SANDIA REPORT

SAND2001-3142
Unlimited Release
Printed October 2001

On the Convergence of Stochastic
Finite Elements

John DelLaurentis and Irene Moshesh

Prepared by
Sandia National Laboratories
Albuquerque, New Mexico 87185 and Livermore, California 94550

Sandia is a multiprogram laboratory operated by Sandia Corporation,
a Lockheed Martin Company, for the United States Department of
Energy under Contract DE-AC04-94AL85000.

Approved for public release; further dissemination unlimited.

@ Sandia National Laboratories



Issued by Sandia National Laboratories, operated for the United States Department
of Energy by Sandia Corporation.

NOTICE: This report was prepared as an account of work sponsored by an agency
of the United States Government. Neither the United States Government, nor any
agency thereof, nor any of their employees, nor any of their contractors,
subcontractors, or their employees, make any warranty, express or implied, or
assume any legal liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process disclosed, or represent
that its use would not infringe privately owned rights. Reference herein to any
specific commercial product, process, or service by trade name, trademark,
manufacturer, or otherwise, does not necessarily constitute or imply its endorsement,
recommendation, or favoring by the United States Government, any agency thereof,
or any of their contractors or subcontractors. The views and opinions expressed
herein do not necessarily state or reflect those of the United States Government, any
agency thereof, or any of their contractors.

Printed in the United States of America. This report has been reproduced directly
from the best available copy.

Available to DOE and DOE contractors from
U.S. Department of Energy
Office of Scientific and Technical Information
P.O. Box 62
Oak Ridge, TN 37831

Telephone: (865)576-8401

Facsimile: (865)576-5728

E-Mail: reports@adonis.osti.gov

Online ordering: http://www.doe.gov/bridge

Available to the public from
U.S. Department of Commerce
National Technical Information Service
5285 Port Royal Rd
Springfield, VA 22161

Telephone: (800)553-6847

Facsimile: (703)605-6900

E-Mail: orders@ntis.fedworld.gov

Online order: http://www.ntis.gov/ordering.htm



mailto:reports@adonis.osti.gov
mailto:orders@ntis.fedworld.gov

SAND2001-3142
Unlimited Release
Printed October 2001

On the Convergence of Stochastic
Finite Elements

John M. DeLaurentis
Computational Math/Algorithms Department

Irene Moshesh
Computational Math/Algorithms Department

Sandia National Laboratories
PO Box 5800
Albuquerque, NM 87185-0529

ABSTRACT

We investigate the rate of convergence of stochastic basis elements to the solution of a
stochastic operator equation. As in deterministic finite elements, the solution may be
approximately represented as the linear combination of basis elements. In the stochastic
case, however, the solution belongs to a Hilbert space of functions defined on a cross
product domain endowed with the product of a deterministic and probabilistic measure.
We show that if the dimension of the stochastic space is n, and the desired accuracy is of
order ¢, the number of stochastic elements required to achieve this level of precision, in

the Galerkin method, is on the order of |Ing|[" .
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1 Introduction

We consider the stochastic equation where the operator has been split into a
deterministic part L and a random part IT,

(L+TMu = f. 1.1)

The domain of L +1I is a dense subset of the Hilbert space L2(D® Q,du ®dP),
more specifically, the domain is a dense linear span of independent functions of
the form p(x)1(&), x € D, € € Q, where ¢ and i are measurable and ||pyY|| < oo
(Il ¥ |I= [ ¢¥dudP). (Here and in the following we will use boldface letters
to denote vectors, in particular, x = (z3,...,24) and & = (&1, ...,&n).) We will
assume that L and L +IT are symmetric ((Lu,u) = (u, Lu) and ((L + m)u,u) =
(u, (L +7)u) where (p, 1) denotes the inner product on the Hilbert space), and
positive-bounded-below ((Lu,u) > c(u,u) = ¢2 || u ||?, for some ¢ > 0; similar
for L + ).

We show that to achieve a precision of level ¢, assuming that sufficiently
many of the deterministic elements ¢ have been chosen, the number of stochas-
tic elements, 1, using the Galerkin method, is on the order of |ln(¢)|™. By
the expression ”a precision of level ¢,” we mean that || ue — u |< €, where u,
is the approximate solution given by the Galerkin method. This assertion im-
plies that the computational cost, due to the stochastic component, is relatively
inexpensive, provided the dimension of the probability space is not too large.

The next section summarizes the requisite theorems from Hilbert space the-
ory. In the third section we state and prove our main results. The fourth section
presents some numerical examples, and demonstrates the rapid convergence of
the stochastic finite elements in the low dimensional case. Aside from the prac-
tical interest in the rate of convergence, this analysis may provide some insight
into the underlying structure of the random processes that arise in engineering.

2 Symmetric, Semi-bounded Operators

Many problems in mathematical physics can be stated in variational form as
the function u that minimizes the functional

F(u) = (A’U., u) - 2(f7 'u')a (21)

where A is a symmetric, positive-bounded-below transformation with domain
D4 C H and range contained in the real Hilbert space H. (By positive-bounded-
below we mean that (Au,u) > b%(u,u) = b® || u ||? for some b > 0.) The
minimum of the functional F' may be derived using the associated inner product
defined on D 4, namely,

(u,v)a = (Au,v), (2.2)

and || u |3= (u,u)a. We complete the space, denoted H4, by adjoining the
limit of the Cauchy sequences in Dg4; in this case, the limit can be identified
with elements in H, see Riesz-Nagy [5].



The operator A may be extended to a self-adjoint transformation A such
that, if f € H, _ ‘
Aug = f, (2.3)

for some ug € Ha, where Au = Au for all v € D4. The existence of the
operator A and the solution to equation(2.3) are derived by applying the Riesz
representation theorem to the linear functional Af(u) = (f,u). That is, since
Ay is a linear functional on Hy, there exists a unique ug € Ha such that

As(uo) = (uo,u)a and || uo |I<|| F . We set uo = A ' f, and observe that
b A" = ]l wo JI<I| uo lla<] £ il so that || A f < b7 | £ | It follows
that the inverse of A, denoted A, exists and is bounded; || A~ ||< 1. Also,

it can be shown that the operator A is self-adjoint, see Riesz-Nagy [5]-
The function that minimizes F is given by the solution to equation(2.3),
that is ,

F(u) = (Au,u) = 2(f,u) = (u,u)4 — 2(u0,u)a =l v ~uo I3 ~ || wo 4, (24)

where || u || 4 is the energy norm defined by || u ||3= (Au,u). It follows that
F(u) has a unique minimum at u = up and the minimum value is — || ug || 4,
see Mikhlin [4].

3 Stochastic Finite Elements

A mathematical representation for a problem involving random spatial fluctua-
tions is given by the operator equation

n
Au=[Lo(x) + Y Bi&iLi(x)u = f, (3.1)
i=1
where A = L+ 11, L = Lo, I = Y B;&L;, the L;(x)’s are deterministic dif-
ferential operators, v = u(x, &), f = f(x, &), and the §’s are zero-mean,
uncorrelated random variables. Invoking the central limit theorem we are led
to consider Gaussian variables as possible candidates for the £;’s; however, since
Gaussian deviates can assume arbitrarily large negative values the coefficients
may become negative. This problem, however, is avoided if we assume that
the variates ¢, are truncated. Gaussian variables also have the advantage that
uncorrelated variates are actually independent. In the following, we assume
that the £;’s are independent, identically distributed (not necessarily Gaussian),
bounded (P(|&| > ) = 0 for some v > 0), zero-mean random variables. Addi-
tionally, we assume that the solution satisfies a deterministic boundary condition
S (x)ulx, &) =0, for x € 8D.

The form of the stochastic operator in equation (3.1) was derived by re-
placing the coefficients of the corresponding deterministic differential operator
with random coefficients. In turn, the Karhunen-Loeve expansion was used to
express the random coefficients as a finite orthonormal expansion involving the
variables &;, see Ghanem and Spanos [2], Ghanem and Red-Horse [3].



Let us define the domain D4 of A as the linear span of functions of the
form @(x)¥(&) where ¢ is sufficiently differentiable to belong to the domain
of the differential operators in expression(3.1), satisfies the boundary condition
Y (x)p(x) = 0, and ¥(&) is a polynomial in the stochastic variables &. The
inner product on H is defined by

(u,v) E//uvdp,dP, (3.2)

where v = u(x, £) and v = v(x, £) are mean square integrable with respect
to du(x) ® dP(¢), that is, u,v € H = L?(D ® Q,du ® dP). Here, the symbol
1 denotes Lebesgue measure, P(€) equals the joint distribution of the random
variables &, i = 1,..,n, dP(€)=[]._, p(&)d&;, and p(&;) is the probability density
of &. (We use angled brackets to emphasize that the underlying measure is a
product involving a probabilistic measure.) If A is symmetric, positive-bounded-
below, f € H, and D4 is dense in H, then the transformation A has an extension
such that Aug = f has a solution (see the preceding section).

As we have seen, the problem of solving equation (3.1) may be replaced by
the problem of finding the function that minimizes the functional

F(u) = (Au,u) = 2(f,u) = (4, 2)4 — 2(uo,w)a =l u ~uo Iz — | uo %, (33)

where (u,v)a = (Au,v), | v |3= (w,u)a > b || u |2, A extends A, and
Aug = f. Let us restrict the domain of A to a finite set of linearly independent
basis elements, ¢;(x) ¢¥x(€), 1 < j < M, 1 < k <€ N, and pose the problem
of finding the linear combination, u,(x, &) = > a; kp(x)¥(£), that minimizes

F(u). It can be shown that (for the res’crlcted domain) the coeflicients of the
minimizing function satisfy a system of algebraic equations,

<Auaa (pj'd)k’> = <f7 §0j'1/1k1>, (340')
or,

N
> ask(Alps9), eyrtbn) = (£, pyribne), (3.40)

k=1

M=

.ll

J

where 1 < j/ < M, 1 < k' £ N, (the variational argument is essentijally the
same as in the deterministic case, see Ghanem and Spanos (2] or Fletcher [1}).
The technique that yields the approximate solution given by equation (3.4) is
known as the Galerkin method.

We may assume that the basis elements have been orthogonalized with re-
spect to the inner product {u,v). More specifically, we suppose that the ©;’s
are a subset of the orthogonal basis {¢;(x)}, 1 < j < oo, where (g;, p;:) = 6;,4;
here 6; ;: denotes the Kronecker delta function and (¢, ¢;7) = [ @5 (X)pj (x)du(x).
Also, we assume that the i;’s are a subset of the orthogonal basis of the
form {¢w(€) = T1ie; ¥x. (&)}, where k = (k1,...,kn) and 4, (&) equals the
orthonormal polynomial in &; of degree k; over the space L2([—7,7], p(&)d&:);
that is, (Ve;, k) = Oks ks fOr (Ps, Yar) = [ Wk (€:)hrs (€:)p(&:)dE;. We have



Yk, ¥x) = [ k()¢ (€)dP(€) = bk ; where i = 1 if k = K/, otherwise
ke =0.

Our goal is to estimate the number of stochastic elements required to produce
the estimate u, satisfying || u, — up ||[< €, assuming that the deterministic .
elements can be chosen to provide a desired level of precision. Towards this
end, we introduce an equivalent (under certain assumptions on the operators

L;) problem. Applying fgl to both sides of equation (3.1), we obtain,

I+ Z ﬂi&f(?lLi)u =g, (3.5)

=1

where x € D, I is the identity operator, g(x,£) = fglf(x,g), and Y (x)u(x, £)=0,
for x € 8D. We assume that both, Lo and T+ 57 1 ﬂig,-fg lL,-, are symmetric,

L=

positive-bounded-below. Additionally, we suppose that Tz = ~ 3 -, Bi&iLg 'L
is a contraction; that is, || T¢ ||< 7 < 1, for some 7. Also, we assume that L !

and T; commute. It follows that the series > ;o || Tél)g || converges and we

may write
o0,

w=(I~-T) g= T, (3.6)
’ =0
where up = ug(x,£) is the solution to equation (3.5) and TEO = J. In particular,
expression (3.6) asserts that ug satisfies equation (3.1),

ZUO = Zo(I - TE)UO = —Eo(I — Tg) ZTég = Zog = f (37)
1=0

It follows that we need only estimate the number of basis elements required to
approximate the solution wg given by equation (3.5).

To estimate the rate of convergence of the stochastic elements we need an
assumption on the rate at which the orthogonal expansion converges to f. For
a given ¢ > 0, we assume that f(x, £) may be approximated by a function
Sfm(x, €) such that the maximum degree of the polynomials in &; of f,, do not
exceed m, where m = m(8) = O(|In(8)|),é | O such that || fm — f ||< 6. The
expansion for f(x, £) converges exponentially fast in &, that is,

f=fm+Bm= Y, S eiti) a@itac + Bm,  (3.8)

k; degree £&;<m j=1

where || B, |< 6 = O(exp(—m)), as m — oco. Also, we assume that for € > 0
and a given function h(x) = 372 a;;(x), there exists a function M = M(h, ),
such that,

M
h(x) =Y a;jp;(x) + C(h,4), (3.9)

j=1

where || C(h,€) ||< 6. We are ready to state and prove our main result.

10



Theorem Let us assume that T¢ is a contraction (|| T¢ ||< 7 < 1), that T;

commutes with L, (1 T5" 1< ¢Y), and that the expansion for f converges
exponentially fast in £. For a given € > 0, we choose the finite basis {¢;9x}, 1 <
J<M, ke J={(ki,..,kn) : ki < K}, K =1+ m, m = m(6), with [ chosen
so that n'(1 — )Yl || fI< &, 61 = (1 + -(-ilei)—c)_l(JlJ-él,];)_leb, and M =
mazkes{M(hx,82)}, where hi(x) = 3277 a;xp;(x), asx = (S, %), St =
le;% T fm, with 63 = §K -/ 2(-}1{—'%)‘1%. For the Galerkin approximation, u,,
we obtain

o —ua [[S 671 || va —uo la< &, (3.10)

— .
where v = Ly ) 1 e Z?/I___I(Sz,cpjwk)cpjd)k, and | u |a> b | u ||. The basis
contains MN = O{M|lne|”) elements; the number of stochastic elements is
O(|lne€|/|lnn™) = O(|1nel™), as € L 0.

proof  To demonstrate the accuracy of u,, it is sufficient to find an element
va, belonging to the linear span of the finite basis, such that 571 || v, - up || < €
To see this, we use the fact, || u ||a= (Au,u)/? > blu,u) = b || v |, and the
inequality,
lua—uoll < 877 ua—uo [la=b" (F(ua) - F(uo))*'?, (3.11)
< BTN F(va) = Fluo))? =b7" || va —uo |14 -
The second inequality follows from the fact that u, minimizes F(u) over the

finite basis. It follows that to establish the required accuracy for the Galerkin
method we need only produce a v, satisfying || vo ~ uo [|4< be.

We may replace the right-hand side of equation (3.5) with g,, = L, ! s
that is, from equation (3.6) we obtain,

wo = (I-Te) Ly f = I-Te) YTy fm+Lo Bm) = I~Te) *gm+B, (3.12)

where | B | (1 —9n)"tc! || Bm € (1 = n)"1c™14;. Now, we choose [ > 0
so large that n'(1 —n)~1c™! || f ||< é1; the first term on the right-hand side of
expression (3.12) may be written,

-1
I-T) Ly fm=Ly > Tfm+R=I5 Si+R, (3.13)

s=0

where S; = le_:% T¢ fm and R = S TES—L—; ! fm. Here, we use the fact that
Ty and Ly ' commute. The remainder is bounded by || R ||< (1-3}]% | Fm 1<
(fgl,,_)c | fI< 61. We have shown

u=I; S +B+R, (3.14)

where | B||+ | RIS 6:1(1+ (1 —=n)"tch).

11



The multinomials in 5; = Zi;%) T¢ fm, have degree less than K =1+ m; T;
contributes multinomials of degree less than ! and f,,, has degree at most m.
It follows that the multinomials in S; may be expressed in terms of the basis
elements ¥ (&), k € J; that is,

-1 00

Si=> T¢fm= ZZ St 05%1))95 %k (3.15)
s=0 j=1

Next, setting Si,pr = D1 e s M i=1(S1, 95%)p ¢k and using the assumption that

for each k € J, || 3272 57115t 0i%)@; |I2< 62, we obtain

o0

IS =S 1P=)_1 D (Suesw; IP< K™6, (3.16)

kEJ j=M+1

Here, we also use that the cardinality of J equals K™. Setting v, = Lg ISz, M
and using inequality (3.16), we obtain for the first term on the right-hand side
of expression (3.14),

1 g St = va =1 Tg (St — Star) IS ¢ 2K™63. (3.17)
Now, from expressions (3.14) and (3.17), we obtain
luo—val < [Z5' Si—wll+BIl+]RI (3.18)
n/2
< B rnar —t = tddhag

T-me 21y
where 6, = 3(1 4 ﬁ;)-l({lél,g)-leb and § = $K/2(Lly~1ep

To obtain an estimate for || up — v, || 4 wWe need a bound on || Av, ||, for this
we use the identity ALy = Lo(I - Te)L, gy g T, so that,

_ 1+n

I Ave f|=Il ALo " Sim l|=ll (I = Te)Sum IS T = Te I} St ll< 77— Il f-

(3.19)
Using the Cauchy inequality || u || A<|[ Au ||| u ||, together with inequalities
(3.18) and (3.19), we obtain
1 +7n 1 -
g 30 -

| wo — ve A< A(uo — va) Il w. — va [[< (1 +

(3. 20)
as desired. This demonstrates that, for this basis, the Galerkin method provides
the desired accuracy.

The number of basis elements in this set is given by MN = MK", where
N = K" is the cardinality of the index set J. We recall that K = [+ m and
that [ was chosen so that n'(1 —n)~*c™! || f ||< &1 = O(¢), more precisely,

{ln51|+|ln(1—n)[+[lnc|+]lnHfH|+9=|1n51| 1

Y T O Olma)
(3.19)

| =

12



where 0 < § < 1. Now, since m = O(Iné;) = O(lne), as € | 0, we have

|Ind| n_ o1l |lne|
T Oma)” = Oy = Oy

K™= (l+m)" = ( 12%n (3.20)

as € | 0. We have arrived at the desired conclusion, namely, the number of
stochastic elements are O(|1n(e)/In(n)|*) = O(|In(e)|™), as € | 0, where € is the
desired level of precision and n is the dimension of the stochastic space.

The key step in the proof is the representation of the solution as a partial sum
of the resolvent 3 Té f. In turn, this function may be expressed as polynomials,
of low degree, in the variables &;.

4 Numerical Results

We consider a set of stochastic operator problems governed by the equation
52

—(a+8&) g ulx, &) = f(2), (41)
for f(z) =1, f(z) =z and f(z) = ¢+ 1 with boundary condition
u(0) = u(1) = 0. (4.2)

We define &, to be a truncated Gaussian variable with mean zero. By a trun-
cated Gaussian random variable we mean that

T

2
&y <) 0740 4.3
Pl <m== [ (43)
for —y <z <7 P(|¢] 2 v) =0 and,
Cy -2
dé = 1. 4.4
or (44)
The parameters a, 3 and -y are chosen so that
B
- 1 4.
~7<1, (4.5)

for a, 3, ¥ > 0. We note that «, 3 and < are not unique. The set of problems
described by equation (4.1) has the exact solution

wme) = 2 CEy1a-2) [Cuwa+e [(a-nfeal @)

@ =0

Using the Stochastic-Galerkin method, an approximate solution is introduced
as

ua(z7§'y) = Z Z a_‘/,k‘p] "a/"k 5’7) (4'7)

j=1k=0

13



where the ¢;(z) = z — z7*1’s are chosen so that they satisfy the boundary
condition (4.2). Also, we set 9 (&y) = £, and we define the inner product by

cy, [ 1
(o) =T [ [ b bola,)e T derde (48)
1
= | Bl &)ate. & e (49)
where E[.] denotes the expected value. Evaluation of the inner product
(Aua, i (2)bi (&) = (f> 57 ()i (&), (4.10)
where A = —(a+ 5{7)56;1-, for the case f = 1, produces the matrix equation
a0 . .- . Q1IN E[—(a+ B&y)votk] ’ _2_224?
azo . - . Q2N E[—(a+ B& )1%] —35 .
. - . N i — 1 E[Ek]
ao - - -GN E[—(a+ B&)Yi—1vx] —éi%)_ﬁ 2(i+2) 7
amMo - - - AM\N E[~(a+ B&y)Uny) —U\ﬁ’{m

for fixed i and k where ¢ € {1,...,M} and k € {0,...,N}. If we let M=3 and
N=2, we obtain the matrix equation

a B o a B o 32 38 3o

3 g 3 2 2 2 5 5 5 a1,0 1/6
e g 4o 48 42 , g 4
2 B A 0 5 5 o o a1,1 1/4
13 [*] o [s3

= 35 E a B oo = F = a1,2 3/10
2 a B8 a 38 38 3a 90 o 0
3 3 2 2z 2 & 5 5 _5_3 2,0
129 %2 5 . i | =] 0
g2 4022 klm| | o
o B e a 38 3a 3a 9B 9o aso 1/6
3 2. 2 2 4 4 B 10 ’

a 38 32 4o 688 b2 é& 3a az,1 1/4
2 4 5 2 ’

3a 98 92 2?2 3511 Sa __é?? 27a as3,2 3/10
5 10 10 2 2 7 14 14

Here, we use the fact that E[ng] ~ 1 and E[¢]] ~ % , because §, is ap-
proximately Gaussian for + sufficiently large. In particular, this means that
the right-hand side of the preceding matrix equation is only approximately
equal to (b1,0,b2,0,03,0,-..,b1,2,b2.2,b3,2)", where b; s = z—(ii:r—sz[fﬂ, 1<i<3,
0 < k £ 2. Solving for the coefficients a; x, we obtain

1 -8 B2

A10=7T:011 = 555912 = 55
2a’ 2a2 — 36%’ a(2a2 — 362)’
azo =0;a21 =0;a22 = 0;

azo = 0;a31 = 0;a32 = 0.

14



Therefore, using equation (4.7) we have

1 ﬁf ﬁ2§2

It follows that,

2 4
Var(ua(z,&,)] = ((2&2 f 37 + 2a2(2af— 352)2) (x—2%)?%  (4.12)

The first three terms of the solution given by equation (4.6), when f =1, are

u(z,&y) = (—1— B ﬁ) (z - 2?). (4.13)

20 202 203

Therefore,

Varfu(z, &)]

(ﬁf_ + ﬁ_‘l) (z — 22)2. (4.14)

40t 8ab
We note that for 3 << @, u4(z,&,) is close to u(z,&,). This is illustrated in

figure 1, where the square root of the variance of u.{(x,&,) versus the square
root of the variance of u(z,&,) for a =1, 8 = 1/200 and v = 100 is plotted.

x 107 Standard Error Plot for two deterministic terms and three stochastic terms
T F T T 1 T 1 )]
- = =1; sqri{Var U(xg)]
___ f=1; sqr{Var Ua(x,i)]
0.8 N
06t T TS 1
L4 ~
L4 ~
L4 ~
L4 ~
’ .
’ N
’ .
’ .~
L ’ . J
04 ’ \
’ \
’ \
¢ \
’ A\
’ \
’ \
021 ’ . 7
’ \
’ \
’ )
4 i\
0 1 | L 1 1 Il ] L I}
0 0.1 02 0.3 0.4 0.5 0.6 07 0.8 09 1
Figure 1
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Similairly, for f = z, we have the matrix equation

atg aLN B[~ (o + B8 o] ~7
a2,0 az,N El—(a + B&)¢19x] 3N _

' | = o Bl
a0 aLN E[—(o + B&y)¥1-14x] - (z.l:é;_:i 3+3) 7
amo asew )\ Bl-(a+ 86, )owe] T

for fixed i and k where i € {1,..., M} and k € {0,...,N}. If we let M=3 and

N=2, we obtain the matrix equation

e B o a B 2 3a 38 3a
3 ﬁ 3 2 :1_222 2 3 5 5 a0 1/12
3 2 2 % % % oo B o« a1 2/15
fa 3 32 o, 3 o % 9B g 1/6
5 7 7 7 a2 /
. £ % g3 2 ¥ = £ a2,0 0
tr2 e ed s oo Lla < o
B EEEEEE A :
s B 8 o 38 & 3 g as0 1/12
e % sa da o8 ea o 3B A as 1 2/15
Sa 9B 9o o B 3 s 208 3 a3 1/6
5 10 10 2 2 7 14 14
Solving for the coefficients a; x, we obtain
a0 = 0;a1,1 = 0;a1,2 =0;
a = ! ;a = : 5 Q = .-B 3
207 80P T 987 — 602’ PP T (967 — 6a2)
azo = 0;a31 =0;a32 =0.
Therefore, using equation (4.7) we have
1 BEy £E 3
&)= — - - z3). 4.15
Ua(2,65) <6a 602~ 97 T aeaz —op7) | © ) (4.15)

It follows that,

B2 B
(602 — 9577 | 202(6a2 —

3y2
952)2) (z — z°)°. (4.16)

The first three terms of the solution given by equation (4.6), when f = z, are

Varlua(a,6)] = (

1 242
u(z, &) = (55 - ai) (z - o). (417)
Therefore,
(B B! 312
Var[u(z, &) = 360t + ot (x —z°)°. (4.18)
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We note that for 8 << a, ua(z,&y) is close to u(z,&y). This is illustrated in
figure 2, where the square root of the variance of uq(z,&y) versus the square
root of the variance of u(z,&,) for =1, 8 =1/200 and v = 100 is plotted.

A

x10™ Standard Error Plot for two deterministic terms and three stochastic terms
35 1 1 T i T T ¥ 1
- = 1=X; SqQrt[Var U(x,i)]
__ ft=x; sqrtVar Ua(x,g)}
3F 4
25r E
2+ d
1.5F E
1+ 4
0.5+ 4
o d 1 A [ ] )| i 1 ]
0 041 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1

Figure 2

For f = x4 1, ua(x,&,) is equal to the sum of u,.(z,&,) for f =1 and u.(x,£,)
for f = z. Therefore, for f =z + 1,

2z 12 483z€, Bx2E, Bz3¢,
ua(2,&y) = 32 2a 6a 6a2 ~ 932 + 202 — 332 + 6a2 — 932
4P FPr2g B

+0‘(6a2 —-943?) B a(2a? — 362) B a(6a2 — 962)° (4.19)

The first three terms of the solution given by equation (4.6), when f =z + 1,

are
‘ 2z 22 % 2Bx¢, Bz?E, | Bl
: ) = 3a 22 6a  3a® a2 - ba2
082262 B22262  B23€2
+5$§7_'333§-,_533§7_ (4.20)
A 3ad 2a8 6as
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Similairly to the f = z case, when f = z+ 1, the graph of the square root of the
variance of u,(z,&y) and the graph of the square root of the variance of u(z, &)
for a =1, 8 =1/200 and y = 100 are identical up to the thousandth place, for
B << a.

5 Summary

The analysis and numerical examples indicate that the increase in cost, due to
the stochastic component, is relatively modest, provided the dimension of the
probability space is not too large. The approach used, here, is to treat the
combined deterministic and stochastic problem in a manner analogous to the
deterministic case alone, namely, the elements are basis functions for the entire
cross product space, and the inner products are taken with respect to a cross
product measure. We have used polynomials for the stochastic finite elements,
and the evaluation of the inner product requires only that the degree of the
polynomials be less than the highest known moment of the underlying distri-
bution. The numerical examples show the rapid convergence of the stochastic
components in the one dimensional case, in fact, the approximate solutions have
almost ”converged” using only three stochastic elements. Further, the analysis
demonstrates that, for operators satisfying the contraction and commutativity
assumptions, the stochastic elements converge rapidly in the low dimensional
case, more precisely, O(|In¢|™) (n is the dimension of the probability space)
elements provide O(8) accuracy, as € | 0. In other words, setting e = exp(—«),
we have shown, for O(«™) stochastic elements, the error decreases exponentially
fast, that is, the error is O(exp(—«)), as k — 0.
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