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ALMOST OPTIMAL INTERIOR PENALTY DISCONTINUOUS
APPROXIMATIONS OF SYMMETRIC ELLIPTIC PROBLEMS ON
NON-MATCHING GRIDS

R.D. LAZAROV, J.E. PASCIAK, J. SCHOBERL, AND P.S. VASSILEVSKI

ABSTRACT. We consider an interior penalty discontinuous approximation for sym-
metric elliptic problems of second order on non—matching grids in this paer. The
main result is an almost optimal error estimate for the interior penalty approxi-
mation of the original problem based on the partition of the domain into a finite
number of subdomains. Further, an error analysis for the finite element approxi-
mation of the penalty formulation is given. Finally, numerical experiments on a
series of model second order problems are presented.

1. INTRODUCTION

In this paper, we propose and analyze a simple strategy to construct composite
discretizations of self-adjoint second order elliptic equations on non-matching grids.
The need for discretizations on non—matching grids is motivated partially from the
desire for parallel discretization methods (including adaptive) for PDEs, which is a
much easier task if non—matching grids are allowed across the subdomain boundaries.
Another situation may arise when different discretizations techniques are utilized in
different parts of the subdomains and there is no a priori guarantee that the meshes
will be aligned.

Our method can be described as interior penalty approximation based on partially
discontinuous elements. The mortar method is a general technique for handling dis-
cretizations on non—matching grids. However, our motivation for using the penalty
approach is that it eliminates the need for additional (Lagrange multiplier or mor-
tar) spaces. There is a vast number of publications devoted to the mortar finite
element method as a general strategy for deriving discretization methods on non—
matching grids. We refer the interested reader to the series of Proceedings of the
International Conferences on Domain Decomposition Methods cf. e.g. [5], [11], [17]
(for more information see, http://www.ddm.org).

In the present paper, we assume a model situation when the domain is split
into a fixed number of non—overlapping subdomains and each subdomain is meshed
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independently. This is a non-conforming method and the functions are discontinuous
across the subdomain interfaces. The jump in the values of the functions along these
interfaces is penalized in the variational formulation, a standard approach in the
interior penalty method (cf. [2], [4], {14], [22]). For a recent comprehensive survey
on this subject see [3]. An important feature of this approach is that we skip the
term in the weak formulation that involves the co-normal derivative of the solution
to the interface boundaries since the latter may lead to non—symmetric discretization
(cf. [22]) of the original symmetric positive definite problem. An interior penalty
finite element approximation with optimal condition number was proposed, studied,
and tested on various examples in [20]. The error estimates derived in [20] were
suboptimal with a loss of factor AY/27%, 0 < § < 1/2 for solutions in the Sobolev
space H?7%((2). In this paper we present a refined analysis and get almost optimal
error estimates for linear finite element and solutions in H?~%(Q). In addition,
we extend the analysis to decompositions with cross points. One can improve the
accuracy somewhat for problems with smooth solutions by increasing the weight in
the penalty term with the expense of increased condition number.

In the case of matching grids, finite element Galerkin method with penalty for a
class of problems with discontinuous coefficients (interface problem) has been studied
in [4]. Similarly, in [10], the interface problem has been addressed by recasting the
problem as a system of first order (by introducing the gradient of the solution as a
new vector variable) and applying the least-squares method for the system. Integrals
of the squared jumps in the scalar and the normal component of the vector functions
on the interface are added as penalty terms in the least-squares functional. In both
cases an optimal with respect to the error method leads to a non-optimal condition
number of the discrete problem.

Other approaches for handling discretizations on non—-matching grids can involve
different discretizations in the different subdomains. For example, mixed finite el-
ement method in one subdomain and standard Galerkin on the other (proposed in
[25] and studied further in [18]), mixed finite element method and discontinuous
Galerkin method cf. e.g., [13], or mixed finite element discretizations in both sub-
- domains, cf. e.g., [1], [19]. Similarly, coupling finite volume and Galerkin methods
has been proposed and studied in [15].

The structure of the present paper is as follows. In Section 2, we formulate the
problem and its discretization. In Section 3, we introduce the primal and dual
penalty formulations of the problem split into subproblems on nonoverlapping sub-
domains. In order to get an optimal estimate for the error in Section 4, we introduce
the mixed formulation of the penalty problem and derive a fundamental a prior: er-
ror estimate for its solution. In Section 5, we analyse the difference between the
solution of the original problem and the solution of the penalty formulation. The
error is shown to be of almost optimal order for u € H*%(Q2) for § > 0. For meth-
ods without cross-points the error is oprimal for 1/2 > ¢ > 0. Finally, the finite
element discretization and its error analysis is presented in Section 6. Numerical
test illustrating the accuracy of the method are given for two model problems.
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2. NOTATIONS AND PROBLEM FORMULATION

In this paper we use the standard notations for Sobolev spaces of functions defined
in a bounded domain Q C R%, d = 2,3. For example, H*({2) for s integer denotes
the Hilbert space of functions u defined on {2 and having generalized derivatives
up to order s that are square integrable in (2. For non-integer s > 0 the spaces
are obtained by the real method of interpolation (cf. [21]). H(Q) is the space of
functions in H'(Q2) which vanish on 9Q. The norm of u € H*(Q) is denoted by
[|us,0. We also use the notation |ul,q for the s-order semi-norm in H*((2). For the
traces of functions in H;(£2) on a manifold I’ of dimension d—1 (curves and surfaces)
and 9" C 99, we will sometimes use the fractional order Sobolev spaces commonly
denoted by Hééz) (T') which is defined to be the interpolation space halfway between
HL(T) and L*(T).

For a given Hilbert space H with an inner product (-, -) g and corresponding norm
Il - |z we denote by H* its dual, i.e. the space of all continuous linear functionals
on H. We use the fact that (Hégz (I))* = HY2(D).

For a given bounded polygon (polytope) §2, a source term f € L%(Q), and coef-
ficient matrix a(z) that is symmetric and uniformly positive definite and bounded
in €, we consider the following model boundary value problem in a weak form: find
u € H} () such that:

(2.1) Alu,v) = f(v) for all v € Hy(Q).
Here

Au,v) = /QaVu-VU dz and f(v) = (f,v)on :.-:/va dx.

3. INTERIOR PENALTY FORMULATION

We shall study a discretization of this problem by the finite element method
using meshes that generally do not align along certain interfaces. This situation
may arise when the domain 2 is split initially into a p nonoverlapping subdomains
Q;, i=1,...,p and each subdomain is meshed (triangulated) independently of the
others. We assume that the number of subdomains is fixed and each subdomain is
a shape regular polyhedron. A model situation of this type for d = 2 is shown on
Figure 1. We denote by «;; the interface between two subdomains Q; and ; and
by I' the union of all interfaces ;;.
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F1GURE 1. The domain (2 is partitioned into four subdomains €;
i = 1,2,3,4 with interfaces v;;; each subdomain is partitioned into
quadrilateral finite elements independently; P is a cross point

We define
Vo= {v € Ly(Q) : vlo, € HY(Q) N HXQ)),

0 |
o(w,v) = > (aVu,Vo)oo, =Y a;(u,v),

cpg) = (p,@or = fr pgds, -

(p) Q)Om,- = / pyq d87
Yij
Au = [u],

L?(Uo%Y;),

Here the jump [u] is defined as the difference of the traces of a function u € V on
vi; = : N ;. We specify a “master” side of each interface 7ij SO on y;; the jump is
defined always as [u] = ulq, — ulq,, where £; is the domain from the master side of
Yij-

We approximate the original problem (2.1) by the following problem, which we
further call the interior penalty formulation: Find u. € V such that

(3.1) A(ue, 9) = afue, p) + € Fe(Au, Ap) = f(p), forallp e V.
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" Here ¢ is a small parameter which later will be chosen as the mesh size of the finite
element partition of 2. The problem (3.1) is further called the primal formulation
to distinguish it from the the mixed formulation introduced in the next section.

The formulation (3.1) allows discontinuous solutions along the interface I'. In
order to control the size of the jump [u.jr we have introduced it in the variational
formulation as a least-squares penalty term with a large parameter e~'. Our goal
now is to estimate the difference u—u, assuming that u € H27%(Q) with 0 < 6 < 1/2.

The bilinear form A¢(-,-) defined in (3.1) is symmetric and positive definite. It is
related to but much simpler than the corresponding discontinuous Galerkin method
used in [2], [22]. The simplification comes from the fact that we do not have a
term involving the co-normal derivative aVu - n along the interface I' with unit
normal vector n. This simplification comes at a cost: the proposed approximation
will have almost optimal order of convergence for linear elements only, in contrast
to the non-symmetric interior penalty Galerkin method studied in [22], where the
optimal order is established for continuous finite elements of any degree. However,
" our formulation leads to a symmetric and positive definite problem which is more
convenient for computational purposes.

4. STUDY OF THE PRIMAL AND MIXED FORMULATIONS

In this section, we shall study the solution of (3.1). This problem fits into the fol-
lowing general abstract class of parameter dependent problems. Let (V, ||-{lv, (-, )v)
and (@, ] - ||, ¢(+, -)) be Hilbert spaces as illustrated earlier. Here the inner product
(+,-)v defines a norm in V" and the norm || - ||; is defined by the inner product c(, -).
We assume that we are given a continuous symmetric positive semi-definite bilinear
form a(-,-) on V X V and a continuous linear map A : V — @ so that

a(v,w) 2 |Jv|lv]jwlly and ||Av]l. 2 ||v|]y, for all v,w € V.

Here and in the rest of the paper we use the signs < and > to denote inequalities
with a constant that might depend on various parameters but is independent of e.
Next, we define

Af(v,w) = a(v,w) + ¢t c(Av, Aw), for all v,weV.

We assume that the range of A is dense in () but not necessarily closed. The
parameter € € (0,1] is typically small. We further assume that A'(-,.) gives rise to
an equivalent norm on V, i.e.,

(4.1) loff2 < AL(v,v) < [[o], for all v € V-
It easily follows that A¢(-,-) is coercive on V and satisfies
olly = A%(w,v) 2 e Holl}, forallv € V.

Our approach is to reformulate (3.1) as a mixed problem as done in [24]. Let u,
be the solution of (3.1) and define the dual variable p, € @ by

(4.2) De = € Au,.
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We get the mixed system for u. and p,:
(4.3) a(tue, v) + c(Av, pe) = f(v) forall ve V.
(4.4) c(Aue, q) — €c(pe,q) =0 for all g € @.

Combining equations (4.3) and (4.4), and introducing the product space X = V xQ,
we obtain the mixed variational problem: Find u. € V and p. € @ satisfying

(4.5) Be((umpe)u (an)) = f(v) for all (U7q) € X,
with the block bilinear form
(4.6) B((te, pe), (v, 9)) := a(ue, v) + c(Aue, 9) + c(Av, pe) — e c(pe, q).

The mixed bilinear form is well defined for the limit € = 0. Any solution (u., pe) of
(4.5) is in the space

(4.7) Xo={lv,q) e X :.Av =€q}.

This space will play an essential role in the analysis of the proposed interior penalty
method. On the space X =V X @), we define the norm

(48) s )l = (sl + elllf2) 2

This norm degenerates to a semi-norm for € = 0. The bilinear form B¢(-,-) is
continuous with parameter dependent bounds for that norm, namely, for (u,p) € X
and (v,q9) € X

B*((u, p), (v,q)) = alu,v) + c(Au, ) + c(Av,p) — e c(p, ¢)
=< (a(u, u) + [Aull? + [pli? + € flpf12) 2
x (a(v,v) + JA0]2 + llgli? + e flali) /2
< e 1w, D)lle |, @)

On the other hand, B¢(-, ) provides a uniformly continuous mapping from the dual
of X (with respect to ||(-,-}||¢) into X. This is formulated in the following theorem:

(4.9)

. Theorem 4.1. Let f and g be continuous linear functional on V' and Q respectively.
Then the extended mized problem:

(4.10) B((v,p), (v,@)) = f(v) +9(g)  forall (v,) €V xQ
has a unique solution (u,p) € X. Moreover,
(411) lully + e AU + ellplls < I~ + Mgl

Here ||f|lv+ and ||g

Proof. First, we construct a solution by means of the primal problem. Since A :
V — Q is continuous, and g(-) is in Q*, the functional g(A-) is continuous on V:

l9(Av)| < llgllo-lAv]le 2 llgllo-llvllv-
Let u € V be the solution of '
alu,v) + e te(Au, Av) = f(v) + e tg(Av) for all v e V.

|g» denote the norms of the linear functionals.

Q*
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We use the ellipticity (4.1) of a(-,-) + c(A-, A-) to get
[[ullZ + e HAul? = alu,u)+ e ' c(Au, Au)
= f(u)+e g(Au)
< v llully + €2 ligllgr €2l Aulle
< (113~ + € Mall) ™ (el + e JAuli) 2.

Dividing by (J|u||?+e*||Aul|2)!/? gives the bound for u. By the Riesz Representation
Theorem we define § € () such that

c(g,q) = g(g) forall g @

and find that
p=¢"(Au—17).
Clearly,

ellpll? < e HIAUIL + e Hlgllge 2 NI + Mgl
We verify that (u,p) is a solution of (4.10). Indeed, for all (v, ¢) € X,
Be((“’: p)’ (U7 Q)) = a(uv ‘U) + C(Aua Q) + C(AU, 6_1(*/\“ - g)) - EC(E—l(A’U, - g): g)
= a(u,v) + ¢ tc(Ay, Av) — € e(§, Av) + c(F, q)
= f(v) +9(9)

Finally, we prove that the solution is unique. Any solution (u,p) of the homogenous
problem satisfies

-0

Be((uap)7 (u7 Ay — p))

= a(u,u) + c(Au, Au) + ec(p, p) ~ ec(p, Au)
> a(u,u)+ (1= 3) e(Au, Au) + = c(p,p).

Thus, zero is the only solution of the homogeneous equation and the proof is com-
plete. O

We will now demonstrate the gain in using the mixed form. Namely, in Theorem
4.3 we will show a uniform in € > 0 a priori estimate of the solution to the problem

(4.10).
Let us define the norm ||p|lge for p € Q by
@12) Ipllgn = sup AP,
) veEV “'UHV

That this is a norm follows from the assumption that AV is dense in Q. Let Qg
denote the closure of AV in the norm || - |lge. In general, ||.|lg0 is a weaker norm
than ||.Jlc. By definition, A has a closed range in . In the limit case € = 0 the
bilinear form B¢((u, p), (v, q)) is continuous and stable on V' x Qq:
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Theorem 4.2 (Brezzi, see, e.g. [9], Proposition 1.3). The bilinear form
B%((u,p), (v,q)) = a(u,v) + c(Au, q) + ¢(Av, p)

18 continuous, i.e.
(4.13) B((u,p), (v, ) = (el + lpllB0) (ot} + Nl 0,

and stable, i.e.

B((u,p), (v,6))

u v 2 2 \1/2
(414) sup (“UH%’ + ”szQ,[])l/z — (” ”V + ”(JHQ,O) 3

u€V, peQo

on the space V x QJp.

For the case € > 0, we need a norm depending on the parameter e. We define

(4.15) Iola = lpllae = (Ipl130 + ellplf?)?

This norm is equivalent to ||.]|. for fixed € > 0, but not necessarily uniformly equiv-
alent with respect to e since obviously €||p[Z < |lp. We define the product space

X=Vx@
with the norm

(4.16) I D)2 = (lulf + lpli3)>
The following theorem states that B¢(:,-) is bounded in X and satisfies an inf-sup
condition with a constant independent of e:
Theorem 4.3. Assume that (4.1) is satisfied. Let B*(-,-) and || - ||x be defined by
(4.5) and (4.16), respectively. Then:

o The bilinear form B(-,-) is uniformly continuous on X, i.e.

(417) BE(('U'7P)7 (U:Q)) = H('U,,p)“_;r ”(Ua Q)”X fOT' all (u,p), (U> Q) € X§

o The bilinear form B¢(-,-) is uniformly stable on X, i.e.

|  BH(w), (2,0)
WIS e Tl
o the mized problem B*((u,p), (v,q)) = f(v) + g(q) for all (v,q) € V x Q has

unique solution for any f € V* and g € Q* and the solution satisfies the a
priort estimate:

(4.19) lI(w, P)ll2 = 117

Proof. The proof of the continuity follows estimate (4.9) but due to the new stronger
norm in @ (see, (4.15)) we have an improved estimate for the mixed term:

c(a,0) <l sup (HAHVQ) = Jlulv llallao

=l le  forall (v,q) € X;

v+ + llglle--

Thus we get uniform continuity.
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We need only verify (4.18). To this end, fix (v,¢) € X. By definition of the norm
ll-llg,0, there exists a © € V' such that
c(AD, g)
l1ollv

We are free to scale ¢ such that
1oy =lldlgo  and  c(Ad,q) = flallbg.
Let (&, p) be the unique solution (by Theorem 4.1) of
(4.20) B((@,p), (w,r)) = (v,w)v + c(AD,r) +ec(q,r) for all (w,r) € X.
We will use (@, p) in order to verify (4.18). First, we see that

(4.21) B((2,p), (v,q)) = (v,v)v + (AT, q) +ec(q, g)
= |l + llallg,e + ellali?
= (v, 9%,

so that

1 Blwp), (v,9)  B((@5),(v,9) , lI(v,)l%
oot Nwplle = l@alx = 1@l
Thus, we need only to show that
(@, D)2 = 11(v, )] 2-
By the definition of B¢(-,-) and (4.20), for all (w,r) € X,
B((& - 9,p), (w,r)) = B((@&p), (w,r)) — B((3,0), (w, 7))
= (v, w)y + c(Al,r) + ecg,7) ~ [a(D, w) + c(AD, T)]
= (v,w)y — a(¥,w) + ec(g, ).

Applying Theorem 4.1 gives

1@ — iy, + ellBll = lolly + 1515 + ellafl2.
Thus,

lally +eliglls =< Iolls + llali, + € llall?

= (v, 9%
Finally, we need to estimate ||5]|g 0. Using (w,0) in (4.20) gives
B((%,p), (w,0)) = a(@, w) + c(Aw,p) = (w,v)y, for all w € V.

Consequently,

. —— c(Aw,ﬁ): (w,v)y — a(@, w)
Wllao = 38 Tlv =22 Tully
= lllv + gy = i(v, 9)lix-
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Combining the above estimates completes the proof. O

5. ANALYSIS OF THE INTERIOR PENALTY APPROXIMATION

In this section, we derive the basic error estimates for the proposed interior penalty
method (3.1). We present the estimate for the general case when the partition of
into subdomains ); has “cross-points” (see, Figure 1). For d = 2 the cross-points
are the end points of the edges +;; that are in-the interior of Q. For d = 3 the
cross-points are the edges of v,; that are in the interior of 2. The case of absence
of cross-point is somewhat simpler and is discussed at the end of this section.

Here we use some fundamental results from the domain decomposition literature
(see, e.g. [6, 7]). Since all subdomains ; are shape regular the estimates

(51) ”U!’Yij”HSé2(7ij) = ”v“HI(Qi)
hold for functions v € H'(€;) which vanish on 8Q; \ 7;;. Here vl,,, is the trace of v

on -y;;. We note also that given any o;; € H, 3({2 (7i;), there is an extension v satisfying
the above estimates. The following proposition plays a key role in the proof of the
error estimate for the interior penalty method.

" Proposition 5.1. For any € > 0 and A € L*(I'), A, € HY*(y;) the following
estimate is valid:

_ 12
(5.2) Mlle- < ctoge™ (- IArsgyy) -
Yij
The constant c is independent of € but depends on the shape and the number of
subdomains.

The proof of this estimate is given at the end of this section. We now prove the
main result in this section:

Theorem 5.1. Assume that the solution u of (2.1) is in H* °(Q) for some § €

[0,1/2). Then

(83)  Nlu—udly +llp = pellg < ce'(loge ™) tuf| sy, 0<6<1/2.

Here the norm in Q is defined as in (4.15) and the constant c is independent of e.

Proof. We first note that the solution u of the problem (2.1) satisfies the identity,
A(u, ©) = flp) +c(aVu-n,Ap), forallpeV,

where the normal vector n is always pointing outward from the master side of ;.
Here we have used the fact that the exact solution has continuous normal flux, i.e.,
in particular, [aVu - n]|r = 0. To simplify the notations, we define the function

f=aVu-non I

Further, the penalty solution u. has been defined as a solution to A%(u., @) = f(p).
Subtracting these two identities we get the following equation for the error e = u—u,:

Ale, ) =c(0,Ap) forall pe V.
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In order to use the a priori estimates of the mixed setting we shall put this
problem again in a mixed form. Namely, we introduce a new dependent variable
E:=aVu-n—¢tAe: =8¢ — el Ae defined on T so that the pair (e, E) satisfies:

B((e, E), (v,q)) = ec(f,q) forall (v,q) €V x Q.
The estimate (4.19) will provide a basis for the analysis of the error (e, F), namely,

- c(f,q)
(5.4) Hellv + 12l = €Sup T

Since ||gllg > €*/?||q|| we easily get
(5.5) llellv + [1Ellq < vel|Bllor-

This estimate is an easy corollary of the set up of the problem but it yields an error
for the interior penalty method of order at most O(e!/?). We can improve it when
f is a smoother function. To accomplish this we first apply estimate (5.2) for A = 4
to get get:

~ 1/2
(5.6) llellv +11Ellq < ellflle- < eloge™ (S 10l2nry) -
i
Second, we use the interpolation space HY/ 27(vi), 0 < 6 < 1/2, between the
spaces L*(7;;) and HY2(v;;) so that

HHHHV?—"(')/ij) = ”9”};13(25(%].) Hgngf%, .

Next, we observe that interpolated norm with ¢ € [0, 1/2] between

(Zl)ellé,m)m and (3 100uagyyy) s bounded by (3 [61asry,)

Tij i Yif Yij
This fact follows from the definition of the real interpolation method [21].
Finally, for u € H*9(f), 0 < J < 1/2, one can show that
”9”H1/2—5(%~j) = [laVu - n“Hl/Z—S(%-j)“‘i HUHH2—6(Q,-)-
Interpolating estimates (5.5) (5.6) gives the desired results (5.3). This completes
the proof of the theorem. O

In the rest of this section, we give a proof of Proposition 5.1. This follows im-
mediately from the three lemmas below. The first lemma follows easily from the
extension noted at the beginning of this section.

Lemma 5.1. For any given o;; € Holc{Q(’Yz‘j) on all vi; C T there exists av € V
such that

['U} vi; = Oif

bl = (X llowlge, )

and
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Next, for u € L*(7;;) we define the norm

Mellas = (113120 +eH/¢H§,%j)1/2

and its dual
(/\a /‘L)O”Yij
Q= SUp e
! AEL?(vi5) ”/\HQz'j

Note that the space @ and its dual have been defined in Section 4. We then have
the following lemma.

el

Lemma 5.2. For all A € )%,

(67) e = (S m,) "

Vi

Proof. Let p € Q be non-zero. First, we verify that

(,LL, Uij)%,’yij p (l‘l’i [’UD%,I‘

< su
ol

(5.8) Z sup e
G v 1P

1/2
¥ij o1 €Hoy (vi5)

Set 7;; = auoi; where o is chosen such that || “12«:11 /2

00 (735} ~ (M’ 6ij)0’"/ij‘ By Lemma 5.1,

there exists an extension v € V such that

[l =05 and [Pl = Z (LT Ve,
Then,
0oy Nt DR ol
LTy~ 27 = bhor = T G Rl
[
< (u,uopg D o)
- ”'U“V Z(u,&ij)gmj llv”%/' '

Yij

The inequality (5.8) follows.
It immediately follows from (5.8) that

(5.9) >l = Nl

Yij
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We countinue with

(/\,u_)o,r = Z(/\aﬂ)o,yﬁSZ”/\”Q:}“M”Qu

< O IO ez

< (DI

Tij

%) lulle

The lemma follows dividing by ||u|lg and taking the supremum. O
Lemma 5.3. For A € L?(v;;),
(5.10) ”/\“ij < loge™ ”/\”H1/2(’Yij)'

Proof. The proof of this lemma is based on techniques from the analysis of domain
decomposition preconditioners. We illustrate the proof in the case of three spatial
dimensions. The two dimensional case is similar.

Let A be in L%(v;;) and S, be a finite element sub-space of H Y(vi;) of quasi-
uniform mesh-size €. The L?-orthogonal projection operator Q onto S. is bounded
on H2(v;;) and satisfies

(5.11) V2N = QAo + 1 QA vz < elMllgniagny-
We first split A = (A — QX) + QA, and further decompose the finite element part
Q/\ = )\1 + /\2

such that A\; = QX on &vy; and A; = 0 on all interior nodes of v;; (A2 being the
remainder vanishing at 0;,;).
A simple transformation argument and Lemma 4.2 of [7] gives

HAdllo; = €/ Aullzean) =< €2 (loge™) 2 QA /2y )-
Lemma 4.3 of [7] gives
el iz y 2 loge™ QA /2y, )-
Now we use the above splitting to get
O oy o = QN pagy + O, oy + oy Wog

Allg;; = sup

weL?(vij) ”:u”Qij B uéLz(Wij) ”ﬂ”H‘Vz(%‘j) + 61/2”/‘”0,%;‘
Further, using the estimate (5.11) we have .
A — QA . A— g g
Sup ( Q "?})2,’)‘13 < Sup “ Q)\Hoﬂ’u :Ili/‘;”o"yzj
BEL3(7y5) ”/LHH‘VZ(%-I') + € ”}1’”0,"{2';,‘ pneL2{v;;) HN”H—1/2(7,—,-) + € / HIU‘HO,%']'

j ”A”Hl/z('ﬁj)‘
Similarly, using the estimates for A; and A; we get

(An oy < Illogs; lsllos; = €/ Qog ™) [ gagay s lltlfo
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and

(N2, oy < Well gige ey el ir-s203y X Tog €™ {QMmap Il -2
Finally, combining the estimates for all three parts, we complete the proof:

IAlgy = sup oo

BEL2 (i) Hl’l’”Qij )

_'5 IOg € ])‘”HI/Q('{,;J-)'

O

In the case of no cross points, we can get a slightly better result. In this case
7;; = I and the assumption stated at the beginning of this section holds. The
following theorem provides an error estimate in this case.

Theorem 5.2. In the case of absence of “cross-points” the following estimate holds
(5.12) llellv + 1| Elle < €~ llull a2-5(q)-
for u € H>9(Q), 0 <6 < 1/2.

Proof. Since there are no “cross-points” for v € V the jump [v] = Av is in H;éz(F).
Therefore, there is an extension, which satisfies (5.1) so that

c(Av,
lallo = sup S22 = il

This implies

C(B)q) C(H,q)
sup 7 3 up = < |6
28 Talle = 08 Talluvey = 0 )
so that
(5.13) lelly +11Ellq = ellfllgageqey

Interpolating (5.5) and (5.13) we get
llelly + 1Bl =< e 118]] zs/2-s(ry-
- The result then follows from the trace estimate

100l gr2-sry 2 Null g2-5(0)
which holds for polygonal interface I' (cf. [16]). O

6. FINITE ELEMENT APPROXIMATION OF THE PENALTY FORMULATION

6.1. Finite element formulation and error analysis. Now we disretize the
problem (3.1) by the finite element method. Each subdomain ); is meshed inde-
pendently by a quasi-uniform and shape-regular triangulation 7; and consequently
the whole domain has a finite element splitting 7 = U;7;. Quasi-uniformity of the
mesh means that for 7 € T and h, = diam(r), |r| = meas(r) we have |t]| & hd,
where d = 2, 3 is the dimension of the space. We shall use also the global mesh-size
parameter
h = max h,.
TET
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Qur analysis uses the condition that the mesh 7 is globally quasi-uniform, i.e.
h ~ h, for all 7 € 7. We stress again, there is no assumption that along an
interface <;; the triangulations 7; and 7; produce the same mesh.

Let V;; be the conforming (see, ([12]) finite element space of piece-wise linear
functions associated with the triangulation 7;. Further, let V, : Vilg, = Vi, for
i=1,...,p, be the finite element space on 7. The functions in V}, are, in general,
discontinuous across v;;. However, their traces on ~; from €2; and ; are well-
defined.

Let I, : V — Vj, be an operator such that for u € H2 () and 0 < 8 < 1:

At ju — Thullreey + llv — Ll + 2772w — Lullzam
= B | sy
Now the interior penalty finite element method reads as: Find uj € V}, such that
(62) A, ) = a(us, 6) + € e(Aus, Ad) = f(4) for all ¢ € Vi

Obviously, the bilinear form Af(-,-) is symmetric and positive definite on Vj x
V,. Therefore, the corresponding finite element “stiffness” matrix is symmetric and
positive definite and the finite element system has am unique solution.

Now we derive an error estimate for the finite element interior penalty method.
According to our construction V = > H*(€;) N H}(2) and

(w, v}y = Z/Q‘(V'w Vo + wv) de.

(6.1)

Since the number of subdomains p is finite and all {3; are shape-regular, it follows
that Al(v,v) is uniformly equivalent to the norm ||v]|} and the inequality (4.1)
holds. Therefore, the results of the previous sections are valid and we can apply
Theorem 5.1.

The error estimate is almost immediate consequence of Theorem 5.1 and the
approximation property (6.1) of the space V4. Indeed, the error u, — uf satisfies the
orthogonality property _
Aj (ue — uj,, @) = 0 for all ¢ € V.
Using the coercivity of A°(-,"), we get

Nlue — ufz“%/ = A(ue — uf, ue — u;})

A

Uien‘gl A (ue — v,u, — v)

< A(ue — u, ue — u) + A%(u — Iyu,u — Iyu).
Now the estimates (5.3) aud (6.1) produce the following result:

o —uilly 2 flu—uellv + |Juc —ujllv

=< (7% log el + A0 + e H2R320) luf| ga-s(q
forue H*%(Q),0<d < 1/2.
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The above estimates suggest that for the penalty parameter ¢ =~ h we get almost
optimal convergence rate. This result is stated in the following theorem:

Theorem 6.1. Assume that the solution u of the problem (2.1) belongs to H2%(Q)
for some 0 < § < 1/2. Then the solution u, € Vj, of the interior penalty finite
element method

Cl,h('LLh, ¢) + h”lc(Auh, Aqb) = f(¢) forall g € Wy
exists and satisfies the aprior: error estimate
= unlly = B log ' |ul| 250y

Moreover, the condition number of the corresponding finite element “stiffness” ma-
triz 1s the same as in the case of standard Galerkin method with linear elements,
namely, O(h™?).

6.2. Numerical tests. The performance of the proposed penalty method is tested
on two model examples for the Poisson equation on the unit square with Dirichlet
boundary conditions. Our finite element implementation handles arbitrary triangu-
lations of the domain and linear finite elements.

In the table below we present the error u — u; measured in discrete L? and H'-
norms for two test problems for the Poisson equation. The domain is split into four
equal subdomains that are triangulated independently so that the meshes do not
match along the interface I'. The test problems are designed to check the accuracy
of the interior penalty method. The first example has exact solution u(zy,z2) =
sin®(2rz1)sin®(27x,) so that the normal derivative along the interfaces +;; is zero.
This means that the interior penalty method should have the same accuracy as the
standard Galerkin method in both L?- and H'-norms. This is readily observed from
Table 1. The second test problem has exact solution u(zy,z2) = 22 + z2. We have
observed from our computations that the interface is the main contributor to the
error. Note that the convergence in L?>-norm is of first order, while the convergence in
H'-norm is approximately first order. In the discrete L? and H!'-norms the relative

exact solution u exact solution u
5in?(2mz1)sin® (2nTs) z? + 3

level | # nodes | L%-error | H'-error | L%-error | H'-error | cond. #
1 65 | 0.055362 1.094882 | 0.004712 | 0.066380 30
2 225 | 0.015679 0.589709 | 0.002957 | 0.037646 105
3 833 | 0.004017 0.300594 1 0.001056 | 0.020850 439
4 3201 | 0.001011 0.151084 | 0.000545 | 0.011459 1829
5 12545 | 0.000253 0.075646 | 0.000285 | 0.006398 7385
6 52695 | 0.000063 0.037836 | 0.000141 | 0.003535 29438

order ~ 2 ~ 1 ~ 1| = 0.91

TABLE 1. Numerical results for four subdomains with non-matching grids
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error on the finest (6th) level is 0.03% and 1.95% for the exact solution u(zx;, xQ)
sin?(2nz,)sin(2mz,) and 0.08% and 0.72% for the exact solution u(z1, z;) = x5+

Additional numerical examples are reported in [20], including condition number
estimates and accuracy results for various test problems.
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