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Abstract

Resonant heating of particles by an electrostatic wave propagating perpenducular to

a confining uniform magnetic field is examined. It is shown that, with a sufficiently
large wave amplitude, significant perpendicular stochastic heating can be obtained
with wave frequency at a fraction of the cyclotron frequency.

PACS numbers: 52.35.Fp 52.50.Gj



Resonant heating of particles in a magnetic field has been examined by many authors and
is of importance in the heating of magnetically confined laboratory as well as extraterrestrial
plasmas. For a review see Lieberman and Lichtenberg!. The transition from adiabatic to
stochastic heating was first examined by Nekrasov?, Jaeger and Lichtenberg®, and Lieberman
and Lichtenberg®. Stochastic heating by a lower hybrid wave in a tokamak was investigated
by Karney® for wave frequency much larger than the cyclotron frequency. It has also been
noted®7 that heating with ion Bernstein waves (IBW) can be obtained at frequencies above
the cyclotron frequency €2 but below the second harmonic, at frequencies of w/Q2 = 3/2, 4/3,
etc. To our knowledge however, a breaking of the invariance of the magnetic moment at
frequencies at a fraction of the cyclotron frequency has never been reported in a theoretical
work. Neither have we been able to find a clear experimental search for such heating. In
this Letter we wish to demonstrate that, at sufficiently large wave amplitude, low-frequency
wave heating is indeed possible. To this end we consider the simplest problem possible; that
of a particle gyrating in a constant magnetic field acted upon by an electrostatic plane wave
propagating perpendicular to the field.

The Hamiltonian for this system is

—,

(0 —A)?
2

H= + ®(x,t) (1)

with the magnetic field given by the vector potential A= —Byz. Take the units of time
to be given by (2, the cyclotron frequency, let the electrostatic wave be given by a single
harmonic, ® = ®pcos(kxr — wt), and assume zero velocity parallel to the field, v, = 0. There
are then three dimensionless parameters characterizing the heating problem. Define p = v/Q

to be the instantaneous cyclotron radius. Then kp characterizes the ratio of cyclotron radius



to wave length, k?®, characterizing the ratio of particle displacement caused by the wave
to wave length, is the nonlinearity parameter, and w is the ratio of the wave frequency to
the cyclotron frequency. The initial particle distribution is also characterized by kpg with
po a mean cyclotron radius for the distribution.

The equations of motion become v, = v, + k®osin(kx —wt), v, = —x + x¢, giving

d*z :
pre) +x = xo + kPgsin(kx — wt). (2)

For small wave amplitude near the cyclotron frequency it is possible to describe the
particle response to the wave in terms of oscillation at the cyclotron frequency with a
slowly varying cyclotron radius, or energy. In the case of interest here wave ampli-
tudes are large and wave frequencies different from, but comparable to, the cyclotron
frequency, so response of the particle at additional frequencies must be retained. To
treat the full problem it is necessary to include particle motion at fractions of the cy-
clotron frequency, sidebands, harmonics, etc. The particle motion must be written x =
xo + Acos(t) — pusin(t) + X, [amcos(Vmt) + Bmsin(vmt)] with A, ft, @, By, slowly varying in
compared to 1,v,, with v, giving the set of frequencies necessary to describe the motion.
A full analytic treatment is not possible, but analytic approximations can give insight into
the nature of the solutions.

First consider Eq. 2 for ks = k(z — x9) < 1. Letting 27" = kxy — wt and keeping only
lowest order in ks we have

d’s 4 4k2®

ﬁ—i_ w? w?

cos(2T)| s = kPowsin(2T) (3)

ie, a driven Mathieu equation with unstable solutions for w ~ 2/n. Of course this equation

is valid only for small ks, but it indicates the existence of large amplitude solutions for these



values of w.

Now consider a Poincaré section of kp, ¢ = kx —wt, by taking points when v, = 0, v, > 0.
This gives ¢ = ¢y — wt;, with 19 = kxo, and ¢; given by the times at which x = zy and
& < 0. Given A(t), p(t), am(t), Bm(t) one can solve for the Poincaré times ¢;. Without loss
of generality at t = 0 we take x random, v, random negative and v, = 0; giving * = o,
¥(0) = 1. The values at ¢t = 0 then determine one Poincaré point. Others are given by
kp(tj), ¥(t;) = 1o — wt;. Fixed points are given by dv/dt = 0 and constant phase, or
A= ji=ap = B =0.

In general these equations are very complicated and the Poincaré section must be exam-
ined numerically. For significant heating there must exist resonances. A complete analysis
would consist of a determination of all fixed points and then the calculation of the widths of
the islands occuring around the elliptic points, followed by an estimate of stochastic thresh-
old due to island overlap. Unfortunately this approach is not feasible, and to make any
progress analytically one must be guided by numerical results. A numerical Poincaré plot
using Eq. 2 is shown in Fig. 1 for k?®; = 0.1, w = 1/2, showing period two fixed points
occuring at small wave amplitude.

Guided by numerical results, including a Fourier analysis of the fixed point trajectories,
we illustrate the nature of the solutions for this case by considering only the cyclotron motion
and the particle response at the wave frequency of w = 1/2. Employing multiple time scales,
express the solution to the equations of motion as = x¢ + Acos(t) — psin(t) + acos(wt) —
Bsin(wt) with A\, p, c, B slowly varying with respect to 1,w. We then find, keeping only

leading order in the slow time scale and using e**s™(®) = > J, (a)e*i™®,

_Q%Cos(t) - 2%52’71(15) + (1 — w?)acos(wt) — (1 — w?)Bsin(wt) =



k®o Y Ji(kA) Ji (k) Ji(ke) Jon (EB)sin[(j — k + lw — mw — w)t]cos[vo + (j + )7 /2]

+k® Z Ji (kN T (kp) Jy (k) Jon (EB)cos[(5 — k + lw — mw — w)t]sin[tho + (5 + D /2] (4)

Taking the frequency to be a fraction of the cyclotron frequency, w = 1/¢ with ¢ an

integer and integrating over the short time scales we have

(1—w?)a = kd, %;n T (kN T (k) J (k) o (3) sin (a0 + (G + D7 /2) Ay (5)
(1—w?)B = k®y %;n T (k) Ty (k) Jy (k) T (K B)cos (o + (j + D)7 /2) A (6)
z% — ke, %;n T (kN T (k) Jy (k) o (K 3) sin(tho + (G + D /2) Ay (7)
2% =~ 55 A K ()os(0 + -+ /200 (8)

with Act = 0j pr(-m-1)we £ Oj—kt(1-m—1)w,~¢-

To gain an intuitive understanding of the occurences of the nonlinear resonances which
permit heating at frequencies well below the cyclotron frequency we can examine the limit
of small wave amplitude, k?®, < 1 analytically. Then we have ka < 1, k8 < 1.

Now set w = 1/2. To the leading orders in ko and k(3 we then find the first delta function
of A,y is limited to the values (j,k,l,m) = (s,s — 1,0,0) and the second delta function
to (s,s,0,0), with s integer. Similarly, for Ay, the first delta function is limited to the
values (7,k,l,m) = (s,s — 1,1,0), (s,s —1,0,—1), (s,s —2,—1,0), (s,s —2,0,1), with
s integer, and the second delta function to the values (j,k,l,m) = (s,s + 1,1,0), (s,s +
1,0,—-1), (s,s,—1,0), (s,s,0,1), with s integer. Note that these values are peculiar to the

case of w = 1/2, which is a special degenerate case since ¢ = 2 is the only solution to



1 —1/q = 1/q. There are fewer but different lowest order terms for other fractions. Now
in each term replacing the sum s = —o0,00 with s = 2n,2n + 1, n = —o0, 00, denoting

Co = cos(g), So = sin(vy), and defining Fi, (A, 1) = 3200 (—1)"Jonsa(kX) J2nts(kp), we

have
(1 — w2)a = kCDO[CO(FLO -+ F171) -+ So(F070 -+ F07_1)], (9)
(1 —w?)B = k®[Co(Foo — Fo—1) + So(Fio — F1,1)], (10)

d
_Qd_/z = k®oJ1 (ka)[Co(Fo,—1 + Fo,—2 + Fo1 + Foo) — So(Fro+ Fi—1+ Fio+ Fi1)]

+k®oJ1(kB)[Co(—Fio+ F1—1— Fia+ Fi1) + So(—Fo -1 + Fo,—2 — Fo1 + Foo)l, (11)

d\
25 = ko J1(ka)[So(Fo,—1 + Fo,—2 + Fo1 — Foo) + Co(Fro+ Fi -1+ Fi2+ Fi1)]

+k®oJ1(kB)[So(—Fro0+ F1—1+ Fi2 — Fi1) + Co(Fo,—1 — Fo,—2 — Fo1 + Fop)]. (12)

These equations determine the motion of a Poincaré point in the kp, 1 plane for small k%®,.
To determine the existence of resonances first look for fixed points of the Poincaré map,
with k?®y < 1. In this case a and (3 are small, and since A\(0) = —a(0) and for a fixed
point A must be constant, it remains small. Keeping only up to first order in A we find for
the existence of a fixed point in the case w = 1/2 either Cy = 0 or Sy = 0.

For Cy = 1,57 = 0 we have

(1 —w?)a = k®oJy (kN[ Jo(kp) + Jo(kpu)], (13)

(1 —w?)B = —k@o[Ji(kpn) + Jo(kpa)], (14)



0= Ji(kN)[Jo(kp) + Jo(kp)][J2(kp) + Jo(kp)]

— (kN [J1(kp) + Jo(kp)][2Jo(kp) + 2J2(kp) + Ji(kp) + Ja(kp)], (15)

0= J{ (k) [Jo(kp) + Jo(kp)][2Jo(kp) + 25 (k) — Ty (k) — Ja(kpa)]

+[J1(kp) + Jo(kp)][=2J1(kp) — Jo(kp) + Jo(kp)). (16)

To lowest order in A, u is given by 0 = [J1(kp) + Jo(kp)|[—2J1(kp) — Jo(kp) + Jo(kw)]. The
first root is from Jy = 2J; + Jo giving ku = 0.825. Equation 15 then gives A = 0, and we
find « =0, f = —1.62k®P,. Since A = a = 0, the Poincaré points are given by t; = 2jm. The
fixed points are then kp = k(pu — wp), ¥ =0 and kp = k(u + wf3), » = 7, as seen in Fig. 1.

No solution is found for Cy = 0,5y = 1. The second pair of fixed points in Fig. 1 at
1 = +7/2 and kp = 1.84 is more complex, due to a combination of motion at w and 3w. It
should be obvious from the above that by including particle response at more frequencies,
and allowing larger values of k?®, the number of fixed points in the map will increase
enormously.

For w = 1/q, with ¢ > 2 the situation is qualitatively different. To leading order there
do not exist any fixed points; rather the fixed points of the map emerge from p = 0 as
®, is increased. Nevertheless, such fixed points exist for all integer q, associated with the
unstable domains of the associated Mathieu equation, which are much narrower for g > 2.
A numerical Poincaré plot is shown in Fig. 2 for k*®y = 0.1, w = 1/3, showing period three
fixed points which move upward as k?® increases.

Now investigate the approach to chaos and the extent of the chaotic domain, which limits
the possible heating obtained. Figure 3 shows an example of the extent of the stochastic
domain for w = 1/2, bounded by good KAM surfaces at large kp. The initial particle
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distribution was random with kp < 0.1. In the domain of the good KAM surfaces the
perpendicular energy is only oscillatory, described by the magnetic moment, becomes an
adiabatic invariant for large energy and relatively weak wave amplitude®. The extent of
the stochastic domain increases in discrete jumps as new resonances overlap and domains
around them become stochastic, and Fig. 3 shows the occurence of such a step, as the
stochastic domain sweeps around a new period three resonance. Heating of an initially cold
distribution proceeds to the maximum limit given by the good KAM surfaces in a rather
short time; on the order of one to two hundred cyclotron periods. Even at a wave frequency
of 1/10 of the cyclotron frequency a Poincaré plot is quite stochastic for k*®, = 1. Note
that this is a collisionless result.

Figure 4 shows the variation of the extent of the heating domain in kp versus k+/®q
for three different wave frequencies. Curve a) is heating at the cyclotron frequency, b) at
half the cyclotron frequency, and c¢) at 1/5 the cyclotron frequency. Note that, for small
wave amplitude, heating at the cyclotron frequency is clearly more efficient, but that as the
amplitude increases, heating at a lower frequency can be almost as effective.

Finally Figure 5 shows the variation of the extent of the heating domain in kp versus
wave frequency for kv/®¢ = 0.6, 0.9, and 1.6. For smaller wave amplitude some peaking can
indeed be seen at low-order (small) integer fractions, as predicted by the Mathieu equation
approximation. As the amplitude increases, however, nonlinear generation of many fixed
points smooths out the resonance structures and makes the extent of the domain almost
linear in w.

In conclusion, we have demonstrated that significant perpendicular heating can be ob-

tained at a fraction of the cyclotron frequency. Although we have investigated only the case



of a longitudinal wave propagating across a constant magnetic field, the nonlinear resonance
phenomenon should be more fundamental, and may have application in high power radio-
frequency heating schemes in laboratory as well as in astrophysical plasmas. Furthermore,
we expect similar heating mechanisms to be operative for large amplitude Alfven waves, and
will explore this effect in a separate publication.

This work was supported by the U.S. Department of Energy Grant DE-FG03-94ER54271 and under
contract number DE-AC02-76-CHO3073 and NSF Grant ATM-9971529. The authors acknowledge useful

discussions with Fulvio Zonca.
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Fig. 1. Poincaré, k?®y = 0.1, w = 1/2

Fig. 2.  Poincaré, k?®¢ = 0.1, w = 1/3
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Fig. 4. Heating Domain vs kyv/®g, a) w =1, b) w=1/2, ¢c) w = 1/5.

12



Fig. 5. Heating Domain vs w for kv/®¢ = a)0.6, b) 0.9 ¢) 1.6

13



External Distribution

Plasma Research Laboratory, Australian National University, Australia
Professor I.R. Jones, Flinders University, Australia

Professor Jodo Canalle, Instituto de Fisica DEQ/IF - UERJ, Brazil

Mr. Gerson O. Ludwig, Instituto Nacional de Pesquisas, Brazil

Dr. P.H. Sakanaka, Instituto Fisica, Brazil

The Librarian, Culham Laboratory, England

Library, R61, Rutherford Appleton Laboratory, England

Mrs. S.A. Hutchinson, JET Library, England

Professor M.N. Bussac, Ecole Polytechnique, France

Librarian, Max-Planck-Institut far Plasmaphysik, Germany

Jolan Moldvai, Reports Library, MTA KFKI-ATKI, Hungary

Dr. P. Kaw, Institute for Plasma Research, India

Ms. P.J. Pathak, Librarian, Insitute for Plasma Research, India

Ms. Clelia De Palo, Associazione EURATOM-ENEA, Italy

Dr. G. Grosso, Instituto di Fisica del Plasma, Italy

Librarian, Naka Fusion Research Establishment, JAERI, Japan

Library, Plasma Physics Laboratory, Kyoto University, Japan

Research Information Center, National Institute for Fusion Science, Japan
Dr. O. Mitarai, Kyushu Tokai University, Japan

Library, Academia Sinica, Institute of Plasma Physics, People’s Republic of China
Shih-Tung Tsai, Institute of Physics, Chinese Academy of Sciences, People’s Republic of China
Dr. S. Mirnov, Triniti, Troitsk, Russian Federation, Russia

Dr. V.S. Strelkov, Kurchatov Institute, Russian Federation, Russia

Professor Peter Lukac, Katedra Fyziky Plazmy MFF UK, Mlynska dolina F-2, Komenskeho
Univerzita, SK-842 15 Bratislava, Slovakia

Dr. G.S. Lee, Korea Basic Science Institute, South Korea

Mr. Dennis Bruggink, Fusion Library, University of Wisconsin, USA

Institute for Plasma Research, University of Maryland, USA

Librarian, Fusion Energy Division, Oak Ridge National Laboratory, USA

Librarian, Institute of Fusion Studies, University of Texas, USA

Librarian, Magnetic Fusion Program, Lawrence Livermore National Laboratory, USA
Library, General Atomics, USA

Plasma Physics Group, Fusion Energy Research Program, University of California at San
Diego, USA

Plasma Physics Library, Columbia University, USA

Alkesh Punjabi, Center for Fusion Research and Training, Hampton University, USA
Dr. W.M. Stacey, Fusion Research Center, Georgia Institute of Technology, USA

Dr. John Willis, U.S. Department of Energy, Office of Fusion Energy Sciences, USA
Mr. Paul H. Wright, Indianapolis, Indiana, USA

01/09/01



The Princeton Plasma Physics Laboratory is operated
by Princeton University under contract
with the U.S. Department of Energy.

Information Services
Princeton Plasma Physics Laboratory
P.O. Box 451
Princeton, NJ 08543

Phone: 609-243-2750
Fax: 609-243-2751
e-mail: pppl_info@pppl.gov
Internet Address: http:/www.pppl.gov



