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COMBINATORIAL 8-MANIFOLDS HAVING COHOMOLOGY OF
THE QUATERNIONIC PROJECTIVE PLANE AND THEIR
NONEMBEDDINGS

SATYA DEO
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Abstract. In this paper we prove, using Zz—index theory, that none of the
three combinatorial 8-manifolds on 15 vertices constructed by Brehm and
Kiihnel, each of which is a cohomology quaternionic projective plane, can be
combinatorially embedded in the Euclidean space E'2, though they have tight
polyhedral embeddings in E'%. This extends a similar result, including the
method of proof, already known for the nonembeddings of real and complex
projective planes.

1. Introduction

It is well known that the real projective plane RP? cannot be embedded in the
3-dimensional Euclidean space E3, though it has a tight polyhedral embedding in
E®. Similarly, the complex projective plane CP? cannot be embedded in the 6-
dimensional Euclidean space E° [10], though it has a tight polyhedral embedding
in E® [10]. In view of these results, it is natural to investigate the nonnembedding
questions for the quaternionic projective plane HP2, and also for the Cayley plane
(Octonionic Projective plane) QP? . Using the characteristic class theory for em-
beddings, it is, of course, known that neither HP? nor OP? can be topologically
embedded in E' and E?* respectively, but the proofs use the advanced machinery
of characteristic classes in algebraic topology. Here we use the idea of Z;—index
theory to give an easy geometric proof that none of the three combinatorial man-
ifolds, called BK complexes, which are cohomology quaternionic projective plane,
can be combinatorially embedded in E12.

We know that HP? is defined as the quotient space of the 2-dimensional quater-
nionic sphere {(qo, q1, ¢2) | l|g0||?+]|q1]*+|g2||* = 1 where qo, g1, g2 are quaternion-
ic numbers} under the action of unit quaternionic sphere S* = {q € Q| ||q|| = 1}
acting freely on right, i.e., HHP? = S'!/S3. Therefore, it follows from the definition
that HP? is an 8-dimensional, compact, simply connected real manifold. It is well
known that HP? is a CW-complex having one i-cell for i = 0,4,8 and that its
cohomology algebra over Z is the truncated polynomial algebra

H*(HP?,Z) = Z[a]/(a®),
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where the degree of generator a is 4 (see [9]). It is also known that HP? admits a
finite simplicial complex structure, and it has been proved by Brehm and Kiihnel [4]
that any triangulation of HP? must have at least 15 vertices. Furthermore, Brehm
and Kiihnel have also explicitly constructed three 8-dimensional combinatorial man-

ifolds Mf, Mlgs, Mfs which have the same cohomology algebra as HP?. We will
call these simplicial complexes as BK complexes. It is still not known whether or
not any of these gives a triangulation of HP2. It has also been proved that these
three combinatorial 8-manifolds are not isomorphic to each other though they have
homeomorphic spaces.

In this paper we will prove that none of these BK complexes can be embedded
in the Euclidean space E'? though all of them have a tight polyhedral embedding
in E'*. Since these BK complexes are simplicial complexes on 15 vertices, they are
subcomplexes of the simplex A (a simplex with 15 vertices), it is obvious that
each of these has a polyhedral embedding in E'4.

2. Preliminaries

The three 8-dimensional combinatorial manifolds on 15 vertices explicitly con-
structed in [4], which we have called BK complexes, are cohomology quaternionic
projective planes. In fact, it has been proved there that any simplicial complex
with 15 vertices, which is not a sphere, must be a cohomology quaternionic pro-
jective plane. It must be remarked here that the above three BK complexes are
distinct because they have non-isomorphic automorphism groups: M?; is charac-
terized uniquely by the automorphism group As acting transitively on the vertex

set and ]T/ffs, ]T/[/ﬁ-) are similarly characterized by the automorphism group A4 and
S5 respectively. Hence all of these are combinatorially non-isomorphic. It is also
proved there that these 8-manifolds are PL-homeomorphic to each other. As a con-
sequence, therefore, the cohomology quaternionic projective plane HP? does not
have a unique triangulation on 15 vertices. This is in contrast with real projective
plane RP? and the complex projective plane CP? which have unique triangulations
on 6 vertices and 9 vertices respectively.

In this paper we follow some of the notations from [10]. The symbol [n] denotes
the set {1,2,....,n}. For a simplicial complex K, the notation (K * K)a denotes
the deleted join of K with itself. For the definition of deleted join of two simplicial
complexes and of two topological spaces see ([10], p.73). Cohomology groups are
the simplicial cohomology groups with coefficients in Z5. We use the Zs-index of a
Zy-space as given in ([10], p.95).

Let K be any simplicial complex on n vertices [n] = {1,2,3--- ,n}. The Alexan-
der dual of K is the simplicial complex B(K) on the same vertex set that consists
of complements of all nonsimplices of K, i.e.,

B(K):={GC{1,2,--- ,n}| G ¢ K}.

Here G denotes the complement of G in the set [n]. The deleted join (K * B(K))a,
denoted by Bier, (K), is called the Bier sphere on n vertices {1,2,---,n}. Then we
have the following result (see [10] Theorem 5.6.2 for a proof):
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Theorem 2.1 (Bier). The deleted join Bier,(K) = (K * B(K))a of K is indeed a
(n — 2) sphere with at most 2n vertices.

3. The Complementarity of the BK Complexes

Let K denote any one of the 8-dimensional BK complexes each of which is a coho-
mology quaternionic projective plane HP2. In order to have an idea of the size of
these complexes, let us assume that these are not 8-spheres. We will soon show that
these are 5-neighborly, and so it is a consequence of Dehn-Sommerville equations
that fo = () = 15,1 = () = 105, fo = () = 455, f3 = (') = 1365, f1 =
(*2) = 3003, f5 = 4515, fg = 4230, f; = 2205, fs = 490, where f; (i = 0,1, ,8)
denote the number of i-dimensional faces of K.

Since Brehm and Kiihnel, using the result of Marin [1], have given only a sketch
of the fact that K satisfies the complementarity condition [4], and since this prop-
erty is crucial to our results in this paper, we give here a complete proof of the
complementarity of K.

Recall that a simplicial complex K is said to satisfy the complementarity con-
dition if given any subset X© of the vertex set K9, either X° is a simplex of K or
K%\ X is simplex of K (mutually exclusive). Assuming that the Brehm-Kiihnel
complex K is 5-neighborly (we prove it later), take any X° C K° such that | X°| = 5.
Since |K°\ X°| = 10, and since K cannot have a 9-simplex (K is 8-dimensional),
K cannot have K%\ X as a simplex. Hence X° must be simplex of K. If | X°| < 5,
then by the same argument |K°\ X° > 10 and K°\ X cannot be a simplex of
K. It follows that complementarity for subsets of K° having at most 5 elements is
now clear. However, if | X% > 5, the argument is no longer valid. We now prove
below that K is not only 5-neighborly, but also that it satisfies the complementarity
condition for any subset X° of K° whatever be the number of elements in X©.

Let us note the following:

Proposition 3.1. Let (K, h) be a cohomology quaternionic projective plane (mod 2)
andY C K be a full subcomplex of K. Suppose h|Y =0 and hy is the restriction
of h on the opposite compler Ky in K. Then (Ky,hy) is also a cohomology
quaternionic projective plane (mod 2).

Here (K,h) means K is the BK complex on 15 vertices and h € H*(K,Zs) is
such that h? # 0. The restriction is the homomorphism H*(K,Zs) — H*(Ky,Zs)
induced by the inclusion map Ky C K.

Proof: Note that |Y| is a deformation retract of U = |K| \ |Ky| and |Ky| is a
deformation retract of V= |K|\ |Y|. Hence U,V are open sets and |[K| =UUV. If
hy =0, then h/U = 0 and h/V = 0. But this means there exists an h € H?(K) such
that h/U = h/U = 0 and h/V = h/V = 0, which means h = 0 € H%(|K|,UUYV)
and therefore h € H?(|K|) = 0, a contradiction. O

Let L be the simplicial complex consisting of all simplices of K and all 4-simplices
formed by any five vertices from K. Then L is a 5-neighborly simplicial complex
which contains K as a subcomplex.
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Let us define a 4-cochain ¢ on L as follows: For any 4-simplex o of L, we put
c(o) = # of 8-simplices of L which are disjoint from o(mod 2).

Then extend ¢ to all 4-chains X =) . 0; by ¢(X) = )", ¢(0;). This 4-cochain ¢ of
L is called a counting 4-cochain on L.

Claim: The counting 4-cochain c is, in fact, a 4-cocycle.

Proof : 'We must prove that if A is any 5-simplex in L, then (9¢)(A) = ¢(0A) = 0.
Here X = OA is the boundary complex of A and hence is a 4-sphere. Note that
there is no 8-simplex of L disjoint from OA because if there is one, say o, then
o = L, (the opposite complex) for some simplex 7 in JA. This will mean that
L., 7 both are full subcomplexes of L and each one is contractible. But this will
contradict Proposition 3.1 . O

Now we have

Proposition 3.2. Suppose ¥ is a simple 4-sphere in a 5-neighborly simplicial com-
plex L. Then (¢, X) # 0 iff there is an 8-simplex A disjoint from X.

Proof : Suppose all the 8-simplices of L intersect ¥. Note that such an 8-simplex
A can have only one vertex in common with ¥ because otherwise A will intersect
all 4-simplices of ¥ and will not contribute anything to (¢, X). If A intersect in one
vertex, say x of X, then A = x x 7 (join), where 7 is a face of A. This 7 must be
a face of an even number of such A’s since the sum of all 8-simplices of L forms a
cycle. Thus for each ¢ in X, there are even number of 8-simplices which intersect
¥ and so (¢,0) = 0. Since the number of ¢’s in ¥ is even, we find that (¢, X) = 0.
On the other hand, suppose there is an 8-simplex A which is disjoint from .
Then the opposite complex Ly, is the same as A and there must be only one A
which is disjoint from ¥. This A does not contribute anything to (¢,3). Rest of
all 8-simplices will intersect ¥ and there number is (g) — 1 =125, an odd integer.
Hence (¢, X) = 1. O

Lemma 1. The counting 4-cocycle ¢ has the property that the cup product ¢U¢ # 0
where € is the cohomology class of c.

Proof : Let A be an 8-simplex of L. Then L is a simple 4-sphere and (h, La) = 1.
But we also have that (¢, La) = 1. Hence (h + ¢, La) = 0. This implies that
(h+¢) U (h+7¢) =0, which means hUh+hUc+cUh+cUc = 0. Hence by
anticommutativity of the cup product hUh =cU¢ # 0. O

Proposition 3.3. K is 5-neighborly.

Proof : 1t suffices to prove that L C K. Let o be a 4-simplex in L. Then by
definition of L there is a simple 4-sphere X containing o. If (¢,3) = 1, then there
is an 8-simplex A disjoint from ¥ in L and hence in K. Hence by Proposition 3.1
applied to K and Y = A, the subcomplex Ka opposite to A in K has a nontrivial
H* and so Ka = %, i.e., the 4-simplex o in K. On the other hand, if (¢, %) = 0,
then apply Proposition 3.1 to L, h = ¢ and let Y be the full subcomplex X generated
by ¥. Then we get that the restriction of ¢ to Ly contains a simple 4-sphere ¥
with (¢,X’) = 1. Then Proposition 3.2 gives us an 8-simplex A disjoint from X' it
contains ¥ so that 4-simplex o is in A and is therefore in L. Thus K = L and K
is 5-neighborly. O
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Proposition 3.4. K satisfies the complementarity condition.

Proof : Let X° be any subset of K°. Consider the full subcomplex generated by
X% and by K%\ X°. By Proposition 3.1, one of them must have nontrivial H*. Let
it be X°. Hence there is a nonbounding 4-sphere ¥ in X°. Hence Ky must be an
8-simplex whose vertex set contains K\ X% But this implies that K°\ X0 is a
simplex in K. O

4. Main Result
Now we prove the following:

Theorem 4.1. Let K be any of the three combinatorial 8-dimensional BK complex
each of which is a cohomology quaternionic projective plane HP?. Let f : |K| — E'2
be a continuous map. Then there exists a pair o1, o2 of faces of K such that

F(lloall) O f(llo2ll) # -

Corollary 4.1. None of the 8-dimensional BK complexes, mentioned earlier, can
be embedded in E12.

Proof of Theorem 4.1: Suppose for every disjoint pair o1, o of faces of K, f(||o1]])N
f(|loz2l]) = ¢. Let K32 denote the deleted join (K x K)a of K and (E'?)%2 denote
the deleted join of E'2. Then clearly both are free Zs-spaces (interchange of the
coordinates) and
frf KR — (E®)R
defines a Zo-map (see [10] p.108 ). This means
indz, K32 <indg,(E*?)2. (%)

It is well-known (see [10] p.110 Lemma 5.5.4) that indz, (E'?)%2 = 12. On the other
hand we now compute the indz, K 32.

Note that by Proposition 3.4 the simplicial complex K satisfies the complemen-
tarity property. Let us consider the Bier sphere Bi5(K). Now if F' € K, then
its complement K° \ F° is not a simplex of K and hence by the definition of
Bi5(K), F € By5(K). Conversely if F € By5(K), then K\ F? is a nonsimplex
of K and hence by complementarity, F° must form a simplex of K, i.e., FF € K iff
F € By5(K). In other words K = By5(K).

It now follows from Bier’s Theorem that (K * Bi5(K))a = K32 is a 13-sphere
and hence indz, K32 = 13. But this contradicts () and proves the Theorem. O

We now indicate yet another proof of our result. The following theorem is well-
known (see [10] p.120)

Theorem 4.2 (Sarkaria’s coloring/embedding theorem). Let K be simplicial com-
plex on n vertices and let § = F(K) be the system of minimal nonfaces of K.
Then

indZQ(KZZ) >n— X(KG(S)) -1,
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where KG(F) denotes the Kneser graph of the family § and x(KG(F)) denotes
the chromatic number of the Kneser graph (see [10], p.119, for definitions of a set
system and the Kneser graph of a set system).

Proof of Theorem 4.1 : 1In our case each of the BK complexes K is a simplicial
complex on 15 vertices. The nonfaces are the complements of all 5-simplexes, all 6-
simplexes, all 7 simplexes and all 8-simplexes of K.These nonfaces are also minimal
because if G is such a nonface and GU A is a face of K for any nonempty subset A
of [n], then G must be a simplex of K, a contradiction.

Claim: If Gl, Gy € 5, then G1 NGy 75 (b

This follows from the complementarity property of K. Since G2 is a nonface of
K, F = [n]\ Gy is a face of K. Hence if G; N Gy = ¢, then G; C F is also a
face of K, a contradiction. It follows that no two members of § are disjoint, i.e.,
the Kneser graph K G(F) does not have any edge and hence the chromatic number
X(KG(F)) = 1. Therefore by the Sarkaria’s Theorem quoted above K cannot be
embedded in the Euclidean space E? for d < n — x(KG()) — 2 = 12. O

Remark 4.1. The well known Theorem of J. Radon says that if there is a con-
tinuous map f : QA" = K — E™ (n = 1,2,---), then there is a pair of disjoint
faces o1, 02 of K such that f(||o1]]) N f(||loz|]) # ¢. Our theorem can be seen as an
interesting analogue of Radon’s theorem from HP' = S* to three BK complexes
which are cohomology quaternionic projective planes.

Remark 4.2. A method similar to our Theorem 4.1 can also be applied to prove
the nonembedding of the cohomology Cayley plane, but at present, it is not known
whether or not there is a 16-dimensional cohomology Cayley plane on 27 vertices.
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