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ON THE ADJACENCY DIMENSION OF GRAPHS

A. Estrada-Moreno, Y. Ramirez-Cruz, J. A. Rodriguez-Veldzquez

In this article we study the problem of finding the k-adjacency dimension of
a graph. We give some necessary and sufficient conditions for the existence
of a k-adjacency basis of an arbitrary graph G and we obtain general results
on the k-adjacency dimension, including general bounds and closed formulae
for some families of graphs.

1. INTRODUCTION

A generator of a metric space (X, d) is a set S C X of points in the space with
the property that every point of X is uniquely determined by the distances from
the elements of S. Given a simple and connected graph G = (V, E), we consider
the function dg : V x V — NU {0}, where dg(z,y) is the length of a shortest path
between u and v and N is the set of positive integers. Then (V,dg) is a metric
space since dg satisfies (i) dg(z,2) = 0 for all z € V(i) dg(z,y) = da(y, x) for all
z,y € V and (1) dg(z,y) < dg(z,2) +da(z,y) for all x,y,z € V. A vertexv e V
is said to distinguish two vertices x and y if dg(v,z) # dg(v,y). Aset S CV
is said to be a metric generator for G if any pair of vertices of G is distinguished
by some element of S. A minimum cardinality metric generator is called a metric
basis, and its cardinality the metric dimension of G, denoted by dim(G).

The notion of metric dimension of a graph was introduced by SLATER in [17],
where metric generators were called locating sets. HARARY and MELTER indepen-
dently introduced the same concept in [9], where metric generators were called re-
solving sets. Applications of this invariant to the navigation of robots in networks
are discussed in [14] and applications to chemistry in [12, 13]. Several variations
of metric generators, including resolving dominating sets [1], independent resolving
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sets [2], local metric sets [15], strong resolving sets [16], adjacency resolving sets
[11], k-metric generators [3, 4], etc., have since been introduced and studied. In
this article, we focus on the last of these issues: we are interested in the study of
adjacency resolving sets and k-metric generators.

The notion of adjacency generator was first introduced by JANNESARI and
OMooMI in [11] as a tool to study the metric dimension of lexicographic prod-
uct graphs. This concept has been studied further by FERNAU and RODRIGUEZ-
VELAZQUEZ in [7, 8] where they showed that the (local) metric dimension of the
corona product of a graph of order n and some non-trivial graph H equals n times
the (local) adjacency dimension of H. As a consequence of this strong relation they
showed that the problem of computing the adjacency dimension is NP-hard. A set
S C V of vertices in a graph G = (V, F) is said to be an adjacency generator for
G if for every two vertices z,y € V' \ S there exists s € S such that s is adjacent
to exactly one of z and y. A minimum cardinality adjacency generator is called an
adjacency basis of G, and its cardinality the adjacency dimension of G, denoted by
adim(Q).

Notice that S is an adjacency generator for G if and only if S is an adjacency
generator for its complement G. This is justified by the fact that given an adjacency
generator S for G, it holds that for every z,y € V' \ S there exists s € S such that
s is adjacent to exactly one of x and y, and this property holds in G. Thus,
adim(G) = adim(G). Besides, from the definition of adjacency and metric bases,
we deduce that S is an adjacency basis of a graph G of diameter at most two if
and only if S is a metric basis of G. In these cases, adim(G) = dim(G).

As pointed out in [7, 8], any adjacency generator of a graph G = (V, E) is
also a metric generator in a suitably chosen metric space. Given a positive integer
t, we define the distance function dg, : V x V. — N U {0}, where

dat(z,y) = min{dg(z,y),t}.

Then any metric generator for (V,dg ) is a metric generator for (V,dg,+1) and,
as a consequence, the metric dimension of (V,dg,+1) is less than or equal to the
metric dimension of (V,dg,). In particular, the metric dimension of (V,dg 1) is
equal to |V] — 1, the metric dimension of (V,dg 2) is equal to adim(G) and, if G
has diameter D(G), then dg p(a) = dg and so the metric dimension of (V, dg p())
is equal to dim(G). Notice that when using the metric dg,; the concept of metric
generator needs not be restricted to the case of connected graphs, as for any pair
of vertices x,y belonging to different connected components of G we can assume
that dg(z,y) = 0o > 2 and so dg(x,y) = t.

The concept of k-metric generator, introduced by ESTRADA-MORENO, YERO
and RODRIGUEZ-VELAZQUEZ in [4, 6], is a natural extension of the concept of
metric generator. A set S C V is said to be a k-metric generator for G if and only
if any pair of vertices of G is distinguished by at least k elements of S, i.e., for any
pair of different vertices u,v € V, there exist at least k vertices wi,ws,...,wg € S
such that

da(u,w;) # dg(v,w;), for every i € {1,...,k}.
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A k-metric generator of minimum cardinality in G is called a k-metric basis, and
its cardinality the k-metric dimension of G, denoted by dimg(G).

U1

U1 u2 us Ut

V4
Figure 1. For k € {1,2,3,4}, dimy(G) =k + 1.

As an example we take a graph G obtained from the cycle graph C5 and
the path P;, by identifying one of the vertices of the cycle, say w;, and one of
the extremes of P, as we show in Figure 1. Let S; = {v1,va2}, So = {v1,v2,us},
S3 = {v1,v2,v3,u} and Sy = {v1,v2,v3,v4,us}. For k € {1,2,3,4} the set S, is
k-metric basis of G.

Note that every k-metric generator S satisfies that [S| > k and, if & > 1,
then S is also a (k — 1)-metric generator. Moreover, 1-metric generators are the
standard metric generators (resolving sets or locating sets as defined in [9] or [17],
respectively). Some basic results on the k-metric dimension of a graph have recently
been obtained in [3, 4, 5, 6, 18]. In particular, it was shown in [18] that the
problem of computing the k-metric dimension of a graph is NP-hard.

We say that a set S C V(G) is a k-adjacency generator for G if for every two
vertices x,y € V(G), there exist at least k vertices wy,ws, ..., w; € S such that

dao(z,w;) # dgo2(y, w;), for every i € {1,...,k}.

A minimum k-adjacency generator is called a k-adjacency basis of G and its car-
dinality, the k-adjacency dimension of G, is denoted by adimy(G). For connected
graphs, any k-adjacency basis is a k-metric basis. Hence, if there exists a k-
adjacency basis of a connected graph G, then

Moreover, if G has diameter at most two, then dimy(G) = adimg(G).

For the graph G shown in Figure 2 we have dim;(G) = 8 < 9 = adimy (G),
dime(G) = 12 < 14 = adimz(G) and dimz(G) = 20 = adims(G). Note that
the only 3-adjacency basis of GG, and at the same time the only 3-metric basis, is
V(G) -{0,6,12,18}.

In this article we study the problem of finding the k-adjacency dimension of a
graph. The paper is organized as follows: in Section 2 we give some necessary and
sufficient conditions for the existence of a k-adjacency basis of an arbitrary graph G,
i.e., we determine the range of k where adimy (G) makes sense. Section 3 is devoted
to the study of the k-adjacency dimension. We obtain general results on this
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Figure 2. The set {2,4,6,8,10, 147 16,20,21} is an adjacency basis of G, Whlle the set
{20+1:1€0,...,11}} U {6,12} is a 2-adjacency basis and V(G) — {0,6,12,18} is a
3-adjacency basis.

invariants including tight bounds and closed formulae for some particular families
of graphs. Finally, in Section 4 we obtain closed formulae for the k-adjacency
dimension of join graphs G+ H in terms of the k-adjacency dimension of G and H.
These results concern the k-metric dimension, as join graphs have diameter two.

As we can expect, the obtained results will become important tools for the
study of the k-metric dimension of lexicographic product graphs and corona product
graphs. Moreover, we would point out that several results obtained in this article,
like those in Remark 9 and subsequent, until Theorem 13, need not be restricted
to the metric dg 2, they can be expressed in a more general setting, for instance,
by using the metric dg ¢ for any positive integer ¢.

We will use the notation K,,, K, s, Cp, Ny, and P, for complete graphs, com-
plete bipartite graphs, cycle graphs, empty graphs and path graphs, respectively.
We use the notation u ~ v if v and v are adjacent and G =& H if G and H are
isomorphic graphs. For a vertex v of a graph G, Ng(v) will denote the set of neigh-
bours or open neighborhood of v in G, i.e., Ng(v) = {u € V(G) : u ~ v}. The
closed neighborhood, denoted by Ng|x], equals Ng(x) U {x}. If there is no ambigu-
ity, we will simply write N(z) or N[z]. We also define d(v) = |N(v)| as the degree
of vertex v, as well as, §(G) = min,ey(g){d(v)} and A(G) = max,ecy (@) {0(v)}.
The subgraph induced by a set S of vertices will be denoted by (S), the diameter
of a graph will be denoted by D(G) and the girth by g(G). For the remainder of
the paper, definitions will be introduced whenever a concept is needed.

2. k-ADJACENCY DIMENSIONAL GRAPHS

We say that a graph G is k-adjacency dimensional if k is the largest integer
such that there exists a k-adjacency basis of G. Notice that if G is a k-adjacency
dimensional graph, then for each positive integer r < k, there exists at least one
r-adjacency basis of G.

Given a connected graph G and two different vertices z,y € V(G), we denote
by Cq(x,y) the set of vertices that distinguish the pair z,y with regard to the
metric dg 2, t.e.,

Co(z,y) ={z € V(G): dga(z,2) #da2(y,2)}.
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Then a set S C V(G) is a k-adjacency generator for G if |Cq(x,y) N S| > k for all
z,y € V(G). Notice that two vertices x,y are twins if and only if Cq(z,y) = {z, y}.

Since for every z,y € V(G) we have that |Cq(z,y)| > 2, it follows that the
whole vertex set V(G) is a 2-adjacency generator for G and, as a consequence, we
deduce that every graph G is k-adjacency dimensional for some k£ > 2. On the other
hand, for any graph G of order n > 3, there exists at least one vertex v € V(G)
such that |[Ng(v)| > 2 or |[V(G) — Ng(v)| > 2, so for any pair z,y € Ng(v) or
z,y € V(G) — Ng(v), we deduce that v ¢ Cq(x,y) and, as a result, there is no
n-adjacency dimensional graph of order n > 3.

We define the following parameter

C(G) = zﬁyrglvr%c){lco(%y)l}-

Theorem 1. A graph G is k-adjacency dimensional if and only if k = C(G).
Moreover, C(G) can be computed in O(|V (G)|?) time.

Proof. First we shall prove the equivalence. (Necessity) If G is a k-adjacency
dimensional graph, then for any k-adjacency basis B and any pair of vertices z,y €
V(G), we have |BNCq(z,y)| > k. Thus, k < C(G). Now we suppose that k& < C(G).
In such a case, for every 2/, y’ € V(G) such that |B N Cq(z',y')| = k, there exists
Zgry € Ca(2',y') — B such that dg 2(z4y, @') # da,2(z2y,y'). Hence, the set

BU U {Zwry }

2,y €V (G): |BNCq(z',y")|=k

is a (k + 1)-adjacency generator for GG, which is a contradiction. Therefore, k =
C(@G).

(Sufficiency) Let a,b € V(G) such that m‘i/r%G) ICa(z,y)| = [Ca(a,b)| = k.
x,ye

Since no set S C V(@) satisfies |S N Cq(a,b)] > k and V(G) is a k-adjacency
generator for G, we conclude that G is a k-adjacency dimensional graph.
Now, we assume that the graph G is represented by its adjacency matrix A.
We recall that A is a symmetric (n X n)-matrix given by
N 1, if Uq ~ Uyj,
A, J) _{ 0, otherwise.

Now observe that for every z € V(G) —{z,y} we have that z € Cq(z,y) if and
only if A(z, z) # A(y, z). Considering this, we can compute [Cq(z,y)| in linear time
for each pair x,y € V(G). Therefore, the overall running time for determining C(G)

is dominated by the cubic time of computing the value of |Cq(z,y)| for ('V(2G)|)
pairs of vertices x,y of G. |
As Theorem 1 shows, given a graph G and a positive integer k, the problem

of deciding if G is k-adjacency dimensional is easy to solve. Even so, we would
point out some useful particular cases.
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REMARK 2. A graph G is 2-adjacency dimensional if and only if there are at least two
vertices of G belonging to the same twin equivalence class.

Note that by the previous remark we deduce that graphs such as the complete
graph K, and the complete bipartite graph K, s are 2-adjacency dimensional.

If u,v € V(G) are adjacent vertices of degree two and they are not twin
vertices, then |Cg(u,v)] = 4. Thus, for any integer n > 5, C,, is 4-adjacency
dimensional and we can state the following more general remark.

REMARK 3. Let G be a twins-free graph of minimum degree two. If G has two adjacent
vertices of degree two, then G is 4-adjacency dimensional.

For any hypercube Q,, r > 2, we have |Cq, (u,v)| = 2r if u ~ v, |Cg, (u,v)| =
2r —2if dg, (u,v) = 2 and |Cq, (u,v)| = 2r + 2 if dg, (u,v) > 3. Hence, C(Q,) =
2r — 2.

REMARK 4. For any integer r > 2 the hypercube Q. is (2r — 2)-adjacency dimensional.

It is straightforward that for any graph G of girth g(G) > 5 and minimum
degree 6(G) > 2, C(G) > 26(G). Hence, the following remark is immediate.

REMARK 5. Let G be a k-adjacency dimensional graph. If g(G) > 5 and §(G) > 2, then
k> 26(G).

An end-vertex of a graph G is a vertex of degree one, and its neighbour is its
support vertex. If there is an end-vertex u in G whose support vertex v has degree
two, then |Cq(u,v)| = |Ng[v]] = 3. Hence, we deduce the following result.

REMARK 6. Let G be a twins-free graph. If there exists an end-vertex whose support
vertex has degree two, then G is 3-adjacency dimensional.

The case of trees is summarized in the following remark. Before stating it,
we need some additional terminology. Let T be a tree. A vertex of degree at least
3 is called a major vertex of T. A leaf u of T is said to be a terminal verter of
a magor vertex v of T if dp(u,v) < dr(u,w) for every other major vertex w of T
The terminal degree of a major vertex v is the number of terminal vertices of v.
A major vertex v of T is an exterior major vertex of T if it has positive terminal
degree.

REMARK 7. Let T be a k-adjacency dimensional tree of order n > 3. Then k € {2,3} and
k = 2 if and only if there are two leaves sharing a common support vertex.

Proof. By Remark 2 we conclude that £ = 2 if and only if there are two leaves
sharing a common support vertex. Also, if T' is a path different from Pj3, then by
Remark 6 we have that k = 3.

If T is not a path, then there exists at least one exterior major vertex u
of terminal degree greater than one. Then, either u is the support vertex of all
its terminal vertices, in which case Remark 2 leads to k = 2, or u has at least one
terminal vertex whose support vertex has degree two, in which case Remark 6 leads
to k = 3 if there are no leaves of T' sharing a common support vertex. O
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Since [Cq(z,y)| < 6(z) + 6(y) + 2, for all z,y € V(G), the following remark
immediately follows.

REMARK 8. If GG is a k-adjacency dimensional graph, then

k< zyyrg‘l/rzc){é(m) +4d(y)}+ 2.

This bound is achieved, for instance, for any graph G constructed as follows.
Take a cycle C,, whose vertex set is V(C,,) = {u1,u2,...,u,} and an empty graph
N,, whose vertex set is V(N,,) = {v1,v2,...,v,} and then, for ¢ = 1 to n, connect
by an edge u; to v;. In this case, G is 4-adjacency dimensional. Also, a trivial
example is the case of graphs having two isolated vertices, which are 2-adjacency
dimensional.

As defined in [3], a connected graph G is k-metric dimensional if k is the
largest integer such that there exists a k-metric basis. Since any k-adjacency gen-
erator is a k-metric generator, the following result is straightforward.

REMARK 9. If a graph G is k-adjacency dimensional and k’-metric dimensional, then
k < k'. Moreover, if D(G) < 2, then k' = k.
3. k-ADJACENCY DIMENSION. BASIC RESULTS

In this section we present some results that allow us to compute the k-
adjacency dimension of several families of graphs. We also give some tight bounds
on the k-adjacency dimension of a graph.

Theorem 10 (Monotony). Let G be a k-adjacency dimensional graph and let kq, ko
be two integers. If 1 < ky < ko < k, then adimy, (G) < adimy, (G).

Proof. Let B be a k-adjacency basis of G. Let x € B. Since |BNCq(y, 2)| > k,
for all y,z € V(G), we have that B — {z} is a (k — 1)-adjacency generator for G
and, as a consequence, adimy_1(G) < |B — {z}| < |B| = adimy(G). By analogy
we deduce that adim,_2(G) < adimy_1 (G) and, repeating this process until we get
adim(G) < adimz(G), we obtain the result.

Corollary 11. Let G be a k-adjacency dimensional graph of order n.
(i) For anyr € {2,...,k}, adim,(G) > adim,_1(G) + 1.

(ii) For any r € {1,...,k}, adim,(G) > adim(G) + (r — 1).

(iii) For anyr € {1,...,k—1}, adim,(G) < n.

For instance, for the Petersen graph we have adimg(G) = adims(G) + 1 =
adimy (G) + 2 = adimg(G) + 3 = 10 and adimy(G) = adim; (G) + 1 = 4.

In order to continue presenting our results, we need to define a new parameter:

@)= | Ccaly.

ICa (z,y)|=Fk
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For any k-adjacency basis A of a k-adjacency dimensional graph G, it holds
that every pair of vertices z,y € V(G) satisfies |AN Cq(x,y)| > k. Thus, for every
z,y € V(G) such that |Cq(z,y)| = k we have that Cg(x,y) C A, and so Cx(G) C A.
The following result is a direct consequence of this.

REMARK 12. If G is a k-adjacency dimensional graph and A is a k-adjacency basis, then
Cr(G) C A and, as a consequence,

adim(G) > |Ck(G)|.

Theorem 13. Let G be a k-adjacency dimensional graph of order n > 2. Then
adimy(G) = n if and only if Cx(G) = V(G).

Proof. Assume that Cr(G) = V(G). Since every k-adjacency dimensional graph G
satisfies that adimg(G) < n, by Remark 12 we obtain that adimg(G) = n.
Suppose that there exists at least one vertex x such that « & Ci(G). In such
a case, for any a,b € V(G) such that = € Cg(a,b), we have that |Cq(a,bd)| > k.
Hence, |Cg(a,b) — {z}| > k, for all a,b € V(G) and, as a consequence, V(G) — {z}
is a k-adjacency generator for G, which leads to adimg(G) < n. Therefore, if
adimg(G) = n, then Cx(G) = V(G). O

As we will show in Propositions 32 and 33, adims(P,) =n for n € {4,...,8}
and adimy4(C,,) = n for n > 5. These are examples of graphs satisfying conditions
of Theorem 13.

Corollary 14. Let G be a graph of order n > 2. Then adims(G) = n if and only
if every vertex of G belongs to a non-singleton twin equivalence class.

Since Cq(x,y) = Cg(x,y) for all z,y € V(G), we deduce the following result,
which was previously observed for k = 1 by JANNESARI and OMOOMI in [11].

REMARK 15. For any nontrivial graph G and k € {1,2,...,C(G)},

adimy(G) = adimg(G).

Now we consider the limit case of the trivial bound adimy(G) > k. The case
k =1 was studied in [11] where the authors showed that adim;(G) = 1 if and only
if G € {PQ,Pg,PQ,Pg}.

Proposition 16. If G is a graph of order n > 2, then adimy(G) = k if and only
ka S {1,2} and G € {Pg,Pg,PQ,P3}

Proof. The case k = 1 was studied in [11]. On the other hand, by performing
some simple calculations, it is straightforward to see that adims(G) = 2 for G €
{P, P5, Py, P3}.

Now, suppose that adimg(G) = k for some k& > 2. By Corollary 11 we have
k = adimg(G) > adim; (G) + k — 1 and, as a consequence, adim; (G) = 1. Hence,
G € {P,, P3, Py, P3}. Finally, since the graphs in { P, Ps, Py, P3} are 2-adjacency
dimensional, the proof is complete. O
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According to the result above, it is interesting to study the graphs where
adimy(G) = k + 1. To begin with, we state the following remark.

REMARK 17. If G is a graph of order n > 7, then adim1(G) > 3.

Proof. Suppose, for purposes of contradiction, that adim; (G) < 2. By Proposition 16 we
deduce that adim;(G) = 2. Let B = {u, v} be an adjacency basis of G. Then for any w €
V(G) — B the distance vector (dg,2(u,w),da,2(v, w)) must belong to {(1,1), (1,2),(2,1),
(2,2)}. Since |V(G)—B| > 5, by Dirichlet’s box principle at least two elements of V(G)—B
have the same distance vector, which is a contradiction. Therefore, adim:(G) > 3. O

By Corollary 11 (ii) and Remark 17 we obtain the following result.

Theorem 18. For any graph G of order n > 7 and k € {1,...,C(G)},
adimg (G) > k + 2.

From Remark 17 and Theorem 18, we only need to consider graphs of order
n € {3,4,5,6} to determine those satisfying adimy(G) = k + 1. If n = 3, then by
Proposition 16 we conclude that adim; (G) = 2 or adims(G) = 3 if and only if G €
{K3,Ns3}. For k € {1,2} and n € {4,5,6} the graphs satisfying adimy(G) = k + 1
can be determined by a simple calculation. Here we just show some of these graphs
in Figure 3. Finally, the cases adims(G) = 4 and adims(G) = 5 are studied in the
following two remarks.

v v
(%) V2 V2
Q i 7 g 7 . 7
Vg U3 U1 U1 U3 U1 (] U3 U1 U1
Gy Go G3

Figure 3. Any graph belonging to the families Gg(G1), Gr(G2) or {K1 U K3, G3}, where
B = {v1, vz, v3}, satisfies adimz(G) = 3. The reader is referred to Subsection 3.1 for the
construction of the families G (Gs).

The set of nontrivial distinctive vertices of a pair x,y € V(G), with regard to
the metric dg 2, will be denoted by Ck(z,y) = Ca(z,y) — {x,y}. Notice that two
vertices z,y are twins if and only if C&(x,y) = 0.

REMARK 19. A graph G of order greater than or equal to four satisfies adims(G) = 4 if
and only if G € {P4,C5}.

Proof. If G € {P4,C5}, then it is straightforward to check that adimz(G) = 4.
Assume that B = {v1,...,v4} is a 3-adjacency basis of G. Since for any pair of
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vertices v;,v; € B, there exists v; € BN C*(v;,v;), by inspection we can check that
(B) & Py. We assume that v; ~ v;41 for ¢ € {1,2,3}. If V(G) — B = (), then
G = Py. Suppose that there exists v € V(G) — B. If v ~ vy, then the fact that
|[BNC*(v,v1)| > 2 leads to v ~ vz and v ~ vy. Since |[BNC*(v,v4)| > 2 and v ~ v3,
it follows that v ~ v;. Thus, v is connected to any vertices in B, which leads to
|BNC*(v,v2)] = [{va}| = 1, contradicting the fact that B is a 3-adjacency basis of
G. Analogously if v ~ v3, then we arrive at the same contradiction. Thus, v ~ vy
or v ~vy. If v ~ v and v o vy, then | BNC*(v,v2)| = [{vs}| = 1, contradicting the
fact that B is a 3-adjacency basis of G. Now, if v ~ v and v ~ vy, then G = C5. If
[V(G)| > 6, then there exist u,v € V(G) — B. Since |B NC(u,v)| > 3, then either
|[BN N(u)] > 2or |[BNN(v)] > 2. Suppose that |[BN N(u)| > 2. As discussed
earlier, BN N (u) = {v1,v4}. Since |BNC(u,v)| > 3, it follows that either v ~ vy or
v ~ v3, which, as we saw earlier, contradicts the fact that B is a 3-adjacency basis
of G. (|

By Corollary 11 (i) and Remark 19 we deduce that adim4(G) > 6 for any
graph G of order at least five such that G % C5. Since adimy(C5) = 5, we obtain
the following result.

REMARK 20. A graph G of order n > 5 satisfies that adim4(G) = 5 if and only if G 2 C5.

From Corollary 11 (i) and Remark 20, it follows that any 4-adjacency dimen-
sional graph G of order six satisfies adim4(G) = 6, as the case of Cs.

3.1. Large families of graphs having a common k-adjacency generator

Given a k-adjacency basis B of a graph G = (V, E), we say that a graph
G’ = (V,E') belongs to the family Gg(G) if and only if Ng/(z) = Ng(z), for
every © € B. Figure 4 shows some graphs belonging to the family G (G) having a
common 2-adjacency basis B = {va, v3, v4, U5 }.

Notice that if B # V(G), then the edge set of any graph G’ € Gp(G) can be
partitioned into two sets F1, Fy, where 4 consists of all edges of G having at least
one vertex in B and Ejs is a subset of edges of a complete graph whose vertex set

. ) [V(G)-B|(I[V(G)-B|-1)
is V(G) — B. Hence, Gp(G) contains 2 2
With the above notation in mind we can state our next result.

different graphs.

Theorem 21. Any k-adjacency basis B of a graph G is a k-adjacency generator
for any graph G' € Gg(G), and as a consequence,

adimy (G') < adimg(G).

Proof. Assume that B is a k-adjacency basis of a graph G = (V, E). Let G' =
(V,E’) such that Ng/(x) = Ng(z), for every € B. We will show that B is
a k-adjacency generator for any graph G’. To this end, we take two different
vertices u,v € V. Since B is a k-adjacency basis of G, there exists By, C B
such that |By,| > k and for every x € By, we have that dga(x,u) # dg2(x,v).
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Now, since for every z € B,, we have that Ng/ () = Ng(z), we obtain that
dar2(u,x) = dg2(u,x) # dgz2(v,z) = dg2(v,z). Hence, B is a k-adjacency
generator for G’ and, in consequence, |B| = adim(G) > adimy (G). O

By Proposition 16 we have that if G is a graph of order n > 2, then
adimi(G) = k if and only if k € {1,2} and G € {P», P3, Py, P3}. Thus, for
any graph H of order greater than three, adimy(H) > k + 1. Therefore, the next
corollary is a direct consequence of Theorem 21.

Figure 4. B = {v2,v3,v4,v5} is a 2-adjacency basis of G and {G, G1,G2,G4,G5} is a
subfamily of Gg(G).

Corollary 22. Let B be a k-adjacency basis of a graph G of order n > 4 and let
G' € Gp(G). If adim(G) =k + 1, then adimy(G') =k + 1.

Our next result immediately follows from Theorems 18 and 21.

Theorem 23. Let B be a k-adjacency basis of a graph G of order n > 7 and let
G € Gp(Q). If adimi(G) =k + 2, then adim,(G') =k + 2.

An example of application of the result above is shown in Figure 4, where
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adima(G’) = 4 for all G’ € G(G). In this case Gg(G) contains 210 = 1024 different
graphs.

4. THE k-ADJACENCY DIMENSION OF JOIN GRAPHS

The join G+ H of two vertex-disjoint graphs G = (V1, E1) and H = (Va, E»)
is the graph with vertex set V(G + H) = V4 UV, and edge set

E(G+H)=E UE,U{uv : ueVi,ve W}
Note that D(G + H) < 2 and so for any pair of graphs G and H,
dimy(G + H) = adimy (G + H).

4.1. The particular case of K1 + H

The following remark is a particular case of Corollary 14.

REMARK 24. Let H be a graph of order n. Then adims(K1 + H) = n + 1 if and only if
A(H) =n—1 and every vertex v € V(H) of degree 6(v) < n—1 belongs to a non-singleton
twin equivalence class.

For any graph H, if z,y € V(H), then Cx,+u(z,y) = Cu(z,y). Also, if
x ¢ V(H) then Cr,+m(z,y) = {z} U(V(H) — Nu(y)). Hence,

C(Ky1+ H) =min{C(H),n — A(H) + 1}.

Proposition 25. Let H be a graph of order n > 2 and k € {1,...,C(K1+ H)}.
Then
adimg (K7 + H) > adimg (H).

Proof. Let A be a k-adjacency basis of K1 + H, Ay = ANV (H) and let z,y €
V(H) be two different vertices. Since Cx,+m(z,y) = Cu(z,y), it follows that
|[AgNCh(z,y)| = |ANCk, +u(z,y)| > k, and as a consequence, Ay is a k-adjacency
generator for H. Therefore, adimy (K1 + H) = |A| > |Ay| > adimy (H).

Theorem 26. For any nontrivial graph H, the following assertions are equivalent:

(i) There exists a k-adjacency basis A of H such that |A — Ng(y)| > k, for all
yeV(H).

(11) adirnk (Kl + H) = adlmk(H)

Proof. Let A be a k-adjacency basis of H such that |[A — Ng(y)| > k, for all
y € V(H). By Proposition 25 we have that adimy(K; + H) > adimy(H). It
remains to prove that adimy(K; + H) < adimg(H). We will prove that A is a
k-adjacency generator for K7 + H. We differentiate two cases for two vertices
x,y € V(K1 + H). If x,y € V(H), then the fact that A is a k-adjacency basis of H
leads to k < |ANCr (x,y)| = |ANCk, +u(x,y)|. On the other hand, if z is the vertex
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of Ky and y € V(H), then the fact that Cx, 1 m(x,y) = {z} U(V(H) — Nu(y)) and
|A — Ng(y)| > k leads to |[ANCk,+u(z,y)] > k. Therefore, A is a k-adjacency
generator for K7 + H, and as a consequence, adimy(H) = |A4| > adimy (K; + H).
On the other hand, let B be a k-adjacency basis of K; + H such that |B| =
adimy(H) and let By = BN V(H). Since for any hy,hy € V(H) the vertex
of K does not belong to Cx,tm(hi,hs), we conclude that By is a k-adjacency
generator for H. Thus, |By| = adimi(H) and, as a consequence, By is a k-
adjacency basis of H. If there exists h € V(H) such that |By — Ng(h)| < k, then
|IBNCxy+m(v,h)| =|By — Nu(h)| < k, which is a contradiction. Therefore, the
result follows. |

Our next result on graphs of diameter grater than or equal to six, is a direct
consequence of Theorem 26.

Corollary 27. For any graph H of diameter D(H) > 6 and k € {1,...,C(K; +
H)},
adimk(Kl + H) = adimy (H)

Proof. Let S be a k-adjacency basis of H. We will show that |S — Ng(z)| > k,
for all x € V(H). Suppose, for the purpose of contradiction, that there exists
x € V(H) such that |SN (V(H) — Ng(x))| < k. Let F(z) = SN Nglx]. Notice
that |S| > k and hence F(z) # 0.

From the assumptions above, if V(H) = F(z) U {z}, then D(H) < 2, which
is a contradiction. If for every y € V(H) — (F(z) U{z}) there exists z € F(z)
such that dy(y,z) = 1, then dy(v,v") < 4 for all v,v" € V(H) — (F(x) U {z}).
Hence D(H) < 4, which is a contradiction. So, we assume that there exists a
vertex y' € V(H) — (F(z) U{x}) such that dg(y’, z) > 1, for every z € F(z), i.e,
Ny(y)NF(z) =0. f V(H) = F(x) U{z,y'}, then by the connectivity of H we
have ¢y ~ z and, as consequence, D(H) = 2, which is also a contradiction. Hence,
V(H)—(F(z)U{z,y'}) # 0. Now, for any w € V(H)— (F(x)U{z,y'}) we have that
ICr(y', w)NS| > k and, since |SN(V(H) — N (z))| < k and Ng(y")NF(z) = 0, we
deduce that Ny (w)NF(z) # (. From this fact and the connectivity of H, we obtain
that dg(y',w) < 5. Hence D(H) < 5, which is also a contradiction. Therefore,
if D(H) > 6, then for every x € V(H) we have that |SN (V(H) — Ng(x))| > k.
Therefore, the result follows by Theorem 26.

Corollary 28. Let H be a graph of girth g(H) > 5 and minimum degree 6(H) > 3.
Then for any k € {1,...,C(K1 + H)},

adimg (K7 + H) = adimg (H).

Proof. Let A be a k-adjacency basis of H and let x € V(H) and y € Ny (z). Since
g(H) > 5, for any u,v € Ny(y) — {z} we have that Cy(u,v) N Ng[z] = 0. Also,
since |Cg(u,v) N A| > k, we obtain that |A — Ng(x)| > k. Therefore, by Theorem
26 we conclude the proof. O
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A fan graph is defined as the join graph K; + P,, where P, is a path of order
n, and a wheel graph is defined as the join graph K; + C),, where C,, is a cycle
graph of order n. The following closed formulae for the k-metric dimension of fan
and wheel graphs were obtained in [4, 10]. Since these graphs have diameter two,
we express the result in terms of the k-adjacency dimension.

Proposition 29. [10]

1, ifn=1,
. ) 2, ifn:273a475)
(i) adimy (K7 + B,) = 3, ifn =206,
{271;— 2J, otherwise.
.. . 37 an = 3’ 67
(i) adimy (K + Cp) = V”; 2J7 otherwise.

Proposition 30. [11] For any integer n > 4,

adimy (P,) = adimy (Cy,) = {2” + QJ .

5
Notice that by Propositions 29 and 30, for any n > 4, n # 6, we have that
adim1 (Pn) = adiml (Kl + Pn) = ad1m1(C'n) = adim1 (Kl + Cn>

In order to show the relationship between the k-adjacency dimension of fan
(wheel) graphs and path (cycle) graphs, we state the following known results.

Proposition 31. [4]

3, ifn=2,
(i) adimy(K1+ P,) =< 4 ifn=3,4,5,
n+1 .
[ —‘, ifn > 6.
2
3 if n= 37 4’ 57 67

4
[g—‘, ifn>"17.
5
n

, ifn=4,5,
n—4 .
_ > 6.
L = J, ifn>6
N 5, if n=5,6,
() adims(Ka +C) = o |m| gz
5
. . 6, an—576)
(v) adima(Ky+Cn) =1 " e > 7

(iii) adims(K; + P,) = {
{
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By Theorem 1 we have that any path graph of order at least four is 3-
adjacency dimensional and any cycle graph of order at least five is 4-adjacency
dimensional. From Propositions 25 and 31 we will derive closed formulae for the
k-adjacency dimension of paths (for k € {2,3}) and cycles (for k € {2,3,4}).

Proposition 32. For any integer n > 4,

n+1

adimy(P,) = [ W and adims(P,) = n — {”_ 4J .

5

Proof. Let k € {2,3} and V(P,) = {v1,v2,...,v,}, where v; is adjacent to v;41
for every i € {1,...,n — 1}.

We first consider the case n > 7. Since Cp,(v1,v2) = {v1,v2,v3} and
Cp, (Vn—1,0n) = {Un—2,Un—1,v,}, we deduce that for any k-adjacency basis A
of P, and any y € V(T), |A — Np,(y)| > k. Hence, Theorem 26 leads to
adimg (K1 + P,) = adimg(P,). Therefore, by Proposition 31 we deduce the re-
sult for n > 7.

Now, for n = 6, since Cp, (v1,v2) = {v1, v2,v3} and Cp, (vs,vs) = {v4,v5, 6},
we deduce that adims(Fs) > 4 and adimg(Ps) = 6. In addition, {v1, v3,v4,v6} is a
2-adjacency generator for Ps and so adimy(FPs) = 4.

From now on, let n € {4,5}. By Proposition 25 we have dimy (K7 + P,) >
adimg (P,,). It remains to prove that adimg (K7 + P,,) < adimg(P,).

If n = 4 or n = 5, then by Proposition 16, adims(P,) > 3. Note that
{v1,v2,v4} and {vy,v3,v5} are 2-adjacency generators for Py and Ps, respectively.
Thus, adima(P,) = adimz(Ps) = 3. Let A be a 3-adjacency basis of P, where
n € {4,5}. Since Cp, (v1,v2) = {v1,v2,v3} and Cp, (Vp—1,vn) = {Vn—2,Vn_1,Un},
we have that (ANCp, (v1,v2)) U(ANCp, (vn—1,vn)) = V(P,), and as consequence,
A =V(P,). Therefore, adims(P;) = 4 and adimg(Ps) = 5 and, as a consequence,
the result follows.

Proposition 33. For any integer n > 5,
adima(Cy,) = [51 , adims(C,,) =n — {EJ and adimy(C,,) = n.

Proof. Let k € {2,3,4} and V(C,,) = {v1,v2,...,v,}, where v; is adjacent to v; 41
and the subscripts are taken modulo n.

First, consider the case n > 7. Since Co, (Vit3, Vita) = {Vit2, Vits, Vitd, Vits s
we deduce that for any k-adjacency basis A of C,,, |A — N¢, (v;)| > k. Hence, The-
orem 26 leads to adimg (K7 + Cy,) = adimg(C,,). Therefore, by Proposition 31 we
deduce the result for n > 7.

From now on, let n € {5,6}. By Proposition 25 we have dimy(K; + G) >
adimy(G). Tt remains to prove that adimy (K7 + H) < adimy (H).

By Theorem 10, we deduce that 2 = adim; (Cs) < adimz(C5) < adims(Cs) <
adimy(C5) < 5. Hence, adimz(C5) = 3, adims(Cs) = 4 and adim4(Cs) = 5.
Therefore, for n = 5 the result follows.
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By Theorem 10, adims(Cs) > adim;(Cs) = 2 and, since {v1,vs,v5} is a
2-adjacency generator for Cg, we obtain that adims(Cs) = 3. Now, let A4 be a 4-
adjacency basis of Cg. If |A4| < 5, then there exists at least one vertex which does
not belong to A4, say vi. Then, |Co, (v1,v2) N Aq| < 3, which is a contradiction.
Thus, adimy(Cg) = |A4] = 6. Let A = {v1,v2,v3,v4}, A3 = {v1,v2,v3,05} and
Ag = {v1, v2,v4,v5}. Note that any manner of selecting four different vertices from
Cs is equivalent to some of these A}, A3, A3. Since |Cc,, (vs,v6) N AL| = |{v1,v4}| =
2 < 3, |Cc, (v4,v6) N A3| = [{v1,v3}| =2 < 3 and |Cc, (v1,v2) N A3| = [{v1,v2}] =
2 < 3, we deduce that adim3(Cg) > 5 > |A}| = |A3| = |A3] = 4. By Theorem 10,
5 < adim3(Cs) < adimy(Cgs) < 6. Thus, adims(Cs) = 5 and, as a consequence, the
result follows. O

By Propositions 29, 30, 31, 32 and 33 we observe that for any k € {1,2,3}
and n > 7, adimg (K7 + P,,) = adimg(P,) and for any k € {1,2,3,4}, adimy (K7 +
Cpn) = adimg(C,). The next result is devoted to characterize the trees where
adimg (K7 + T') = adimy (7).

Proposition 34. Let T be a tree. The following statements hold.

(a) adiml(Kl + T) = adlml(T) Zf and OTLly ZfT ¢ Fl = {PQ,Pg,PG,KLn,T/},
where n > 3 and T" is obtained from PsU{K1} by joining by an edge the vertex
of K1 to the central vertex of Ps.

(b) adima(Ky + T) = adima(T) if and only if T & Fo = {Pr, K14, T'}, where
re{2,...,5}, n >3 and T is a graph obtained from K; , U Kz by joining by
an edge one leaf of K1, to one leaf of K.

(¢) adimg(K7 +T) = adims(T") if and only if T & F3 = { Py, Ps}.

Proof. Foranyk € {1,2,3} and T' € F}, a simple inspection shows that adimy (K7+
T) # adim (7). From now on, assume that T' ¢ Fy, for k € {1, 2, 3}, and let Ext(T")
be the number of exterior major vertices of T'. We differentiate the following three
cases.

Case 1. T = P,. The result is a direct consequence of combining Propositions 29
and 30 for k = 1 and Propositions 31 and 32 for k > 1.

In the following cases we shall show that there exists a k-adjacency basis A
of T such that |A — Np(v)| > k, for all v € V(T'). Therefore, the result follows by
Theorem 26.

Case 2. Ext(T) = 1. Let u be the only exterior major vertex of T.

We first take £k = 1. Since any two vertices adjacent to u must be distin-
guished by at least one vertex, we have that all paths from u to its terminal ver-
tices, except at most one, contain at least one vertex in A. Thus, |A— Nr(y)| > 1,
for all y € V(T') — {u}. Now we shall show that |[A — Np(u)| > 1. If u € A or
A & Nrp(u), then we are done, so we suppose that for any adjacency basis A of
T,u ¢ Aand A C Np(u). If there exists a leaf v such that dr(u,v) > 4, then
the support v’ of v satisfies Cr(v,v") N A = (), which is a contradiction. Hence, the
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eccentricity of u satisfies 2 < e(u) < 3. If w is a leaf of T such that dr(u, w) = e(u),
then the vertex u’ € Np(u) belonging to the path from u to w must belong to A
and, as a consequence A" = (A — {u'}) U{w} is an adjacency basis of T, which is
a contradiction.

We now take kK = 2. Let A be a 2-adjacency basis of 7. Since any two
vertices adjacent to u must be distinguished by at least two vertices in A, either all
paths joining u to its terminal vertices contain at least one vertex of A or all but
one contain at least two vertices of A. Thus, any vertex y € V(T') — {u} and any
2-adjacency basis A of T satisfy that |A — Np(y)| > 2.

If there exist two vertices v, v’ € V(T) such that dr(u,v) > 3 and dr(u,v') >
3, then |A — Np(u)| > 2, as [ANCa(v,v")] > 2. On the other hand, if there exists
only one leaf v such that dr(u,v) > 3 and another leaf w such that dr(u,w) = 2,
we have that in order to distinguish v and it support as well as w and its support,
|[AN Nr[v]] > 1 and |AN{u,w}| > 1 and, as a result, |[A — Np(u)| > 2. Now,
since T' ¢ F» it remains to consider the case where u has eccentricity two. Let
v, w be two leaves such that dr(u,v) = dr(u,w) = 2. If |[Np(u)| = 3, then the
set A composed by u and its three terminal vertices is a 2-adjacency basis of T
such that |[A — Np(u)| > 2. Assume that |[Np(u)| > 4. In order to distinguish v
and its support vertex v, as well as w and its support vertex w’, any 2-adjacency
basis A of T must contain at least two vertices of {u,v,v’} and at least two vertices
of {u,w,w'}. If u ¢ A, then v,w € A, and as a consequence, |A — Np(u)| > 2.
Assume that u € A. In this case, if A—Np[u] # 0, then |A—Nr(u)| > 2. Otherwise,
A C Np[u] and {u,v’,w'} C A and, as a consequence, A’ = (A — {v'}) U {v} is a
2-adjacency basis of T' and |A" — Np(u)| > 2.

Finally, suppose that there exists exactly one leaf v such that dr(u,v) = 2. Let v/
be the support vertex of v. In this case, V(T') — {v'} is a 2-adjacency basis A of T
such that |A — Np(u)| > 2.

We now take k = 3. In this case, there exist two leaves v, w such that dp(u,v) > 2
and dr(u,w) > 2. Since v and its support vertex v’ must be distinguished by at
least three vertices, they must belong to any 3-adjacency basis. Analogously, w and
its support vertex w’ must belong to any 3-adjacency basis. In general, any leaf
that is not adjacent to u and its support vertex belong to any 3-adjacency basis
of T. Moreover, there exists at most one terminal vertex x adjacent to u. If z
exists, it must be distinguished from any vertex belonging to Np(u) — {z} by at
least three vertices. Thus, they must belong to any 3-adjacency basis. Any vertex
y different from u and any 3-adjacency basis A of T satisfy v,v’ € A — Np(y) or
w,w € A—Nrp(y). Ifv,v' € A—=Np(y) and w,w’ € A—Nrp(y), then |A—Np(y)| > 3.
Otherwise, assuming without loss of generality that v,v’ € A — Np(y), there exists
a terminal vertex z different from w such that y o z. Thus, again |4 — Nr(y)| > 3.
If dp(u,v) = 2, then v,v" are distinguished only by w,v,v’, so u must belong to
any 3-adjacency basis of T'. Thus, for any 3-adjacency basis A of T' we have that
u,v,w € A— Np(u), and as a consequence, |A— Np(u)| > 3. Finally, if dp(u,v) > 2
and dr(u,w) > 2, then v,v’, w,w" € A — Np(u). Hence |A — Np(u)| > 3.

Case 3. Ext(T") > 2. In this case, there are at least two exterior major vertices u, v
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of T having terminal degree at least two. Let uq, us be two terminal vertices of u and
v1, v2 be two terminal vertices of v. Let u) and u}, be the vertices adjacent to u in the
paths u—uy and u—us, respectively. Likewise, let v{ and v} be the vertices adjacent
to v in the paths v — vy and v — vg, respectively. Notice that it is possible that u; =
ul, ug = uh, v1 = v} or va = vh. Note also that C(u},ub) = (Np[u)]UNrp[ub]) —{u}
and C(vi,v4) = (Np[v] U Np[v)]) — {v}. Since for any k-adjacency basis A of T it
holds that |C(uf,us) NA| > k and |C(vi,v5) N A| > k, and for any vertex w € V(T)
we have that (A — Np(w)) N C(uj,uy) = 0 or (A — Np(w)) NCwi,v5) = 0, we
conclude that |[A — Np(w)| > k. O

From now on, we shall study some cases where adimy (K7 + H) > adimy (H).
First of all, notice that by Corollary 27, if H is a connected graph and adimy (K7 +
H) > adimy(H) + 1, then D(H) < 5 and, by Corollary 28, if H has minimum
degree §(H) > 3, then it has girth g(H) < 4. We would point out the following
consequence of Theorem 26.

Corollary 35. If adimy (K + H) > adimy(H) + 1, then either H is connected or
H has exactly two connected components, one of which is an isolated vertex.

Proof. Let A be a k-adjacency basis of H. We differentiate three cases for H.

Case 1. There are two connected components H; and Hs of H such that
|[V(Hy)| > 2 and |V(Hz)| > 2. As for any i € {1,2} and u,v € V(H;), |Cg(u,v)N
Al = |Cy, (u,v) N A| > k we deduce that |[ANV(Hy)| > k and |[ANV(Hz)| > k.
Hence, if ¢ € V(H1), then |A—Ng(z)| > |[ANV (Hz2)| > kand if x € V(H) -V (H,),
then |A — Ng(z)| > |[ANV(Hy)| > k. Thus, by Theorem 26, adimy(K; + H) =
adimg (H).

Case 2. There is a connected component H; of H such that |V (H;)| > 2 and
there are two isolated vertices u,v € V(H). From Cg(u,v) = {u,v} we conclude
that £ < 2 and |{u,v} N A > k. Moreover, for any z,y € V(H1), x # y, we
have that |Cy(x,y) N Al = |Ch, (u,v) N A| > k and so |ANV(H;)| > k. Hence, if
x € V(Hy), then |[A — Ny (z)| > [{u,v} N A| > k and if z € V(H) — V(H), then
|A=Ng(x)| > |ANV (Hy)| > k. Thus, by Theorem 26, adimy, (K1 +H) = adimy (H).

Case 3. H = N, for n > 2. In this case k € {1,2}, adim; (K7 + N,,) =
adim; (N, ) = n — 1 and adims (K7 + N,,) = adima(N,,) = n.

Therefore, according to the three cases above, the result follows. [l

By Proposition 25 and Theorem 26, adimy(K; + H) > adimg(H) + 1 if
and only if for any k-adjacency basis A of H, there exists h € V(H) such that
|A—Ng(h)| < k. Consider, for instance, the graph G showed in Figure 4. The only
2-adjacency basis of G is B = {vg,v3,v4,v5} and |B — Ng(v1)| = 0, so adima (K7 +
G) > adime(G) + 1 = 5. It is easy to check that A = {vy,ve,v7,vs,v9} is a 2-
adjacency generator for K; + G, and so adimz (K + G) = adimy(G) + 1 = 5. We
emphasize that neither B U {v1} nor BU {z} are 2-adjacency bases of (z) + G.

Proposition 36. Let H be a graph of ordern > 2 and let k € {1,...,C(K1+ H)}.
If for any k-adjacency basis A of H, there exists h € V(H) such that |A—Ng(h)| =
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k—1and |A— Ng(h)| >k —1, for all ' € V(H), then
adimy (K1 + H) = adimy (H) + 1.

Proof. If for any k-adjacency basis A of H, there exists a vertex h € V(H) such
that |[A — Ny (h)| = k — 1, then by Theorem 26, adimy (K7 + H) > adimg(H) + 1.

Now, let A be a k-adjacency basis of H and let v be the vertex of K. Since
|A—Ng(h')| > k—1, for all b’ € V(H), the set AU{v}, is a k-adjacency generator
for K1+ H and, as a consequence, adimy (K + H) < |[AU{v}| = adimg(H)+1. O

The graph H shown in Figure 5 has

six 3-adjacency basis. For instance, one of 8 3 9 7
them is B ={1,2,3,4,5,8,9} and the re-
maining ones can be found by symmetry.
Notice that for any 3-adjacency basis, say 4 1
A, there are two vertices ¢,j such that
|A = Nu(i)| = 2, |[A - Ng(j)| = 2 and 5 6
|A — Ng(l)] > 3, for all [ # 4,j. In par-
ticular, for the basis B we have ¢ = 3 and
7 = 4. Therefore, Proposition 36 leads to 9
adimg(Ky + H) = adimz(H) + 1 = 8. Figure 5. The set

B={1,2,3,4,5,8 9} is a
3-adjacency basis of this graph.

By Theorem 26 and Proposition 36
we deduce the following result previously
obtained in [11].

Proposition 37. [11] Let H be graph of order n > 2. If for any adjacency basis
A of H, there exists h € V(H) — A such that A C Ng(h), then

adiml(Kl + H) = adlml(H) + 1,

otherwise,
adim1 (Kl + H) = adiml (H)

Theorem 38. For any nontrivial graph H,
adimo (K7 + H) < adime(H) + 2.

Proof. Let A be a 2-adjacency basis of H and let u be the vertex of K;. Notice
that there exists at most one vertex z € V(H) such that A C Ng(x). Now, if
|A — Ng(v)] > 1 for all v € V(H), then we define X = AU {u} and, if there
exists x € V(H) such that A C Ng(z), then we define X = AU {z,u}. We claim
that X is a 2-adjacency generator for K7 + H. To show this, we first note that for
any y € V(H) we have that |Cx,+m(u,y) N X| = |((A = Nu(y)) U{u}) N X| > 2.
Moreover, for any a,b € V(H) we have that Cx,+m(a,b) = Cg(a,b). Therefore, X
is a 2-adjacency generator for K1 + H and, as a consequence, adims (K7 + H) <
adima(H) + 2. O
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We would point out that if for any 2-adjacency basis A of a graph H,
there exists a vertex = such that A C Ng(z), then not necessarily adimg(K; +
H) = adimy(H) 4+ 2. To see this, consider the graph G shown Figure 4, where
{v2,v3,v4,v5} is the only 2-adjacency basis of G and {ve,vs,v4,v5} C Ng(v1).
However, {v1, vg, v7, Us, Ug } is a 2-adjacency basis of K1+G and so adimg(K1+H) =
adim(H)+1. Now, we prove some results showing that the inequality given in The-
orem 38 is tight.

Theorem 39. Let H be a nontrivial graph. If there exists a vertex x of degree
d(z) = |V(H)| — 1 not belonging to any 2-adjacency basis of H, then

adimo (K7 + H) = adime(H) + 2.

Proof. Let u be the vertex of K7 and let © € V(H) be a vertex of degree
d(z) = |[V(H)| — 1 not belonging to any 2-adjacency basis of H. In such a case,
Cr,+r(z,u) = {z,u} and, as aresult, both = and v must belong to any 2-adjacency
basis X of K1+ H. Since X —{u} is a 2-adjacency generator for H and z € X — {u}
we conclude that |X — {u}| > adimo(H) + 1 and so adimy(K; + H) = |X]| >
adimg(H) + 2. By Theorem 38 we conclude the proof. O

Examples of graphs satisfying the premises of Theorem 39 are the fan graphs
F1 ., = K1+ P, and the wheel graphs W1 ,, = K;+C), for n > 7. For these graphs we
have adimg (K14 F} ,,) = adimg(Fy ,,)+2 and adima (K1 +W1 ) = adima (W1 ) +2.

Theorem 40. Let H be a graph having an isolated vertex v and a vertex u of degree
0(x) = |V(H)|—2. If for any 2-adjacency basis B of H, neither u nor v belongs to
B, then

Proof. Let u be the vertex of Kj. Since Cx,1p(z,u) = {x,u,v}, at least two
vertices of {x,u,v} must belong to any 2-adjacency basis X of K7 + H. Then we
have that x € X — {u} or v € X — {u}. Since X — {u} is a 2-adjacency generator
for H, we conclude that if |X N {x,v}| = 1, then adimq(Ky + H) > |X — {u}| >
adimg(H) 4+ 1, whereas if | X N {z,v}| = 2, then adimy(K; + H) > |X — {u}| >
adimg (H) + 2. Hence, adimy (K3 + H) = | X| > adimy(H) + 2. By Theorem 38 we
conclude the proof. O

For instance, we take a family of graphs G = {G1,Ga, ...} such that for any
G; € G, every vertex in V(G;) belongs to a non-singleton true twin equivalence class.
Then X = Jg,cg V(G:) is the only 2-adjacency basis of H = K1U(K1+Ug, g Gi)-
Therefore, adima (K7 + H) = adima (H) + 2.

Proposition 41. Let H be graph and k € {1,...,C(Ky1 + H)}. If there exists a
vertex x € V(H) and a k-adjacency basis A of H such that A C Ny (x), then

adimg (K7 + H) < adimg(H) + k.
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Proof. Let u be the vertex of K1 and assume that there exists a vertex v; € V(H)
and a k-adjacency basis A of H such that A C Ng(vy). Since k < |V(H)| —
A(H) + 1, we have that |[V(H) — Ng(v1)| > k — 1. With this fact in mind, we
shall show that X = AU {u} U A" is a k-adjacency generator for K7 + H, where
A =0ifk=1and A = {v1,v2,...,v5_1} C V(H) — Ng(vy) if & > 2. To this
end we only need to check that [Cx,4+m(u,v) N X| > k, for all v € V(H). On one
hand, [Cx,+m(u,v1) N X| = {u} UA| = k. On 3

the other hand, since A C Ng(v1), for any v € 4

V(H) — {v1} we have that |A — Ng(v)| > k and,
as a consequence, |Cr, 1 pr(u,v)NX| > k. There-
fore, X is a k-adjacency generator for K; + H
and, as a result, adimg(K; + H) < |X| =
adimy (H) + k. o 6

The bound above is tight. It is achieved, for

instance, for the graph shown in Figure 6. In this 7
case adimz (K7 + H) = adim3z(H) +3 =9. The
set {2,3,5,6,7,9} is the only 3-adjacency basis of
H, whereas (u) + H has four 3-adjacency bases,
ie, {1,2,3,4,5,6,7,8,u}, {1,2,3,4,5,6,7,9,u}
{1,2,3,4,5,7,8,9,u} and {1,2,3,4,6,7,8,9, u}.

ot

8
Figure 6. The set
A=1{2,3,5,6,7,9} is the only
3-adjacency basis of H and
A C Ng(1).

Conjecture 42. Let H be graph of ordern > 2 and k € {1,...,C(K1+ H)}. Then
adimg (K7 + H) < adimg(H) + k.

We have shown that Conjecture 42 is true for any graph H and k € {1, 2}, and
for any H and k satisfying the premises of Proposition 41. Moreover, in order to
assess the potential validity of Conjecture 42, we explored the entire set of graphs of
order n < 11 and minimum degree two by means of an exhaustive search algorithm.
This search yielded no graph H such that adimy (K7 + H) > adimy(H) + k, k €
{3,4}, a fact that empirically supports our conjecture.

4.2. The k-adjacency dimension of G + H for G 22 K; and H 2 K,

Two different vertices u, v of G+ H belong to the same twin equivalence class
if and only if at least one of the following three statements hold.

(a) u,v € V(G) and u, v belong to the same twin equivalence class of G.
(b) uw,v € V(H) and u,v belong to the same twin equivalence class of H.
(c) ueV(GQ),veV(H), Nglu| = V(G) and Ngv]| = V(H).

The following two remarks are direct consequence of Corollary 14.

REMARK 43. Let G and H be two graphs of order n1 > 2 and ng2 > 2, respectively. Then
adimz (G + H) = n1 + n2 if and only if one of the two following statements hold.
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(a) Every vertex of G belongs to a non-singleton twin equivalence class of G and every
vertex of H belongs to a non-singleton twin equivalence class of H.

(b) A(G) = n1 — 1, A(H) = na — 1, every vertex u € V(G) of degree §(u) < n1 — 1
belongs to a non-singleton twin equivalence class of G and every vertex v € V(H) of
degree 6(v) < m2 — 1 belongs to a non-singleton twin equivalence class of H.

Let G and H be two graphs of order ny > 2 and no > 2, respectively. If
z,y € V(G), then Caru(x,y) = Ce(z,y). Analogously, if z,y € V(H), then
Coyu(z,y) = Cu(z,y). Also, if z € V(G) and y € V(H), then Carm(x,y) =
(V(G) — Ng(z)) U (V(H) — Ng(y)). Therefore,

C(G + H) = min{C(G),C(H),n1 — A(G) + na — A(H)}.

Theorem 44. Let G and H be two nontrivial graphs. Then the following assertions
hold:

(i) For any k € {1,...,C(G+ H)},

(ii) For any k € {1,..., min{C(H),C(K1 + G)}}
adimk(G + H) < adimk(Kl + G) + adirnk (H)

Proof. First we proceed to deduce the lower bound. Let A be a k-adjacency basis
of G+ H, A¢ = ANV(G), Ag = ANV (H) and let z,y € V(G) be two different
vertices. Notice that Ag # 0 and Ay # (0, as n; > 2 and ny > 2. Now, since
Coyu(z,y) = Ca(x,y), it follows that |[Ag NCa(x,y)| = |ANCeru(z,y)| > k, and
as a consequence, Ag is a k-adjacency generator for G. By analogy we deduce
that Ay is a k-adjacency generator for H. Therefore, adimy(G + H) = |A| =
|Ag| + |Ag| > adimg(G) + adimy (H).

To obtain the upper bound, first we suppose that there exists a k-adjacency
basis U of K7 + G such that the vertex of K7 does not belong to U. We claim that
for any k-adjacency basis B of H the set X = U U B is a k-adjacency generator
for G+ H. To see this we take two different vertices a,b € V(G + H). If a,b €
V(G), then |Coim(a,b) N X| = |Cky+a(a,b) NU| > k. If a,b € V(H), then
ICatr(a,b)NX| = |Cu(a,b) N B| > k. Now, assume that a € V(G) and b € V(H).
Since U is a k-adjacency generator for (b) + G, we have that [Cp)4c(a,b)NU| > k.
Hence, |Coym(a,b) N X| = [Cupyt+a(a,b) NU| > k. Therefore, X is a k-adjacency
generator for G + H and, as a consequence, adimy(G + H) < |X| = |U| + |B| =
adimk (Kl + G) + adimk (H)

Suppose from now on that the vertex u of K; belongs to any k-adjacency
basis U of K1 + GG. We differentiate two cases:

Case 1. For any k-adjacency basis B of H, there exists a vertex x such that
B C Ny (z). We claim that X = U'U(BU{z}) is a k-adjacency generator for G+ H,
where U’ = U — {u}. To see this we take two different vertices a,b € V(G + H).
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Notice that since B is k-adjacency basis of H, there exists exactly one vertex x €
V(H) such that B C Ny (z) and for any y € V(H) — {z} it holds |B — Ny (y)| > k.
If a,b € V(G), then [Cat+nu(a, b)) N X| = |Ck,+c(a,b) NU'| = [Ck,+c(a, b)) NU| > k.
Ifa,b € V(H), then |Caym(a,b)NX| = |Cu(a,b)N(BU{x})| > k. Now, assume that
a € V(G)and b € V(H). Since U’' U {b} is a k-adjacency basis of (b) + G, we have
that |Cpy1+c(a,b)NU’| > k—1. Furthermore, |C(qy+ g (a,b)N(BU{x})| > 1. Hence,
ICayn(a,b)NX| = [Cipy4+a(a,b)NU'|+[Ciay+m(a,b)N(BU{x})| > k. Therefore, X
is a k-adjacency generator for G+ H and, as a consequence, adim,(G+ H) < |X| =
|U’|+|BU{:Z?}| e (adirnk(Kl—I—G)—l)—l—(adimk(H)—l-l) = adimk(Kl—l—G)—l—adimk(H).

Case 2. There exists a k-adjacency basis B’ of H such that |B'— Ng(h')| > 1,
for all b’ € V(H). We take X = U’ U B’ and we proceed as above to show that X
is a k-adjacency generator for G + H. As above, for a,b € V(G) or a,b € V(H)
we deduce that |Catp(a,b) N X| > k. Now, for a € V(G) and b € V(H) we have
|C<b>+G(CL, b) N U/| >k—1and |C<a>+H(CL, b) N B/| > 1. Hence, |Cg+H(CL, b) N X| =
IChy+cla,b) N U'| + |Ciay+m(a,b) N B| > k and, as a consequence, adim(G +
H) < |X| = |U/| + |B/| e (adimk(Kl + G) — 1) + adlmk(H) < adimk(Kl + G) +
adimg (H). O

By Proposition 37 and Theorem 44 we obtain the following result.

Proposition 45. Let G and H be two non-trivial graphs. If for any adjacency
basis A of G, there exists g € V(G) such that A C Ng(g) and for any adjacency
basis B of H, there exists h € V(H) such that B C Ng(h), then

adim; (G + H) = adim; (G) + adim; (H) + 1
Otherwise,
adim; (G + H) = adim; (G) + adim; (H).
Corollary 46. Let G and H be two nontrivial graphs and k € {1,...,C(G + H)}.
If adimg (K1 + G) = adimg (G), then

In the previous section we showed that there are several classes of graphs
where adimy(K; + G) = adimy(G). This is the case, for instance, of graphs of
diameter D(G) > 6, or G € {P,,Cy,}, n > 7, or graphs of girth g(G) > 5 and
minimum degree §(G) > 3. Hence, for any of these graphs, any nontrivial graph
H, and any k € {1,...,min{C(H),C(K; + G)}} we have that adimy(G + H) =
adimy(G) 4 adimy, (H).

Theorem 47. Let G and H be two nontrivial graphs. Then the following assertions
are equivalent:

(i) There exists a k-adjacency basis Ag of G and a k-adjacency basis Ay of H
such that |(Ag—Ng(x))U(Ag—Nu(y))| > k, for allxz € V(G) andy € V(H).

(11) adimk(G + H) = adlmk(G) + adimk (H)
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Proof. Let Ag be a k-adjacency basis of G and and let Ay be a k-adjacency basis
of H such that |(A¢ — Ng(2))U(Ag —Nu(y))| > k, forallz € V(G) and y € V(H).
By Theorem 44, adim (G + H) > adim(G) + adimy (H). It remains to prove that
adimy (G + H) < adimg(G) + adimg(H). We will prove that A = Ag U Ay is
a k-adjacency generator for G + H. We differentiate three cases for two vertices
z,y € V(G+ H). If z,y € V(G), then the fact that Ag is a k-adjacency basis of
G leads to k < |Ag NCq(z,y)| = |ANCatr(z,y)|- Analogously we deduce the
case z,y € V(H). If x € V(G) and y € V(H), then the fact that Caqp(x,y) =
(V(G) = Na(2)) U (V(H) — Nu(y)) and |(Ag — Ne(x)) U (A — Niz(y))] > & leads
to |ANCgym(x,y)| > k. Therefore, A is a k-adjacency generator for G + H, as a
consequence, |A| = |Ag| + |Ay| = adimy (G) + adimy (H) > adimg (G + H).

On the other hand, let B be a k-adjacency basis of G + H such that |B| =
adimy(G) + adimg(H) and let B = BN V(G) and By = BN V(H). Since
for any ¢g1,92 € V(G) and h € V(H), h € Cayu(g1,92), we conclude that Bg
is a k-adjacency generator for G and, by analogy, By is a k-adjacency generator
for H. Thus, adlmk(G) S |Bg|7 adlmk(H) S |BH| and |Bg| + |BH| = |B| =
adimy(G) + adimy(H). Hence, |Bg| = adimg(G), |By| = adimi(H) and, as a
consequence, Bg and By are k-adjacency bases of G and H, respectively. If there
exists g € V(G) and h € V(H) such that |(Bg — N¢(g))U(Bg — Ng(h))| < k, then
|IBNCat+u(g,h)| =|(Ba— Ng(g))U(Bg — Ng(h))| < k, which is a contradiction.
Therefore, the result follows. O

We would point out the following particular cases of the previous result.

Corollary 48. Let C,, be a cycle graph of order n > 5 and P, a path graph of
order n’ > 4. If G € {K: + Cy,, N; + C,, }, then

2n 4+ 2

adim; (G) = { J +t—1and adimy(G) = [——‘ +t.
IfGE{Kt+Pn/,Nt+Pn/}, then

adiml (G) =

2n' +2 "+1
{ n5—|— J +t—1and adimy(G) = {n ;— —‘ +t.
Proof. Let G; € {K{,N;} and G2 € {P,,C,}. By Propositions 32 and 33 we
deduce that adima(G2) — A(G2) > 1. On the other hand, for any 2-adjacency basis
A of Gy and x € V(Gy) we have |B — Ng, (y)| € {1,t}. Therefore, by Theorem 47
we obtain the result for G = G1 + Gs. O

Notice that for n > 7 and n’ > 6, the previous result can be derived from
Corollary 46.

Corollary 49. Let G be a graph of order n > 7 and mazimum degree A(G) < 3.
Then for any integer t > 2 and H € {K;, Ny},

adime (G + H) = adimy(G) + ¢.
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Proof. By Theorem 18 we deduce that adimy(G) > 4, so for any 2-adjacency basis
A of G and z € V(G) we have |[A — Ng(x)| > 1. Moreover, for any 2-adjacency
basis B of H and y € V(H) we have |B — Ng(y)| € {1,t}. Therefore, by Theorem
47 we obtain the result. (|

Corollary 50. Let G and H be two graphs of order at least seven such that G is
ki-adjacency dimensional and H is ko-adjacency dimensional. For any integer k
such that A(G) + A(H) — 4 < k < min{ky, k2},

adimy (G + H) = adim(G) + adimy (H).

Proof. By Theorem 18, for any positive integer k& < min{ki, ka}, we have that
adimy(G) > k + 2 and adimy(H) > k + 2. Thus, if £ > A(G) + A(H) — 4, then
(adimg (G) — A(G)) + (adimg(H) — A(H)) > k. Therefore, by Theorem 47 we
conclude the proof. O

As a particular case of the result above we derive the following remark.
REMARK 51. Let G and H be two 3-regular graphs of order at least seven. Then
adimg (G + H) = adimz(G) + adims (H).
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