UCRL-ID-142741

Hyper-resistivity Theory In
a Cylindrical Plasma

H. L. Berk, T. K. Fowler, L. L. LoDestro, and L. D.
Pearlstein

February 27, 2001

U.S. Department of Energy

Lawrence
Livermore
National
Laboratory

N=""

Approved for public release; further dissemination unlimited



DISCLAIMER

This document was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor the University of California nor any of their
employees, makes any warranty, express or implied, or assumes any legal liability or responsibility for
the accuracy, completeness, or usefulness of any information, apparatus, product, or process disclosed, or
represents that its use would not infringe privately owned rights. Reference herein to any specific
commercial product, process, or service by trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the United States
Government or the University of California. The views and opinions of authors expressed herein do not
necessarily state or reflect those of the United States Government or the University of California, and
shall not be used for advertising or product endorsement purposes.

This work was performed under the auspices of the U. S. Department of Energy by the University of
California, Lawrence Livermore National Laboratory under Contract No. W-7405-Eng-48.
This report has been reproduced directly from the best available copy.

Available electronically at http:/ /www.doc.gov /bridge

Available for a processing fee to U.S. Department of Energy
And its contractors in paper from
U.S. Department of Energy
Office of Scientific and Technical Information
P.O. Box 62
Oak Ridge, TN 37831-0062
Telephone: (865) 576-8401
Facsimile: (865) 576-5728

E-mail: reports@adonis.osti.gov

Available for the sale to the public from
U.S. Department of Commerce
National Technical Information Service
5285 Port Royal Road
Springfield, VA 22161
Telephone: (800) 553-6847
Facsimile: (703) 605-6900
E-mail: orders@ntis.fedworld.gov
Online ordering: http:/ /www.ntis.gov/ordering.htm

OR

Lawrence Livermore National Laboratory
Technical Information Department’s Digital Library
http:/ /www.lInl.gov /tid / Library.html



UCRL-ID-142741

Hyper-resistivity Theory in a Cylindrical Plasma

H.L. Berk

Institute for Fusion Studies, The University of Texas, Austin, TX 78712

T.K. Fowler, L.L. LoDestro, and L.D. Pearlstein*

Lawrence Livermore National Laboratory, P.O. Box 808 (L-630), Livermore, CA 94551-9990

Abstract

A model is presented for determining the hyper-resistivity coefficient that
arises due to the presence of magnetic structures that appear in plasma config-
urations such as the reversed field pinch and spheromak. Emphasis is placed
on modeling cases where magnetic islands pass from non-overlap to overlap
regimes. Earlier works have shown that a diffusion-based model can give real-
istic transport scalings when magnetic islands are isolated, and this formalism
is extended to apply to the hyper-resistivity problem. In this case electrons
may either be in long or short mean-free-path regimes and intuitively-based
arguments are presented of how to extend previous theories to incorporate

this feature in the presence of magnetic structures that pass from laminar to
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moderately chaotic regimes.
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I. INTRODUCTION

This paper develops a hyper-resistive transport equation that can be applied to the
magnetic field evolution of reversed field pinches (RFP’s) and spheromaks. The mechanism
for hyper-resistivity is often attributed to the presence of chaos in the magnetic field structure
of a plasma, and the basic framework for this description was first described in [1], who used
chaotic (or braided) magnetic field concepts developed earlier by Zaslovski, et al. [2], Stix [3],
and Rechester and Rosenbluth [4]. These approaches assume that the magnetic field form a
chaotic sea, a situation that may not always apply in actual experiment, where when there
is good confinement, there can be magnetic island structures that are separated by regions
of good magnetic flux surfaces. Alternatively, a physical system can exhibit two different
phases, a time interval when there are good magnetic surfaces and a time interval when there
is a chaotic sea. The goal of this paper is to develop a set of transport equations that can
bridge both limits. A similar problem was discussed in relation to kinetic instabilities [5],
when there is only modest enhanced transport, when KAM surfaces separate kinetic islands
(see for example, Ref. [6]) that have emerged from particle resonances, while transport is
global and strongly enhanced when the islands are large enough to cause island overlap that
break KAM surfaces. Initially, the formalism developed in Ref. [5] is applied to the magnetic
field problem, but this formalism needs to be extended in order to incorporate physically
important regimes and to make contact with the theory of Ref. [4] which applies to the
case when the field lines are chaotic and finite electron mean-free-path along field lines are
important.

In this paper we will primarily address the development of chaotic fields due to the
nonlinear growth of tearing mode instabilities [7] whose evolution has been described by
Rutherford [8] for a low-beta plasma. In this case plasma inertial effects are minimized
and electron dynamics along a field line dominate the nonlinear response. We will further
simplify the formal study by limiting its development to a cylindrical plasma, although we

will speculate on the applicability of our results to more realistic geometry. Thus we neglect



other interesting MHD-dynamics that might govern hyper-resistivity [e.g. Refs. [9-12]. A
more complete transport theory, such as is discussed in Ref. [13], and built upon in Ref. [14]
still needs to be incorporated to describe a general turbulent transport framework in a
toroidal plasma.

The issue of the effect of a finite number of magnetic islands has been discussed by
several authors [15-17]. The approach closest to ours is presented in Ref. [17], but we obtain
somewhat different results. In our work we match the results of the long mean-free-path
limit to the Rechester and Rosenbluth diffusion coefficient given in Ref. [4]. Such matching
is not achieved in Ref. [17] (see further discussion of this point in Sec. IV).

Our formalism begins with a fairly systematic approach that develops a quasi-linear
theory with a finite number of islands using the method developed in Ref. [5]. That method
linked conventional quasi-linear theory, when there is strong resonance overlap, to a quasi-
linear theory of a single island that is governed by a diffusion equation. The treatment
of the latter is based on rigorous arguments when modest collision effects are present but
becomes more intuitive in the collisionless limit. Nonetheless in Refs. [2] and [5] it was shown
that the diffusion captured many (though not all) of results rigorously derived from single
island equations [2,18,19]. As our physical modeling is not rigorous, it is not surprising
when some expected conservation laws do not emerge from our formalism. As an example,
we nearly reproduce a magnetic helicity conservation structure [11,20,21] which has been
used by Boozer [22] to obtain a differential conservation structure. Our theory differs from
the Boozer form only in non-dominant terms, and we modify in an ad-hoc manner the final
equation to cast the final result in the Boozer conservation form. Other, constraints violated
are energy, momentum and perhaps intrinsic particle flux ambipolarity [23-25]. (The key to
demonstrating these conservation properties in weak perturbation theory is to incorporate
non-resonant terms into the quasi-linear equation and to couple their response to the mode
dynamics; a procedure that is readily incorporated with so-called perturbative modes [26]

but which has not been totally solved for non-perturbative modes such as nonlinear tearing



modes.)

II. OVERVIEW OF PAPER

The structure of the paper is as follows. In Sec. III we begin by presenting a theory that is
direct generalization of the method used in Ref. [5], and we obtain the quasi-linear response of
electrons with a long mean-free-path to very low frequency transverse magnetic perturbations
(that characterize low beta tearing modes). We study the response of electrons to an isolated
magnetic island. The electrons can traverse a thin island by cross-field transport. The
theory presented in this work uses a Krook model with an effective collision frequency that
can be synchronized to the results of a Fokker-Planck equation as described in Ref. [19].
However, once electrons can circulate around the magnetic island (assuming long mean-free-
path along the field lines) faster than they can cross it by diffusive processes, the description
of the response through a diffusion equation losses its rigor. Nonetheless, in Refs. [2,5] it
was shown that a description where there is a large diffusion coefficient over a limited region
of phase space produces physically reasonable scalings and we assume a similar applicability
applies to our problem. When the isolated island response is extended to many modes using
the standard random phase assumption, we obtain a global quasi-linear equation.

In Sec. IV several issues are developed in a physically intuitive manner. One is to compare
the diffusion equation obtained when there are many modes, with the magnetic diffusion
coefficient found for a stochastic magnetic field as described in Ref. [2]. To the extent
electrons move along field lines without collisions or only cross-field collision processes are
accounted for, we find that the results of the work presented here replicate the results of
Refs. [2] and [5]. When collisions that impede motion along a field line are taken into
account we may need to generalize the physical description. This arises when electrons can
circulate around the island through many random steps faster than they can move across
the magnetic island through cross field processes. We describe in a heuristic manner the

physics processes that then need to be accounted for to reproduce the short mean path form



of Rechester-Rosenbluth diffusion [4]. Another study of how to bridge the gap between long
and short mean-free-paths of particles in stochastic fields is given in Ref. [16].

In Ref. [4] the magnetic correlation length, (the size of the mean-free-path compared to
the magnetic correlation length is what determines the long or short mean-free-path limit
in Rechester-Rosenbluth theory) is not precisely defined. This problem has been studied in
Ref. [27] and in general there is not a universal expression for the correlation length. We
point out that if the magnetic field patterns are only moderately chaotic, so that magnetic
island structure still persists as part of the chaotic fields, the magnetic correlation length
will be comparable to the circumferential length of an island and this length is used for in
our theory. Then, when there is island overlap, we obtain a diffusion coefficient similar to
that of Rechester and Rosenbluth but with a correlation length that is dependent on the
magnitude of the perturbed magnetic fields.

Finally all these results are incorporated into a quasi-linear equation that is applied to
a wide range of parameters. The first moment of this equation is taken to form an ohm’s
law that contains a hyper-resistivity term and thereby gives a current-diffusion equation.
A brief discussion is given of how the current-diffusion equation can in principle be solved
simultaneously with the A’ parameter used in both linear [7] and nonlinear [8] tearing mode
theory. Then we can in principle determine the spectrum and saturation level of tearing
modes, which in turn modifies the current diffusion equation. The numerical investigation
of these equations will complement direct computational studies of nonlinear resistive MHD
codes such as NIMROD [28] and other MHD studies [29] to understand dynamo-like behavior

in RFP’s and spheromaks.



III. ELECTRON RESPONSE TO MAGNETIC ISLANDS

(FORMAL PRESENTATION)
A. Perturbed magnetic field

We begin with the response to a single island. First, if there are no field perturbations,

the magnetic vector potentials and magnetic fields are given by
A=dVH—-yVo¢ (1)

where ® and ) are respectively the toroidal (for arbitrarily large aspect ratio) and poloidal

flux. The magnetic field is

V X A=VdxV0—Vix V¢ =Byp-+ Byb

@z/rdrrB¢, w:/rdrRBg 2)
0 0

with r the minor radius, R the major radius (R > r) and 27 R = L is the periodicity length.

We introduce a single resonant helical perturbation with an amplitude proportional to
exp(im§) with £ = 0 — > ¢. We look in a region where b -V exp[im ] ~ 0, so that we are
considering a resonant perturbation. If the perturbation is small enough, the radial scale
length of the perturbation can be ignored, the perturbed field is represented by a radial field
dB L by, with by = By/By and B, the unperturbed magnetic field. With perturbations,
the unit vector b is of the form, b = by + 6 B/B.

To treat this case it is convenient to modify the vector potential to the form
A=0VH -9V
= OVE -9V
with

(o 2e) (2 e

)



where 120 is a constant that can be ignored as it does not affect the magnetic field, or =

(r — Tnm) and n,m refer to resonance surface where by - V exp(im{) = 0. Note that at

o o N Bg(Tn,m) mBy(rnm) __ _ 1By _r
/r_lrn,ma q_QH,ma R - Trom _07 Qn,m_ RBg |n.m’ ands-adq/drnm
’ ) ’

20Br Rry,m cos m€
™ vé

Now a perturbation of the form — is added to the vector potential.

Hence we find,

A= 3VE -V 3)
with

~ o2 26B,Rrpm sB

o = cos e (22 (@)
The magnetic field is
- B
B:VXA:V(PXVS—O% (S—d)) +720B, sinmé. (5)
q n,m

B. Kinetic response of electrons to magnetic perturbations

Now let us consider the drift kinetic equation for electrons. We will use coordinates
where p (magnetic moment) and v and R, (guiding center) are the variables. We neglect

electron flows except the dominant one along the field line. We then have,

of e of
EJF“II”'Vf_C(f)__EE'ba_vH (6)

where C(f) is the collisional operator and e the electron charge. To lowest order we neglect
the fine-scale structure of the perturbed field § B,., so that b = by. The lowest order solution

f = fO((I)?v) (7)

where fo(®,v) is close to a Maxwellian that is needed to balance the collisional term, but
with a small departure to allow for an equilibrium current generated by either a mean

inductive field and hyper-resistive effects that are to be calculated in this paper.
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To next order, we account for the fine-scale perturbed magnetic field, and Eq. (6) becomes

8fl € afl 0B
b . _ — — — B =
ot +vbo - V f1 — C(f1) m. [ du, Ul g V fo (8)
or in £ and ¢ coordinates
8f1 B¢ 6f1 ( n B¢ B9> 6f1 € 8f1
ZJ ¢ Y1 _2Pe 20\ L = By, 2L
o FUBR e T\ T mBR T rB) B¢ ~ W o Eg,
e 0 . 0B, im
= E||1a—£|(|)+ (zv” 5 r-Vife g—i—c.c.) . 9)
Note that
Bg n B¢> or B¢S
— - )= i 1
< r m R R\ qr ), . (10)

To solve this equation we assume that the perturbed magnetic fields can be treated as

quasistationary, so that 2

5> and the inductive field £, associated with the time dependence

of the perturbed fields, can be ignored. Further, note that we may have C(f1) 2 vfi
(where v is the electron scattering rate) because C(f;) proportional to a second derivative
in either guiding center space [discussed below after Eq. (13)] or velocity space. Thus we will
sometimes neglect v, although we will see there are important regimes when it needs to be
considered. On the other hand the E term is balanced by the rate the electromagnetic skin
effect changes, which is even much smaller than v. Thus, E} can be neglected in Eq. (9).
In the appendix we consider Eq. (8) in its nonlinear limit, when fy and f; are replaced
by the total f and collisional and electric field terms are ignored (but when there can be an
overall current in the global equilibrium). The result of this analysis is that electrons move

around an island at a typical rate (we will not be concerned with precise numerical factors),

Wi R (11)

Uthe [ 25mByd B, 1/2
B qRr

m,n

and the magnetic island width Ay is,

(12)



We now solve Eq. (9) by first assuming that electron diffusion takes a particle across the
island width Ayq at a rate that is faster than w,,.. If we treat the collisional term as a Krook

operator of the form, veg f1, we obtain the solution,

—U” 5Br e"mS? . Vf
Ji=- + c.c.
Wef + 5r(mv||sB¢/qB7“R)m,n

i 6B - V f veg o
= 2+ 6r(muysBa aBr )L, + c.c. + (nonresonant contribution). (13)

To estimate the magnitude of the Krook operator, we use that in guiding center coordi-
nates the form of the collision term is C(f) =~ vp?V2f ~ vp®f/6r?, where p is the electron
Larmor radius, and v the 90° scattering rate of an electron (this procedure is discussed more

fully in Ref. [19]). Near resonance this term is balanced by the term

or [ Bys af (5rv||mB¢sf
— | — V)| == R
BR\ qr ), . I o€ R qrB °’
giving
RB \"*
or~ (v L2 14
' (Vp mBgsu) )
Thus,
2 2/3
vp*f 1/3 PSMByine
o |~ ~ e e 15
verr f or? v ( qRrB / (15)

where the electron thermal velocity is used for v. We should note that this method of
estimation is valid if 0r in Eq. (14) is greater than the magnetic island width Ay given in
Eq. (12). Otherwise, the exact solution discussed in the appendix is relevant. Then its effect
can be captured in an approximate way in the manner described in Ref. [19]. Specifically

we add to veg, determined in Eq. (15), the term wy, from Eq. (11). Hence, for veg we use,

2/3 1/2
smByUhe 2smB40 B,
Veff — 1/1/3 <—p qud)Bth ) + Vthe ( qu¢B2 ) = Veffo + Wiy - (16)

m,n m,n

We note that the resonance term for f; given in Eq. (13), has Lorentzian localization. It

may be that the localization should even be sharper, especially when it is determined by wy,

in Eq. (16).
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The “quasi-linear” response is obtained by iterating the Vlasov equation to next order,
to find the spatially homogeneous response. We obtain, keeping collisions and the mean

inductive field,

OL _ Mg (5B, fiem +cc) fi = 0. (17)

UHbO -Vf— C(f) + E by 81}” B

We have kept the v by -V f term for formal reasons that are important when we have several
ds

resonances present. If we substitute for f; in Eq. (14), and integrate by | — over a surface,
Y|

we obtain

T 2|0B, |2, Vet T

gty e ?
m B o (B, B

VY. (18)

Subsequently we suppress the subscripts of 6 and we assume the two terms on the left-hand
side of Eq. (18) are insensitive to the averaging procedure. If there were several resonances,

the above procedure is readily generalized assuming a random phase approximation, to give,

8f T 2|5BT|3nnVeﬁ‘7/;
—O(f)+ S E- bo - BH2V 3 L VF.
" Yl (n,m) {ngf - (M T q_g) ]

(Note, we have removed 1/B from inside the integral to conform with the ultimate magnetic

(19)

helicity conservation form we wish to obtain.)

IV. ELECTRON RESPONSE TO MAGNETIC ISLANDS

A. Heuristic considerations for the effect of finite mean-free path along field lines

At this stage the procedure has been relatively formal. We see that we have ob-

tained a diffusive response to the magnetic perturbations which is quite smooth if |veg| >

JAV S (Tg{'}' %) where Ar,,, is the radial separation between resonant surfaces. On the
other hand in the opposite limit, the radial diffusive response is very localized to the res-
onant surface. The result would be that radial diffusion is inhibited where the diffusion

coefficient is small.

11



Before continuing with our main line of inquiry, let us touch base with the previously
considered problem, essentially discussed in Ref. [2]. There a spectrum of many modes is
considered, where the distance along the field lines plays the role of time. This is exactly
equivalent to our case in the limit of extremely low collisionality. For our problem, where
dl = v)dt, we obtain a diffusion coeflicient D = |v||D,,, where D,, is the magnetic diffusion
coefficient of Ref. [2].

With many modes, and negligible collisional effects one can readily argue that the term
vybo - V f, in Eq. (17) is more accurately represented by vb -V f with b evaluated with the
omission of just one of the resonant terms at the particular radius that entangled magnetic
fields have taken a field line to. With enough perturbative components of the field in the
spectrum, this value for b is arbitrarily close to the direction of the true magnetic field.
When we treat the limit where v,z — 0, and assume the radial gradients are weak, we can

annihilate the v b- V f term by averaging over the trajectory / , and we obtain, with

Y|
L
the definition (G) = dsG / L,

0 UH

of 1 ~ 2|6 B,|? Veﬁ‘vﬁ R
—{(C(f)) + <E b—> = lim —V.7 <Z 7 V. (20)
Me 81}“ ver—0 B2 m,n |:Ve2ff + (57“ ki &)fnn]

rRq ¢B

There are several weak links to the above procedure, as was also noted in Ref. [2]. We
have assumed the annihilation procedure commutes with the radial gradient. More explicitly
we write the bracketed term as,

) 2|5BT|12nnVeﬂ/|UH|
< lim Z | : )2

Veg—0 2 2 sBgy
A mn v/l + (5”” 4BrR ) o n

2’6 Veff

man |

2
L3 ) + [(5rm(sB¢/qBRr)m,n]2

)]

\UH\/ dS (
= lim

L—oo L

= |U|||DM.

— W/anQ\éBT\im]v”]é <5r msBy/qBRr ) (21)
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(Jvy| arises since s is integrated in the direction of v)). Equation (21) is basically the magnetic
diffusion coefficient in a stochastic field obtained in Ref. [2]. A test particle at position 7
where the magnitude of the mean field is B, diffuses radially as ((r — r)?B3) = Du|vlt.
To obtain this form we need to integrate in L a distance greater than a correlation length
L., where L. is the length along a field line beyond which the radial displacement becomes

stochastic. It should be noted that
(22)

The precise form of the correlation length in the strongly overlapping regime is difficult to
calculate, although it should be somewhat greater than R and depend on magnetic shear.
One also uses a formal procedure where the sum on n is taken as an integral, so that a delta
function then emerges that is independent of veg.

There is another complication to making contact with the result in Eq. (19) with previ-
ously analyzed results when there is appreciable mode overlap but when collisions need to
be accounted for. We have assumed in our averaging over the stochastic field, that collisions
do not affect the particle. In Ref. [4] collisions are accounted for both in the long mean-free
path (mfp) limit, L, < Ly, With Ly, the mean-free path, and short mfp limit Ly, < Le.
In the long mean-free-path limit, but where Ly,p, < Lyag (Where Ly, is the length of the
stochastic field line in the entire machine), Ref. [4] points out that |vj| can be replaced by
Uthe, the electron thermal speed, in Eq. (21), but only after an interesting subtlety is ac-
counted for. This subtlety is due to the realization that electrons are not strictly constrained
to remain on one dimensional “strings” that would allow an electron to return exactly to its
starting point after a collision turns the electron around. It is pointed out that a cross-field
process must be accounted for to cause the electron to feel a random phase when it goes
back the same distance that it went forward. In particular, in Ref. [4], it is argued that
cross-field diffusion from a random cross-field step the size of a Larmor radius causes phase
decorrelation with respect to the initial and return paths if an electron moves along the

field line a distance much greater than the correlation length L.. Other processes such as

13



magnetic and curvature drifts as well as flow shear due to an otherwise small electric field
can also cause the needed phase randomization. In our formulation, cross-field diffusion is
built in from the very beginning. Hence, the replacement of |v|| by v, that is used in
Ref. [4] is readily justified when mode overlap of magnetic islands exists.

There is still an additional subtlety that is particularly important when modes do not
overlap. Let us then discuss the middle term in Eq. (21) (with |v)| replaced by v.). We
still assume long mfp, when Ly, < Vghe/wyy, but now we only have a single mode, with

mode numbers m and n. We explicitly display veg as veg = Vesro + Wir,

2/0B, 2, (Lo 4 =)

D _ ) Uthe Uthe

[(Vesro + wir) /Vene]” + ((5rmsB¢/qBRr)72n

e

We note that if vegg > wy, the radial region of diffusion, though limited in size, is larger

than an island width (the diffusion zone, Agis is Agir ~ AISl(‘:fTO). Such scaling for the zone
of diffusion is also predicted in more rigorous theory, where the radial diffusion operator is
accurately solved. The difference of our heuristic model is only in the particular Lorentzian
shape shape that the Krook model produces, while a more quantitative calculation would
give a sharper cut-off to the diffusion zone compared to a relatively broad Lorentzian shaping
factor.

When vegq is less than wy,., we have a magnetic “diffusion” coefficient that is only ap-
preciable in a distance Agy &~ Ay, with Dy roughly given by Dy ~ BZAL wi/Vshe.
This intrinsic diffusivity scales independent of any electron dynamics as from Eq. (11)
Wi [Vine = (28BodB,./ BZqu)l/ 2. The single island diffusion coefficient scales in the same
way as the result calculated in Ref. [2], where sophisticated, but still approximate analy-
sis was used. The interpretation of this diffusion coefficient in this regime is that in the
diffusion zone there is a random radial step Aj when the magnetic field line traverses a

1/2 around the island. However, we

circumferential distance vipe/wy ~ B(qRr/smBy0B;)
can expect that the effective diffusion coefficient should have a form factor much narrower
than a Lorentzian as randomness in the magnetic field cannot exist much beyond an island

separatrix.
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Thus the rules we have used produce a reasonable scaling law for diffusion within a
single island, although in a strict sense there is in fact no diffusion when a magnetic island is
well defined (indeed one can well argue that we are dealing with an internal contradiction).
The same problem arises in more general dynamical systems when the problem can be
reduced to considering the dynamics associated with an island emerging from a single non-
overlapping resonance. Nonetheless, it was shown [5] that there are a class of problems,
such as the prediction of saturation levels, where the treatment of the island dynamics with
this intuitively derived diffusion coefficient gives results that correlate well when compared
with the predictions of more accurate descriptions. Thus with appropriate caution, we will
use the diffusion coefficient we have calculated for a single island in the hyper-resistivity
problem. In particular, we have in mind a dynamical system, where tearing modes cause
0B, to slowly grow, and where there is a gradient in the current profile around the resonant
surface. Then for an island growing sufficiently slowly that induction effects can be ignored,
the current density formed from two open-field lines that have reconnected to form a closed-
island region, has a current density that is the average of the current density that is the
average of the surrounding open field lines. This means that the current density in the island
is flat, independent of the surface in the island, with a rather steep current gradient arising
at the surfaces that are adjacent to the open field lines. Somewhat outside the islands,
the current density is close to the value calculated when there are no islands. This type of
dynamical behavior is produced by our diffusion model, where the diffusion zone is limited
to the region just surrounding the separatrix. This is also just the type of problem that was
studied in Ref. [5], where phase space island dynamics was studied rather successfully using
just this diffusion model.

We now need to discuss the important short mean-free-path limit. This problem was
treated in Ref. [4], where the conclusion was reached that the radial electron diffusion in a
stochastic magnetic field is reduced by a factor Ly, /L., where L. is the correlation distance

along a field line needed to make the magnetic field stochastic. As a result, if neglecting colli-
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sions the magnetic diffusion coefficient is D, which is given in terms of modal perturbations
by the middle term of Eq. (21), and which also must have the form Dy; ~ Ar?B2 /L., where
Ar is the random radial step taken by a field line after it moves a decorrelation distance
L. along a field line. Note that the correlation distance is in general difficult to calculate,
and it will depend on the degree of overlap of the perturbed magnetic modes; further when
islands just overlap the magnetic correlation length will scale as the circumferential length
of the island vy, /wy ~ B(qRr/smBydB,)Y?. Rechester and Rosenbluth conclude that for

the short mean-free-path regime the radial diffusion coefficient will scale as

Uthe DM mep UtheDMmep
B?L. B2(L¢ + L)

D, ~ (23)

where the last term is an interpolation between long and short mean-free-path limits.

We propose to continue to use a somewhat modified form of Eq. (23) when magnetic
field lines are not completely stochastic, so that island structures can be resolved even when
there is some overlap of magnetic islands and also if island overlap is not present. In this
case the magnetic correlation length for both cases is vye/wy. However, if the cross-field
particle diffusion is fast enough so that the electron crosses the island transversely faster
than it moves around the structure by following a field line (either by direct flight in the long
mean-free-path limit or by multiple scatterings in the short mean-free-path limit), the radial
diffusion coefficient should not change the diffusion structure from what we have already

derived. Hence we propose that the appropriate model for the electron diffusion coefficient

should be

(wtr + Veﬂ"O)
B (wyy + Vero + v)))

DT ~ UtheDM (24)

where v is the electron collision rate (the subscript || has been added to emphasize that it
arises from collisional effects that effect motion along a field line), with D, given by Eq. (21)
(with venereplacing |vy|). It should be kept in mind that this form is sensible in the overlap
regime only if island structure is clearly present [otherwise the estimate for the magnetic

correlation length is incorrect as it should ultimately be insensitive to the form of 6 B(r)].
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Similarly, the dependence on the enhanced perpendicular diffusion coefficient veg¢ should
weaken considerably as the island structure disappears with increased perturbations.
Finally, we note that if we have an isolated island, and v > w; > vego, we obtain
a diffusion coefficient that scales as D, ~ AL /Ty ~ A% w? /v ~ v|(LmgpdB,/B)? where
T\ ~ yj/wj is the time for a particle to diffuse around the island after multiple collisional
steps along a field line. This diffusion coefficient is based on the same rationale as the use of
a diffusion coefficient for a particle transiting an isolated island in the long mean-free-path
limit. The coefficient used here differs from that proposed in Ref. [17], which would be
justified if an electron decorrelates from the magnetic island structure after one collision
time. Apparently the justification for the model used in Eq. (17) is that the banana orbit

width is larger than the island width. In our problem we assume the opposite is the case.

B. Equation for hyper-resistivity

Mindful of the caveats we have already noted, we propose the following diffusion coeffi-

cient to be used in all the regimes we intend to study,

D. — vt2he Z 2’6BT‘2(VeHO +wtr)2
T 2 TMUthe S 2 )
B [(uefm + i) + (Tt ) n] (Veito + wWir + 1))

(25)

Now we proceed with constructing a hyper-resistivity theory that is valid over a wide
range of parameters. Upon averaging over a surface, the resulting model equation becomes
of

1 72|60 B, |* V% v2, T

(&
—C(f)+ —E-b—=lim — V-3 . -Vf (26)
Me Oup w0 BE [Vé%f + (T Bd’)m,n} (Ve + 1)
where,
2/3
1/3 [ PSTBgUthe
g vl ( qR:ét ) + W (27)

and we have differentiated between collision processes along the field line, denoted by v,
and collision processes perpendicular to the field line, denoted by v,. If other anomalous

cross-field processes are present (e.g. cross-field diffusion due to drift wave turbulence) it

17



can be modelled by increasing the value of v, above its classical value to an appropriate
level.
Thus the right-hand side of Eq. (18), which we denote as the quasi-linear operator Qr(f)

is altered to

2 2 /2
Quf) ="t vy T 295, vf (25)

drmuipesB 2
i (VH+V||)[ it T (W) }

m,n

We now assess how successful we have been in obtaining an expression that can give
hyper-resistivity with a finite number of modes. It turns out we are close, but we have
to make one additional ad-hoc modification in order to obtain a form that will lead to a

magnetic helicity conservation. We alter Eq. (28) slightly to obtain a kinetic equation of the

form
210 B,
C(f)+—E b— of ey, | |m" Vit Vine™ T -Vf (29)
m ov B2 mMusesB
‘ | e ”[ +(5 %) " (Ve + 1))

with n, the electron density (the inverse of the electron density is placed inside the divergence
operator to ultimately form the expected magnetic helicity conservation structure in the
Ohm’s law with hyper-resistivity) . Now, when we take the moment of Eq. (29) (we integrate
Eq. (28) by 27‘(’6/% dv v B?) with u = m.v? /2B, we find

BE)=mnjB =V -X-V(j/B) (30)

where hyper-resistivity coefficient X is given by

2’6B ‘mn Vesr Uthe Me

5 .
mvthesB¢ /

(31)

A=D
m,n nee2 <
Now the hyper-resistivity coefficient has the required form needed to conserve global
magnetic helicity if the diffusion coefficient vanishes on the boundary. As asserted, to obtain
this form we needed to make ad-hoc assumptions of what radial derivatives should be acted

upon with regard to the mean magnetic field and mean density. However, it is important that

in the short mean-free-path limit the driving term of the hyper-resistivity is proportional
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to the second derivative of jj/B. This means the hyper-resistivity term will attempt to
flatten j; /B even without the artificial shaping we used to obtain the hyper-resistivity term
in conservation form.

It remains an open question, whether we can find deeper subtleties to our modeling, so
as to better justify the precise conservation form of the hyper-resistivity term. One source
of difficulty may be that the convection of magnetic helicity includes the magnetic helicity
associated with the turbulent field. It is possible that in obtaining an equation for the
evolution of the mean fields, precise magnetic helicity conservation does not emerge because
we have not separated out the non-resonant component associated with the perturbing
magnetic fields.

At any event, Eq. (30) seems to be a good starting point for a model that describes
hyper-resistivity when there is a finite number of tearing modes. The next stage of the
investigation is to study the equation for the mode evolution. For example, if modes do not
couple, one can use Rutherford’s theory for island growth [8], together with the solution of
the hyper-resistivity equation (30) to obtain the form of the current profile with time. If
the system has a small positive A’, (which may be the case if the system is only stable to
tearing modes when there is only a small deviation from a fully relaxed Taylor state [30]),
the saturation levels of the islands will be small when one applies rules established in the
literature (e.g. see Ref. [31] for calculating A’ of a finite amplitude mode). Small island
saturation is required for the theory we have developed. Still, with a limited number of
modes, strong hyper-resistivity effects can arise when the modes grow to a large enough
level to cause mode overlap. Further nonlinear modeling can be obtained by building upon
mode-mode coupling theories, such as developed by Fitzpatrick [32] where the phases of the
various tearing modes can lock and cause rotation, etc. These investigations will be subjects

of future work.
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V. DISCUSSION

Hyper-resistivity may have important consequences for magnetic field evolution in RFP’s
and spheromaks. We have developed a coupled mode dynamics-diffusion model for these sys-
tems when they operate at high temperatures where they are expected to have well-defined
magnetic flux surfaces most of the time, but with stochastic magnetic field entanglement
arising periodically due to the development of unstable tearing modes. The magnetic entan-
glement can either be localized in space, or spread out over most of the contained plasma
region. In our model the entanglement is needed to induce a dynamo-like action to sustain
in the the mean the reversed toroidal magnetic field structure in an RFP, and to allow the
magnetic helicity to diffuse into the core of a spheromak, where larger values of j;/B are
sustained at the edge with external electrodes.

Several important questions are of concern in the model we have developed. the first is
that in order have rapid relaxation to a Taylor state by active tearing modes, then during
the phase where magnetic stochasticity is present it is necessary for the hyper-resistive term
to be larger than the usual Ohmic term. For establishing scaling we take r/a ~ s ~ ¢ ~
By/Bg ~ 1. There are basically two types of hyper-resistive relaxation modes, (a) partial
relaxation where the island chain is over a fraction of the discharge and (b) total relaxation
where the island chain spans the entire discharge. Our theory assumes that the magnetic
islands, of radial width Ay ~ (aRJB,/B)"?, only moderately overlap so that their identities
are not destroyed during magnetic entanglement. Then, when there is relaxation of the entire
discharge due to N island structures that are roughly evenly spread out across the plasma,
a maximum saturation of the magnetic field perturbation §B,/B ~ (a/R)/N? is inferred.

Further, the theory we developed divides into a short mean-free-path limit, where
€1 = Lugp (0B, /BaR)? < 1 (32)

and the long mean-free-path limit where £; > 1. We will see that in the short mean-free-

path-limit our theory does not predict rapid current relaxation due to the hyper-resistive
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term compared with the ohmic diffusion rate. However, in the long mean-free-path limit,
rapid current relaxation due to the hyper-resistive mechanism we have described is possible.

First consider the short mean-free-path condition, €; < 1, and compare the ratio, r;
of the hyper-resistive to ohmic term in Egs. (30) and (31). If partial relaxation arises,
hyper-resistive diffusion acts in a radial region A,, where there is overlap, A, ~ NA;y ~

N(aR&B,/B)Y2. Then we find,

6B, L2
mip (33)

T1 ~ (6Berfp/BAw)2 ~ WQCLR

and if we require r; > 1 while satisfying Eq. (32), we must satisfy,

aR - I8, - N?aR
L? B L2’

mfp mfp

(34)

which is an incompatible condition as N > 1. Thus this regime does not describe more rapid
current profile relaxation from the hyper-resistive effect than from Ohmic diffusion. This
difficulty persists even when the hyper-resistive diffusion acts on the entire current profile.
In that case the saturation condition, §B,/B ~ (a/R)/N?, inherent our theory, leads to the
same incompatibility condition given by Eq. (34).

Now we consider the long mean-free-path-regime, £ > 1. When there is partial current
profile relaxation, so that 6B,/B < (a/R)/N?, the ratio of the hyper-resistive to ohmic

terms 7o, is,

B, \** 5B, \"? e
ro = ( 5 ) (Ra)l/Qmep/Ai ~ Ly <?> / [N2(Ra)l/2} = Flz (35)

We then have rapid partial relaxation of the current profile compared with its Ohmic evo-

lution rate if,

a/(RN?) > 6B,/B > N*Ra/L? (36)

mfp*

We estimate Lpg ~ 104 T, fev /niscm. [Tiey, is the electron temperature in kev units, and nq4
is the particle density in units of 10'* cm™2). Then rewriting Eq. (36), with the major radius

R expressed as R, in meters, we have,
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a 0B a R?
— > TS 1074 = Nipgy -2, 37
(RN?) ~ B R "TH (37)

Thus for a meaningful theory for rapid relaxation of the current profile to emerge from our

theory we need Tiey > 0.1n1)>RY/2N3/2. For example with these estimates we have for an

RFP with N =3, and a/R ~ 0.25, and nyy ~ 0.5,

0B R2 n?
025 > —L > 0005 — 14
B Ty

This indicates a regime can be reached in an RFP (e.g. MST has R,, = 1.5 and Tjey ~
0.5) where rapid relaxation of the current profile due to hyper-resistivity can apply over a
fraction of the current profile. The condition is somewhat more stringent for spheromaks,

where a/R ~ 1 and we require for N = 3,

5B n?, R2
0.1 TS 9x103 2 m
> B > 2 X Tﬁlev

For example for R,, ~ 0.3 and ny4 ~ 1.0, we see that we need Tie, = 0.2kev to have a
rapid relaxation caused by 3 modes over a fraction of the plasma. Experiments in the SSPX
spheromak have produced Ty, ~ .12 for ny4 ~ 1, which is somewhat short of the estimate
for when rapid relaxation in the long mean-free-path regime is applicable.

Thus we have demonstrated that if e, is sufficiently large, we can obtain dominance
of the hyper-resistivity term during relaxation of the current profile, and our model may
be appropriate for present day experiments in an RFP, but that improved confinement
parameters need to be obtained in spheromaks to test our theoretical model.

A potential difficulty with the hyper-resistive mechanism for controlled fusion application
is that it implies exceeding rapid thermal diffusion over the region where current relaxation
arises. The thermal diffusivity as given by the modified Rechester-Rosenbluth formula,
Eq. (29) is »

D, = vthe(Ra)l/2 (%) )
The thermal relaxation time 7y, over a radial width A, ~ NAjy ~ N(aR6B,/B)'? of

overlapping islands is given by

A2 N%*(aRB/éB,)"?
Tthm ™~ 77— ™ .
Dr Vthe
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The current relaxation rate v, evaluated when hyper-resistive relaxation dominates con-

ventional Ohmic relaxation is given by,

<6em> 2 T2Vthe 5§mvthe(B/5Br)l/2
Veur ™~ ~

JAVH Lty N*4(Ra)?/?
. . . 52 B 82, L2,
where 6, = ¢/wpe is the electromagnetic skin depth. Thus VeyTihm ~ B ( Nga;;)g

is an extremely small number (., ~ .0005n1_41/ 2 m). Hence the temperature will flatten

extremely rapidly over the region where magnetic islands overlap.

If the island chain does not reach the plasma edge, there can still be good thermal
insulation. Indeed if A, < a, global heat confinement is hardly affected by local current
relaxation. However, if the island chain reaches the edge, heat in the flattened temperature
region is rapidly lost, though the loss rate is mitigated at the edge by the decrease of
heat conduction that arises with a shortened mean-free-path and by an electron confining
potential that forms at solid walls that open field lines reach. Hence at the edge, where there
is an added effect of ohmic heating of a relatively high resistive plasma, one should maintain
an electron temperature close to 100 ev. The difficulty is the possibility of a thermal collapse
which can rapidly lower the temperature throughout the plasma to one that is close to the
edge value.

Our theory does not demonstrate a strong current relaxation effect at low temperature
that is characteristic of spheromak experiments that exist today [33]. Progress has been
made in numerically simulating spheromak start-up conditions using the Nimrod code [28]
and the results do not appear to exhibit reconnection as long as the gun voltage is applied.
Instead a state forms that appears to evolve from laminar flow [34] in which field lines remain
reconnected to the gun even though some lines become extended in length by coiling up inside
the flux conserver [35]. However, in the actual experiment there may still be reconnection
processes that are difficult to resolve in computer simulations, or even the physics of these
reconnection processes may not be described by the simulation. It appears difficult for the
theory developed in this work to treat this regime as it suppressed the effect of plasma

flows which is likely to be extremely important during the formation phase. However, if

23



reconnection does eventually form closed magnetic surface regions, the plasma should heat
further, and eventually the model developed here should be applicable.

In experiments such as MST [36], magnetic flux surfaces are known to be well defined, and
data indicates that tearing modes form and lead to dynamo-like action with abrupt current
profile collapses. In these experiments our formalism is likely to have relevance, although
we will need to further develop the theory to incorporate observed internal mode locking (to

produce so-called slinky modes) that form from the nonlinear interaction of tearing modes.
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Appendix: Solution to the single-mode problem

In the helical mode problem we solve Eq. (8) neglecting C(f) and Ej;. We seek a steady
solution when we use ¢ and r as variables, and expand close to the rationale surface, and

B -7 = 2B, sin m¢. We find

or (ﬂ) ﬁ 4 21}||(5BT sin§ ﬁ —0 (Al)

) qrR) 0§ B or

The equation allows a steady solution f = f(®, x) with

_ (5_7"2 (%) N 20B, Ry, cosmé

Xx=-517 (A2)

m

The actual dependence of f(®,x) depends on detailed dynamics. However, one can
imagine a limit where the mode amplitude grows slowly compared to the particle trap-
ping frequency (to be estimated shortly below). In this case, the distribution will mix
f(®pn + AP) and f(P,,, — AP) together, where AP ~ B, rdAr and Ar is the width of
the separatrix (a more precise evaluation is possible, but the calculation will only change
a numerical factor). As a result f(®,x) in the island region is flat and equal to f(®,,),
surrounded by a region where f is close to the unperturbed value f(®) with only a weak
dependence on Y.

To obtain the width of the island region we solve the characteristic equations,

d¢  —v (sBy dor  2v)0B, sin m{
= =—|—= ) —_— = A3
it~ B (qu O T B (A3)
Combining these two equations leads to the pendulum equation,
d2€ 2 SB¢ .
W = — UH (m mn(SBT Sin m€ (A4)
The first integral of this equation is,
1 [d€ 2 5 [ 8By 0B, cosmé
— =] =2 — —=C. A5
2 (dt) Yl (qu o m (45)

Particles are trapped in an island for
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—20? B 202 B
I (_ 55 5B [ s 5B A
m <B2q7“R>mn r<C< m <B2qu>mn " (AG)

)

with a characteristic transit period, wy,, (the trapping frequency of deeply trapped particles)

2sBy md B, 1/2
wtr v (ﬁ) (A7)

m,n

and the radial width of the island, Ay ~ 228 L g,

wr?

20B,qrR 12
A ~ (7(1) . (A8)
sBgm

m,n
This solution gives the correct scaling as long as diffusion does not cause particles to cross

the island structure at a rate veg > wy,.. This aspect of the problem is discussed further in

the text.
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