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Sunumary

The goal of the wark performed under this grant has been to develop high-quality tools for
simulating complex systems that are represented by solutions to parial differential equa- :
tions Examples include the sirnulation of combustion devices and of verious kinds of man- i
ufacturing processes. Such systems are characierized by the presence of multiple physical
processes, of complex geomerries, and of molriple length and time scales. To this end,
we developed a number of new methods that are required to simulate a variety of com-
plex systems. These include methods for decomposing problems with multiple time seales,
accurate and robust finite difference discretizetions, methods for adaptively concentrating
computational effort where it is most needed, and general, flexible methods for representing
complex geometries.

[

High-resolation methods for stiff / constrained systems of PDE’s

A standard problem in time-dependent fluid dynamics is the need for cfficient methods for
problems with muitiple time scales. The ¢lassic example is the case of fluid flows at low
Mach number, for which acoustic waves relax to equilibsium very rapidly relative to the
time scales for the advective motions and contribute litile To the dynamics. A principal goal
in this 2rea has been to develop nmumerical methods for these problems in which the fast
tme scale does not nced to be resolved. One approach is to use the method of hines. in
which the solution is discretized first in space, with a stiff ODE or DAE solver employed
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to solve the resulting semi-discrete problem. However, one ofien obtatns a more compu-
tanonally efficient method by exploiting problem-dependent kmowledge. Typically, this is

~ done either by discretizing the a limiting set of equations from which the fast scales have
been removed using asymptotics [29, 23], or by separating the fast and siow scales in the
original equations and developing appropriate stable and well-conditioned discretizations
for each (8, 7}- -

We have made a number of contriburions in this area for problerns involving low Mach
number flows including combustion, and for charged-fluid models of plasmaz. In {11},
we developed a new method for computing time-dependent compressible flows that is uni-
formly stable and well-conditioned a1 all Mach numbers between zero and one, and uses a
time step based on the advective CFL constraint only. The method is based on sphifing the
momentum equation into two equations, comresponding to a Hodge decomposition of the
fluid velocity into solenoidal and itrotational components. There is also a corresponding
splitting of the pressurc forces and of the velocity advection terms. This splitting permits
a numerical method in which the acoustic waves arc treated implicitly, while the advective
motions are treated explicitly. In particular, the only linear systerns that need to be solved
correspond to well-behaved discretizations of elliptic PDE’s with variable cocfficients. In o
addition, the method reduces o a second-order accurate projection method of a type dis- ;
cussed above in the Jimit of vanishing Mach number.

There are a number of advaniages of using this method over ones based on low Mach }
number asymptotic equations. It is capable of handling transient conditions in which com- !
pressibility cffects are significant, such as choking of a flow just as a valve is opened or
closed. There are also advantages to this approach in formulating AMR algoritbms. For
axample, for low Mach number combustion in closed containers, it is not obvious how to
apply the constraint that the thermodynarmic pressure is a constant in space, but depeads
on time, in the case when there is refinement in time. The present approach embeds that
constraint in & time-dependent process which can be discretized stably and accurately vsing
AMR. Finally, this for mulation provides a slightly different conceptual framework for dis-
crefizing low Mach number limiting equations that has led to new algorithmic approaches,
including a second~order accurate algorithi for incompressible flow in domains with de-
forming boundaries [12], as well as new algorithms for low Mach rumber reacting flows
16,171 ' )

We have also developed new techniques for dealing with the redundent equations that
typically arise in this setting. For example, in the zero-Mach nurnber Jimit, the thermody-

. namic equation of state reduces to 2 constraint that the thermodynamic pressure pRT is 2
constapt as a function of space, where p is the fluid density, T is the temperature, and R
is the gas constant. At the level of the PDE’s this constraint is compatible with the conser-
vation equations for mass and energy; however, that compatibility is not preserved when
the system is discretized. In [26], we developed a method for simuitancously conserving
mass and energy in such systems. analogous to the volume discrepancy approach used to
deal with a similar problem in porous media flows [1, 31). In the present case, we usc
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conservative disceetizations of the mass and energy equations, and add a penalty tern: (0
the divesgence constraint for the velocity that generates additional Jocal fluid compressions
and expansions that refax the thermodynamic variables foward 3 solution that satisfies the
constraint. A similar method can be used 1o obiain a mass and energy conserving version
of the method in [11).

We have developed a new method for solving the fluid-plasma equations that arise in
modeling an inductively-coupled plasma reactor [9). In this problem, the charged Buid rep-
resenting the electrons satisfies a dnft-diffusion equation, while the ions satisfy the com-
pressible flow equations, The stff time scale is the dielectric relaxation time scale on which
the plasma relaxes {0 quasi-neutrality. This time scale is typically scveral orders of magni-
wde smaller than the next dynamically significant time scale. However, one cannot simply
climinate the fast scale by assuming the plasma is quasi-neutral, since there is significant
charge separation in the plasma sheath near the reactor wall. We developed & method that
climinates the dielectric relaxation time scale and couserves ions and electrons. It is based
on differentiating Poisson’s equarion for the electrostatic forces with respect to time o ob-
tain & new equation for the eleciric field, combined with accounting corvecily for the strong
coupling between the forces induced by the net charge and the propagation of sound in
the ions. The resulting method eliminates the stiff time scale, while permitting the use of
explicit high-resolution finite difference methods for the electron and ion transport. Again,
the only implicit solution required is that of zn clliptic PDE. . !

- s s mes

AMR for Non-Hyperbolic Problems

Over the 1ast three years, we have extended the block-structured AMR approach to a variety
of applied PDE problems. These include methods for time-dependent problems in incom-
pressible flow [2, 30, 24], low-Mach number combustion {26}, radiative and combined-
maode heat transfer based on the discrete ordinate method [20, 191, porous media flow
[28, 27], and fluid plasma modeling [10]. We have also applied the method to compute
steady-state flows in transonic aerodynamics {14, 13} and the sclutions to the nonlinear
system of clliptic PDE’s that describe the detailed behavior of semiconductor devices [6].

In carrying out this work, one of the principal technical hurdles that bad to be over-
come were in the developinent of suitable understanding of the well-posedness of these
problems as boundary-value and initial-boundary-value problems, and the transiation of
that understanding into algorithmic design decisions. Such issues can be particularly subtle
for time-dependent problems invalving constraints. For example, it is nontrivial to develop
an &ppropriate discretization of homogeneous and inthomogeneous constraints on the di-
vergence of the vélocity field, particulerly when the grid is refined in time as well as in
space. Other problems associated with coupling at coarse-fine boundsries include resolv-
ing the conflicting requirements of freestream prescrvation and conservation in advective
ranspert by an incompressible, time-varying velocity field, or of conservation of energy
and algorithmic stability for combined-mode heat transfer in the optically thin limit, and
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Figure 1: Solution (¢) values are located at the filled curcles in the left figure. Operator
(L£(4)) vatues are located at the crossed points. At regular cells, these locations coincide.
The figure on the right shows interpolation between fluxes at cell faces to get fluxes at face
centroids. .

the development of srable extensions to the adaptive case of the spliting methods in [9] for
the charged-fluid models of plasmas.

Volume-Of-Fluid Methods

One of the main accomplishments in this arca has been the development of second-order
accurate finite difference methods for solution of classical PDE’s using Cartesian grid em-
bedded boundary representations of inegular geometries {21, 22). Our methods are based
on 2 new formal truncation ervor analysis, in which the discretized solution is centered on
the rectangular Cartesian mesh, while the various operator discretizations arc centered on
the appropriate centroids of the intessection of the cell with the domain (figure 1). We have
combined this idca with novel discretizations of the PDE’s that eliminate the stability prob-
lems associated with small cell volumes. For clliptic and parabolic PDE's with Dirichlet
boundary conditions, this is accomplished by intreducing specialized stencils for the flux
at the irregular boundary that have a minimum stencil width comparable to the rectangular
grid mesh spacing. This leads to lincas systems that have condition mumbers comparable to
those for the rectangular grid method without the body prescat. The resulting mechods have
sccond-order accurate solution ervors in max nozm, 2and geometric multigrid methods work
as well as for the rectangular grid case. We applied these ideas to simulate ek infiltration
processing of ceramic-matrix composites [25). In this problem, tiquid silicon is drawn into
a porous carbon / silicon carbide preform by capillary forces. The silicon reacts with the
carbon, forming the composite. This process is represented numerically as @ single-phase
flow in a porous medium with time-varying porosity (the specific volume of the product
silicon carbide is less that that of the reactants). The ¢lliptic pressure equation for Darcy’s
law is solved on the time-dependent domain covening the liquid silicon, with the moving
free boundacy represented by a volume-of-fluid description, and the discretization of the
pressure performed using [21].
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Software Support for High-Fnd Scientific Computing

We have be¢n collaborators in the Titanium language project {32), in which 8 modern
object-oriented language is being developed for scientific computation. Using the Java
language as a starting point, we have added several new features to make it easier to inyple-
ment large-scale parallel scientific applications. These include an explicit SPMD execution
model, using a global address space 10 ¢xpress communication at a high level; 2 muli-
dimensjonal array syntax, based on some of the ideas in [18]; and user-defined primitive
types, called immutable types, to eliminate object overhead for low-level domain-specific
abstractions. Our contribution in this work has been to bring to the language design pro-
cess the experience of designing abstractions for advanced scientific applications, and 1o
implement specific paraliel applications such as the high-resolution and AMR algorithms
described elscwhere in this proposal. The Titanium compiler translates programs into ANSE
standard C, and is supported on a varicty of platforms, including worksiations and networks
of workstations, the Cray T3E, the IBM SP, and the Tera.

We have developed 2 new domain decomposition algorithm for computing in paratlel
finite difference solutions to Poisson’s equation {S]. It is based on the method of local
corrections algorithm (MLC) of Anderson {4, 3, a fast method for computing the field in-
duced by & collection of charged particles. We represent the solution on the whole grid as
a linear superposition of finite diffeience solutions computed using infinite domeain bound-
ary conditions on subdomains, which are computed in parallel for each subdomain. The
global coupling between the subdomains is mediated through a single solve on a coarse
grid covering the entire problem domain. Unlike most domain decomposition methods, the
MLC method does not iterale between the coarse and fine levels. In addition, we exploit the
specia] propertics of Mehrstellen discrerizations of the Laplacian to obtain a method that
is scalable: the size of the coarse grid scales like the stze of & single fine subdomain, and
the size of the overlap between finc patches is a small fraction of that of the support of the
charge on a single patch. The net result is an algorithm that has a lower communications :
cost than more traditional iterative methods. Also, it is built from familiar and ¢asily im- ;
plemented algorithmic components, i.e. multigrid solvers and convolution integrators that
need not be “fast” (in the sense of {15]). Because of its low communications requirérnents,
it is more tolerant of the high-laiency communications than the more traditional itcrative
methods,
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