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A new version of discrete HILBERT type inequality is given where the kernel
function is non-homogeneous. The main mathematical tools are the repre-
sentation of the DIRICHLET series by means of the LAPLACE integral, and
the HOLDER inequality with non—conjugated parameters. Numerous special
cases are treated and conditional best constants are discussed.

1. INTRODUCTION AND PRELIMINARIES

Let ¢, be the space of all complex sequences & = (x,)52; with |lz||, =

00 1/p
(Z |£L'n|p) < +o00. The famous HILBERT’s double series theorem, frequently
n=1

called a discrete HILBERT inequality too, reads as follows. Let @ = (a,)52; € £,
b= ()52, € £, be nonnegative sequences and 1/p+1/¢=1, p > 1. Then

> ambn T
(1) < lallplbllq,
m,;ﬂ m+n  sin(x/p)" M

where constant ————
sin(w/p)
Fundamental contributions have been given to this classical inequality by
HARDY [4], MULHOLLAND [14], [15], BONSALL [1] and LEVIN [12]. Discrete
HILBERT inequalities with non—homogeneous kernels were studied in [2], [3], [7],
[8]-[11], [16], [17], [19]-[24].
As already pointed out in [17], the standard way in deriving HILBERT’s in-
equality is to apply the HOLDER inequality to a suitably transformed HILBERT type

is the best possible [5, p. 253].
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double sum expression, that is, to the bilinear form

(2) 55?5" = Z K(m,n)amby,

m,n=1

where a, b are nonnegative; K (-,-) we call kernel function of the double series (2).
So, to obtain discrete HILBERT type inequalities (or in other words - double series
theorems) one derives sharp upper bounds for ﬁ?gb in terms of weighted ¢,~norms
of a,b.

In this article we use an approach different from [17] to get more general and
in the same time simpler discrete HILBERT type inequalities. Namely, our main
goal here will be to establish simplest possible sharp upper bounds over ,6';(’1’ in
terms of ||al|p, ||bllq, when K(m,n) = (Am + pn)* is non-homogeneous, that is,
we are looking for a sharp estimate of the form

o

Ambn
3) v < C llallplbllg-
m,zn;1 (Am + pn)# pr
Additionally, we will obtain inequalities like (3) by HOLDER inequality with non—
conjugate parameters, i.e. when p,q > 1 and p~! + ¢~! > 1, introducing the new

incremental parameter
1 1

A=~-+--12>0.
p q

The non—conjugated parameters were already considered in the literature (see [1] or
LEVIN [12], for instance). However, our strong reduction requirements have to be
balanced by sharp, but fairly complicated constant C* in (3). Therefore, specifying
the functions A\ and p from one, and p, ¢ from other hand we simplify the HILBERT
type inequality step—by—step into a set of Corollaries. All our derived upper bounds
are new and sharp when A = 0.

Note that here, and in what follows Z(x) = = denotes the identity and the
LAPLACE integral of the DIRICHLET series reads [18, §5]

s o0 ()]
(4) Di(z) = Z ape T = :L'/ emt< > an> de
n=1 0

n=1

oo

for positive monotone increasing (A,)5%; satisfying (5).

2. MAIN RESULT

We are ready to state our principal inequality result.

Theorem. Suppose p,q > 1, 4 > 0, a = (an)nen € £p, b= (bn)nen € ¥4 are non-
negative sequences and \,p are positive monotone increasing functions satisfying
the condition

(5) lim A(z) = lim p(z) = 0.

Tr—00 Tr— 00



90 B. Drasci¢ Ban, T.K. Pogény

Then

= ambn
(6) Yo < () [lall, Bl
el ()\m + pn)u P,q

where

1/q
/ayl/p oo 00
(1) CeAnp) = / wA< / em[wtndt)
0 A

() .
. 1/p
X (/ e P p~ (u)] du) dz.

The equality in (6) appears for \=p =17, p=q =2 when
am

(8) = Cbmn (m,n €N),
bn

where C' is an absolute constant and 6,,, denotes the Kronecker’s delta.

Proof. First, we transform the double series by means of the Gamma function
formula T'(u)A™H* = fooo xFle=A% dx. After splitting the kernel function into two
DIRICHLET series, we evaluate these DIRICHLET series by the HOLDER inequality
with non-conjugated parameters p, ¢, min{p,q} > 1,p~ 1 + ¢! > 1 [13, p. 57].
These transformations result in

amb 1 & e 0
9 = / whl ( ame)"”x> < bnep"x) dx
O 2 B T T s p3 =

m,n=1

lallplbllq /°° 1 < X A .>1/q < x )1“”

< 1Z20pli7ilg ot e~ AmazT o~ PnbT de .
- T Jo mzz:l nZ::1

Now, the inner-most DIRICHLET series

[eS) )
R S LIRS Yl
n=1

m=1

via (4) clearly become

that is
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Collecting all these expressions the upper bound in (9) becomes

N - ~ 1/q
Z ambn < HaHPHbHQ/ pH1 qm/ e_qxt[)\_l(t)]dt
m,n=1 (A + pr)H L'(u) 0 A1
X <pm/ e PTu o™ (u)] d“) dx
P1
1/q
1/q,1/p o0 e
_a/% ||a||p||b|\q/ A / e~ AL (#)]dt
I'(p) 0 ¥l

X (/: ep””“[pl(u)]du> 1/pd:c.

Finally, we discuss when equality holds in (6). Let us denote L, R the left, respec-
tively right side of (6). Then making use of a., b, = C 0y when A = p =7, p =
q =2, we get

= /by b2 . Cpnb? < b2 C(p) )
L= min no— —mnn —n_ =2 2 =R.
Z (m + n);t Z (m + n)u Z (Qm);t L H ”2 R

m,n=1 m,n=1 m,n=1

This completes the proof of the theorem. O

3. SPECIAL CASES

In this chapter we specify the parameters p,q and the functions A, p getting
a set of corollaries of Theorem.

3.1. If we take \(z) = Axz9, p(x) = BaP, their inverses are A\~'(z) = (x/A)"/4,
p~'(x) = (x/B)"/? and the related constant becomes

1/p,1/q oo S ¢ 1/q 1/q
A q py_ P4 ptA —qtz | [ L
ciptaanpan = P [T (5) o)
00 u 1/p 1/p
() )
00 00 1/
— (AQ)I/q(Bp)l/p/ IquA(/ equtz[tl/q] dt) !
0 A

()
00 1/p
X (/ epB“x[ul/p]du> dz.
B

The kernel K is obviously non—homogeneous for all p # q. So we have the following
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Corollary 1. Suppose p,q > 1, > 0, and a = (an)nen € €p, b = (bp)nen € 4
nonnegative sequences. Then

o0
Amb
(10) S s < G et Bl 0],
m,n=1

where the constant

00 o) 1/q
CZ,qA (A:L.q’ Bl.p) _ (Aq)l/q(Bp)l/P / CL’M+A</ e~ 9AtT [tl/q] dt)
' 0 A

L(p)
oo 1/p
X (/ e_pBW[ul/p]du) dz.
B

3.2. Furthermore, if we take A = p = 7 the kernel is homogeneous. The inequality
becomes

%) oo 00 1/q %) 1/p
Z Qmby < HaHpr”q / oh1 ( )y equ) (Z enm) dz
o (m +n)H T'(u) 0 m=1 n=1

:|uuunmul/°° ! de
D) Jo (e = D)la(er 1) =

Corollary 2. Suppose p,q > 1, > A+1 and let a = (an)nen € £p, b = (bp)nen €
£y be nonnegative sequences. Then

= amb .
() > G < AT Dall bl

where

CrA(T,T) = — /OO ! da
pi ED =0y G e 4

3.3. When \(z) = p(z) = 22, the kernel K (m?,n?) is homogeneous.

Corollary 3. Suppose p,q > 1, u > A+1 and let a = (an)nen € £p, b= (bp)nen €
£y be nonnegative sequences. Then

oo

amb
(12) > G < G @ allal el
m,n=1

In this case

1 < _ 1/ - 1/
A2 2\ 1 x P x q
Chd(a®,2?) = m/o 2 (93(0,e777) — 1) 7 (9s(0,e79%) — 1) dx.
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Here U3(-, ) stands for the Jacobi Theta function

V3(u,q) =1+2 Z g cos(2nmu) (lq] < 1).

n=1

Proof. By direct calculation we deduce

A, o ) 1 (%) L 0o 5 1/1’ Jo%S) 5 l/q
CH2 (g ,T7) = _/ xh < e " ;Dx> < e ™ qz) dx
b ( ) L(u) Jo nzz:l m2:21
1 e s —PTY _ 1\l/p /) 9y — 1\l/
o / 1’”71< 3(076 ) ) p< B(an ) ) qu
0

- T(w) 2 2
]- o —1 —px l/p —qx 1/(1
= QUT/QF(M)/O x“ (193(0, (& P ) — 1) ((193(0, (& g ) — 1) dI,
which proves the desired statement. Il

We point out that the case p = ¢ = 2 (such that means a fortiori A = 0),
results in reduced constant
1

- 2
(13) Cpy (a%,2%) = () A 2 (95(0,e7) — 1)da = C(Q;fL)

such that can be easily verified by the formula [6]

[ et - na=Z qea) () >0, 0(a) > 1/2).
0

3.4. If we take A = p, p = ¢ = 2, the homogeneity of the kernel depends on the
nature of A(z). The constant reduces to

(14) TN = % /0 h :c“( A h thz[Al(t)]dt) dr = L /A Oo [At;i(f)] at.

1

Corollary 4. Suppose that i > 0, @ = (an)nen, b = (bn)nen € lo are nonnegative
sequences, and X a positive and monotone function that satisfies (5). Then

o0
Qmby

(15) ()\'m + )\n)u

< Ch (A M) lall2]b]l2-
m,n=1

Here C’;:g(A,A) is given by (14).

3.5. Finally, if we specify A = p =7, p =g = 2, by Corollary 4. we get

Corollary 5. Suppose that p > 1, and a = (an)nen, b = (bn)nen € L2 be nonneg-
ative sequences. Then

> mbn —
(16) 3 W < 277¢(p) |lall2Ibll2

m,n=1

Proof. This conclusion follows immediately by [18, p. 97, Corollary 6]. O
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4. HOW SHARP IS CH2 (A, p)?

It is of a great interest to find the best constant in non—conjugated para-
meter HILBERT type inequalities, generated by the HOLDER inequality with the
non—conjugated parameters. Unfortunately, our approach does not solve this well-
known open problem.

I. PERIC gave us the following remark: “Being i > 1, p = ¢ = 2, by means
of (1) the following straightforward estimates hold

o0

amb amb
a7) > < 3 e < aalbl.
=1

m,n=1

On the other hand

1.1
Gy (T,1) = Cém) ~ 4.937797 > T,

that is, (17) is sharper than (16)”. Obviously, 057,20(17 T) decreases in p. Let ug be
the unique root of

C(p) =m2".

Then, for all 1 > pg the upper bound (16) is sharper then (17), while for p € [1, po),
the reverse result holds true. Let us mention that pg =~ 1.156.

However, the used estimation method is not efficient for general non—conjuga-
ted p,q > 1 (discussed in 3.2. too). Indeed, we deduce

o o

ambn ambn s
18 _ < bll, .
(13) 3 < S e < T lalblbl

Now, by the BERNOULLI inequality we get

" 1 o — _ " _ _1/ _ X _1
C]’quA(I,I) = m /0 zhle 2 (1 —e PJC) p(l e qa,) /9 4
< 1 /‘X’ e (1 — le*m) (1 _ lefqgj) dae
_tr__tr 1 1
20 p2+p a2+ pa2+p+o
1 T

A

zu(”z—u)<m-

Accordingly, (11) is superior to (1) for all p > 1.
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5. FINAL REMARKS

1. According to the authors’ best knowledge, except (1), only (6) includes
non—weighted norms ||a||,, ||bl|4 in the literature. Moreover, applying different pa-
rameter HOLDER inequalities in evaluating the DIRICHLET series in (9), that is,
first p,g, p~t + ¢t > 1, then r,s, 77! + 571 > 1 we can easily (but artificially)
generalize Theorem.

2. One of our main tasks was to express the upper bound upon ,6';(’1’ with non—

homogeneous K in terms of ||a|, ||b||. Transforming both DIRICHLET series in (9)

in the manner: - -
;ane_k"“‘ = ; (%) . ((b(n)e_)‘”x) ;

¢ certain convenient function, we can proceed to apply the HOLDER inequality to
the right—-hand sum.

3. Taking in (6) an — ¢(an), bm — ¥(bm), ¢, suitable functions, one gener-
alizes Theorem in another way.
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