the negative z direction and the
plasma channel being bounded by 0 <z </, and 0 < y < [,. Note that at z = 0 it is
only necessary to define either the Stokes or Langmuir amplitude and the other condition
becomes a consequence of the interaction. Additionally, it is the boundary conditions and
not the governing equations that couple the upgoing and downgoing waves so that in the
zero reflectivity limit we recover the backward interaction studied in Ref. 12.

Using the characteristic variables £ = vy (I; —z)/ (lyviz), n = y/l,, and
7 = vy (vot — x) /[ly (vo + viz)], and defining By = [(vo + v1iz) /vo]l/2 Ay and v =
Yoly [(vo + V1) /v0]1/2 /v1y, Eqs. (16) and (17) for the region within the plasma chan-
nel (0 <z <l; and 0 <y <1,) will have the same form as Egs. (4) and (5). Hence, the
daughter wave amplitudes for backward SRS in a two-dimensional plasma channel have
the same form as those given by Eqs. (11) and (12) with the proper characteristic variables
and definitions (£, n, 7, and ) associated with the backward interaction.

Due to the symmetry between the forward and backward interactions, the dis-
cussion of image sources and the spatiotemporal evolution of the daughter amplitudes
in the previous section is still valid for backward scattering. However, in terms of the
space and time variables z, y, and t the relevant space-time regions (Fig. 4) for n > 1
are region I in which = < vot — (vo + v1z) (y + nly)/v1y, and © < I — v1:(y + nly)/viy
which will contribute a two-dimensional sum of Bessel functions multiplied by (1 — r)r™,
region II in which z < (vg + v1z)ls/ve — v1zt and vot — (vo + viz) (¥ + nly) /vy <

z < vt — (vo + v1z) [y + (n — 1){,]/v1, which will contribute a one-dimensional hyper--
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bolic function multiplied by 7", region III in which z > (vp+ vig)ls/vo — v1zt and
Iy — viz(y + nly) /vy, < © < Iy — vigly + (n — 1){y]/v1y which will contribute a one-
dimensional sum of Bessel functions multiplied by 7™, and there is also the restriction that
the amplitudes are zero outside of the plasma (z < 0) and have their initial values ahead
of the laser pulse (z > vot). Amplitudes outside of the channel and laser pulse but within
the surrounding plasma (y < 0, y > [,)) are discussed in section IV of Ref. 12.

Plots of Egs. (12) and (13) for backward scattering can be found in Fig. 5. In
each plot a snapshot of the upgoing Langmuir amplitude is shown for a given time and
backward scattering angle where the scattering angle of the Stokes wave is indicated in the
top center, the solid lines distinguish the three distinct general regions of spatiotemporal
growth, and each plot is normalized so that the largest amplitude is white and smallest
amplitude is dark gray. The chosen time is ¢ = 1.25 so that the leading edge of the laser
pulse is at £ = vgt = 1.25 (outside of the plasma) and the plasma is bounded by 0 <z <1
and 0 <y < 0.5 with reflective boundaries at y = 0 and y = 0.5 with a reflection coefficient
of r = 0.5. All of the other plasma parameters are the same as in Fig. 6 of Ref. 12 so that
direct comparisons can be made between the reflective and nonreflective theories. As in
the forward scattering case it is obvious from Fig. 5 that the inclusion of a finite number
of reflections does not alter the dividing lines between the three general regions of growth.
It is also obvious that the amplitudes in region II are greater than that predicted by the
nonreflective theory and depend less on the lateral spatial variable y. As in the forward
case, this structure is due to the overlapping of the nth two-dimensional region by the
n-plus-first one dimensional regions (Fig. 4).

If we now consider damping within the plasma channel then the governing equa-

tions for the backward interaction become
(3t + U1g)3y — VU105 + Vl) Ay =vNyg, (at + V2) Ny = W’OAi, (18)

along with the boundary and initial conditions of Egs. (17). It is not difficult

to show that the solutions for these governing equations are given by Egs. (12)-
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and (13) with the damped fundamental solutions given by Egs. (15) where hy =
vily [v1y, ha = wvaly (vo + v1z) [ (vovry), hs = (h1+h2) /2, hg = (hi—h2) /2, v =

~1/2
Yoly [(vo + v1z) /vo] Y% fory, p = (B3 ++2) Y

associated with the backward interaction.

and the variables £, 0, and 7 are those

IV. DISCUSSION OF THE ZERO TRANSMISSION CASE

To determine the daughter wave amplitudes when there is total reflectivity (r = 1) we can

simply substitute r = 1 into Eqgs. (13) and we are left with
By (& n,7) = sinh (y7) H({ — 7) + [Fs (§, 7) + sinh (y7)] H (7 - £),

Ny (&,n,7) =cosh (yr)H({ — 1) + [Fr (€, 7) + cosh (y7)] H (T - §),

(19)

which has no dependence on the lateral spatial coordinate () so that the upgoing ampli-
tudes are identical to the downgoing amplitudes. Equations (19) are identical to Egs. (A26)
of Ref. 10 implying that the daughter wave amplitudes for two-dimensional oblique scat-
tering within a zero transmission (totally reflecting) plasma channel are equivalent to the
one-dimensional amplitudes derived for the case of laterally transmitting plasma channel.

In this light the one-dimensional amplitudes derived in Ref. 10 can be interpreted
as representing the solutions for direct forward SRS where the daughter Stokes wave prop-
agates forward with a velocity v; = wy,. Since for that case both the daughter wave and
the pump wave are propagating in the direct forward direction no energy is lost in the
transverse direction. For the current case (a two-dimensional interaction propagating in a
plasma channel with reflectivity coefficient of one) we have the Stokes wave propagating
obliquely but with a forward velocity of vy,. For r = 1 the channel walls are totally re-
flecting so there is also no loss of energy in the transverse direction and the two scenarios
are equivalent. (For further discussion on the role of these one-dimensional amplitudes
in two-dimensional scattering processes see Ref. 12.) Furthermore, Egs. (19) are also the
solutions for direct forward scattering in the plasma channel for any reflectivity coefficient

since direct forward scattering is not altered by the inclusion of lateral reflections. Thus-
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we have created a scenario analogous to that of traveling waves in a perfectly reflecting
waveguide, that is, oblique reflections with a forward velocity of vy, in a perfectly reflect-
ing channel are equivalent to direct forward scattering with a velocity of vy, (within or
without a channel). Note that all of these arguments are also valid for the case of backward
scattering and those amplitudes are given by Egs. (29) of Ref. 10 with the replacement

V1 = Vig.

V. DISCUSSION OF THE REFLECTIVITY COEFFICIENT

The daughter wave amplitudes in sections II and III are valid for any reflectivity coefficient
(0 < r(#) < 1) that is a function of the scattering angle. The most simple model consists of
a sharply bounded plasma channel of density n;/n. surrounded by plasma with a density of
ny/n. where n is the critical density [Fig. 6(a)]. Using standard techniques the reflectivity
coeflicient for this model is given by:

61 cosf8y — b cos O
61 cos 07 + &3 cos O

7"(95) =

(20)

where the I and T subscripts indicate the incident and transmitted angles which are related

by:
1/2

01 . 2
cosfr = |1 — | —sinfy (21)
2
where the indices of refraction are §; = (1 — n;/n.)'/2. With Fig. 6(b) the reflectivity
coefficient can be interpreted as a function of the Stokes scattering angle and is plotted
in Fig. 7 for a plasma channel of density n; = 0.01ln. with walls of density ny = 0.1n.
and 0.3n.. More complicated channel density profiles such as those described in Refs. 25
and 26 can easily be incorporated into the model described herein by simply inserting the

desired reflectivity coefficient into the expressions discussed in sections II and III.

VI. ASYMPTOTIC SOLUTIONS

Detailed discussion of this section can be found in Refs. 23 and 24. Only a summary of

the mathematics is included here.

14



Time asymptotic amplitudes can be derived by using the inversion formula,

c+-100
fw(w)'—-?t—/[ e? f(q)dq (22)

2 c—ico
on the expressions in Eqs. (8). The integrands have singularities at ¢ = «, 0, and ¢, =
a — v+ 2min where v = —lInr. The singularities at ¢ = « will yield no net contribution
to the total amplitude and the singularities at ¢ = 0 have been discussed in Ref. (11). For
the remaining singularities the contributions to the daughter wave amplitudes are all on

the order of ¢* 7. Therefore

— (1 — 7") el"” fY e(a_'/)E
500 ()

v s/ (a—v)
_ 1 — vn 2 ela—v)¢
N, ~ (1-r)e (fy) e

v s/ (a—v)

+ Res[q = 0],
(23)

+ Res[qg = 0],

and the downgoing wave amplitudes are given by B_ (¢,7,8) = B, (£,1~1n,s) and
N_(&m,8) = Nyp(§,1—n,8). The first term of each of these expressions is merely
the the temporal Laplace transform of the fundamental damped solutions of the one-
dimensional governing equations [Eqs. (15) with h; = v and hy = 0] multiplied by a factor
of (1 — 7)€" /v. Each of these fundamental solutions consists of a hyperbolic function sub-
tracted from a sum of Bessel functions in the region £ < 7 and is zero for 7 < £. Reference
11 shows that for large times the contribution from the residue at ¢ = 0 is precisely the
same as that for the hyperbolic part of the contribution from ¢ = a — v but with opposite
sign and its contribution is valid for both ¢ < 7 and 7 < . Summing the dominant
contributions from all of the singularities we find that the time asymptotic solutions for
oblique scattering in a plasma channel of reflectivity r are equivalent to the zero reflectivity
solutions of the one-dimensional damped equations with h; = v and hy; = 0 and multi-
plied by a factor of (1 — r)e*?/v. (For more on the one-dimensional damped solutions see
Ref. 12.) Thus, for large times (many reflections), one-dimensional amplitudes dominate
the plasma (see the discussion of Figs. 2 and 4) and the dissipative loss created by the

transmission of the Stokes wave through the channel boundaries is equivalent to an overall
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damping of the Stokes amplitude (Fig. 8). Note that if we are considering damping within
the plasma channel [v; # 0 in Egs. (14) and (18)] then the above still holds true and time

asymptotically the overall damping is v; + vvy, /L, for the Stokes wave.

VII. DISCUSSION OF THE TWO-DIMENSIONAL EVOLUTION

Figure 9 shows comparisons between the one-dimensional nonreflective theory of Ref. 10
(lines with small dashes), the two-dimensional nonreflective theory of Ref. 12 (lines with
large dashes) and the two-dimensional reflective theory developed herein (solid lines). Fig-
ure 9 is constructed with the same plasma parameters as in Figs. 3 and 5. Figure (a) is at
time ¢ = 1 with a reflectivity coefficient of r = 0.5, figure (b) is also at time ¢ = 1 but with
a reflectivity coefficient given by Eq. (20) with ny = 0.01n. and ny = 0.1n,, and figure (c)
is at time ¢ = 5 and has the same reflectivity coefficient as in figure (b). It is evident from
these figures that the two-dimensional reflective theory always predicts equal or larger gain
than the two-dimensional nonreflective theory [a factor of 10 more in Fig. 9 (¢)] and smaller
or equivalent gain than the one-dimensional nonreflective theory [a factor of 10,000 less
in Fig. 9 (c)]. When the reflection coefficient is zero [or close to zero as in Fig. 9 (b)] the
two-dimensional reflective theory herein is equivalent to the nonreflective two-dimensional
theory of Ref. 12 and the solid lines in Fig. 9 will be collinear with the lines with large
dashes. When the reflection coefficient is one the two-dimensional reflective theory herein
is equivalent to the nonreflective one-dimensional theory of Ref. 10 and the solid lines in
Fig. 9 will be collinear with the lines with small dashes. For intermediate reflectivity coef-
ficients the growth of the daughter waves is reliant on competition between the reflectivity
coefficient and the aspect ratio of the laser pulse in such a way that for late times (many
reflections) the complicated two-dimensional model of growth within the channel is equiva-

lent to a much less complex one-dimensional damped model with zero channel reflectivity.

VIII. SUMMARY

In this paper we have developed an analytic model of laser driven parametric instabilities-
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within a plasma channel. Included are the effects of two spatial dimensions, damping,
finite pulse and plasma boundaries, and oblique reflections of the daughter waves induced
by lateral density variations. We have found that parametric instability growth within a
channel is analogous to the propagation of electromagnetic waves in a leaky waveguide.
Exact analytic solutions of the governing equations were found to be representative of an
infinite series of image sources outside of the plasma channel which trap Stokes radiation
and enhance instability growth within the channel through a transition from subdominant
two-dimensional modes to dominant faster growing one-dimensional modes. In addition
late time analysis showed that the partial transmission of Stokes radiation was in essence

equivalent to an overall damping of the Stokes amplitude within the channel.
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FIGURE CAPTIONS

Fig. 1 The geometry of SRS is shown in the laboratory frame for (a) the upgoing inter-

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

action and (b) the downgoing interaction. The range of scattering angles con-
sidered for the Stokes wave is 0 < § < /2 for forward angles and 7/2 <0 <7
for backward angles.

The three distinct forward scattering regions of growth for each n in Egs. (13)
are divided by the dashed lines. The three distinct general regions of forward
scattering growth are divided by the solid lines (which are collinear with the
n = 0 dashed lines). The finite size of the channel is explicitly included in (b).
Linearly shaded contour plots of the Langmuir amplitude [Eqgs. (12) and (13)]
are shown at ﬁme t = 1 for three forward scattering angles. The solid lines
distinguish the three general regions of growth. Each plot is normalized so that
the largest amplitude is white and smallest amplitude is dark gray.

The three distinct backward scattering regions of growth for each n in Egs. (13)
are divided by the dashed lines. The three distinct general regions of backward
scattering growth are divided by the solid lines (which are collinear with the
n = 0 dashed lines). The finite size of the channel is explicitly included in (b).
Linearly shaded contour plots of the Langmuir amplitude [Eqs. (12) and (13)]
are shown at time ¢t = 1.25 for two backward scattering angles. The solid lines
distinguish the three general regions of growth. Each plot is normalized so that
the largest amplitude is white and smallest amplitude is dark gray.

(a) A basic model for the plasma channel density profile. (b) The scattering
geometry at the plasma channel density gradient.

The reflectivity coefficient [Eq. (20)] is plotted as a function of the Stokes scat-
tering angle for a channel density of 0.01n, and surrounding plasma density of
0.1n. and 0.3n..

The exact solution (solid lines) from Egs. (12) and (13) is compared with the-
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Fig. 9

time asymptotic solution (dashed lines) from the one-dimensional damped theory
of Ref. 12 for (a) t =1, (b) t = 3, and (c) ¢t = 5. The plasma parameters are the
same as in Figs. 3 and 5.

Comparison of the one-dimensional nonreflective theory of Ref. 10 (lines with
small dashes), the two-dimensional nonreflective theory of Ref. 12 (lines with
large dashes), and the two-dimensional reflective theory developed herein (solid
lines). The temporal length of the interaction and reflectivity coefficients are
given by: (a) t =1, r=0.5, (b) t = 1, r given by Eq. (20) with n; = 0.01n. and

nz = 0.1,and (c) ¢t = 5 with the same reflectivity coefficient as (b).
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(b)

P1790

Fig.1 The geometry of SRS is shown in the laboratory frame for (a)
the upgoing interaction and (b) the downgoing interaction. The range
of scattering angles considered for the Stokes wave is 0 < § < /2 for
forward angles and n/2 < § < « for backward angles.
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P1833 X

Fig. 2 The three distinct forward scattering regions of growth for
each n in Egs. (13) are divided by the dashed lines. The three distinct
general regions of forward scattering growth are divided by the solid
lines (which are collinear with the n = 0 dashed lines). The finite size
of the channel is explicitly included in (b).
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Fig. 3 Linearly shaded contour plots of the Langmuir amplitude
[Egs. (12) and (13)] are shown at time ¢ = 1 for three forward scat-
tering angles. The solid lines distinguish the three general regions of
growth. Each plot is normalized so that the largest amplitude is white
and smallest amplitude is dark gray.
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Fig. 4 The three distinct backward scattering regions of growth for
each n in Eqgs. (13) are divided by the dashed lines. The three distinct
general regions of backward scattering growth are divided by the solid
lines (which are collinear with the n = 0 dashed lines). The finite size
of the channel is explicitly included in (b).
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Fig. 5 Linearly shaded contour plots of the Langmuir amplitude
[Eqgs. (12) and (13)] are shown at time ¢t = 1.25 for two backward
scattering angles. The solid lines distinguish the three general regions
of growth. Each plot is normalized so that the largest amplitude is
white and smallest amplitude is dark gray.
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Fig. 6 (a) A basic model for the plasma channel density profile. (b)
The scattering geometry at the plasma channel density gradient.
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Fig. 7 The reflectivity coefficient [Eq. (20)] is plotted as a function
of the Stokes scattering angle for a channel density of 0.0ln. and
surrounding plasma density of 0.1n. and 0.3n..

28



w

Langmuir amplitude
[\

1
o 1500
=
2
£ 1000
[a5
5 500
=
<
—
0
| 1 1 | i 1 i L | 4 f L | L 1
T T T T
@ ()
o
g 400
L
g 300 -
g 200F
<
5
= -
2 100
=
:3 0—[ ! 2 | 1 1 1 1 1 1 n 1 | 1 1 | L ) 1
0 30 60 90 120 150 180
PI838 Scattering angle

Fig. 8 The exact solution (solid lines) from Egs. (12) and (13) is
compared with the time asymptotic solution (dashed lines) from the
one-dimensional damped theory of Ref. 12 for (a) t = 1, (b) t = 3,
and (c) t = 5. The plasma parameters are the same as in Figs. 3 and
5.

29



Langmuir amplitude

Langmuir amplitude

Langmuir amplitude

d rnd o v omed ol cvnd ol s

0 30 60 90 120 150

Scattering angle

[u—y
o0
[}

P1849

Fig. 9 Comparison of the one-dimensional nonreflective theory of
Ref. 10 (lines with small dashes), the two-dimensional nonreflective
theory of Ref. 12 (lines with large dashes), and the two-dimensional
reflective theory developed herein (solid lines). The temporal length
of the interaction and reflectivity coefficients are given by: (a) t =1,
r=0.5, (b) t = 1, r given by Eq. (20) with n; = 0.0ln. and ny =
0.1,and (c) ¢t = 5 with the same reflectivity coefficient as (b).
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