APPLICABLE ANALYSIS AND DISCRETE MATHEMATICS
available online at http://pefmath.etf.bg.ac.yu

AppL. ANAL. DISCRETE MATH. 4 (2010), 361-372. doi:10.2298/ AADM100601026T

A NOTE ON BOUNDEDNESS OF SOLUTIONS TO A
CLASS OF NON-AUTONOMOUS DIFFERENTIAL
EQUATIONS OF SECOND ORDER

Cemil Tung

By defining some appropriate Liapunov functions, we discuss boundedness of
solutions to a class of non-autonomous and nonlinear differential equations
of second order. In this work, we prove some results established in the liter-
ature by Liapunov’s second method instead of the integral test. We give six
examples to illustrate the theoretical analysis in this work and effectiveness
of the method utilized here.

1. INTRODUCTION AND MAIN RESULTS

In 1972, KROOPNICK [3] considered the following nonlinear differential equa-
tion of second order

(1) 2" +a(t)b(z) =0,

where a and b are continuous functions on R = [0, 00) and R = (—o0, 00), respec-
tively. It is assumed that the derivative a’(t) exists and is continuous. The author
showed boundedness of solutions of Eq. (1) with appropriate conditions on a(t)
and b(x). Namely, KROOPNICK [3] proved the following theorem by the integral
test:

Theorem A. (KroOOPNICK [3, Theorem I]) If

a(t) > a>0,d'(t) <0 on [T,00),t > T,b(x) continuous,
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and

lim B(z) = /1 b(u)du = oo,

r—+o0

then all solutions of Eq. (1) are bounded as t — oc.

We write Eq. (1) in system form as

(2) z' =y,
y' = — a(t)b(z).

The first main problem of this paper is the following theorem.

Theorem 1. In addition to the basic assumptions imposed upon the functions a(t)
and b(x), we assume that there exists a positive constant o such that the following

assumptions hold:
a(t) > a, a'(t) <0 for allt € RT,

B(z) = / b(u)du is positive for all x # 0 and B(x) — oo as |z| — oo.
0

Then every solution of Eq. (1), together with its derivative, is bounded as t — oo.

Proof. Define a Liapunov function as

V(t,z,y) = a(t) /01‘ b(s)ds + %yQ.

It follows that
V(t,0,0) = 0.

In view of the assumptions of Theorem 1, firstly, we find that
z 1
V(t,z,y) > a/ b(s)ds + 3 y? >0,
0

for all z # 0 and y # 0.

Secondly, since B(z) — oo as |z| — oo, V(¢,z,y) < K implies |z| < K; and
ly| < Ko, where the constants K7 and K» depend on the constant K. Thus, we only
need to show that V' (¢,z,y) is bounded along every trajectory of (2) as t — oo.

Along a trajectory of (2) the time derivative of the Liapunov function V (¢, z, y)
gives that

%V(Lx,y) =d(t) /Ow b(s)ds < 0.

Integrating the last inequality on [0, oo] (for a positive constant K) we obtain

V(t,z,y) < V(0,2(0),9(0)) = K,
where (2(0),y(0)) is the initial point through which the trajectory starts at ¢ > 0.
Thus, it follows from the above discussion that V (¢, 2(t), y(t)) is bounded for all
t > 0. This shows that every solution of Eq. (1), together with its derivative, is
bounded as t — co. The proof of Theorem 1 is now completed. O
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ExaMPLE 1. Consider the equation

" 1 5

which is a special case of Eq. (1).
We write this equation in system form as

/_
r =Y,

1 5
r—_ (1 5
v=-(1+ 1)

Hence, it follows

2t

—— < 0,t >
(1+12)2 =020,

1 /
a(t):l+?21>0,a(t):—

6

b(z) = 2°, 2% = zb(z) > 0, (z # 0),/ b(s)ds = / s°ds = % — 00 as |z| — oo.
0 0

The above discussion shows that all the assumptions of Theorem 1 hold. Thus, we conclude
that all solutions of Eq. (1) are bounded as t — co.

On the other hand, it is also seen that

1 20 1
Vit —(1+— )T 4
1(2.y) <+1+t2) 6 2

for all z #£ 0 and y # 0, V1(¢,0,0) = 0 and

t
6
5T

d
—Vi(t,z,y) = T3040

<0.
dt 0

The remainder of the proof can be completed by using the procedure in

Theorem 1.
In 1981, KROOPNICK [4] considered the equation

(3) 2"+ c(t) f(x)2’ + a(t)b(z) = 0,

where a, ¢ and f, b are continuous functions on R+ = [0,00) and R = (—o0, ),
respectively. It is assumed that the derivative a/(t) exists and is continuous. The
author presented two theorems, which include some sufficient conditions for all
solutions of Eq. (3) to be bounded as t — oo.

In [4], KROOPNICK constructed the following theorems.

Theorem B. (KROOPNICK [4, Theorem I]) Suppose that a(t) and c(t) are contin-
uous functions on [0,00) and let b(z) and f(x) be continuous on (—oo,0). Fur-
thermore, suppose that for some positive constant ag, a(t) > ag, a/(t) <0, ¢(t) >0
for 0 <t < oo, and f(x) > 0. Finally, if B(x) = /Oxb(u)du — 00 as x| — oo,
then every solution of Eq. (3) exists on [0,00) and |x(t)| and |z'(t)| are bounded as
t — oo.
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Theorem C. (KROOPNICK [4, Theorem III]) The hypotheses are the same as
Theorem B except that a/(t) > 0 (0 <t < o). Furthermore, if xb(z) > 0 (z € R),
then all solutions to Eq. (3) are bounded as t — oo.

KROOPNICK [4] proved the above theorems by using the integral test.
We write Eq. (3) in system form as

= Y,
(4) y' = — c(t)f(x)y — a(t)b(z).

The second main problem of this paper is the following theorem.

Theorem 2. In addition to the basic assumptions imposed upon the functions a(t),
c(t), f(x) and b(z), we assume that there exists a positive constant ag such that the
following assumptions hold:

a(t) > ag, a'(t) <0,¢(t) >0 for allt € RT, f(x) >0 for allx € R

and
B(x) = / b(u)du is positive for all x # 0 and B(z) — o0 as |z| — 0.
0

Then every solution of (3) exists on [0,00) and |x(t)| and |x'(t)| are bounded as
t — oo.

Proof. We employ the Liapunov function

Vo) = a(t) /0 " b(s)ds + %y2

to prove Theorem 2 as in the proof of Theorem 1. Clearly, in view of the assump-
tions of Theorem 2, it follows that

%V(tﬂ;y) =ad'(t) /Oz b(s)ds — c(t) f(z)y* < 0.

The rest of the proof is similar to that of Theorem 1. Therefore, we omit the details.
The proof of Theorem 2 is now completed. O

ExaMPLE 2. Consider non-linear differential equation of second order:
' P14+ + (14 1 2® =0
1+ ¢2 ’
The above equation is a special case of Eq (3) and can be stated as the system

/_
r =Y,

/ 2 x 1 5
y = —1 (1+€ )y—(l-f—m)l‘ .
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Hence, we have
c(t)=t>>0,t>0, f(z) =1+e" > 0.

By denoting Liapunov function as Vi (¢, x,y) we obtain

t 6,2 N
— t _— —t7(1 <
dtVI( r,y) = “3a et (1+e")y" <0

When we take into account the above discussion and Example 1, it follows
that all the assumptions of Theorem 2 hold. Thus we conclude that all solutions
of the above equation are bounded as t — .

REMARK 1. KROOPNICK [3, 4] proved Theorem A and Theorem B using the integral test,
without giving examples on the topic. Instead of this test, we use the Liapunov’s second
method to show boundedness of solutions of (1) and (2). Our conditions are the same as
that in KROOPNICK [3, 4, Theorem I], and we also give two examples to show effectiveness
of the method used here. The procedure used in the proof of Theorem 1 and Theorem 2
is very clear and comprehensible, and the boundedness of solutions is obvious.

Theorem 3. Together with all the assumptions of Theorem 2 except a(t) > ag and
a'(t) <0, we assume that

ag > a(t) >0 and a'(t) >0 for allt € RT.

Then every solution of Eq. (3) exists on [0,00) and |z(t)| and |z'(t)| are bounded
as t — oo.

Proof. Define the Liapunov function

Valto.s) = [ beds + g o

so that Va2(¢,0,0) = 0 and

Va(t, z,y) > /b ds+—y >0,
for all x # 0 and y # 0.

The time derivative of Liapunov function Va(t, z,y) along (4) gives that

_ b
a V2(t7x7y) - _@ f($)y2 -

The rest of the proof is omitted. 0

a'(t)

2 <.
222(t) Y =

ExaMPLE 3. Consider the following second order non-linear differential equation

" —t PN 1 5
' +(1—e )(1+e)m+(3—m)x =0.
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This equation can be stated as the system

/

r =Y,
(- )14y — (3— — )2
) Y 112
Hence we find the following
ct)y=1—e">0 a(t)—3f;
B =7 N 1442
2>3- 150 ap=2 d(t)= —2 _>0,¢t>0
=T 1y T BN R

On the other hand, it follows that

1 142 1
Vs(t,ﬂﬂ,y)=5966+4+6t2 v 2@+ >0

for all x # 0 and y # 0, V3(¢,0,0) = 0 and

d 1+¢
7V3(t7:r7y)7_2+3t2

- (1= e ™)1 +e)y? -

2
—_ < 0.
Grsep ¥ =0

In view of the discussion made above and that in Example 1 and Example 2, it follows
that all the assumptions of Theorem 3 hold. Therefore, we conclude that all solutions of
the above equation are bounded as t — co.

Later, in 1987, KROOPNICK [5] discussed under what conditions the solutions
to

(5) (m(t)a') + a(t)b(z) = 0

are bounded, where a(t) and m(t) are € C*[0, 00).

KROOPNICK [5] established the following theorem and proved it by the inte-
gration test.

Theorem D. (KROOPNICK [5, Theorem I]|) Suppose that a(t) and m(t) are €
C1[0,00) and, furthermore, suppose that a(t) > ag > 0 and m(t) > mg > 0
for some positive constants ag and mg. Also, let m'(t) < 0, d/(t) < 0, and let
b(x) € C(—o00,0). Finally, assume that if

| llim B(x) :/ b(u)du = oo, then |x| and |z’'| are bounded ast — oo.
Tr|—00 0
Then (5) is equivalent to

m(t)z"” +m'(t)z’ + a(t)b(z) = 0,

and it can be written in a system form as

’_
r =Y,

(6) p__m()  alt)
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The fourth main problem of this paper is the following theorem.

Theorem 4. In addition to the basic assumptions imposed upon the functions
m(t), a(t) and b(x), we assume that there exist positive constants ag and mg such
that the following assumptions hold:

a(t) > ag, a'(t) <0, mo >m(t) >0, m'(t) >0 for all t € RT,
x
B(z) = / b(u)du is positive for all x # 0 and B(z) — oo as |z| — oco.
0

Then every solution of Eq. (5), together with its derivative, is bounded as t — oo.

Proof. Define the Liapunov function

Vatt,n) = 208 [ be)ds + 57

so that V4(¢,0,0) = 0 and
Valt,z )>&/zb(s)ds+l 250
a\l, T, Y = mo 0 23} ’
for all z # 0 and y # 0.

The time derivative of Liapunov function V4(t, z,y) along (6) gives that

) O ) [0, 20 1

m2(?) m(t) Y =

The rest of the proof is similar to that of Theorem 1 and its details are
ommited. 0

d
dt 4( 7.’17,y)

ExAMPLE 4. Consider the following second order non-linear differential equation

1 ” 2t , 1 5
3_ _—— = 34+ —— =0.
( 1+t2)m +(Ht?)?””( +1+t2)w

This equation can be stated as system

/

T =y,
b 2t _4+3th65
YTy T 2y
Hence, it follows that
mt) =3 — — mp=3>3— S0, m'(t) = —2L _ >0
T Ty Tt E Y Ty T T a+e)e =
1 , 2t
)=3+-——>>3a=3, d(t) = > <0,t>0.
a(t) +1—|—t2_’a0 s a(t) (1422 = =



368 Cemil Tung

We also notice that

4432 5 1 4 4432
- = = > - 7
62+3)” T2V 2ty

1 o 1 6 14
= - > —

Vs(t, z,y) 5Y 2T t5y >0

for all x # 0 and y # 0, V5(¢,0,0) = 0 and

d 2% 6 2t 2
— t = — - <
3 B 2,Y) 322’ T eyt =0

Integrating the last inequality on [0, c0), one can conclude that Vs (¢, z(t),y(t)) is bounded
for all ¢ > 0. This shows that every solution of the above equation, together with its
derivative, is bounded as t — oo. In view of the discussion made above, it also follows
that all the assumptions of Theorem 4 hold.

REMARK 2. The assumptions of Theorem 3 and Theorem 4 are the same as that in
KROOPNICK [4, Theorem I] and KROOPNICK [5, Theorem III] except ag > a(t) > 0 and
mo > m(t) > 0 instead of a(t) > ao > 0 and m(t) > mo > 0, respectively.

In 1995, KROOPNICK [6] first presented a boundedness theorem for the equation
(7) 2 + et ,7) + a(t)b(e) = e(t),

where ¢(t,x, ), a(t), b(x) and e(t) are continuous on R x N x N, RT, R and R+,
respectively. It is also assumed that the derivative a’(t) exists and is continuous.
Instead of Eq. (7), we consider it as a system
©' =y,

(8) Y = — ct,z,y) — a(t)b(x) + e(t).

KROOPNICK [6] proved the following theorem.

Theorem E. (KROOPNICK [6, Theorem I|) Given the differential equation (7),
suppose that c(t,z,y) is continuous on RT x R x N, c(t,z,y)y > 0 and e(t) is
continuous on Rt with /OO<J le(t)| dt < oo. Furthermore, if a(t) > ag > 0 for some

constant ag and continuous on RT, /() <0, b(z) is continuous on R, and
x
B(z) :/ b(u)du approaches co as |x| — oo,
0

then all solutions of Eq. (7) as well as their derivatives are bounded as t — oo.

KROOPNICK [6] proved Theorem 5 by means of the integral test.

The fifth main problem of this paper is the following theorem.
Theorem 5. In addition to the basic assumptions imposed upon the functions a(t),
b(x), c(t,x,y) and e(t), we assume that there exists a positive constant ag such that
the following assumptions hold:

a(t) > ag, a'(t) <0, c(t,z,y)y >0 for allt € RT,z,y € RN,
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B(x) = / b(u)du is positive for all x # 0 and B(z) — o0 as |z| — oo
0

and -
/ le(t)| dt < oo.
0
Then all solutions of Eq. (7) as well as their derivatives are bounded as t — oo.

Proof. Define the Liapunov function
* 1
V(t,z,y) = a(t)/ b(s)ds + 3 y2.
0
In view of the fact that a(t) > ap > 0, we arrive at
r 1
Vit = a0 [ bsds+ 50 >0,
0

for all z # 0 and y # 0.
The time derivative of V (¢,z,y) along a solution (z,y) = (x(t),y(t)) of (8)
gives that

GVt =a [ “b(s)ds — c(t, 2,y + ety
< le®)] Iyl < le(®)] +]e®)]
<le(®)| +2le(®)| V(t z,vy).

Integrating the last inequality on [0, oo], for a positive constant K3, we obtain
t t
Vol y(6) < V(0,20 5(0) + [ le(s)lds 2 [ Je(s)] Vi, (s),(s))ds:
0 0

Using the convergence of the integral /Ot le(s)|ds and the Gronwall-Reid-

Bellman inequality (see GRONWALL [1] and MITRINOVIC [2]), we can conclude
that V (¢, 2(t),y(¢t)) is bounded for all ¢ > 0. This shows that every solution of Eq.
(7), together with its derivative, is bounded as t — oco. The proof of Theorem 5 is
now completed. O

ExAMPLE 5. Consider equation

" 2 2 12N 1 1 5 1
'+ 1+t 4"+ ):17—|—<1—|—1+t2):c =i

This equation can be written as the system

l_
r =Y,

1 1
/ 1 t2 2 2 1 5 .
y=-0++2"+y )y~ (1+ 75 )"+ 10
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Hence, it follows that

ct,z,y)y=(1+t"+2> +y*)y° >0, >0,

1 o <1 T

Utilizing the function Vi (¢, z,y), it also follows that

d t 6 2 2 2\ 2 Y
~Vi(t =—————1x — (1+t
g (62 y) ek A+t 42"+ )y + 0
y 1 y?
< <
_1+t2_1+t2+1+t2
Y 1 1

< < t,z,y).
STye STre Tipe by

Integrating the last inequality on [0, oc], using the Gronwall-Reid-Bellman inequality (see
GRONWALL [1] and MITRINOVIC [2]) and taking into account the above discussion and that
in Example 1, it follows that all the assumptions of Theorem 5 hold. Thus, we conclude
that all solutions of the above equation are bounded as t — oo.

KROOPNICK [6] presented a boundedness theorem for the equation
(9) 2" + etz 2") + a(t,z) = e(t),

where c(t,z,z'), a(t,r) and e(t) are continuous on R x £ x R, RT x N and N+,

respectively. It is also assumed that the derivative x % a(t, z) exists and is conti-
nuous.

We write Eq. (9) in system form as

/

r =Y,
10
1o V= —clt,n,y) — alt,a) + e(t).

Utilizing the integration test, KROOPNICK [6] proved the following theorem.

Theorem F. (KROOPNICK [6, Theorem II]) Given equation in (9) and suppose

that c(t,x,y) is continuous on RT x R x R, c(t,z,y)y > 0 and a(t, ) is continuous
+

on T x R with x%a(t, x) < 0. Furthermore, if /0 Ooa(t,u)du = oo uniformly in t

and e(t) is continuous on R with /OOO le(t)] dt < oo, then all solutions to equation

(9) as well as their derivatives are bounded as t — oo.
The last main problem of this paper is the following theorem.
Theorem 6. In addition to the basic assumptions imposed upon the functions

c(t,z,y) and a(t,x), we assume that the following assumptions hold:

/ a(t,uw)du is positive for all t and x # 0,
0
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and approaches oo uniformly in t as |x| — oo,

m%a(t,az) <0 for allt € R" and z € R,

c(t,z,y)y >0 for allt € R and z, y € R, and/ ()| dt < .

Then, all solutions to equation (9) as well as their derivatives are bounded ast — oo.

Proof. Define the Liapunov function

* 1
Vilt.r) = [ alt.shds + 502
0

so that Vg(¢,0,0) = 0 and

@ 1
Va(t,m,y)=/ a(tvs)d8+§y2>0
0

for all z # 0 and y # 0.

Under the assumptions of Theorem 6, the time derivative of the Liapunov
function Vs(t, x,y) along (10) gives that

d
GVtta) = [ Salt.sds = cttapy-+ et < leto)] 1o

The rest of the proof is similar to that of Theorem 5. O

EXAMPLE 6. Consider the equation

" 1+t2+l’2+$l2 —t\ 5 cost ’

et +(+e )z “1re (" #0).
This equation can be written in system form as

/
r =Y,

, 1+t2+x2+y2 ¢\ 5 cost

SR L e 0).

y ” At+e e’ + 1, @#0)

Hence, we get
x
c(t,z,y)y=1+ 2 +2+4° >0, /a(t,s)d
0

(1+e a2’ — oo as |z| — oo,

C?JI»i

0 “t 6 cost 1 T T
v o altn) = —e 7' <0, e(t) = 220 Je(0)] < 1 /|e(t)|dt§ " <o
0

Subject to the above discussion, it follows that all the assumptions of Theorem 6 hold.
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It also follows that

$6

_ 1
Vet z,y) = (1+e )% +50° >0

for all z # 0 and y # 0, V7(¢,0,0) = 0 and

—d _ 1 s 2 2 2 cost
Va(t i 14 ¢
ai 7(t, @, y) g¢ < A+t +2°+9°) oY
1 y2 1 1
1412 14+t2 — 1+4¢2 1+ ¢2 [7(7$’y)

Integrating the last inequality on [0, oco] and using the Gronwall-Reid-Bellman inequality
(see GRONWALL [1] and MITRINOVIC [2]), one can conclude that all solutions of the above
equation are bounded as t — oo.

REMARK 3. Theorem 5 and Theorem 6 was proved in [6] via the integral test. The
conditions of Theorem 5 and Theorem 6 are the same as that in KROOPNICK [6, Theorem
I, Theorem II].
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