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SOME FORMULAS FOR APOSTOL-EULER
POLYNOMIALS ASSOCIATED WITH HURWITZ ZETA
FUNCTION AT RATIONAL ARGUMENTS

Qiu-Ming Luo

We give some explicit relationships between the Apostol-Euler polynomials
and generalized Hurwitz-Lerch Zeta function and obtain some series repre-
sentations of the Apostol-Euler polynomials of higher order in terms of the
generalized Hurwitz-Lerch Zeta function. Several interesting special cases are
also shown.

1. INTRODUCTION

Throughout this paper, we always make use of the following notation: N =
{1,2,3,...} denotes the set of natural numbers, Ny = {0,1,2,3,...} denotes the
set of nonnegative integers, Z, = {0, —1, -2, —3, ...} denotes the set of nonpositive
integers, Z denotes the set of integers, R denotes the set of real numbers, C denotes

the set of complex numbers.

The generalized Bernoulli polynomials B (x) and Euler polynomials B (x)

of order « (real or complex) are usually defined by means of the following generating
functions (see, for details, [1, 5, 13, 15]):

(1.1) (ezz 1) v = ZBSL“) (x) %T: (2| < 2m)

n=0

and

(1.2) ( 2 )aewzziw (ac)% (2] < 7).

e+ 1

n=0

2000 Mathematics Subject Classification. Primary 11M35; Secondary 11B68.
Keywords and Phrases. Apostol-Bernoulli polynomials, Apostol-Euler polynomials, Hurwitz Zeta
function, Hurwitz-Lerch Zeta function, Lerch’s functional equation.

336



Apostol-Euler polynomials associated with Hurwitz Zeta function 337

Obviously, the classical Bernoulli polynomials B,,(z) and Euler polynomials E,, ()
are defined by

(1.3) B, (z):=BW () and E,(z):=EY (z) (neNy),
respectively. The classical Bernoulli numbers B,, and Euler numbers E,, are defined
by

1
(1.4) B,:=B,(0) and E,:=2"E, (5) (n € Np),

respectively.

Some interesting analogues of the classical Bernoulli polynomials and num-
bers were first investigated by APOSTOL [2, p. 165, Eq. (3.1)] and (more recently)
by SRIVASTAVA [14, p 83-84]. We begin by recalling Apostol’s definitions as follows:

Definition 1.1 (APOSTOL [2]; see also SRIVASTAVA [14]). The Apostol-Bernoulli
polynomials By, (x; A) in x are defined by means of the generating function:

(1.5) )\ez — 7;0 (lz] < 2w when A =1; |z| < [log A| when A # 1)
with, of course,
(1.6) B, (z) = Bn(z;1) and By (A) := B, (0; ),

where By, (\) denotes the so-called Apostol-Bernoulli numbers (in fact, it is a func-
tion in ).

Recently, LUO and SRIVASTAVA extended further the Apostol-Bernoulli and
Apostol-Euler polynomials and their generalizations as follows:

Definition 1.2 (¢f. Luo and SRIVASTAVA [10, 12]). The Apostol-Bernoulli poly-
nomials Bﬁla) (z; \) of order a are defined by means of the generating function

n

(1.7) <Aez_1>a i; B () %

(|z] < 2w when A =1; |z| < [logA| when XA # 1)

with, of course,

B (z) = B (1) and B (\) =B (0;)),

(1.8) )
By (x5 X) :== Bp” (z; ) and By (A) =B, (0;A),

where By, (A), B (A) and By, (x; \) denote the so-called Apostol-Bernoulli numbers,
Apostol-Bernoulli numbers of order « and Apostol-Bernoulli polynomials respec-
tively.
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Definition 1.3 (¢I. Luo [11]. The Apostol-Euler polynomials el (z; \) of order
a are defined by means of the generating function

19 () @G ( <los-N),

n=0

with, of course,

B (@) =& (1) and &0 () =276 (530,

(1.10)
En(zsN) =& (1)) and  En (V) = 27E, (%A)

where &, (A), gl (A) and &, (x;\) denote the so-called Apostol-Euler numbers,
Apostol-Euler numbers of order o and Apostol-Euler polynomials respectively.

The main object of the present paper is to give some explicit relationships be-
tween the Apostol-Euler polynomials and generalized Hurwitz-Lerch Zeta function
and to investigate some series representations of the Apostol-Euler polynomials in
terms of generalized Hurwitz-Lerch Zeta function.

2. SOME EXPLICIT RELATIONSHIPS BETWEEN THE APOSTOL-
EULER POLYNOMIALS AND THE GENERALIZED
HURWITZ-LERCH ZETA FUNCTION

A family of the Hurwitz-Lerch Zeta function CIDL’f ’VU)(z,s,a) defined by (see
e.g. [9, p. 727, Eq. (8)]

(2.1) B (2,5,0) = > Won _2"_
(W €C; a,veC\Zy; po €RT; p<o when s,z€C;

p=oc and s € C when |z|<1; p=0 and R(s—p+v)>1 when |z|=1),
contains, as its special cases, not only the Hurwitz-Lerch Zeta function

(2.2) o7 (2,5,a) = D)) (2,5,0) = B(2,5,0) =

n=0 (’I’L + a)s

and the Lipschitz-Lerch Zeta function (cf. [15, p. 122, Eq. 2.5 (11)]):

& e2nmig
2.3 ,a,8) = <I> e g, a
(23) 9(¢.a,5) ZO ey

(a€C\Zy; R(s) >0 when £€R\Z; R(s)>1 when ¢€7Z),
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but also the following generalized Hurwitz-Lerch Zeta functions introduced and
studied earlier by GOYAL and LADDHA [7, p. 100, Eq. (1.5)]

n

)
1,1 2 : (,u)n z
(24) q)( )(Z7 s, a) = cI)M(Z7 S, a) = ' -
n=0

w1 n! (n+a)s’

which, for convenience, are called the Goyal-Laddha-Hurwitz-Lerch Zeta function.
Here the symbol (a); denotes the Pochhammer symbol or the shifted factorial
defined, a € C, by

_Dla+h)_ f1 A
(2.5) (a)e = (a) {a(a+1)...(a+k1) (k € N),

where I'(x) is the usual Gamma function.
Recently, GARG et al. [6] obtained the following interesting formula:

(2.6) BY (a;)) = (—n)®e(\ 0 —n,a) (n,leN; n>0; |\ <1;aeC\Zy).
Clearly, we have
(2.7) By (a;\) = —n®(A\, 1 —n,a) (neN; [N\ <1, aeC\Zy).

Below we give the following explicit relationships between the a family of Euler
polynomials and a family of Zeta function.

Theorem 2.1. Forn € N; =1 < A <1; a € C; a € C\ Z;, the following
relationship

(2.8) E (a;0) = 29B,(— A, —n, a)

between the Apostol-FEuler polynomials of higher order and the Goyal-Laddha-Hur-
witz-Lerch Zeta function.

Proof. By (1.9) and the generalized binomial theorem, yields

n=0 k=0
S lza 3 D a2
n=0 L k=0
= i lQa i G (k(+)c\z))k—” %7:
n=0 L k=0
Hence, the formula (2.8) follows. O

Corollary 2.2. Forn e N; -1 <A< 1; a € C\ Zy, the following relationship

(2.10) En(a;A) =20(=X,—n,a)
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holds true between the Apostol-Euler polynomials and the Hurwitz-Lerch Zeta func-
tion.

It is well-known that the following relationship between the Bernoulli poly-
nomials and the Hurwitz Zeta function (see Apostol [3, p. 264, Theorem 12.13])

(2.11) B, (a) = —nl(1 —n,a) (n e N),
where ((s,a) denotes the Hurwitz Zeta function defined by
o0 1 B
C(Saa) 3:@(1,8,(1):7;0m (§R(S)>1; aE(C\Z())'

An alternating series version of the Hurwitz Zeta function is given as follows:

Definition 2.3. The L-function is defined by

(2.12) L(s,a) :Z(T(L_—i—ilz;s (R(s)>1; a€C\Zy).

n=0
In the same method, it is not difficult, we give a quasi formula of (2.11) as
follows:
Theorem 2.4. Forn € N; a € C\ Z, the following relationship
(2.13) E, (a) =2L(—n,a)
holds true between the Euler polynomials and the L-function.

It is well-known that the following relationship between the Bernoulli numbers
and the Riemann Zeta function (see [3, p. 266, Theorem 12.16])

(2.14) B, = —n((1 —n) (n eN),

where ((s) denotes the Riemann Zeta function defined by
)= =3
C(s) :=((s,1) = s

n=1
An alternating series version of the Riemann Zeta function is given as follows:
Definition 2.5. For R(s) > 0, the {-function is defined by
[e.e]
_1)n
(2.15) Us)y:=>" (g

ns
n=1

Similarly, we give an analogue of the formula (2.14) as follows:
Theorem 2.6. For n € N, the following relationship
(2.16) E, = 2((—n)

holds true between the Euler numbers and the £-function.
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3. EXPLICIT SERIES REPRESENTATIONS FOR THE
APOSTOL-EULER POLYNOMIALS OF ORDER «

It is not difficult, we make use of the elementary series identity:

(3.1) PNIUEDS

k=1 j=1

Mg

f gk +3), (¢ €N),

el
Il

0
to the Hurwitz-Lerch Zeta function (2.2), yields that
zq: a+j—1Y\
(3.2) O(z,8,a)=q )y @ (zq, ,7) PR
=1 1
Obviously, a special case of (3.2) when

opmi
z:exp(%) (peZ, geN)

is the following summation formula for the Lipschitz-Lerch Zeta function ¢(&, a, s)
defined by (2.3):

9 ofon () ) -e (i)
_ _SZC( a—l—j—l)eXp(Z(j—ql)pﬂ'i),

in terms of the Hurwitz Zeta function ((s, a).

Theorem 3.1. Forn,q e N; pe Z; £ € R, a € C, the following formula of the
Apostol-Euler polynomials of order «

. ;29 nl o= o — 1 P
3.4) &) (3 ;62’”€> ! (k Py 1)
(34) q I(e) ;( k ) q a—k—1
y k—1 (k)
- k
XZ(jil)(n—’—l)jkaj
§=0
q
) 2 2r—1
X (27rq)_"_3_1{24“ (n+j+177§ +2qr )
r=1

. q
xeprn;rj (2§+22r71 ) } ZC<n+j+1772r22q§+1)

r=1
] 2r —2 Dp
xexp{<n+]+(r ) }

2
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holds true in terms of the Hurwitz Zeta function.

Proof. We now rewrite the result of LIN et al. as follows (see [8, p. 823, Theorem]):

Setting

z=—e?™t g = and s+— —s, U—«

@ s

and by applying the series identity (3.3), we find that

I e R S G I (R SR I

k=0
k

X Z (? B i)(s + 1)jB;(€k,)j

j=0

q
><<27rq)”1{ > ¢ <s pja, 22l +22q7" = 1)

r=1

Xeprs;j (2§+2q7"71 ) ] Z<<5+ +1 2§+1)

r=1

X exp K”j n (2r25+1)p) m} } (@ €C).

2 q

Taking s = n in (3.6) and noting that (2.8) of Theorem 2.1, of course, with

A=e?™ and a= B,

q
we obtain the desire (3.4). This proof is complete. (]

Theorem 3.2. Forn,q,l € N; p € Z; € € C, the following formula of the Apostol-
Euler polynomials of order £

e (o)A )
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k—1 (k)
X Z <.7 _ 1)(n+ 1)jBk—j
7=0
a
- 2642r—1
—n—i—1 .
r=1
i (2642r—1 ! 2r — 26 +1
><exp{<n+j(ng ’ )p)m} C<n+j+1,7r §F )
2 2 2q
r=1
] 2r —2 1
X exp 7n+j+(7“ $+Up | 7,
2 2
holds true in terms of the Hurwitz Zeta function.
Proof. Let a = /¢ (¢ € N) in (3.6) we may obtain the assertion (3.7). O

Theorem 3.3. Forn,q,l € N; p e Z; £ € C, the following formula of the Apostol-
Euler polynomials of order £

-1

: i(—2)" - n! _
o 0 (2m) S o
k=0
~ k\/—n—1 . )
S e
j=0
x93 ¢ (n+j +1, 2“272;_1) exp [(”;7 _ (2§+2q7“— 1)p) m.]
r=1
—;C(n+j+17%_272§H) exp [(_n;rj . (2r—2q§+1)p) m} }

holds true in terms of the Hurwitz Zeta function.

Proof. Setting ¢ = m (m € N) in (3.5), we obtain the following transformation
formula:

(3.9) @m(z,s,a):% (" 1) pe

1 orai log 2z
- s i) @ 2mai 1— .
X [exp (2(5 j)ﬂ'l) (e , s+ 7, 5 )
1 - 1
— exp {(2@—1— 5(5 —j)) m’] o (62”‘”, 1-54+7j,1- ng)] (m e N).

21
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Letting
2z = —e?™it, azg and s+— —s, m—/{
and by applying the series identity (3.3), we obtain the following consequence
5101 @ (—ozmic o P _ ICD T D) G =1y pin ek
( . ) ¢\ —¢€ afqu - (f—l)' kzo( k ) —k—14
"k
X )-s-1j41pFd(2m) 5t
Z (J) -1 p* 7 (2m)
7=0
q .
26 +2r—1 26 +2r—1
X Z( s+j+1,€+7r exp S+]—(£+ r—Up i
= 2q 2 q
2r —26+1 j 2r— 2641
->¢ s+j+1,i exp fs+j+(r LV ;
r=1 2q 2 q

where ¢ € N. Further taking s = n in (3.10) and noting that (2.8) of Theorem 2.1,
of course, with

A=er€ and a=2 (peZ qeN; ¢eR).
q
Therefore, the formula (3.8) follows. This proof is complete. (I

4. FURTHER OBSERVATIONS AND CONSEQUENCES

Recently, SRIVASTAVA found the following elegant formula for Apostol-Bernoulli
polynomials B,,(z; A\) (see [14, p. 84, Eq. (4.6)]):

@ B, (L)
-Gl EC (m & e | (5 -2 ) =

J

Coq
3 () e [ (5 25 2) ]}

J=1
(neN\{1}; peZ; geN; £ €R).

When ¢ € Z in (4.1), we can deduce a known result given earlier by CviJovi¢ and
KLINOWSKI [4, p. 1529, Theorem AJ:

N e

(neN\{1}; p€eZ; g€ N).
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It follows that we set o = 1 in (3.4), or £ = 1 in (3.7) and (3.8). Then we obtain
the following interesting formula for the Apostol-Euler polynomials &, (z; \).

Theorem 4.1 For n,q € N; p € Z; £ € R, the following formula of the Apostol-
Euler polynomials at rational arguments

P 27ri£) _ 2-nl
4.3 Enl=se =
(43) (q (

2q7-r)n+1

20+2j—1 ntl (2642 —-Dp) .
(B g2z
+;c(n+1,72j_225_1)expK—n;l+(2j_25_1)p)m}}

holds true in terms of the Hurwitz Zeta function.

A special case of formula (4.3) when & € Z, is just a known result given earlier
by Cvijovi¢ and KLINOWSKI:

Corollary 4.2 ([4, p. 1529, Theorem B]) Forn,q € N; p € Z, the following formula

of the classical Euler polynomials
(2 —V)pr  nw
q 2)’

P 4-n! !
(44) B, (5) gy Zg (n+ 1,
holds true in terms of the Hurwitz Zeta function.
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