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Abstract

Several advection algorithms are presented within the remap framework for unstructured
mesh ALE codes. The methods discussed include a generic advection scheme based on a finite
volume approach, and three groups of algorithms for the treatment of material boundary inter-
faces. The interface capturing algorithms belong to the Volume of Fluid (VoF) class of methods
1o approximate material interfaces from the local fractional volume of fluid distribution in arbi-
trary unstructured polyhedral meshes appropriate for the Kull code. Also presented are several
schemes for extending single material radiation diffusion solvers to account for multi-material
interfaces.

1 Basic Advection

The general mass, momentum and energy continuity equations are written in a moving mesh
framework as

P . o
——5 = ——pvi‘vZ — (’Uz — U;)Vzp, (11)
k -
W)~ VP Vit — (o — ) Vi), (12)
6(5;6) = —PV'— peVivt — (v — U;)Vz-(pe), (1.3)

where an implicit summation convention is assumed over repeated covariant and contravariant
indices (i in this case). p is the fluid density, P the pressure, v* the velocity components, € the
specific energy, and v;f the grid velocity components. A staggered mesh scheme is utilized to
solve the conservation equations, with zone-centered scalar variables (p, P, €¢) and node-centered
velocities and momenta. The Lagrangian formulation is recovered simply by setting 'ug = v' and
0/0t — d/dt; the Eulerian limit by definition assumes the mesh is fixed in time so v; =10.
Decomposing equations (1.1) - (1.3) into their respective Lagrangian and remap parts by incor-
porating the convective derivatives into the total time derivative on the left-hand-side yields
df

%:S(fuvkvp)—'—v;vif) (14)



where f represents any of the density, momentum or energy density fields. This set of equations
is solved in a split manner with explicit Lagrangian df /d¢ = S, and remap df /dt = vévi f parts
which solve the dynamical and kinematical elements respectively. It should be noted that due to
the nonphysical nature of the mesh velocity vz, the time step in the remap cycle is not linked to
the real physical time step in the Lagrange cycle, but is in fact an arbitrary unit defined by the
desired absolute nodal displacement, and can thus be normalized to unity. Any number of physical
time steps can be performed between remap cycles, and the frequency of remapping is generally
determined by the quality of the evolving mesh. Expanding the second term of (1.4) and using an

operator splitting procedure in the remap cycle allows for a fully conservative method of solution
by sequentially solving

d o
B—t- - vl(vgf)7 (15)
followed b
ollowed by i Vi) = Fdv (wo)
at Vi T Ty g '

By identifying the velocity divergence term with the relative rate of change in the local cell volume
V, equation (1.6) has the discrete solution fmt! = f241/2yn/yn+l where f7+1 is the full time
advanced solution of (1.5) and (1.6) together, and f*t1/2 is the solution of (1.5) which is discussed
below and in section §2 devoted to interface capturing algorithms. Equations (1.1) - (1.6) are
equivalent to solving

R ) | (L0
k . .

w = IV (v = v})) — JVLP, (1.8)

D oot o) 35, 1o

where J = VL /V™ = §(g™ 1 47T 2n N /(2™ oy, 2™) is the Jacobian of the coordinate trans-
formation satisfying the conservation equation

%% = JV;v}. (1.10)

1.1 Advection of zone-centered fields

When interface capturing is not needed, equation (1.5) is solved for the zone-centered quantities
(f = p or pe) in a straight-forward manner using a single step, first order in time marching
scheme. A finite volume approach is used to compute the right-hand-side of (1.5) by converting
the infinitesimal volume integrals to discrete area summations over the faces in each zone

; 1 i 1 i 1 i
Vi(vgf) = v, /dv Vi(fvg)dV = v (fog)dA; = v, ZF(f'Ug)ZF(Ai)ZF; (1.11)

where Vz is the zone volume, ( fvé) zF is the extrapolated value of the flux from the donor cell
center to the cell faces, and (A4;)zF is the face area vector normal. The area normals of each face
are defined as the sum of the inward-pointing (towards the cell center) face-faceted area vectors
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of each of the tetrahedral side elements (defined by two nodes, a face center and the zone center)
that make up the face (A;)zr = >-z5(Ai)zs. (v)zF are the mesh velocity components at the face
center, defined as the average of the velocities on the nodes making up the faces. fzr is the first
order extrapolated zone-centered field computed by the Taylor’s expansion

fzr=fz+ (Vif)5(r" = ry) (1.12)

from the donor cell center ré to either the face center ri = riZ 7 or the advective control volume
center r¢ = rln + (At/2)(v ) ZF-

(Vif)% in (1.12) is the zone—centered gradient limited to force monotonicity in the extrapolated
field variable. This is achieved by identifying three unique control volumes (assigned as upstream
Vu [, downstream Vpf, or average V[ gradient operators) by the sign of the inner product of
AV = (4)°F (v? Vg.N1 +vg N2) /2 where (4;)%F are the components of the face-faceted area vector of
the side unit, and vy y; and vy y, are the velocity vectors at the two nodes comprising the unique
edge length of the 51de Each of the gradient operators are computed in a similar manner as (1.11)
except replacing the sum over cell faces by sums over the side faces

Vi _ Zs UDA [fFS( 7:)FS + fSZa(Ai)aS]
[rba} = XsM UDA (Vs)

, (1.13)

where M[% DA is a masking function set to either zero or unity depending on the sign of AV
identifying the side as contributing to the upstream, downstream or average gradients. A particular
side is associated with the upstream (downstream) gradient if A-V > § (< —4), where § < 1. The
average gradient is a composite sum of the upstream and downstream geometries, and thus includes
all the cell faces. The effective extrapolated field variables (to the face centers of the side elements)
can be computed as a geometrically weighted average of the zone-centered fields. For example, the
simplest equidistant weighting scheme approximates frs = (fzp+fz+)/2 and fs = c1 fzp+cafza,
where fzp is the donor cell centered field, fz is the field value at the center of the opposite zone
sharing the face, and (c1, ¢2) = (1, 2/3) in 3D and (c1, ¢2) = (1/2, 1/2) in 2D. (A%)pg in (1.13) is
the area vector of the face-faceted side surface, and (A‘)as are the area vectors of the remaining «

(equal to two in 2D and three in 3D) surfaces of the tetrahedral side S. In 3D these area vectors
are

1 — — — —
D (A)s = 5 (P2 =77) X (Tv1 = 7z)
a
S . . . 1, . . .
+ ~2-(TZF ~7z) X (P2 — 7z) + 5 (P = 7z) X (Fgp — Tz), (1.14)

where 7'z, 7z, 7n1, and P2 are the vector coordinates of the zone center, face center, and the two
nodes of the side element.

To enforce monotonicity, the actual reconstructed gradient (Vf£)% is set to zero if the inner
product of any combination of the three gradient operators is less than a predetermined small
number (i.e., (Vf)% = 0if VL fVAf <6, or VLFVPf < 8, or VL fVPf < 6, with § < 1). The
final gradient is further limited to various degrees of sharpness by defining the normalized scalar

max[ VY Vil
ax[0, VPFVL fl+ 46’

(1.15)



and applying either of the minmod, van Leer, or superbee limiters

¢ = max[0, min(l, )], (1.16)
el +e

¢ = i (1.17)

¢ = max[min(l, 20), min(2, )], (1.18)

to get the final expression for the zone-centered limited gradient

Vaf
IVafl2+4d"

A different, though somewhat more restrictive and costly, method of applying a gradient limiter
on an unstructured mesh is to modify the magnitude of the average gradient operator with some
parameterized function (g) of the maximum, Vpax = max(|Vy f|,|{Vafl,|Vpf]), and minimum,
Vmin = min(|Vy f1,IVafl,[Vpfl), of the three masked gradient magnitudes

(VHE = max[0, VP Vi, f] x max|0, ¢] x (1.19)

L _ B _ i
(sz)Z =« g[ﬁvmax: (1 B)me] X ———-—lvafl s (1.20)

where 8 is a steepness parameter bounded by 0 < 8 < 1, and « is a coefficient to enforce mono-
tonicity in the extrapolated field fzp:

o =min(l, max(0, min(a, as))), (1.21)
where ©, i2)
max(\\y, jz+ — Jz
o] = 1.22
' fzr—fz+46 (1.22)
if fzr = fz+ (Vif)o(ryp — %) /a > max(fz, fz.) or ay = 1 otherwise, and
oy (0, f71 = f2) 123

fzr—fz+4d

if fzr < min(fz, fz4) or ag = 1 otherwise. The min/max operations in (1.21) - (1.22) are
performed over each of the faces in the zones, and « is chosen as the smallest value needed for
strict monotonicity across all the faces.

1.2 Advection of node-centered fields

The node-centered momentum equation, which assumes a single velocity for all materials, is solved
in a similar manner as described above for the zone-centered variables. The only difference being
the use of nodal (as opposed to zonal) control volumes composed of all the sub-zonal corner volume
elements attached to the specified node and collectively connecting the neighboring zone centers.
An effective node-centered mass density py is also constructed as a corner-volume weighted average
of the corner-centered density fields, and evolved consistently with the momentum equation. In
particular, defining the nodal density as the volume average over nodally attached corners with
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pN = > ¢ Vepe/ > ¢ Ve at the beginning of the evolution cycle, an evolution equation is solved for
pN by constructing a total density flux over all materials m

v [ Slowiiha (120

The flux for each material in (1.24) is first evaluated on the zone faces from the zone-centered
density evolution step (see §1.1), then averaged (with volume weighting) to the face centers of the
nodal control volume boundaries. The fluid velocity components (v*) are then updated to the
(n + 1)st time level by

(’Uk)n+1 - [(sk)n + At (%)n:l -p?jﬁ, (1.25)

where (s5)" = p%(vF)™ is the momentum vector at the current time level n, and py™ is the solution
of (1.24) at the time advanced level n + 1. ds*/dt solves (1.5) in the form

sk - :
C;—t = Vi(skv;) =V; [vk (Z(p’u;)m>] , (1.26)

m

1 i
= —-ﬁ; [ﬁvF (Z(P’%)m) NF} (Ai)nr, (1.27)

m

where (Em(pv;)m) ~F represents the cumulative (over fluids) zone-centered mass flux averaged to
the nodal control volume face centers, and

vk e = vl + (ViR 5t =) (1.28)

is a first order extrapolation of the node-centered velocity v’fv components to either the nodal control
volume faces r* = riyp or the advective control volume center r* = riyp + (At/4)(v; y1 + Vg no)
using a node-centered limited gradient similar to that described above for zone-centered fields.

2 Unsplit Interface Capturing

Multi-material interfaces in nonreactive incompressible fluids are advected in an Eulerian reference
frame according to

M
oF )
> {"37“ + vi(v}F[ml)} —0, (2.29)
m=1

where M is the total number of materials, ’Ujr is the fluid velocity, and FI™ is the volume fraction
occupied by the mth fluid material and defined by a step function: FI™ = 0 if the cell is empty of
material m, FU™ = 1 if the cell is completely filled with material m, and 0 < FI™ = vIml /v, <1
in cells containing an interface boundary, where Vz = Z%I:l VI is the total cell volume. Equation
(2.29) is associated with the first conservative remap step with U} — —vé and f — FI™ and the
methods described below to solve (2.29) are also relevant for (1.5).

Equation (2.29) is solved only in those cells containing an interface boundary and satisfying
F, < max(FIm]) < 1 — F,, where the lower bound cut-off volume fraction F. is set to a small
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number, typically < 107%. An unsplit finite volume approach is used to solve (2.29) for each
material FI™ at time level n + 1

1 .
(Flmlyn+1 — (plmlyn o v Flml(At o} A;, (2.30)

where (At 'ujc)Ai represents the total volume of the advective control volume with positive (negative)

inner product of fu} A; representing inflow (outflow), since A; points inwards towards the zone center.
Hence equation (2.30) can be interpreted as a net flux of volume through each of the zone faces

(F[m])n-l—l _ (F[m])n + _1_ Zév[m] 'U?Ai

—_—, 2.31
VZ = ZF ['U}Azl +6 ( )

The following sections describe several methods for computing 6Vzp for an arbitrary number of = -

fluids and fluid distributions on unstructured meshes which satisfy the implicit volume fraction
constraints.

However, before going on to describe the interface capturing algorithms, three additional ingre-
dients are introduced here that are needed in all the methods: a renormalization step to-enforce -
the volume fraction constraints, a method to identify the upstream cell, and the calculation of the
advection control volume V.

The advection control volume is the volume formed by a face of the donor cell and the charac-
teristics projected off the nodes of the face using the local mesh velocity. In 3D, the contribution to
the total advection control volume from each of the fetrahedral sub-volume side elements attached
to one edgelength of the face is

1 — — — — — —
Ve, = E(Xacv - Xp) - (Xy1— Xp) X (Xn2 — Xp)
]_ — —+ — — - — — —
+ E(Xacv — XB) - (Xn2+ Ay — Xp) x (Xn1 + A1 — X5)
1 S - . " " . . " .
+ 35 > (Koow — Xr1) (Xni+ Ay — Xpy) x (Xnj+ Al — Xpy). (2.32)
i,j=1

Xn1 and X9 are the coordinate positions of the two nodes making up a single edgelength of the
face or side unit, Xr is the face center,

N
” 1 EA
Xpg=— X At T, .
5= N sz':l ( N+ 'vg,N) (2.33)
is the center of the back face,
N
. 1 &
Xaow = 53 szl (2%~ + At 3, N) (2.34)

is the center of the advection control volume, and

— 1 — = — —
Xp1=1 (2% w1 +2%w2 + A + A,) (2.35)
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is the center of the face formed by the two nodes N1 and N2 and the projected nodal characteristics.
Also, N is the total number of nodes in the face, A; = At ¥ N1, Dp = Al Tgno, and A and A;‘j

are tensors of vectors 0 & xR
AL -1 ¥, — 1 2
8=(5 3) Bu=(% %) (2.36)

The total advective control volume is the sum of (2.32) over all edges or side volumes in the face:
Vaew = 25 Vach'

For a specified donor cell face, the corresponding upstream or opposite face cell is identified by
evaluating the intersection of all the other face normals with the effective plane of the target donor
cell face. Given a fluxing face with normal Ny (defined as the sum of the constituent face-faceted
side normals) and face-center position X Fo, construct a vector originating from the face center to
an arbitrarily distant position along the face normal: Xe = Xro +cﬁ0, where ¢ = coVz/(LP1), o
is a constant much greater than unity to guarantee the vector cNy extends beyond the cell domain,
L is a characteristic (minimum) cell length scale, and D is the number of space dimensions. Then
loop over each of the other (;) faces in the donor cell with normals NU) and face centers X}J) , and
evaluate the intersection parameter

X%‘ONi(j) . X%Nz(])

TV = S
XLNY - XEON + 6

(2.37)

The vector X — Xpp intersects the plane N@ if TG} is bounded by 0 < TU) < 1. The upstream
cell associated with a specified face is defined as the neighboring zone opposite the donor cell which
shares the face with the minimum intersection parameter.

Finally, all the interface advection methods discussed below are supplemented with a volume
fraction renormalization step to enforce three additional constraints. First, the volume of fluid
fluxed through each of the faces in a donor cell is limited so as not to deplete more material than
is available in the cell. Second, to prevent overfluxing into acceptor cells, the outward pointing
flux of each material across the faces in each donor cell is conservatively redistributed across all
neighboring cells in proportion to either the magnitude of the orthogonal (to the fluxing face)
velocity component or the net flux transfer in order to preserve the fluid volume and maintain
the constraint }_ Flml = 1. Third, the computed fluxes are conservatively redistributed again,
but this time across each of the materials within a single cell and in proportion to FI™ to keep
individual fluxes in the range 0 < FI™ < 1 while also preserving ¥, FI™ = 1.

2.1 Material Ordering Schemes

An integral part of multi-fluid calculations is the automatic and locally adjustable ordering of all
the different materials for advection with little to no user intervention. This effectively allows
for an accumulated fluid composition to be formed from materials of relatively higher weighted
precedence, thereby filling the donor cell from the downstream to upstream direction, eliminating
the need to track interface boundaries on all sides of each material. A single composite volume

fraction is defined as ™
ij] = min [1, ):FW] , (2.38)
=1
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where ij] denotes the sum of volume fractions from the first m ordered materials. The advection
process 1s repeated for each composite group of materials to compute the accumulated transfer

volumes 5V[m] across each face of the donor cell. The individual material fluxes are recovered
through the normalization

svlml max [0, oV - wrtevia] g

Vo M v Vz '

(2.39)

where V., is the advection control volume and §VIml is the mth fluid material transfer volume
bounded by the interface surface and the advection control volume. The normalization is designed
to limit the total volume fraction from exceeding unity, and the individual volume fractions from
becoming negative due to numerical errors.

Two ordering schemes have been implemented: downstream- and upstream-loaded, distin-
guished by the relative volume weights of the fluid distribution. In the first scheme, materials
are ordered into four distinctly defined groups plus an additional fifth group to accomodate mate-
rials not falling into the other four. The first group is the highest priority in the advection process
since it stores the predominantly downstream materials. Using the notation ng]l, Fj[jm] and F{Dnjr]l
to denote the upstream, donor and downstream cells for material m respectively, fluids falling into

this category satisfy F][Dni]l < F,, (F{Dm], Fl[ﬁl) > Fe, and represent a surface that is essentially

parallel to the cell face orientation. Note that F][Dni]l can be assigned as the volume fraction in the
upstream cell using the identification process described above, or simply by

Fiml = B o RS (X - X), (2.40)

where (V;F)% is the donor cell-centered limited gradient of the volume fraction, and X% and X%
are the acceptor and donor cell centers respectively. The second group includes materials with
surfaces aligned more perpendicular to the cell face (or more parallel to the face normal) and are

characterized by (Fl[-)”i]l, F},m}, ng]l) > F,. The third group represents isolated fragments with
(F[D"ill, Fl[jn_ﬂl) < F, and Fg"] > Fg which are advected prior to the dominantly upstream or trailing

materials characterized by Fgﬂl < F, and (F[Dnill, FI[Jm]) > F,. However, it is possible that more
than one material can fall into each category, making it necessary to implement a more quantitative
procedure to order the fluids within each group. Since the general idea is to advect from leading
to trailing edge materials, a simple calculation of the normalized volume fraction gradient provides
a convenient measure of priority. For the first, second and fourth groups, the order parameter
is defined as P = (Fp4+1 — Fp_1)/Fp. This parameter naturally increases (decreases) for higher
volume fractions in the downstream (upstream) cells. It also increases in magnitude for smaller
donor cell fractions when the upstream or downstream cells are saturated to unit fraction levels,
reflecting the “steeper” nature of the interface surface. For the third group in which there is little
or no fluid present in either the upstream or downstream cells, the order parameter is simply the
volume fraction in the donor cell P = Fpp.

The second (predominantly upstream weighted) ordering scheme is essentially the mirror image
of the first, but with some minor adjustments. In particular, the highest priority group in this
ordering scheme includes the isolated fragments satisfying (Fg'i]l, Fliml ) < F, and F})m] > F, with

D+1
priority P = 1/Fp. The other groups are ordered according to the relative presence of materials
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in the upstream cell: F][J"f_]l < Fe, F]Bm] > F,, F g’ﬂl > 1 — F, with priority P = 1/Fp for the second
group, F[Dm_]1 < F, F gn] > F,, F g’ﬂl > Fp with priority P = Fpy1/Fp for the third group, and
FI™ > R, FIM s F, FEY > F. with priority P = (Fpi1—Fp_1)/Fp for the fourth. This second
scheme can be effective in some advection algorithms that are more prone to generating floating
debris. These ordering schemes are applied as a first step in all interface capturing algorithms
discussed below.

2.2 Aligned Bisection Method

Some of the earliest directionally split VoF algorithms (DeBar 1974; Noh & Woodward 1976; Hirt
& Nichols 1981) assume the interface surface is aligned either parallel or perpendicular to the
flow vector component in each dimensional sweep. These algorithms thus work well if the flow
geometry is primarily aligned parallel to one coordinate direction or along the velocity vector field.
However, they can become highly inaccurate for more complex geometries or off-axis translational
and rotational flows.

By generalizing these algorithms to allow for “corners” inside a single cell, it is possible to more
accurately represent arbitrary surface orientations with several adjustable bricks of fluid within
the donor cell, effectively increasing the curvature modeling capabilities at smaller scales (Anninos
2000). A modified aligned algorithm with improved accuracy and generalized to unsplit advection
is achieved by introducing four (six) parameters in 2D (3D) representing the dimensions of two
distinct blocks of fluid which run the length of the donor cell along the face normals for each
face of the cell. Assuming a face-normal vector pointing in the z direction, the width and height
dimensions of the two fluid blocks are denoted by dxq, dxo, dy1, dys, 021, and dzz with the block
labeled with subscripts 1 (2) being more downstream (upstream) than the other. The normalized
height functions are associated with volume fractions in the neighboring downstream and upstream
cells

6y1 521
- Gl S 2.41
Ay T Az Fpi1, (2.41)
and 5 5
Y2 22
et _ 2.42
Ny = Az Fp_1, (2.42)

where Ay and Az are the characteristic transverse cell dimensions, and where the filling factors
for each of the cross sectional areas have been assumed to be equal and related to the appropriate
adjoining cell volume fraction. The width parameters are determined by the constraints

51131 (5322
and
5m16y15z1 + 0x9d0y2020 = FpVy. (244)
The fluid flux is then defined as
ov =F (2.45)
Vo 0 F '
if (Vaew/Vz) < (021/Ax), or
A% Vz 6z dry Vg )
= -_— 1—-— - .
Vacw Vaew Az Fo+ ( Az Vo Fp-1 (2 46)
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otherwise, and where
621 _ (Fp — Fp-1)
Az Fpu—Fpy

For cases in which 0z /Az < 0, the transfer volume is set to 6V = FpVi,e, and if dx1/Az >
0, 6V = Fpy1Vae- Notice that this method does not require explicit knowledge of the precise
orientation of the material interface: the compound block structure is aligned relative to the cell
face normals and planes, and sized in dimensions to satisfy the volume fraction constraints.

(2.47)

2.3 Donor/Acceptor Limiter

An alternative, but slightly more computationally expensive, method to that described in §2.2 is the
donor/acceptor concept which is based on switching between the donor or downstream cell volume
fractions to flatten or steepen the fluid distribution as appropriate. A fairly robust algorithm can
be developed using minimal cell connectivity data and extended to unsplit advection. For each
face, it is necessary only to estimate the interface orientation or slope (s) from the local volume
fraction gradients, to define a reference vector against which the interface normal is compared, to
identify the appropriate donor or downstream volume fractions for each outflow cell face, and to
apply the necessary volume constraint preserving steps.

This approach utilizes a parameterized flux limiting formula to compute the volume of advected
fluid using a downstream filling algorithm that is aligned relative to the face normal orientation.
The flux limiter can be conveniently written in compact form as

% ) ( - Vz ) - Vz ]
= mi +max ({1 —9n)—(1—-F , 00, F , 2.48
V(,ICU & {n ( T’) ( D) VG.C’U b V[LC’U ( )
where | dF

n = Fpy; if the slope s > s. (with a critical slope s typically set to one or two), or = Fp
otherwise. Expression (2.48) is derived by considering the various independent orthogonal fluid
distributions in the donor and acceptor cells. The volume fraction derivative is defined as

ar_ (2(FD+1 ~ Fp) 2Fp - FD,1)>
dv Vo+Vs 7 Vp+Wy '

(2.50)

where Vp = Vz, Vi7, and V4 are the donor, upstream and acceptor cell volumes. To force a steeper
boundary and help prevent the generation of floating debris, the transfer volume is redefined with
n=Fpy if Fp41 < F., Fp > F.and Fp_; >1— F,;, orif Fp_1 < F; and Fp > F,.

There are many ways to estimate the slope of the interface boundary. The most straightforward
procedure is to associate the three-dimensional surface parameters with the local volume fraction
gradients projected to each of the face normals separately. First, compute the volume fraction
gradients using the most compressive (superbee) limited gradient operator defined in §1.1 and split
the gradients into perpendicular

3 ari
(ViF); = (V)G E

NLNF’

(2.51)
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and parallel
(ViF)fi = (ViF)G - (ViF)E, (2.52)

components relative to the advecting cell face. N% is a vector normal to the advecting cell face,
and defined as the sum of the face-faceted area vectors of the tetrahedral side elements within the
face. The interface slope is then defined as

|Fp41 — Fpl

- 0, in(1,26), min(2,6))), 2.53
s AXADI(VF){TI‘HS max (0, max( min( ), min(2,6) )) (2.53)

where X 4p is the distance between donor and acceptor cells, and

Fp—Fp_1

6 = ,
Fpii—Fp+90

(2.54)

to force an additional monotonicity of the volume fraction variance orthogonal to the face.

2.4 Series/Parallel Models

The final group of methods discussed here are similar to the donor/acceptor method in §2.3 in that
they all use the interface slope (as defined in §2.3) to switch predominantly between two different
fluid topologies: series or steep (s > s.) versus parallel or flat(s < s.) flow with s, = 1 (Tipton
1994). Materials that have been grouped as series are given the highest (lowest) priority in the
advection sequence if the material is dominantly downstream (upstream) as described in section

2.1. The volume flux for this group of materials is computed in a grid aligned manner, and assigned
as

oV . < Vz )
=min (1, F , 2.55
VG.C’U b VILC’U ( )
for leading and middle materials classified as series, or
oV Vz
=min {1 0, 1-(1-F ) 2.56
V(ZC’U o ( ’ max < ( D) VQC’U >) ( )
for trailing materials classified as series. Fluids grouped as parallel are given intermediate priority
with transfer volumes:
0 FpVy;
4 = min (1, max (0, min ( D Z, F))) , (2.57)
VGC’U Vacv

where
Fpy1—Fp Fp—Fp_

Ve +Vy ' Vz+ Vg
where ¢ is a constant to include (¢ = 1) or not (¢ = 0) the transverse interpolant.

Other topological parameters, in addition to the slope, can be used to force a clagsification of
the material distribution as either series or parallel in ambiguous situations. For example, the flow
is considered as series if either Fpyy < 6 and Fp > 0.1, or Fp > (1 + 6)Fp_1, or Fp_1 < § and
Fpy1>1-6,0r Fpyiy <dand Fp_1 > 1—0, where § < 1. The transfer volume can also be set to

OV min (1, M) (2.59)

acvy VCLC'U

F =Fp + (Vg — Vae) max ( ) +cXap(ViF)j, (2.58)

if Fp_1 < 6 and FD—H >1-=4.
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2.5 Advection with volume fractions

The conservative first stage of the remap cycle, equation (1.5), can be rewritten to explicitly include
the volume fraction in the mass and energy conservation equations as

H( Flml ylmi] ol Tl g

S ) (2.60)
8(pv*) ki
9t = Vi(pv vg)v (261)
a(F[m]p[m]e[m]) m] [m] [m],.: 265
= = V(Flmpl el ]Ug) (2.62)
with the following constraints:

ZF[m] =1, ZF[m]p[m] = p, Z Flmlplmleml — pe. (2.63)

The momentum equation update is not affected beyond the basic approach outlined in §1.2
since the total volume fraction weighted density is used in (2.61) and the velocity is commen to all
the materials. The mass density and energy equations (2.60) and (2.62) are discretized with finite
volumes and solved for each material as

’Ué Az

— 2.64

*

1 m],;n [m]n
F[m],n+1/2p[m],n—|—1/2 _ F[m],np[m],n _ _‘_/_T; ZaVIL 1, p[F]
F

1 vt A;
Flmlint1/2 [mln+1/2 [mln+1/2  _  plmln mln mln _ syimln [mln [min__ g7t (9 ox

after FIMnt1/2 i5 computed by

’U; Az

1
[mlp+1/2 _ plmln _ & [ml;n  Ygtdi
F —F 7 ZEF: Vi T (2.66)

Here p[kn;]n and eL”;]’n are the upwind values of the density and specific energy for material [m],

at time level n, upwind from face F, and either centered in the donor cell or extrapolated to the
face or advection control volume centers using a first order monotonic expansion as in (1.12) if the
extrapolation is not performed across an interface. The remap cycle is completed to time level n

by applying the operator split compression contribution (1.6) to each of the intermediate solutions
(2.64) - (2.66).

3 Multiphase 2T RHD with material interfaces

3.1 Multiphase model

Expanding equations (2.60) - (2.62) to include the compressive remap term and the physical La-
grangian elements, the multiphase continuity equations coupled with a 2T radiation diffusion model
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can be written in ALE form as

A(Flml plml)

5 = —Vi(FMpml(v? — o)) — Pl Myl (3.67)
o k . . .
(g;) ) = —Vi(pv* (vt — vg)) — p’UkViv; — Vi(P + Pr), (3.68)
(FIm plml ¢[m] 1 ol Il i ] tml tmle i
oFT ™) gt ) = =V (FIplmlelml vg)) — Flml pimlel ]ng
_plml plmlg ot 4 g[m] (cE — O‘GIT:)7 - {3:69)
LB B )~ BV + ViDVE ~ SBo) — 0B+ oo, (370)

where v* is the physical velocity assumed to be the same for each material, v'; the grid velocity, p =
>om FImlglml the average density, pe = 3, FImlplmlelml the average energy density, P the effective
material pressure in a mixed cell, P = E/3 the radiation pressure, £ the homogeneous (single
material) radiation energy, D the diffusion coefficient, o the crossection, T, the effective single
material electron temperature, g™ is an energy weight function for distributing the homogeneous
(across materials) radiation energy into each material, and Rl™ and P[™ in the energy equation
(3.69) are the weighting coefficient for compression work and pressure for each material [m]. The
compression weight factor is taken to be the normalized adiabatic compressibility or bulk modulus
Kg = pdP/dp|s at constant entropy (Youngs 1994)

FIME
plml — - c (3.71)
Ky
with average bulk modulus
— 1
Zm F[m]/KS

defined such that ), Rl™ = 1. The effective pressure is set either as the sum of the partial pressures
(P=3%, P[m]) if the multiphase model is not used, or the bulk modulus weighted average

9 (3-73)

otherwise.

In the multiphase model, the component pressures within a single cell can be adjusted as an
option to drive the mix to pressure equilibrium at the common pressure (3.73). This is achieved
by altering the volumes which each material occupies in a cell to the form

— [m]
splm =P plml = —K[Sm@—/——. (3.74)
yim]
This amounts to changing the local volume fractions as
§Fm pmi_P 5V, (K
i TR Tl G (3.75)
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In practice, (3.75) is limited to maximum fractional changes |6 F/F|max < 0.1, and over time scales
linked to the local sound speed: §FI™ — ko 6FI™ | where kcy = 0.5 min(1, At min(C,)/Al), and
At is the timestep, Al is a charateristic minimum Iength scale and min(Cs) is the smallest sound
speed over all materials in the cell. Substituting (Kg m] [ plm)1/2 for the material sound speed,
the volume fraction is adjusted according to

sl |~

(m]

§Flm}

W, (3.76)

|5ﬁv[m]l’ l(;p[m]l)

max

where

SEM = kmin | 1, == min

(Plm] _ Py plm] N Ks ) 2P (vt —vp)
Ko vettivg )’
(3.77)
and the constant £ < 1 is typically set to 1/2. Each of the volume fraction corrections §Flm]
performed in a cell are subsequently renormalized to enforce the constraints ., §FI™ = 0 and

0 < FIml < 1. After renormalization, the specific internal energy is adjusted to account for the new
thermodynamic state

plml sy lm] plml 5 plm]
plm] Viml = T pml phm]

selm = — (3.78)

3.2 Radiation diffusion with material interfaces

The coupling between radiation and hydrodynamics is achieved by assuming a constant specific
heat over the solve cycle and rewriting (3.69) as

o7l . . .
F[m]p[mlgi[lm]__é_{_ = _F[m]p[m]vicz[)m]T[m} (v' — i) - Rl plmlyy 4t plml sl (E — aT?), (3.79)
using the individual material cross sections. An effective single material energy equation is con-
structed by defining

[m] ym] Gl p(m] [MJ
= 2P0 {T] . Cy= z Fi , and  o=3 FlMm  (3.80)
S Flml plml o™ ) F[m
to write the non-convective terms in (3.79) as
pCV 8T4e
s o - Qe tao(lir—Tic), (3.81)
16E R S
EF{ == VZ(DV E— gE‘U ) - U(E — CI,T4e), (382)

where the notation Ty = T* is introduced for both the radiation (Tyz) and electron (Ty.) temper-
atures. Also, F = aTﬁ, and

Qpas = Y. QU = Zh MYt = PVt (3.83)
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A
Three procedures are described below that can be used to easily extend single material radiation
diffusion solvers to include multi-material interfaces. These procedures are based on formulating
reasonable choices for the weight coefficient g{™ in equation (3.69), given a solution to the homoge-
nous diffusion equation (3.82).
Considering only the non-convective terms, the first method constructs a first order semi-implicit
solution to the discretized multiphase internal energy equations using the time advanced solution
(T741) to the diffusion equation

Flm] plml ] (

RO (afin i) = ol +arlob (2 - 1) (o

Equation (3.84) can be solved algebraically for T4[Zﬂ’n+1

et _ FUMGEITEN 1 4 @adm Pt — asQl) 555
4e F[m]p[m] C'([]m] + 4&At[m]F[m]o[m](T,£m])3 3

where T*[m] is a reference temperature about which the solution is linearized and is chosen as either
the time-retarded, time-advanced, or time-averaged electron temperature. Also,

kCRTfe Flml gl olm]

Atlm =
4T3 QI + Pl m(ngl—Ti;“]’"»

(3.86)

is a pseudo-timestep defined with constant coefficient kcr < 1 associated with the physical radiation
Courant factor to keep temperature variations for each material relatively small.

A second method follows the basic idea of the first, except that weighted combinations of
variables are used to make results at extremely low volume fractions more robust and constrained
to relative low scatter. Temperatures in this method follow (3.85)

gt _ FATIGTE ¢ AL At P - MGl
4 Flmlpfml oM g Atim] pim] o (71™)3 5 .
with
gy = FMQIT 4 (1 Fi ZF QY. (3.88)
)~ Figirin (1~ ) Y Fzn (3.89)
e [m] (m)
At[m] —_ kCRT*ZI F[m]p[m] v (390)

4T3 QU + aFlmlolm) (Tt — Tihm)

The third and final procedure presented here defines the temperature simply as a specific heat
weighted average of all materials within the cell

AMAE, — AtQI™
Flm] glm olm]

lmlatt — plmln 4 Pd“, (3.91)
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where AER = o(F — aTy.) is the total energy change due to radiation effects, and

[m] fm] ]
Al = gl — U___C”_ (3.92)
>, Flilpllcy!
if AEp > 0, or -
[m] slm] ol plm]
Al = Ep 00 T (3.93)

- >, FUlpiicyiTt

otherwise. This approach generally yields comparable results to the previous two methods, though
it can be less robust for very low volume fraction material, particularly when actual densities are
used in place of cell average densities.

In order to guarantee energy conservation at the end of the radiation update cycle, the material
temperatures are rescaled after each of the above redistribution calculations according to

Timlnt1, (3.94)

i1 5] lddplalm
Te[m],n—{—l - aT(l:m],n%—l — (Ae + Z] F[]]p[J]Cv] Tej ) e

¥, Fllgblcflibet

where Ae is the net (radiation + PdV summed over all materials) change in internal energy density,

and the normalization factor « is constructed so that when the internal specific energy is updated
by
elmlntl _ (Imln C,[,m](Te[m]’”“ _ Te[m],n), (3.95)

the process is conservative over the cycle such that

S Al otml(lmntt _ pimley = Ae = ABg - ALY QI (3.96)
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