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Note on numerical study of the beam energy spread in NDCX-|
di-L. VMay, P.A, Seidl, A. Friedman
(Dated: 19 January 2011}

The kinetic energy spread {defined here as the standard deviation of the beam particle energies) sets the
ultimate theoretical limit on the longitudinal compression that ean be altained on NDOX-T and NDCX-IL
Experimental measurements will inevitably include the real influences on the longitudinal phase space of the
beam due to injector and accelerator field imperfections'. These induced encrgy variations may be the real
limit, to the longitudinal compression in an accelerator. We report on & numerical investigation of the energy
spread evolution in NDCX-T: these studies do not include all the real imperfections, but rather ave intended Lo
confirm that there are no other intrinsic mechanismes (translaminar effects, transverse-longitudinal anisotropy
instability, ete.) for significant lroadening of the energy distribution.
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FICL 1 From a Warp simulation of NDOX-T (snapshots teken at t=4ps), (a) stapshot of the beam (black) and lattice {(green),
(b)Y Mars wavelorm, (¢} snapshot of beam curcent, {d) kingtic energy history by of beam macroparbicles hitting the end plata
at z =13 m.

We have performed Warp simulations that use a realistic Marx voltage waveform which was derived from exper-
imental measwrements (averaged over several shots), a fully-featured model of the secelorating and focosing latlice,
and new diagnostics for computing the local energy spread (and temperature} that properly account for linear corre-
lations that arise from the diserete binning along each physical dimension (these capabilities reproduce and extend
ticee of the earlier HIF code BPIC?, see Appendix I for more details). The new dingnostics allow for the caledlalion
of multi-dimenzional maps of energy spread and temperature in 22D axisymmetric of 3-10 Cartesian space at selected
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FIG. 2. From a Warp simulation of NDCX-1 |, (a) 2D axisymmetric map of energy spread (in LoglO(eV ) (b) scatter plot of
kinetic eocrgy versus radivg and longitucinal position (0,28 m< 2 < 3 m) colored according to local energy spread.
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FIG: 3. NDCX-1 beam energy history from {left) Warp simulation; (right) NDCX-1 measurement using o spectrometer and a
slreak camern,

times. The simulated beam-line was terminated at 2 = 3 m by a conducting plate, so as to approximately reproduce
the experimental conditions al the entrance of the spectrometer thal was vused for mapping the longitudinal phase
gppaCD,

Snapshots of the beam projection and current, as well as the Marx wavelorm and history of beam kinetie energy
collected at the end plate, are shown in Fig. 1. A two-dimensional axisy mmetric map of energy spread from simuiations
of a typical NDUX-1 configuration is shown in Fig. 2 (a). The energy spread starts at 001 eV at the source and rapidly
||er1 b a few r"\-", |.||['|1 [|l|:‘.1.l|5|.t,f-s-| hvl.wﬁml A rl'nr:1.ir,:|1 ni' Afl ﬂ"\-" +|nd Lens nf r"ur. i']ll'HI'.Ig AT the q‘.?o:'lt ina range of a fow
eV at the ouler cdge of Lhe beam Lo a few tens of eV near the axis. The higher value on-axis is associated with greater
mumerical nodse there, due Lo Uhe axisvmmetrie geometry of the ealenlation, resulting in poorer simuolation-particle
statistics ot small radivs. A seatter plot of the macroparticles kinetic encrgy (KE) versus radius (R) and longitudinal
position (028 m< 2 < 3 m) coloved by local encrgy spread is shown in Fig. 2 (b). As expected, there is a corvelation
af the kinetic energy with radins that is clearly visible at = = 2.8 m and vanishes at the metal plate at 2 = 3 m.
More snopshots from simulations varying the time step, grid resolution and nomber of macroparticles are given in
Appendiz 11

The macro-particles were collected at the exil plate and their kinetic energy history is plotted in Fig. 3 (left) and
contrasted Lo an experimental measurement using a streak comera shown in Fig. 3 (right) (taken from [1]). For some
types of measurements, averaging over several pulses to improve signal-lo-nolse will contribute an adeditional spread
that may nol be present on any single beam pulse [1]. The upper bound for the eneigy spread is in the range of a
few 100 eV for the experiment while in the range of a few eV for the reported Warp siimulations. The Marx voltage
exhibits variations in the range of up to several hundreds of volts, playing a significant role in the experimentally
measured energy spread, which may account for the difference between the experimental and the simulated bounds.



APPENDIX A - CALCULATION OF THE TEMPERATURE AND ENERGY SPREAD IN WARP

Aszswming & drsttibotion of partcles fLX V) of posiions X = {2,145} and veloaties Vo= oy, vy, 5}, Lhe Lem-
peratine £T, along the directron & = 1, y o 1 and the kinebic cnoigy spuead 850 at Xp = {xp, 40, 20} ;e definail
as bemg duectly related 1espectively to the vanance of Lthe velocity components and the standacd deviation of the
kanetie energy an

N N e

o= lm iy = To) = ¥
kTu - 2 { £l u:} = 2 i Ifmmf{x'],ﬂu} dﬂu (1}
—= 1| [P fiXe V(K -F)Y aKi
S w (K -F) = _—imJ . V) . (2)

where i, # = fud 4 02 4 52 and K = Lmw® me rsspectively the mass, velverly and kinetie encigy ol the particles,

Al the mean vales of the velooity components and kinetic eneigy me given by

mm F{Xo vuhtry dmy

T e @
= _ do F{Xe.V)K dK "

N IDEI{XU:V} dk

The above defmtions apply to miinotesmmal volumes and continuous deasity Tunctions § and can be uter preted as
the mathematical lumit of diserebired equialent definitions for o Bnike suee zample of & poiticles and finite volumen
G when V¥ — o0 ahd d12 — 0 At these Dby, corielations betwesin velodity (o kinetic energy) with posrtron vamesh
and do not need 1o appear explieily i the caleulation of tanperatwe o energy spead 1o practice, howevet, both
N and 84 are mte, and conelations need eventually to be accounted for

Az an example, we conader & rnmpshol liom & siimulation of NDCX-I The longitudmal phase space = —v, 15 plothed
m Mg d€al for 0 < z < 1m, while a small sample lon 5 cm< 2z < 51 om aned 64 mm< 2 < 77 i 18 shown m
Fig 4-[b), and with averages renwoved i F1g 4-{c) A lnear conelation s dealy visible, which would give nise o
an ovelestimate of Lhe loca! toriperatine if not 1emoved  The semple with Imeat conrelation emoved 1z aliown 1 Fig
4-{cl]

Removing the linear eo relat ions necessitates Lhe knowledige of the corialation soelficients for each spatsal dinection,
winch we computed as follows

Let us pssume that at Xo = {zg.m. 20, the lunetic cneigy Ky = K — U has a lmear conelabion with the
sample positicns , gy and =, such that Ky = Kp 4 o) + g oz whete ) =2 — X, 4y =3 —F,. 51 = & = &,
iy m g1 Ko m 2 15 m i}, and ap, &y and ¢, aie sealars giving the "slopes” of Lhe conpling 1o each spatial dwection
From the defimtions given above, one can wiite

ulz == (K-t — by —cizp =0 {5)
= (K —mz —~tn —an)=0 {6}
nho =5 —an — by —c1zh =0 (7

such et 2y, By and o are the sofutcns of the Dinea system

.']T'fm + ETiinf + FiEo - rllh = 1
hEm + y?!-u + o — wmA, =0 {E}
IIE + Tt + ;?r:] —amkK =10

The aystemn i solved exphicitly m Warp The sawe procedue 18 used to remove Imem correlabions betwoeon ve, vy
and v; fo1 the temperatue calculations

Although not present [or disceinable) i the L mm sample that was shown, gher order conrelations can be
presett, as show i Frg § fnoa 4 inm long sample, and shoold wdeally be jopoved In the present version of the
Warp chagnostie, only the linesar cotelation 8 wemoved, as a comprornige between acowacy and speed  In the futme,
the subroutme oowld he modifiend to rocuraively 1emove spatial correlations up-io an aibitiary order, as described
Llow
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FIG. 4. Lengituchnal = — o, phase-space projeclion from a simulation of MDCK-I for (2} 0 < z < 1 i, {b) a small souple
bitween 6.4 mon r < TF mmeoand 5 om< = < 5.1 om, {e) same samaple as (b} wich averages removed aleng = and w,, [d) sane
zample a= (=) with linear correlation belwsen v, atwl = removed.

bove generally, oue can write the kinedic energy distribution sz the weighied aum of powers of 27 4 and 71 up to

alcler i

e
K = Rrﬂ‘l‘l + Z {!lt-':; + bﬂﬂ o} c,zi -+ n’f'_}l

1mi]

(2

while impasing 200 = 42K 4y = A4 =0 and I, = 0. The distribution K., can be computed recursively

using

and solving loe

Kﬂ'l'l = I{n - ﬂ'!ta:'lr - bny;l - ":l!zi. - fli-n

e + Pl + et 4 Thdy = afl,

VTEe. + by + FEves + ﬁfn = Wk,

Tela, + Mgih, +  nhe, + 20d, = H,
ey + Wy + e + dg = 0

We note that [or # odd, then 27 = 37 = 27 =10, giving d, = 0 and the system to solve simplifies to

H

fafu, + Th +
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o
ui Ry
B

z'lzn‘.:“ =

(10]

{11)

{12)



-0 Ty

V2 {mig)

f a
Z (mm) Z {rom)

FIG. 3. Longitwdingd z—ar, phase-space projection rom a sinwdation of MDCX-I (ot (4} a emall sample between 6.4 min< » = 7.7
min and 5 cin< £ < B4 enn, (b smne sauphe as (2] with averages removed abong 2 and v, (o) same saniple as (b} with linear
cormelation between v, and z removed {d} same gample as (2) with guadratic correlatlon botwesn v, and = remoied,

The vecursive procedure that waa just described has been applied successliully to the sample case shown e Mg,
5, for remaving the quadratic correlation between v, and & that s visible fn Fig. 5{c), giving the uncorrelaled
distribution plotled in Flg. 5-[d) Comparing Fig. 4-(d} and 5-(d)} shows thal removing higher arder cotrelabions
allows for larger samples, reducing the size of the disgnostic arrays and iinproving the statistic per cell. This procedure
will be implemented in Warp in the near future, adding the option of either sctling & maxinom kevel of recursion
level [or equivalently highest order of correlation o be romoved) or setbing a tolerance for stopping the recursion
oin Lhe cifferance botween the temperatore {or emergy spread} walue at two consecutive vecursion lewvels.  Sorting
the macropariticle cdatn Ly temperabure {or cnergy speomd) prid cells beforehaned woulid allow for each cell to reach
Tntlependant levels of recuraion,

Finally, although this was nol discussed bete, the emitter region presents a nowe singularity which eallz for flner
sampling of the disgnostic. Thae, accurate and delsiled caleulation of encrgy spread ond temperature near the source
would benclit from adaptive mesh refinement {AMR) of the diagnostic grid near those singular regions, The AMR
roriats eveloped for field cabcofations may thus e of benedlt for those diagnostics.

APPENIDNY B - WARP SIMULATIONS OF NDCX-1 VARYING NUMERICAL PARAMETERS

Snopshots of energy sproad, bongiludinal ternperature, kinelic energy, ancd Rinelic energy minus the slioe average,
are plotted from Warp simulations of NDCX-[ for various numerical parameters:

¢ Fig. § §r =d: =2 mm, # = 1.25 ns, My, = 1.8 million inacroparticles,



fi

s Fig, 7t dr = §z = 2mm, & = 0,625 ns, Ny = L8 million macroparticles,

o Fig, & dr =04 mm, §z = | mm, § = 1.25 ns, N, = 1.8 million macroparticles,
e Fig, & §r = 8z =2 mm, 8 = 1.25 ns, N, = 18 million macroparticles,

o Fig, 10: dz = 0.4 mm, dz2 = | mm, 8 = 1.25 ns, N, = 18 million macroparticles,

From the lmited set of numerieal parameters that were fnvolved, the following indications emerge: (he energy
spread and longitudinal temperature are nol sensitive to the time stap bul are very sensitive lo the resolution and
the pumber of macroparticles, This siggests Lal numerical neise is contributing o unphysical heating and that the
simulation with the highest resolution and number of macroparticles may not yet be converged. The usage of standard
technicques for noise reduction {e.z, higher order particle shapes, filtering of charge density) should be considered for
future simulations, with the caveat that care must be exercised near conductors (this may need some study and
nlgnriihul :h‘vu!opnwn”, Wa HHH.”}" note that 1||:,:'-'.pili3 the fact that CONVETEENCe was nob demonstrated on the Il‘lghuﬂt
resolution run, the upper bound that was obtained for energy spread is well below Lhe one that has been oblained
experimentally, and is thus deemed adequate for the present purpose.
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FIG. 6 From Warp simulation of NDCGX-1 with 62 = dz = 2 mm, 8 = 125 ns, Ny = L8 million mocroparticles: snapshols
of {top-left) beam kinetic energy spread vs (r,z2); (top-middle) kinetle enetgy vs 2 (top-tight] kinetic energy ve (2}, coloved
by energy spread for 28 m< ¢ < 3 m; (bottom-left) longitudinad temperature vs (r,2); (bottomemiddle) kinetic energy minus
averaged slice energy for 0 < 2 < 1 om oand a thin anonbes 0.76 e v o< 0.78 ey colored by energy spread; (bottom-right)
sine a5 {bottom-middle) bt for 28 m< 2 < 3 m and 1.7 em< v < 172 ém,

LLE, Colaman, Pl thesis, Herkeloy, USA, 2008
3L Vay, PhuD ghesie, Orsay, France, 1096
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FIG, 7. From Warp simulation of NDOX-1 with dz = §z = 2 mm, § = 0.625 ns, N, 2= L8 million macroparticles: snapshots
of (top-left) beam kinetic energy spread vs (r,2); (top-middle) kinetic energy vs 2 [lop-right) kinetic energy ve (r,2), colored
by energy spread for 2.8 m< 2 < 8 m; (bottom-lelt) bongitudinal temperature vs (r.z); (bottom-middle) kinetic energy minus
averaged slice energy for 0 < z < 1 m and a thin annules 0.76 em< r < 0.78 em, colored by enerpy spread; (hottom-right)
same 05 (bottom-middle) but for 28 m< 2 < 3 moand L7 cm< r < 1.72 cm,
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FIG, & PFrom Warp siondation of NDOX-T with 6z = 0.4 mm, &z = 1| mm, & = 1,256 na, Ny = 1.5 million macroparticles:
snapshots of (lop-left) beam ldnetic encrgy spread vs (v,2); (top-middle) kinetic cnergy va z; (top-right) kinetic energy ve
(r,z), cotored by snergy spread for 28 m< 2 < 3 me (bottom-left) longitudinal temperatore v (v,2); (botlom-middle) kinetic
enerpy minus averaged alice énergy for 0 < 2 < 1 m and a thin annolus 0.96 cme r < (078 cm, colored by enorgy spread;
(bottom-right) same as (bottom-middle) but for 2.8 m= = < 3 moand 1.7 om< r < L72 em,
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FIG, 8 From Warp simulation of NDOX-1 with dr = 62 = 2 mm, 8t = L25 ns, Ny = 18 million macroparticles: snapshots
af (lop-left] beam kinetic energy spread vs (r,2)0 (lop-middle) klnetic energy vs 2 {top-right) kinetic energy ve (r.2), colored
by cnergy spread for 28 m< 2 < 3 mg (bottom-loft) longitudinal temperatare ve (¢ 2); (bottom-middle) kinetic energy minus
averaged slice energy for 00 < 2 < 1 m oand a thin annulus 076 em< r < 078 cm, colored by energy spread; (bottom-right)
same as (hottom-middle) but for 28 m< = < 3 moand 1LY em< e < 172 em,
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FIG. 10, From Warp simulation of NDCX-1 with dz = 0.4 mm, fz = 1 mm, df = 1.25 ns, N, = 18 million macroparticles:
snapshots of (lop-left) beam kinetic energy spread ve {rz]; (op-middle) kinotic energy vs 2 {(Lop-tight ) kinetic cnergy ve
(r,2), calored by energy spread for 28 m< 2 < 8wy (bottom-lell) longitudinal temperature va (rz); (bottom-middle) kinetie
energy minus averaged slice energy for 0 < 2 < 1 m oand & thin annolus 0.76 em< r < 0.78 om, colored by energy spread;
(bottem-right) same s {bottom-middle} but for 28 m< 2 < 3 moand 1.7 em< ¢ < 172 oo,



