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FINAL REPORT

1 CONTROLLING COMPLEXITY

The following papers resulted from our proposed work in controlling complex dynami-
cal systems. These systems include those with many attractors and complicated basin
structures, to the point where relatively small perturbations can be used to move from
one basin to another. Related to this area is our discovery of and subsequent work on
Wada basin boundaries, where three or more attractors have basin boundaries that
are intertwined so that every point on the boundary between two of the basins is also
on the boundary of all other basins; such systems have unusual flexibility for the type
of control considered here.
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COMMUNICATING WITH CHAOS

The following papers concern our proposed work on using controlled chaotic signals
for communication. For the transmitting site, we demonstrated how to use small per-
turbations of a dynamical system to achieve a desired coding sequence in its symbolic
dynamics. For the receiving site, we discussed conditions under which a dynamical
system with input from the transmitted signal will synchronize with the transmitter in
order to output the desired symbol sequence. One important discovery we made was
that by controlling the dynamics of the transmitter on an appropriate chaotic saddle,
we can reduce the incidence of transmission errors without significantly degrading the
throughput of the system, as measured by its topological entropy.
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3 TARGETING

to phase synchronization of chaos,

structures of chaotic systems, Phys.

In the following papers we have continued to explore the theory and applications of
the method for controlling chaos we proposed in 1990, with particular emphasis on
the problem of targeting a system from one state to another. Our original method of
chaos control is to convert chaotic motion to one of the infinite number of unstable
time-periodic motions contained within the chaotic attractor by making only small
time-dependent perturbations to an available system parameter. In targeting, on the
other hand, one rapidly takes the system state from an initial point to some specified
ia,rgetin~ region in phase space by applying small controls. The purpose of iarget.in~
is not only to control the final state of a system, but also to drastically reduce the
amount of time spent in a transient chaotic state before the controlled state is reached.
Thus we have also considered the problems of optimizing cost (in time, energy, etc. )
to reach a given final state, and of optimizing the controlled state. In the latter case,
our main result is that the optimal controlled state is typically a low-period unstable
periodic orbit, which validates the approach commonly taken for pragmatic reasons
in applications of chaos control.
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DETERMINISTIC MODELING

The following papers resulted from our proposed study of deterministic modeling and
its limitations. it’e have considered the extent t,o which the property of shadowing,
known to hold for hyperbolic systems, holds also for nonhyperbolic systems, which are
common in applications. Shadowing concerns how well a numerically computed tra-
jectory of a dynamical system compares with an exact trajectory of the system, and
also how differences between a physical system and a deterministic model can make

4



.

the evolution of the system differ from that of the model. We have identified specific
mechanisms that can cause shadowing to fail, and offered methods for quantifying
the time scale over which shadowing can still be expected to hold in the presence of
nonhyperbolicity. ‘NH have also considered other phenomena that are impediments

to predictability in deterministic modeling. In particular, we have continued to in-
vestigate the incidence and properties of riddled and intermingled basins, in which
a dynamical system with a symmetry can have multiple attractors whose basins of
attraction are intertwined at all scales; if there is any uncertainty in the initial con-
dition of a trajectory, no matter how small, then each of the attractors has a positive
probability of attracting the trajectory. In addition, we have also addressed basic

questions of model building using experimental data, and, in particular, the theory
of embedding for chaotic dynamical systems.
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OTHER RESEARCH

Other research supported by DOE over the last three years, reflected by the following
papers. includes among other topics work on: the interface between chaotic and stable

periodic behavior as system parameters vary; bifurcations of non-smooth systems that
clescribe impact oscillators: phenomena that occur in quasiperiodically forced systems;

and the fractal and topological properties of chaotic invariant sets, in particular those
~wising in fluid flo~v.

1. F. Casas. W’. Chin, C. Grebogi, E. Ott, Universal grazing bifurcations in impact
oscillators. Phys. Rev. E 53, 134–139 (1996).

6



.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

13,

14

1.5

16

B. R. Hunt, Estimating invariant measures and Lyapunov exponents, Ergod.
Th. Dynam. Sys, 16, 735-749 (1996).

B. R. Hunt, K. M. Khanin, Ya. G. Sinai, J. A. Yorke, Fractal properties of
critical invariant curves, J.Stat. Phys. 85,261–276(1996).

B. R. Hunt, E. Ott, J. A. Yorke, Fractal dimensions ofchaotic saddles ofdy-
namical systems, Phys. Rev. E 54, 4819–4823 (1996).

B. R. Hunt, Maximum local Lyapunov dimension bounds the box dimension of
chaotic attractors, Nonlinearity 9, 845–852 (1996).

Y. C. Lai, U. Feudel, C. Grebogi, Scaling behaviors in the transition to chaos in
quasiperiodically driven dynamical systems, Phys. Rev. E 54,6070-6073 (1996).

B. Peratt and J. A. Yorke, Continuous avalanche mixing of granular solids in a
rotating drum, Europhys. Lett. 35, 31–35 (1996).

S. Banerjee, C. Grebogi, E. Ott, J. A. Yorke, Border collision bifurcations in
power electronics circuits, Proc. Int. Conf. on Dynamical Systems, Bangalore,
India (1997).

S. Banerjee, C. Grebogi, E. Ott, J. A. Yorke, Anomalous bifurcations in dc-
~c Car,,,.c+e ~:: !xrdsrhx cdiisions in piecewise smooth maps, Proc. Power
Electronics Specialists Conf., St. Louis, Missouri, 1997.

W. Chin, B, R. Hunt, J. A. Yorke, Correlation dimension for iterated function
systems, Trans. Amer. Math. Sot. 349 (1997), 1783–1796.

LII.Ding, C. Grebogi, J. A. Yorke, Chaotic dynamics, in The Impact of Chaos on

Science and Society, ed. C. Grebogi and J. A. Yorke (United Nations L’niversity
Press, Tokyo, 1997), 1-17.

U. Feudel, C. Grebogi, E. Ott, Phase-locking in quasiperiodically forced sys-
tems, Phys. Reports 290 (1997), 11-25.

B. R. Hunt and E. Ott, Structure in the parameter dependence of order and
chaos for the quadratic map, J. Phys. A 30 (1997), 7067–7076.

J. Jacobs. E. Ott, T. .\ntonsen, J. A. Yorke, Modeling fractal entrainment sets
of tracers adveeted by chaotic temporally irregular fluid flows using random
maps, Physics D 109 (1997), 1723.

J. Jacobs. B. R. Hunt and E. Ott, Scaling of the durations of chaotic transients
in windows of attracting periodicitv, Phys. Rev. E 56 (1997). 6508–6515.

J. Kennedy and J. .4. Yorke. The topology of stirred fluids, Topology & .4ppl.
80 (1997), 201-238.



.. .
,

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Y. C. Lai, Y. Nagai, C. Grebogi, Characterization of the natural measure by
unstable periodic orbits in chaotic attractors, Phys. Rev. Lett. 79 (1997), 649–
652.

M. A. F. Sanjuan, J. Kennedy, C. Grebogi, J. .4. Yorke, Indecomposable con-
tinua in dynamical systems with noise: fluid flow past an array of cylinders,
Chaos 7 (1997), 125-138.

M. A. F. Sanjuan, J. Kennedy, E. Ott, J. A. Yorke, Indecomposable continua
and the characterization of strange sets in nonlinear dynamics, Phys. Rev. Lett.
78 (1997), 1892-1895.

K. T. Alligood and J. A. Yorke, Rotation intervals for chaotic sets. Proc. .4mer.
Math. Sot. 126 (1998), 2805-2810.

S. Banerjee, C. Grebogi, J. A. Yorke, Robust chaos, Phys. Rev. Lett. 80 (1998),
3049-3052.

B. R. Hunt, The Hausdorff dimension of graphs of Weierstrass functions, Proc.
.4mer. Math. Sot. 126 (1998), 791-800.

U. Feudel, .\. t~itt, Y. C. Lai, C. Grebogi, Basin bifurcation in quasiperiodically
forced systems, Phys. Rev. E 58, 3060-3066 (1998).

B. Peratt and J. -4. Yorke. Modeling continuous mixing of granular solids in a
rotating drum, Physics D 118 (1998), 293.

C. Robert, K. T. Alligood. E. Ott, J. A. Yorke, Outer tangency bifurcations of
chaotic sets. Phys. Rev. Lett. 80 (1998), 4867–4870.

Z. Toroczkai, G. Karolyi, .4. P6ntek, T. T61, C. Grebogi, Advection of active
particles in open chaotic flows, Phys. Rev. Lett. 80 (1998), 500-503.

G. H. Yuan, S. Banerjee. .J. .%. Yorke, Border-collision bifurcations in the Buck
converter, IEEE Trans. Circ. Svs. 45 (1998), 707.

S. Baner.jee, C. Grebogi. E. Ott, Border collision bifurcations: an explanation of
the observed bifurcation phenomena in the boost converter, IEEE Trans. Power
Electronics (in press).

A. Witt. R. Braun. F. Feudel. C. Grebogi. ,J. Kurths, Tracer dynamics in a flow

of driven vortices. Phys. Rev E 59 (in press).

5.0.1 BOOKS

The following books resulted in part from research supported by DOE o~er the last
16 years.

1. K. T. .illigood. T. Sauer. J. .1. }’orke. Chaos: an Introduction to Dynamical

Systems. Springer-\’erlag. 1996.

8



.

‘
. *

s *

.
2.

3.

4.

5.

C. Grebogi and J. A. Yorke, eds., The Impact of Chaos on Science and Society,

United Nations University Press, Tokyo, 1997.

H. E. Nusse and J. A. Yorke, Dynamics: Numerical Explorations, Second, Re-
vised and Expanded Edition, 608 + xvi pp., accompanied by software program
Dynamics (Version 2), an interactive program for IBM compatible PCs and
Unix computers, by H. E. N. and J. A. Y. (the Unix version of the program is
by B. R. Hunt and E. J. Kostelich), Springer-Verlag, New York, 1998.

E. Ott, Chaos in Dynamical Systems, Cambridge University Press, 1993.

E. Ottl T. Sauer, J. A. Yorke, Coping with Chaos, Wiley, New York, 1994.


