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1 Introduction

In this technical report we investigate efficient methods for numerical simulation of active suspensions.
The prototypical system is a suspension of swimming bacteria in a Newtonian fluid. Rheological and other
macroscopic properties of such suspensions can differ dramatically from the same properties of the suspending
fluid alone or of suspensions of similar but inactive particles [2,4,5,7,10-12,15-22,26,27,30,31,33-35,38-42].
Elongated bacteria, such as E. coli or B. subtilis, swim along their principal axis, propelling themselves with
the help of flagella, attached at the anterior of the organism and pushing it forward in the manner of a
propeller. They interact hydrodynamically with the surrounding fluid and, because of their asymmetrical
shape, have the propensity to align with the local flow. This, along with the dipolar nature of bacteria
(the two forces a bacterium exerts on a fluid—one due to self-propulsion and the other opposing drag—have
equal magnitude and point in opposite directions), causes nearby bacteria to tend to align, resulting in a
intermittent local ordering on the mesoscopic scale, which is between the microscopic scale of an individual
bacterium and the macroscopic scale of the suspension (e.g., its container).

The local ordering is sometimes called a collective mode or collective swimming. Thanks to self-propulsion,
collective modes inject momentum into the fluid in a coherent way. This enhances the local strain rate
without changing the macroscopic stress applied at the boundary of the container. The macroscopic effective
viscosity of the suspension is defined roughly as the ratio of the applied stress to the bulk strain rate. If
local alignment and therefore local strain-rate enhancement, are significant, the effective viscosity can be
appreciably lower than that of the corresponding passive suspension or even of the surrounding fluid alone
(see, e.g., [10-12,30,31]). Indeed, a sevenfold decrease in the effective viscosity was observed in experiments
with B. subtilis [33]. More generally, local collective swimming resulting from bacterial alignment can
significantly alter other macroscopic properties of the suspension, such as the oxygen diffusivity [38] and
mixing rates [19,35].

In order to understand the unique macroscopic properties of active suspensions the connection between
microscopic swimming and alignment dynamics and the mesoscopic pattern formation must be clarified.
This is difficult to do analytically in the fully general setting of moderately dense suspensions, because of
the large number of bacteria involved (approx. 10!° cm™ in experiments) and the complex, time-dependent
geometry of the system. Many reduced analytical models of bacterial have been proposed [13, 25,28, 32],
but all of them require validation. While comparison with experiment is the ultimate test of a model’s
fidelity, it is difficult to conduct experiments matched to these models’ assumptions. Numerical simulation
of the microscopic dynamics is an acceptable substitute, but it runs into the problem of having to discretize
the fluid domain with a fine-grained boundary (the bacteria) and update the discretization as the domain
evolves (bacteria move). This leads to a prohibitively high number of degrees of freedom and prohibitively
high setup costs per timestep of simulation.

In this technical report we propose numerical methods designed to alleviate these two difficulties. We
indicate how to (1) construct an optimal discretization in terms of the number of degrees of freedom per digit
of accuracy and (2) optimally update the discretization as the simulation evolves. The technical tool here
is the derivation of rigorous error bounds on the error in the numerical solution when using our proposed
discretization at the initial time as well as after a given elapsed simulation time. These error bounds should
guide the construction of practical discretization schemes and update strategies. Our initial construction is
carried out by using a theoretically convenient, but practically prohibitive spectral basis, which is a Galerkin
basis of functions with global support. At the end of this report we propose localization techniques while
maintaining acceptable error bounds. No numerical experiments were conducted as part of this study, but we
envision that we may undertake such studies and further development of the method, jointly or individually.

2 Bacterial suspensions

We use a model of a bacterial suspension in the simplest way that permits our analysis and captures its two
important qualities: self-propulsion and a propensity of the bacteria to align with the local ambient flow.
Alignment is chiefly due to an elongated shape of the bacteria, such as that of B. subtilis (see, e.g., Fig. 1)



used in experiments [33]. For our analysis the shape is essentially immaterial, so we assume that the I-th
bacterium is represented by a smooth convex body B!, which for concreteness can be taken to be a prolate
spheroid.

Propulsion can take many different forms, from multiple flagella distributed over a bacterium’s body,
which tend to bundle together when rotating and apply the thrust primarily behind one of the ends (the
“tail”) of an elongated body, to a pair of flagella executing a “breaststroke” at the “head” of the organism
(such as Chlamydomonas, which is an alga, not bacterium, but is similar from our point of view), to cilia
distributed over all or a portion of a bacterium’s body and beating more or less independently. Several models
of propulsion have been proposed in the literature [11,14,16,32]. They essentially prescribe a body force in
the fluid and away from B!, representing the action of the flagella, or a boundary condition prescribing the
fluid velocity on a part of the organism’s boundary I'} C dB' and tangential tractions on another I', C 9B
The body force can be singular, such as a delta force applied at a fixed position and orientation relative
to the body coordinates of the bacterium. This could be viewed as an idealized model of flagellar action
concentrated on a very small portion of the fluid. Whenever a boundary condition model of self-propulsion is
used, prescribed tangential tractions have to be supplemented with a vanishing of the normal component of
the velocity on T’ (reflecting the fact that fluid cannot penetrate the bacteria’s bodies), and the complement
OB\ ('} UTL) must be supplied with the no-slip boundary conditions.

In our analysis the precise form of the propulsion model is not impor-
tant. We start with a general model that includes a body force and the
two types of boundary conditions, with the no-slip part absorbed into I'}
so that T'{ UT, = B'. Since the precise biological nature of the swimming
organism (bacterium, alga, microswimmer) is immaterial for our study, we
will use these terms interchangeably, occasionally substituting “particle”
or “inclusion” for them, as well. With these remarks, we can state the
mathematical model of a bacterial suspension. After that we indicate how
to reduce this model to a simplified problem, which we then analyze. The
analysis starts with the description of an approximation (discretization),

]
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Figure 1: A two-dimensional il-
lustration of a prolate spheroidal
model of a swimmer. Shown
are the velocity (I}, red) and
traction (T, blue) portlons of
the boundary and the orienta-
tion vector.

based on the Stokes spectral basis. We show the optimality of the result-
ing initial H'! approximation error and how to evolve this basis as the
bacteria move while maintaining error control. Since the spectral basis is
global and therefore of little practical use in numerical applications, we
discuss approaches to the localization of the basis and the impact of basis
localization on the obtained error estimates.

2.1 Mathematical model

We model a suspension of N neutrally buoyant (active or passive) particles

using the Stokes equation with mixed boundary conditions:
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w)n x (z —2')dS +T' =0,

where V C RY, d > 2, is such that 9V is smooth (e.g., C®), 1 NIy =0, I'y UTy = U;0B', 2! is the center

of B!, defined as
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o(u) == —pI + 2ne(u) is the stress tensor, e(u) := 3(Vu + VuT) is the rate of strain, f € H@=D/2(Vp),
h € HY9V), and F!',T' € R3. We also require that fav h-ndS = 0 so that we may have V-« = 0. All
quantities, including the domain, are time dependent via the balance of forces and torques. The existence
and uniqueness of solutions to equation (2.1) are proved in [9].

2.2 Simplified problem

The problem can be simplified by considering the solution of

—nAu+Vp=fV-u=0 z€Vr:=V\UB!

u=0 z el NOB!
u=0 x €IV
u-n=>0 x €Ty NIB! (22)
o(u)yn —n(o(u) : nn) =0 r€TyNoB!
fl—f:v x €0V,

where v(z, ) is sufficiently regular (as we will show below, (C3(Vx))4 is sufficient) for each ¢ € [0, T] subject to
V-v = 0. We can use equation (2.2) to solve equation (2.1) by first constructing divergencefree functions ¢’
with disjoint support! whose sum satisfies the boundary conditions in equation (2.1). One can then produce
a solution to equation (2.1) by adding a corrector, which is a solution to equation (2.2) with f =Y, ¢’

3 Spectral basis

For simplicity, we will henceforth consider purely Dirichlet boundary conditions (that is, T's = 0). Our
construction readily applies to the general case that includes Neumann boundary conditions by considering
the corresponding eigenfunctions. For a fixed time ¢ € [0, 00), let S(¢) denote the closure of the set

{ve (C®Vr(t)*|V-v=0,v=0forz € OVp(t)}
in the (L2(Vr(t)))? norm, and let S™(t) := S(t) N (H™(Vr(t)))%. S(t) is equivalently defined [36] as
S(t):={ve (L2(VE®))|V-v=0,v-n=0forz € oVp(t)},

where V - v = 0 is to be understood in a weak sense and the equality on the boundary must be understood
in the sense of traces in (H~'/2(dVg(t))). Furthermore, we can decompose (L?(Vr(t)))? = S(t) @ S*(¢t),
where

S*H(t):=={Vplpe H' (Vr(t)}.

The following theorem is proved in, for example, [36].

Theorem 3.1. Lett € (0,00) be fivred. For all f € S™(t) and m € N, the equation

—nAu+Vp=f,V-u=0 =z Vp(t)
u=20 (EGVF(t)

has a unique solution u € S™2(t) with p € H™ (Vg (t)). Furthermore, 3Cy, > 0 such that (u,p) satisfies

ull gz eyye + 1Pl mss vy < Cm 1 lirm vy (3.1)

It is a standard result that S(t) is compactly embedded in S?(t). Therefore, the solution operator
S7L(t) : S(t) — S(t) D S?(t) to the Stokes equation is compact. Hence, the Dirichlet eigenfunctions of the
Stokes equation form a complete basis for S(¢). Furthermore, the set of eigenvalues {\;} is countable, and
A > 0 for all k.

LGiving the functions disjoint support allows one to enforce the constraints (balance of forces and torques) in equation (2.1).



Let V" denote the span of the first M Stokes eigenfunctions (¥, ¢5) (ordered such that their eigenvalues
are increasing). In particular, (¢¥F, ¢F) satisfy

{ —nAYf +Vof = Mo, Ve =0z € Vr(h) (3.2)

¢f =0 MRS 8Vp(t)

Without loss of generality, we will assume that the eigenvalues are ordered such that 0 < A; < Ay < ...
Methods for solving Stokes eigenvalue problems numerically are outlined in, for example, [6,23]. Let (f, g):
denote the L?(Vx(t)) inner product of f and g and

u(t) =Y er(t)ir,
k=1

M
un(t) =Y ek(t)f,
k=1

where ¢ (t) := (u(t), z/;f)t. We can estimate the finite-element method (FEM) error as

S (L
lu(t) = un O e ey = D &= - ((Al)tg)t
k=M+1 k=M+1 t
1
=< WHfH%Z(VF(t))' (3.3)
t

One can also estimate the H'—seminorm error as

3 =k ()’
IVu(t) = VunOl 2 vy = Z Afcr(t) = Z AF ()\k§2
k=M+1 k=M+1 t
1
< Wﬂf\\%%vp(t)y (3.4)

For Dirichlet boundary conditions, the eigenvalues of the Stokes equation have the asymptotic behavior (see,
e.g., [1] (d=3), [24] (d = 2))

k (2m)? L —2/d1.2/d
A n(wd(d—1)> [VE| k<%, (3.5)

where wy is the volume of the unit ball in RY. Therefore, if we set M = h~%|Vp|, that is, the number of

degrees of freedom in a piecewise linear basis on a triangulation of Vg, we can rewrite equations (3.3) and
(3.4) as

2
. Nu—=unlley 1 <wd(d—1)>d
lim —e——— = — | — 3.6
h—0 h2||fHL2(V) n (277)d ( )
and
1
Vu-—V 1 d—1)\14
g Vo= Vunllzgr) 1 (Wd(d)> , (3.7)
=0 Al Vi (2m)
respectively.

To resolve the particle boundaries, one can represent the basis functions using a triangulation in a
Lagrangian coordinate system or using an arbitrary Lagrangian-Eulerian method.



4 Advection of the basis

To produce an efficient method, we wish to avoid recomputing the basis of V" at every timestep t; := ir,
where 7 > 0. Henceforth, we will allow the domain Vg to evolve, and we will denote by Vg (t) the domain at
time t. Instead of recomputing the basis at each discrete timestep, we will assume that at each timestep we
are given a vector field v, € C*(Vr(t;)), which we will use to advect the domain and basis. For z € Vg(t),
let Iy, (x) := @ + vy, (x)7. We will define Vi (tiy1) = {F(x)|r € Vr(t;)}. The advected basis functions
will be referred to by Ay, 1§, where 9§ is the Stokes eigenfunction in Vx(0) corresponding to the eigenvalue
Ak In the context of solving equation (2.1), this will simply be the FEM solution of (2.1) at the previous
timestep—that is, vy, = up(t;—1). The basis functions will be advected by defining

Ati+1 w(]Jc (.ﬁ) = VFti+1 (thjl (x))Atz wg (Fttjl (l‘)) (41)

Note that for 7 — 0, Ay, +1¢§ is the Taylor expansion of the solution to

6Atz‘ 1wk

8+t ko + [vti’Ati-f—lw(]ﬂ =0 HAS VF(ti+1)7 (42)
Ati+1’¢)0 =0 T € aVF(ti—O—l)

where [¢, x| is the Lie bracket defined by

e Ox o€
X = &5 —xg (4.3)

Furthermore, Ay, %¢ is divergence free for all i. Nevertheless, A,1% does not produce a good approximation

to ¥—in particular, the advection in equation (4.2) does not preserve the L? norm of ¥§. Therefore, we
construct a “corrector” in order to create a good approximation. We can do this by solving the system

M
Apy 08 (@) = Ar A (@) + 7Y af Ay 05 (), (4.4)
j=1
where, for j # k,
E_ n J . k
aj _)\{i TN [2 /‘/F(ti) (VAtizbOe(vti)) : VA, Y dx
[ (TP VA Al - AV A - A de
VF(ti)
_ / le(ve) : (VAL (TAGE) ") + (A V2o, ) VAL de
Vp(ti)
+ 2)\@ / Atii/}](fAtﬂ/J{)- e(vy,) dx]
VF(tL)

and, for j =k,

ok == [ (Auvfelon) - A o
Ve (tl)
The derivation of these formulae is left for the proof of Theorem 4.3.

4.1 Perturbation of Stokes eigenvalues

To study the error in advecting the basis, we will need to understand how the eigenvalues of the Stokes
equation change upon perturbing the domain. We will first consider the case of Dirichlet boundary conditions.



Let (¥, #¥) be the solution of

P =0 x € OVp(t), '
where Vp is a bounded domain with a smooth (C*°) time-dependent boundary. The velocity of the boundary

v is defined by the limit [8]
()~ 2(0) - n(0)

t—0 t ’
where x(0) € OV (0), z(t) € OVEr(t), the line between x(0) and z(t) is perpendicular to OV (0) at x(0), and
n(0) is the normal to Vg (0). Note that in equation (2.2), we have v = v - n.

The rate of change of an eigenvalue is defined by

(4.6)

d\f
AP =k 4.7
We will use the moving equivalent of the fundamental theorem of calculus, given by (see, e.g., [8])
d OF
— Fdx = / ——dx —l—/ vFdS (4.8)
) Vi(r) O OVin(t)
and the corresponding formula for surfaces
d oF
—/ FdS = —dS — vkF dS, (4.9)
dt Jovie ) ove() Ot OV (1)

where k is the mean curvature of 0V and % is a derivative defined for scalar fields on moving surfaces,

given by

oF OF

Theorem 4.1. The rate of change \*' of a simple eigenvalue \F of equation (4.5) is given by
Ao = / vk vyl ds, (4.11)
OV (t)

where v is given in equation (4.6).
Remark 4.1. This proof is similar to the proof of Hadamard’s formula given in [8].

Proof. First, differentiating equation (4.5) and applying equation (4.10) to the boundary conditions, note
that %—f solves

0uf | 0ok _ \k ouf . vk _
—NAGE A VG = XU+ MG VG =0 2 € V(1) (4.12)
B — % x € AVp(t).
Multiplying equation (4.5) by vF and integrating by parts, we can write lambda as
A= / vk - vyl de. (4.13)
Vi (t)

Therefore, using equation (4.8), we have
k, d k. k
At T Vb - Vi dx
Vp(t)

k
=2 / vk v% dx +n / vk - Yk ds.
Vi (t) ot OV (t)



Integrating by parts, we get

o k
— oy [ wbat

dr +1n / vV L Vil ds.
Ve (1) ot OV (t)

From equation (4.12), this is equal to

_ k ky 1 OUF d¢; k k
=2 PE (AR NP L v ) da 4o vV Vi dS. (4.14)
VF (t) 3t at aVF (t)
Note that
Yk ykde =1 (4.15)
Vi (t)
and hence
d ok
— F pF dr =2 ok dx (4.16)
dt Jypwy =" V() ot
since ¥ = 0 on Vp(t). Furthermore, integrating by parts, we obtain
0Pk 0 Dok
u)f-vﬁdm:/ vk (btd +/ RO% g5 —o, (4.17)
Vi(t) ot Ve (1) ove(ry Ot
from equation (4.5). Combining equations (4.14)—(4.17) yields equation (4.11).
O
The following lemma will be needed to determine )\ for eigenvalues that are not simple.
Lemma 4.1. For all i,k € N,
/ (vVYF) - n¢idS = 0.
AV (t)
Proof. Using the divergence theorem and the boundary conditions on ¥, we have
0:/ Yy -ngldS = Yy - Vi dz.
OVF(t) Vr(t)
Therefore, using equation (4.8) and the boundary conditions on ¥, we get
d .
0=— k. Vel da
dt Sy ! K
Ay 3@]
= Vi 4 ¥ dz.
/VF ) [ ot Tt Tt ot
Integrating by parts and using equation (4.12), we get
ok , 0 ;
oz/ ﬂ-mﬁ;dsz—/ wtqﬁtds——/ (vVyy) - ngldsS.
ove) Ot Ve (b) "on OV (t)
O

Theorem 4.2. Let {wf}é\/le be the orthonormal eigenfunctions corresponding to a repeated eigenvalue of
equation (4.5). Then all values of X, are obtained by solving the eigenvalue problem

M
> Dixd; = —Njdy, (4.18)
=1



where
8'¢t ot
Dy = 7]/ —dS, 4.19
OV (t) a’fl Bn ( )

simultaneously for N, and dy.

Remark 4.2. This theorem tells us how repeated eigenvalues evolve. For every eigenvector d of equation
(4.18) with corresponding eigenvalue X', the function ), dpab¥ | which is itself a normalized eigenfunction of
equation (4.5) at ¢ = 0, evolves into an eigenfunction of equation (4.5) at t = 7, where 7 is an infinitesimal
quantity, with eigenvalue A + 7). Without loss of generality, we could choose an orthonormal basis from
eigenfunctions of (4.5) such that D is diagonal. With this basis, equation (4.11) holds for all eigenvalues.
We will use this fact when proving the error estimate.

Proof. Let
. M
,(/Jt = Z dk),(/)fa
k=1

and define ¢, similarly. Note that 1; obeys equation (4.5) and 85%

multiplying it by ¢;", and integrating, we get

o |
VE(t)

The term involving ¢, vanishes by equation (4.17). Since d,, = fVF( " Yy - " de, this equals

B /Vp(t)

Integrating by parts twice, we get

obeys equation (4.12). Taking the latter,

0 o?
nAG -V d’t P X o+ A ”’t S

O

A
=5

0
P+ 2o ‘”t wt] N

:/ Vﬂ Vb +>\ﬁ Y| de — Ndy,

O Oy / wt Oy /
=— _— ds + + A— Y| dx — Ndm,
n/BVp(t) ot on Vi (t) 8t ,(/)t ot ,(/)t ¢

in which the second integral vanishes by using equation (4.12) and noting that

Oy
Ve dr =0
/VF(t) ot ¢

by Lemma 4.1. Recalling the boundary conditions for 2 815 , we get the desired result.

We will now prove a necessary lemma.

81/% _ N / awt awt
( ’wt>t_)\f—)\§ Vonan

Lemma 4.2. Fori #k,




Proof. Applying equation (4.8), note that

d .
0=— Vk  Vyplida
dt Jve ()
) , .
= / — (Vor : Vi) dz + / vk VipidS (4.20)
V() Ot OV (1)

Furthermore, integrating by parts and using equation (4.12), note that
k . E
/ V%:ngdx:f/ A%~ ¢ dx
1 Aot ) OVF

= VR N N g da
U/\/F(t){ ot AT !

Noting the L?-orthogonality of the eigenfunctions as well as equation (4.17), this is

AF ok
A (4.21)
Next, note that applying equation (4.8) and the boundary conditions ¥ = ¢! = 0 on dVp(t), we have

d 2

0=— Pl de = / Ykl de. 4.22)
dt Sy 0" Vot 8t( £ v (
Combining equations (4.20)—(4.22), we get the desired result. O

4.2 Error estimate for advected basis

In the following theorems, we will need to take limits where 9 is evaluated outside V¢ (0). To make such

evaluations well defined, we will assume that 9 is extended such that ¥% is C? throughout V(t) and satisfies

—nAYE + Vo = AEwk in Vi(t). Note that we do not enforce any boundary conditions on 1§ on OVg(t).
We are now ready to analyze the error in the advected basis.

Theorem 4.3. Let {\F} be the eigenvalues of equation (4.5) corresponding to the eigenfunctions {1F} at
time t. Assume the eigenvalues are ordered such that 0 < A} < A2 < .... If \} is a multiple eigenvalue,
assume that the corresponding eigenfunctions satisfy

i J
/ A . %dS =0
Ve (0)

V@n on

or all i,j such that N} = M. The error in approrimating the eigenfunction k by the advected eigenfunction
0 g g T g
ATz/J(’)“ is given by

[0F = ArvE || L2 vy

By, T, h?

2

1 (wald—1)\2 [T

S; ((27r)d /O [4BXEle(0)ll (120 (v (0y)yaxa + 24/ AEN AVl (Lo (v (2))2
+ |V A[ (oo (v (1)) 2xa] dt, (4.23)
where Agh
B = sup I ¢o||(L1(vp(o)))d <Gy
k >\0



and Cy is the constant in equation (3.1),

IV (05 = Arv6) | 12 v )y

Y, ey n
1 (wq(d—1) @ (T
(d—
S% ((27T)d> /0 [45/\fHG(U)H(Loo(VF(t)))dXd+2\/;f||AU||(Lw(VF(t)))d
+ VA (o (v (2] - (4.24)

Proof. First, note that doing a Taylor expansion in 7, we can write

Arwo = [I + 7Vg ( + vo(z)T )_1)] z/)g ((33 + Uo(x)T)_l)
[I + 7V (z) + O(r )] [1/)6“(95) — TVz/Jg(x)vo(x) + (9(7'2)}
)

= 96 (x) + 7 [v0, 5] + O(7?). (4.25)
Also, note that
vt = v+ 728 L o) (4.26)
Therefore, there exists C' > 0 such that
E k 0,k 2
|7 — Aripg — TE” H(Lz(vp(o)))d <Cr
and
k k 0,k 2
||V(¢T - AT¢0 —-TE )||(L2(VF(O)))d><d S Cr ) (427)
where
0
EOk = ﬂ + [vo, UE] - (4.28)

Since V - E%* = 0 in V#(0) and E%* =0 on 9V (0) (from the boundary conditions in equation (4.12)), we
can write

o0
k_ Z a§¢67 (4.29)
i=1
where
af = (B™",4)

Note that for i # k, from Lemma 4.2,

ok -1 Lovt ov
( ,wt) -5 A%./ oL LS. (4.30)

When i = k, we have

(81/“ ,wt> =0 (4.31)

from equation (4.16). Now, using equation (4.5) and integrating by parts twice, we have

(90t 0), == 2 [ ovetavidos 5 [ ovelVoide
t JVg t JVp

10



= (VoY) VY + (092 V] da

At Jve
1 k 1 k i
N Vi (V )" ¢y dr + — X (vVYy) - ngpdsS
t JVp Vg
)\t 6VF

Integrating by parts yet again and using equation (4.5), we get

U k i 2 Ak k i
:;/ {(th Vv) : Vi — (Vo ¢t) Q/Jt + *( Vr) -
t JVp 77
—% (vV2¢Y) -ng] dx — Ai wf (V)T ¢l da
1 57/% 8¢t
ty /a . (054F) -noids — 5 /a v G
) ) /\k .
:Aﬂ/ {(waVv) VY 4+ (VEIV0) - ViF + 25 (0Vyf) -
t JVe n
+ i YivoT Vol de — i vwf (V)T ¢l da
At v A

1 3% oy
+)‘i /avp(vth) n¢tdS )\Z /avp o n ds.

From Lemma 4.1, we know that

/ (vVF) - nept dS = 0.
oVg

Therefore,
b i 1 / 6% Py / k T i
_ . : d
(Vo vy), = N n - v Lo ds +n o (Vo (Vo + (Vo)")] : Vi dz
; YivoT Vol dr — ; vk (Vo)L ¢! dw].

In a similar fashion, using equation (4.5) and integrating by parts several times, we have

. A 1 A
(UFVo, ), = — = [ (AgIVo) - F do+ — wvaTV¢z dx

Ay A
:% [(VoVY)) : Vi + (VP wt) L V| da — Ai Vr - Vol ¢t da
t JVp t JVFp
== [ [@vkvo) i+ (0w s vt - (FRout) : Vi) do
— i vk Vol ¢l de
)\’ Ve
(z/}tv 1), / VIV VeF da —% wf : Vol ¢ da
+ y [(VZvaé) S = (Vipf V) - 4hf] da.
t

11
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Combining equations (4.30)—(4.33), we get that, for i # k,
1 . .
a¥ = [ - 27]/ Ve (Vi) e(v) da + 2/ VeV or :e(v) dx
A0 - )‘0 Vi (0) Vr(0)
o[ (T v+ (U i) s (439
7 (0
and, for i = k,
k== [ (ubetw)) - v do. (4.35)
Vr (0)
Using equation (4.5) and integrating by parts, we rewrite equation (4.34) slightly:
1 ) ) )
af == [277/ (1/)6V2¢§) ce(v)dx + 27]/ (V%“Av) -y dx + 2/ 1/)6V¢>§ ce(v)dx
Ao — A Vi (0) Vi (0) Vi (0)
+ 7]/ YRl VA da:} . (4.36)
VF(0)

In light of equations (4.4), (4.1), and (4.25), A; = 1+ O(7). Therefore, 3C' > 0 such that
6k, = Ao, 8 s v ey < ZHAm or (h — Acut_,)

< Z [t — At
=1

Therefore, noting equations (4.4), (4.27), (4.29), (4.36), and (4.35), we have that 3C > 0 such that

H(H1 (Ve (tn)))4

2

(H (Ve (t:)))*

N
Hd)fn - AtnwlgH(L‘Z(VF(O)))d < TZ

=1 j=M+1
al 1
<r > g [V et lle= +2/ fort s
i=1 "'t t;
where A k”
Yo ll w2 (ve ()4
= < C
B sup i <Co
and Cj is the constant in equation (3.1). Similarly,
Hvﬂ)tn VA b H (L2(Vi(0)) . < TZ Z (ti))Q +C7r?
j=MA+1
N %7\4+1
<y W [ e(v,) AL +Cor2. (4.38)
i=1 "'t t;

Noting equation (3.5) and taking the limits &~ — 0 and 7 — 0 in equations (4.37) and (4.38), we get the
desired result.
O
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4.3 Full error estimate
Theorem 4.4. Let u solve equation (2.2), and let up(T) = 224:1 ark be the Galerkin solution of equation
(2.2) in VH(Vp(T)). Let @y := Y pey anAril. Then
lu(T) — ﬁh(T)H(Hl(VF(T)))d
< |w(T) = an (D) (a1 (vie (7))

< Nw(T) = un (D)l (a1 (vie ()t + lun(T) = (D) (a1 (vie (1)) (4.39)
where
T) — up(T 1 1)\ @
i D) = un (D)l ve(rype _ 1 (w(d g )) (4.40)
h—0 Rl fll (2 (v (1))@ v\ (27)
and

o Nun(T) = an(T)| (v ()
lim lim
7—0h—0 h”f”(H(zdfl)“(VF(T)))d
28d| V| /4 r
< .
B (27T)1/2+d771/4+d ((d _ 1)|VF|Wd)1+1/2d /0 He(v(t))H(Loc(VF(t)))dxd dt

(4.41)
Proof. Equation (4.39) follows from the triangle inequality and the definition of @,. Equation (4.40) follows
from equation (3.4). Note that

M

> ak (VF, — A f)

k=1

lun(tn) — @n(En)ll (1 (Vi (t0)))2 =

(H' (Vi (tn)))?

M
Z )\k 1+a/2 '(/Jtn -/‘ltn'(/J(IJc
s Ok (AF yi+ar2

(HL(VF (tn)))?
1 1
ok ea) (S ek — Ay 05| 2
tog n -
Z (A 2 |y
k=1 k=1 tn (HI(VF(tn)))d
1
k k(2 2
< M th - Atn%H(Hl(vp(tn)))d 4.49
S B [ O )2re (4.42)
k=1 tn
Using equation (4.38), we have
k k1|2
i 8, = Aen 98l a1 i e
P ()\éﬂn)QJra
N M )\M—‘rl
<r? 166%(\ v + 4Nk IAY +Crt
;,;(AMH AR e |07 el 4 | a

)\M+1
<7 Z [ s DO O Pl + v e N [9 80] O

Setting o = L, applying Theorem 4.3, equation (3.5), and taking the limit 7 — 0, we get equation

(4.41). O
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5 Basis localization

Solutions to equation (3.2) are expensive to compute, so we will simplify the problem by using solutions to
localized problems.

5.1 Stokes Neumann eigenfunctions
For D(t) C Vg(t), let Sp(t) denote the closure of the set
{ve (C®(DM)NYV -v=0,v-n=0forz € dD(t) N oVp(t)}

in the (L2(Vr(t)))? norm and define S (t) := Sp(t) N (H™(D(t)))¢ for m € N.
The following theorem is established in [9].

Theorem 5.1. Let t € (0,00) be fized. For all f € ST (t) and m € N, the equation

—nAu+Vp=f,V-u=0 x € D(t)
u=0 x € OD(t) N IVE(t) (5.1)
o(u)n =0 x € OD(t) \ OV (t)

has a unique solution u € ST2(t) with p € H™ Y (Vp(t)). Furthermore, 3C,, > 0 such that (u,p) satisfies
ullgmsav e -+ 1Pl vy < Con Il (52)

Once again, the solution operator S;,'(t) : Sp(t) — Sp(t) D S%(t) to equation (5.1) is compact. There-
fore, the eigenfunctions (w’f)’t, ¢’B7t) satisfying

_UA¢%,t + v¢%,t = /\'B,twkp,tv V. w%,t =0 reD
Yhy =0 r€9DNIVp (5.3)
o(¥phIn=0 x € 0D\ 0Vp

form a complete basis for Sp(t). Furthermore, the set of eigenvalues {A}, ,} is countable, and A}, , > 0 for
all k.
We will need the following

Lemma 5.1. Let u € (H3(Vr))4N (H?(VE))4. Then

M
lim |ju — Z Ckwlf),t =0, o
M—00 k=1 (HY(D))4
where ¢y, := (%d’%,t)(lﬁ(D))d'
Proof. That
M
lim ||lu — Z Ckwlf),t =0 59
M—o0 k=1 (L2(D))4

is a standard result [3]. Let u¢ € (C>(D))¢ be such that V-u¢ =0, u(z) = 0 for allz € 9D NIV, Za =0

for all x € 9D \ OV, and |[u® —ul| (g1 (pyye < € let cf, = (Um,w%’t)(LQ(D))d, and let ug, == Y ,0 ¢ ¢p - By
the variational form of the eigenvalue problem (5.3) and the triangle inequality, we have

<
(L2 (D))dxd

Hvz et , — Vu

k=1

VY b, — Vu
k=1 (L2(D))dxd

m

€ E € 1k

V'U/ _V Cka,t
k=1

< ||VU — VUEH(L2(D))d><d +

(L2(D))
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The first term is bounded by €. To control the second term, note that
VUl (2 (pyyaxa = VU = Vug, + Vug, || 2 pyyaxa -
Furthermore, since (Vu — Vug,, Vuy,) 12 (pyjaxa =0, we have
VUl (r2(pyyaxa = VU = Vug, |l z2(pyyaxa + [IVug,ll 2 (pyyaxa -

Therefore, we need only show that |[Vuf, || 12(pyjaxe = [Vullp2(p)jaxa as m — oo. Since

M
€ 2 €
||vum||(L2(D))d><d = Z A’B,t(ck)Z,
k=1

this is equivalent to showing

2
[Vu ||(L2(D))dxd = Z)‘Dt (¢)°

Let ¢g¢ := —nAu® for x € D. Then, since either u¢ or %% = 0 everywhere on 9D, we have
€ 2 € € € aue
[Vu ||(L2(D))dxd = —(Auf,u )(Lz(D))d +/8Du “on

1
=5 5wy

Furthermore, integrating by parts several times and using the boundary conditions on » and Wf),t» we have

(gev ¢IB,t)(L2(D))d =—-1 (AUE7 w%,t)([ﬁ(D))d

8u dS

=n (vue7 Vz/}%,t)(L’z(D))dxd =N oD

= (Ue, —nA%,t + V¢IB,75)(L2(D))‘1 + (V u ’(bD:t)(Lz(D))

. Ouf
+ /BD [U(qﬁ%,t)” U — o ¢lk3,t:| ds

>‘D tCk
Noting that [3]
€ k
(g uf Z 7¢Dt (L2(D))d ( ’wD’t)(L%D))d’
k=1
we then get that
IV} =Ly
(L2(D))dxd Dt\*k/) >
=
as desired. -

5.2 Localized basis

Let {D;}N5 be a nonoverlapping decomposition of V. Fix § > 0, and let D} := {x € Vp|dist(z, D;) < &}.
Let & be a partltlon of unity subordinate to {D}}. From Lemma 5.1, we can deﬁne a localized basis by using

15



the functions {&h),} fori=1,...,Np and k =1,...,h=¢|D}|. Let A;, be defined as in equation (4.1). We

can advect the eigenfunctions as before, by defining the evolution operator A;, via

M
Ati+1 ’(/}’B,O(‘T) ::AT‘Ati Z/}’B,O(m) +7 Z a’?‘AtiJA Q/JJD,O7
=1

where, for j # k,

E__ 7 / i . .
G | VA, e(vy,) ) : VA, dx
J )\i - )‘ﬁ { Vie(t) ( tﬂf’D,o ( t)) t:¥D.o

+/ [(V%tiVAtﬁ/){),o) Ao — (VALY 0 Viy,) .Atiij,O:| dx}
VF(ti)
and, for j =k,
dh== | (Awhoelon) Avub da.
VF(ti)

The error due to advection is quantified in the following theorem.

(5.7)

Theorem 5.2. Let {/\’fj,t} be the eigenvalues of equation (5.3) corresponding to the eigenfunctions {1#375}
at time t. Assume the eigenvalues are simple and ordered such that 0 < A\p o < A}, 5 < .... The error in

approximating the eigenfunction w]’gvT by the advected eigenfunction .ATz/JBO is given by

lim i qu/}D T ATwD 0|| (L2(D(T)))4
70 h—0 h?

(d-1\* [ o
wq —
§ <(2ﬂ-)d) /0 [2BA%7t||€(U)||(Loo(D(t)))d><d + 4 )\%,tHVQUH(Loo(D(t)))dxdxd]dt,

where Ak
I 1/)o||(L’;‘€(vF(0))>d e
)\0

B = sup
k
and Cy is the constant in equation (5.2), and

lim lim IV (h.x = Arbo)llgegoiryoms
7—0 h—0 h

1
wd(d — 1) d T
< ((Qﬂ-)d 0 [25A]l€),t|‘e(v)H(LOO(D(t)))dxd + 4\/E’t”vz’l]H(Loc(D(t)))dxdxd]dt.

Proof. First, note that doing a Taylor expansion in 7, we can write

Aﬂ/}élk [I + Vg ( + vo(x)T)fl)] 1/),’570 ((x + vo(x)T)fl)
= [T+ 7Vvo(z) + O(r?)] [¢) o(x) = TV o(2)v(x) + O(7%)]
= 7/’D,o(x) +7 [”071/)’15,0] +0(7%).

Also, note that

v}
Uby =Vho+ 752" +O(%).
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Therefore, there exists C' > 0 such that

||¢BT - ATWLC?,O - 7'ED’OJC||(L2(D(0)))d <Cr?

and
HV(WB,T - ATw%,O - TED’OVk)H(LQ(D(O)))dxd < CTQ’ (513)
where
ok
EDOF TIZ*O + [vo, ¥ 0] - (5.14)

From Lemma 5.1 and the fact that V- EP:%k =0 in D(0), we can write

e}
EPOR =3 aftho, (5.15)
i=1

where

af = (EPOF 4h ) .

?

Using the boundary conditions in (5.3), we get that for x € 9D \ dVp,

0 don o . Uén
= — = —n _
ot ot ot
It is shown in [37] that
on
Ty
5t oDV,
where Vyp is the gradient operator on dD. Therefore, for x € 9D \ OV, we have
9o (V)
Tm” = _ang(wjlg,t)n + U(¢§),t)V8DV-
Using this observation and differentiating equation (5.3), we get
k k k k
—Uk.A &gﬁj + Vka(git)’t = Npetb o+ A, ai})}f’t’ & adgg’t =0 veD
D1 — 200 x € 9DP := D N OV (5.16)
k
8g(gf’t)n = —vnVo (P Jn+ oW} ,)Vapv r € ODN := 9D\ OVp.

Therefore, for i # k, we have

ot 1
aiﬂf’t 3k
t Dt )‘D,t D
in which the second term vanishes. Integrating by parts twice and noting that wjj’t =0 on 0DP, we get
| by (0uh. ) o0
= V2 (v :vid—/ L) n- gl dS
N /D77 ot +< ot > Vb de BDNU< ot )n Vb,

1 O, ; vk, Z_ S
_>\I€D7t{—77/D 5 “AYpdr+n T (Vl/}D,t—F(Vz/}D,t) )ndS

aw%,t i Lk k 7
Vol =5, | ¥bs— bWy Y| d,
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awg,t i
_/BDNU( 5 n~¢D,tdS}

(5.17)
Noting that
MWhi o . . OVhy
= . Vo da?:/ 1oy, =~ -ndS
I ot Dt oD Dt ot
and using equation (5.16) once more, we get
0 1 i 1/J oYy i
( wtﬂ/&) :)\k[/ Dt A; Dt ’(/JDt / v 8D’t"7(1/}0,t)”ds
Dt Dt LJD DD n
- / (—VnVa(¢Bt)n — U(ngt)VaDl/) . 1%),,5 dS} )
ODN
Integrating by parts and doing some further simplification, we get (recall that i # k),
( Dt,Q/JDt> M{/ vo (7/1D7t)71. aD,tf ds
Dt Dt~ D, LJoDP n
+ /8 _,, (vnVolh gn +o(Wh )Vopr) - U, dS}
-1 / ; 1/)D t
= vo (Vp ) n- ds
A=A, { apD Wb =,
/ —vnVo(ph )n+vVap - o(¥h ) - ¥h, dS
/ wD t Vc‘iDQ/JiD,t dS} :
Noting that V = Vgp + n%, we have
-1 [/ ; OV 4
= vo (Yps)n- =~ dS
A= A%, L oo N on
+ / V/\Ifclt%kj,t : '(/)iD,t ds
ODN
- / vo(¥h ) : Vaptp dS} (5.18)
aDN
When i = k, we have
0
( %f,wp t> =0 (5.19)

from the normalization condition Hz/)gtH(Lz(D))d = 1. Integrating by parts twice and using equation (5.3),
we have

. 1 .
v k ; % = vV (V- k o
(VYD 1Y) s )‘]Ic),t/D’U (Voo (¥b4)) ¥, do
1 ) ) 1 .
- L / (Vo (W) : Vot v (Vo () : Vibly,] do — —— / (Vo (¢h,) v) : ¥ ndS.
Abt /D Ab.: Jop

(5.20)
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Now, integrating by parts and using the fact that V - v = 0, we have

/D (¥, Vo (v5,)) : Vode = — /

D

(Voo () : (V)" da + / (Voo (i) : ¥ mdS.  (5.21)

oD

Furthermore, by the definition of o (77[}%,75) and the fact that V - w}),t =0,

/D” (Vo (vh,)) : Virp,, do = /

[0 VbV v (Vb)) Vbt (V) (Vub)' ] da

- /D (0920),) : Vi o + (0920, + (V)| do
Integrating both terms by parts, we have

== [ [(V6h0) s Vb + (Vi) - A ] don [ (Vo) - (Vup,m) d
-7 /D (Voh Vo) : Vi, do + 1 /8 . (Voh ) - (nV)h,) dS. (5.22)
Using equation (5.3) and integrating by parts, we have

/D (ijkD,tU) 'A¢iD,t dr = / [ iD,t (V¢Btv) 'Tbjj,t - (ijkj,tv) 'V(élb,t] dx

D
i i T i
:/D [ Dt (V¢kD,tU) ‘¢D,t +Vu: (Vqﬁ%,t) ¢D,t] dr — /aD nvwgtwm ds. (5.23)
Therefore, combining equations (5.20)—(5.23), we get

_ 1
/\kD,t - >‘ZD,t

4 [ 1= (Vo (@ha) ) s whnt (Voo (vh,)) s vhn
oD

(0T 5) [ 1= (o0 (b)) (T0b)" = (T0h ) 20 (0,) ) do

(Vb ) - (o (W) )] ds} . (5.24)

Using the fact that V = Vyp + n%, we can rewrite the boundary terms as

S| 1= (o b o) whun+ (Voo (b)) s bt (V0ho) - (0 (vh,) )] a5

1 : M
33 Lo 7o b s
)t )

+ /BDN VAkD,t¢%,t 'U’E,t ds — /aDN VU(¢%¢) : VBD%D,t ds
ok
= (5%) : (5.25)

In a similar fashion, using equation (5.3) and integrating by parts several times, we have

)‘D,t - )‘D,t

1

(V’lekj,t’ ¢%),t)D7t == N
Dt

/D (W, V0) - V -0 (8h,) da
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1
Nbi

/D (V5 V) 10 (V) + Voo (V) ) : Vip,] da. (5.26)
From the definition of op 4,

. . . T .
/D Voo () : Vi, dz = /D [~ Vo Vi 0+ nVoVh Vi, + Vo (Veh,) " s Vi, | do.
(5.27)

Furthermore, integrating by parts and using equation (5.3), we have
0 [ VoV Vb= [ [ VP Vi, Vovh, Avb ] de v | (Touh,) - (Ve on) dS
D D D
_ E o2, . i k i i
*/D [*WJ’D,tV v:VYp,+ Vo, - ( DVDt — V¢D,t)] dz
+n/8 (Vo) - (Vipp, - n) dS. (5.28)
D
Integrating by parts once more and using equation (5.3), we have
[ vty Vo dn=— [ woi (i) ohedot [ Touh b, nds. (5.20)
D D oD

Therefore, combining equations (5.26)—(5.29), we get

, 1 ‘ . T '
(vmﬁ)’t’wbvt)at N\ [/ [ (wb,tv2v) -0 (wg,t) —Vu: vwb,t¢%,t +nVv (ngt) Vb,
D,t D,t D
b, V0 Vo = Vo (wh) ehil detn [ (Touh,) - (Vb n) ds
— | Voup b, ndS}
oD
Adding
[ Vb Vuuh, nds = /D (V20ulh s (Vb)) + Vovuh, : (Vep,)'| de,
we get
(vali‘),tﬂ/’b,t)nt N o {/ [(WD,tV%) e (d)BQ —Vu: VWD,@]BJ + Vv (ngt) co (Vhy)
Dt Dt D
— 2995, V20 e (V) ] d:v] : (5.30)

Combining equations (5.18), (5.19), (5.24), (5.25), and (5.30)), we get that, for i # k,
1 ) . .
eV i { /D [ 20 (Voewsh,) (Vb)) = 2(Vhe(v) 10 (¥h,) = (Wb, V70) o (vh,)

1
)‘D,t - /\D,t

+2e(v) : V%,tqﬁ’iv,t + 27I¢Btv2v - € (7/137,7:) ] d:p] )

which, integrating by parts and simplifying, we can write

1 ) ; )
=i { — 2/ VqSlB’te(v) “Ypydr + 277/ (wb7tv2¢,k37t) ce(v)dx + / (Vz/;,’%,tAv) “Ypdx
Dt D D D

k
/\D,t -
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njgaﬂmﬁu>:V¢%¢dw72n/;wg¢vav:vw%¢dwfn/;¢b¢VAv.w%¢mr
— HL(VQU¢%’t) V), da:] : (5.31)
For i =k,
k== [ (hoew)- vhda. (5.32)
D(0)

From equations (5.7), (4.1), and (5.11), A, =1+ O(7). Therefore, 3C > 0 such that
(H'(D(tn)))®

[95.0, = A0l 1 ey < 2 HAW”)T (wflf_”ti - AT%M*I) H
i=1

72

§2Wm_&%%l

(H'(D(t:)))*

H¢%,tn - Atnw%,OH(Lz(D(O)) d

1
D D [2&’73,% le(ve,) |z + 44/, 4. V2 ] o2, (5.33)
i=1 |)‘D,ti — \D.t;
where § is defined in equation (5.9). Similarly,
Vb, — V‘Atnw%,oH(L%D(O)))d =T Z Ap, (aF)? + cr?
=M1
T
<TZ ST Ve 2805 1 le(w) = + 4y/Ab . 1920, |1 | + C72 (5.34)
= D R

Now, from the max-min property of eigenvalues (see, e.g., [3], the eigenvalues )\ , are bounded above by the
Dirichlet eigenvalues and below by Neumann eigenvalues. From the results in [29] these eigenvalues, and
hence A% D.+» have the same asymptotic behavior. Therefore, as [ — oo,

2
27T)d d

Ny~ (07" ppsaps 5.35

o () i) (5.35)

Now, taking the limits h — 0 and 7 — 0 in equations (5.33) and (5.34), we get the desired result.
O
Let V(D) := span ({‘/’Bt})- The full error estimate in D is given by the following theorem.
Theorem 5.3. Let u solve equation (2.2), and let up p(T) = fcw:1 apk, where M := h=4|D|, be the

Galerkin solution of equation (2.2) in V*(D(T)). Let ipj := 22421 akAngo, Then

[w(T) = @p,n (D)l (2 (p(r)))e

< Nw(T) = wpw (D)l (D))
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< Nw(T) = up w(T) sz ()t + 1wpw(T) = @p,n(T) |l (D)) (5.36)

where
1
oo (D) = wp (D)l oy _ (wd(d - 1>> ! (5.37)
h—0 I fllzzpery) (2m)
and
S |up,n(T) = @p,n(T) (2 (D(T)))e
T7—0 h—0 h||fH(H<d+1)/2(D(T)))d
2Bd|VF|1/d /T
< lle(v(t - wa dt
(21 v 5 (d = D)V foa) 77 Sy 17Oty
(5.38)

Proof. Equation (5.36) follows from the triangle inequality and the definition of @ p . Equation (5.37) follows
from an argument identical to that used to derive equation (3.4). Note that

M
Z ak (¢§),tn - Atn'lp%@)

|up,n(tn) = @pn(t)ll(H (Dt =

=1 (HY(D(t)))
M ko A, bk
k 1+a/2 wD,tn tnwD,O
- (Ab.t,) Ok REE
k=1 Dot (H(D(tn)))*
M /M ||k e 112 3
o wD tn Atn ’(/}D 0
<(Sobareat) (3| Btk
k=1 k=1 Ditn (H'(D(tn)))?
1
Mk, = A b ol :
i m T EONH (D(tn)))?
<l oeenme | Y RS . (5.39)
k=1 D,t,
Setting a = 2%;1, applying Theorem 5.2, equation (5.35), and taking the limit 7 — 0, we get equation
(5.38). 0

6 Conclusion

In this report we have considered the problem of efficient numerical upscaling of a Stokesian particle system
with a fine-grained evolving geometry. The main result follows by constructing a provably optimal (albeit
impractical) spectral discretization basis, capturing the system down to a given scale. Because of its spectral
nature, an exact evolution law for the basis follows from the analog of Hadamard’s formula for the change in
the eigenfunctions due to an infinitesimal perturbation in the domain. The basis evolution law allows us to
design an upscaled basis update procedure in response to the movement of the domain, while maintaining full
error control. We propose a particular update procedure, but its numerical assessment as well as the search
for, possibly, better update methods is outside the scope of this report. Further, we propose a variation of
the basis localization technique to convert the spectral basis into a practical discretization scheme.
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