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Abstract. In this paper, a class of Shannon-McMillan theorems for the nonho-
mogeneous Markov chains field on a homogeneous tree are discussed by con-
structing a nonnegative martingale. As corollaries, some Shannon-Mcmillan
theorems for the homogeneous Markov chains field on a homogeneous tree and
the nonhomogeneous Markov chain are obtained. A result which has been
obtained is extended.

1. Introduction

Let T be a homogeneous tree on which each vertex has N + 1 neighboring
vertices. We first fix any vertex as the “root” and label it by 0. Let o, 7 be vertices
of a tree. Write 7 < ¢ if 7 is on the unique path connecting 0 to o, |o| for the
number of edges on this path. For any two vertices o, 7, denote o A 7 the vertex
farthest from 0 satisfying

oANT<o,and o AT <T.

If o # 0, then we let & stand for the vertex satisfying ¢ < o and |5| = |o| — 1 (we
refer to o as a son of 7). It is easy to see that the root has N + 1 sons and all other
vertices have N sons.

If |o| = n, it is said to be on the nth level on a tree T. We denote by T the
subtree of T' containing the vertices from level 0 (the root) to level n, and L, set of
all vertices on the level n. Let B be a subgraph of T.. Denote X? = {X,,0 € B},
and denote by |B| the number of vertices of B. Let S(c) be the set of all sons of
vertices o. It is easy to see that |[S(0)] = N + 1 and |S(o)| = N, where o # 0.

Definition 1(see[6]). Let T be a homogeneous tree, S = {sg, s1,82,---} be a
countable state space, {X,,0 € T} be a collection of S—valued random variables
defined on the measurable space {Q, F}. Let

p={p(x),z €S} (1)
be a distribution on S, and
P, = (P,(y|z)), Ve,y e S, n>1 (2)
be a strictly positive stochastic matrix on S2. If for any vertices o, 7, 0 € L,
P(X, =y|Xs =z, and X; for o AT <) (3)

2010 Mathematics Subject Classification : 60F15.

Key words and phrases: Shannon-McMillan theorem, the homogeneous tree, Markov random field,
relative entropy density.

The work is supported by the Natural Science Foundation of Higher Schools of Jiangsu Province
of China (09KJD110002).



46 KANGKANG WANG

= P(Xa = leE = l‘) = Pn(y|x) Va,y €S,
and
P(Xp=1z) =p(x), Vx € S. (4)
{Xs,0 € T} will be called S—valued Markov chains indexed by a homogeneous
tree with the initial distribution (1) and transition matrix (2).

Two special finite tree-indexed Markov chains are introduced in Kemeny et
al.(1976[10]), Spitzer (1975[11]), and there the finite transition matrix is assumed
to be positive and reversible to its stationary distribution, and this tree-indexed
Markov chains ensure that the cylinder probabilities are independent of the direc-
tion we travel along a path. In this paper, we have no such assumption.

Let Q@ = ST, w = w(-) € Q, where w(-) is a function defined on T and taking
values in S, and F be the smallest Borel field containing all cylinder sets in €2, p
be the probability measure on (2, F). Let X = {X,,0 € T} be the coordinate
stochastic process defined on the measurable space (2, F); that is, for any w =
{w(t),t € T}, define

Xi(w) = w(t), t e T™

X7 20x,t e T, p(XT" =27y = p@™™). (5)
Now we give a definition of Markov chain fields on the tree T by using the cylin-
der distribution directly, which is a natural extension of the classical definition of
Markov chains (see[9]).
Definition 2. Let P, = P,(j]i) and p = (p(s1),p(s2),---) be defined as before,
wp be a nonhomogeneous Markov measure on (£, F). If
)

(6)
n—1
ue@™ ) =peo) [T TI TI Peniarles) n>1, (7)

k=0o€L, 7€S(0)
then pp will be called a Markov chains field on the homogeneous tree 7' determined
by the stochastic matrix P, and the distribution p.
Let p be an arbitrary probability measure defined as (5), log is the natural
logarithm. Let

pp (o) = (»’Co

Fults) = =y o n(X™), ®)

fn(w) is called the entropy density on subgraph T with respect to p. If = pp,
then by (7),(8) we have

] n)| [log p(Xo) +Z Z Z log Py11(z7|24))- (9)

k=0o€L, 7€S(0)

fa(w) =

The convergence of f,,(w) in a sense (L1 convergence, convergence in probability,
or almost sure convergence) is called the Shannon-McMillan theorem or the asymp-
totic equipartition property(AEP) in information theory. The Shannon-McMillan
theorem on the Markov chain has been studied extensively (see [7], cite2). In the
recent years, with the development of information theory scholars get to study the
Shannon-McMillan theorems for random field on the tree graph(see [3]). The tree
models have recently drawn increasing interest from specialists in physics, proba-
bility and information theory. Berger and Ye (see [1]) have studied the existence
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of entropy rate for G-invariant random fields. Recently, Ye and Berger (see [2])
have also studied the ergodic property and Shannon-McMillan theorem for PPG-
invariant random fields on trees. But their results only relate to convergence in
probability. Yang and Liu (see [12], [9]) have recently studied a.s. convergence
of Shannon-McMillan theorem for Markov chains indexed by a homogeneous tree
and the generalized Cayley tree. But Yang and Liu’s results only relate to the case
of homogeneous Markov chains fields on trees in a finite state space, they haven’t
consider the case of nonhomogeneous Markov chains field on trees in a countable
state space.

In this paper, we study a class of Shannon-McMillan theorem for nonhomoge-
neous Markov chains field which takes values in a countable alphabet set on the
homogeneous tree. As corollaries, several Shannon-McMillan theorems for a homo-
geneous Markov chains field on a homogeneous tree and the general nonhomoge-
neous Markov chain are obtained. A result which has been obtained is extended.

2. Main Results and its Proof

Theorem 1. Let X = {X,,0 € T} be a nonhomogeneous Markov chains field
on a homogeneous tree, f,(w) be defined as (9). Denote « > 0. Let H(X,|X,) be
the random conditional entropy of X, relative to X, on the measure up, that is

Hy,(X;|Xo) == Y Pogi(z-|X,)log Prs1(2-|X,) 0 € Ly, 7€ S(0), k> 0.
xr €S
(10)
Set
—1
boc = i sup o |T<n ‘ Z > Y El(log Pis1 (X, X0))? Prsr (X, Xo) ™% X,] < o0.
k=0oc€L, 7€S(0)
(11)
Then

lim [f,(w)

oeLy r€S(0)

Proof. On the probability space (2, F, up), Let A > 0 be a constant, let

Qr(A) = E[Pk+1(XT|X0)7)\‘XU =z, = Z Pk-i-l(z‘r‘ma)li)\a (13)
€S
1-X
qk(A;xTaxﬂ) = M7 L7, Lo S S. (14)

Qr(N)
o n—1
g™ ) =po) [T TT TI axier o) (15)
k=0oc€Ly 7€S(0)
Hence g(\; T(n)), n=1,2,--- are a set of distribution functions. Set

g XT")

ta(Aw) = 202
( ) MP(XT( ))
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Apparently {t,(\,w), F,,n > 1} is a nonnegative martingale which converges al-
most surely (see [4]). Thus, by Doob’s martingale convergence theorem we have

lim t,(A\,w) =t (A w) < 00, up — a.s. (17)
n—oo
By (17) we have
1
limsup ——logt, (A, w) < 0. up — a.s. (18)
U T

By (13)-(16), we have

= n)| Z D> > [FAlog Puyi (X, | X,) — log E(Pyya (X |X,) X)) (19)
k=0oc€L, 7eS(0)

By (18) and (19) we have

lim sup oy ‘ Z > Y [FAlog Puya (XA X,) —log B(Pria(X-|Xo) Y X,)] < 0.
k=0oc€Ly TES(O’)
P — a.s. (20)
It follows from (20) that
n—1
hrnsup Z > > [FMog Peya (X7 X,) — E(—Aog Pryr (X,]X,) | X))

k‘ 0oc€ELy TGS(J)

< limsup ey Z >N [log B(Pega (XA X,) " X,)

nreo k 0 o€l T€S(0)

- E(—Mog Pyt (XA X0)[X,)]. e — as, (21)
By the inequality e® — 1 — 2 < (1/2)z2el*!, we have

A1 —(=A)logx < (1/2)A%(logz)?z P 0 <z < 1. (22)

Hence by (11), (21), (22) and the inequality logz < z — 1, (z > 0), in the case of

|A] < o we have

iz S [=Alog Poyt (X, 1X,) — E(—Aog Py (X+1X,)|X,)]

limsup
n—o0 k: o€Ly TES(O’)
< limSUP Z Z E(Pyi1 (X7 Xo) M Xy) —
n—00 o€Ly t€S(0)
—E(—/\longH( 71X6)| X5)]

n—1

T Y Bl 08" P (XX P (X, )1

< limsup ———
oo ‘ k 00€Ly 7€S(0)
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< f)\ hmsup |T(” | Z Z Z Ellog? Pyy1 (X Xo)Pry1 (X7 | Xo) ™% X0
k=0oc€Ly 7€S(0)
1
= 5)\2ba < 00 [p — @.5. (23)

In the case of 0 < A < «, by (23) we have

1
hmsup Z S > [Flog Puga (X |X,) — E(—log Pry1(X-|X,)|X,)] < R
k 0o€cLy 7€S(0)
p — Q.. (24)
Choose 0 < \; < o, (i =1,2,---) such that A; — 0 (i — 00), then for all i we have
by (24) that

. 1
hmsup W Z Z Z [_ log Pk—i—l(X‘r'Xa) - E(_ 1Og Pk+1 (X‘rlXU)'XU)] <0.
n—00

Up — a.s. (25)
When —a < A < 0, by virtue of (25) it can be shown in a similar way that

hnn_1>10r01f ‘T Z Z Z IOng+1 X |X ) E<_ 1Ong+1<XT|XU>|XU)} > 0.
k 0o€eLy TeS(o)

Up — a.s. (26)
It follows from (25) and (26) that

Z Z Z —log Pyy1(X7|Xs) — E(—log Ppy1(X-|X,)|X,)] =0

| | k=0o€L, 7€S(0)

p — a.S. (27)
Noticing that
Hy(X7|Xo) = = Y Poga(z-|X,)log Prya (2| Xo)

€S
— B(=1log Pe1(X:]X,)|X,), & > 0.

It follows from (9) and (27) that

n—1

A [fn () T(n)\ >0 2 Hi(XAXo)

k=0oc€Ly T€S(0)

RS 5D DI SRR TTELE

k 0o€Ly 7€S(0)
—B(~log Pt 1 (X+|X,) | X,)] = 0. (28)
We complete the proof of the theorem.

{X,,0 € T} will be called S—valued homogeneous Markov chains field indexed
by a homogeneous tree if for all n,

P, = P = (P(y|z)), Vz,y € S. (29)
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Corollary 1. Let {X,,0 € T'} be a homogenecous Markov chains field indexed
by a homogeneous tree, f,(w) and Hi(X;|X,) be defined by (9) and (10). Denote
0<a<l,if

D) “log® P(i|n)P(1]h)! < o. (30)

hesS lesS
Then

Tim [fn(w) W)'ZZ > Hy(X,|X,)]=0.pp—as.  (31)

k=0oc€Ly T€S(0)
Proof. By (11), (29) and (30) we have

bo = hmbup |T(")| Z Z Z [(log(P(X,|X,))*P(X,|Xs) ¥ Xo]
k=0oc€Ly TES )

= limsup |T(" Z Z Z Z (log(P (x| X,))*P(z,| X)) ™2

k=0 oLy, 7€S(0) €S

= limsup |T(" | 2 Z Z ZZ&L log P(I|n)P(1|h)*~

=00€Ly 7€S(0c) heS €S

Z > log? P(I|)P(i|h)'~

= yheS leS

A
5
wn

Z
EH
3
‘MH
M

1—
< ZZh;nsup ”NZZ > log® P(i|n)P(1|h)'
hes les k=0 c€Ly T€S(0)
< ) > limsu %10 2 P(I|h)P(I|h)*~
heS leS
= > ) "log® P(i[n)P(I|h)' ™ < oc. (32)
heS leS

Therefore, (31) follows from Theorem 1.

3. Some Shannon-McMillan Theorems on a Finite States Space

Corollary 2. Let X = {X,,0 € T} be a nonhomogeneous Markov chains
field on a homogeneous tree which takes values in the finite alphabet set S =
{1,2,--- , N}, fn(w) be defined as (9). Denote 0 < a < 1. Let Hg(X,|X,) be the
random conditional entropy of X, relative to X, on the measure pup, that is

H,(X,|X,) Z Pri1 (2| Xs)log Pey1(2-|X,), 0 € Ly, 7€ S(0), k> 0.

Ikil

Then

n—1
i [£(w) - |T(1n)| ;) ; S H (XX =0. pp—as. (33)

. TES(0)



A CLASS OF SHANNON-MCMILLAN THEOREMS 51

Proof. Let 0 < a < 1, consider the function
p(z) = (logz)*z'™* 0<x <1, 0<a< 1. (6(0)=0)

Let ¢,(l’) =0, we get x = €2/(®=1. Therefore
2
max{9(2),0 < & < 1} = 9(e@ V) = ()% 2, (34)
o —

By (11) and (34) we have

bo = limsup ———

Z > N El(log(Prat (X7 X6)? Pryr (X7 Xo) | X,]

k=0oc€Ly TGS )

Z D0 D (log(Pega(w-|X0)) Pega (w7 X6)

k=0oc€Ly r€S(0) x- €S

2 5
- |T(”)|Z 2 2 Z G1)

< limsup
k=0oc€L, 7e€S(c) zr=1

n—00 n)|

N
S |T(’I’L)| -1 2 2, -2 __ 2 2 -2
= 117€Ii>Solip W xz:l (ﬁ) e = N(m) e < 00, up — a.s. (35)

Hence (11) holds naturally. (33) follows from (12).
Corollary 3[7. Let {X,,n > 0} be a nonhomogeneous Markov chain with the
initial distribution and the transition probabilities as follows:

p(i) >0, i€ S.

Py(j]i) >0, i,j€ 8, k=1,2,---

Set
1 n—1
fo(w) = b [log p(Xo) + kz_;)log Pr(Xpy1| X))l
N
Hy (Xg41|Xk) = Z Pry1(wp11]Xy) log Pey (2rq1| Xe)-
Trr1=1
Then
n—1
. 1
Jim [ (w) — — — kZ_OHk(XHﬂXk)} =0. a.s. (36)

Proof. Letting |S(0)] = |S(o)] = 1, at this time the nonhomogeneous Markov
chains field on the homogeneous tree is just the general nonhomogeneous Markov
chain. (36) follows from Theorem 1.

4. Derivation Results

Theorem 2. Let X = {X,,0 € T} be a nonhomogeneous Markov chains
field on a homogeneous tree which takes values in the countable alphabet set S =
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{51, 82, }, fn(w) be defined as (9). Denote & > 0,0 < C' < 1. Set

Ca thUp (n Z > > Bl (XA X)) T p (x,1x <0y | Xo] < o0,
|T | k=0o0€Ly 7€S(0)

wp — a.s. (37)
Then
7}1_>H;o[fn w |T(" 2 Z Z Z H,(X;|X,)]=0. up — a.s. (38)
=00€Ly TGS

Proof. By (11) and (37), noticing 0 > logx > 1 —1/z, (1 > = > 0), denote
Pi11(X|Xs) = Pgy1 in brief, we have

ba hmsup (n) Z Z Z E[log® Pyi1 (X7 X)) Pes1(X- | Xo) ™% X
|T | k=0oc€Ly 7€S(0)

—hmbup Z Z Z logPk+1)2P;;+CY1(I{Pk+1(XT\XU)SC}
k 0oc€Ly T€S(0)

+I{Pk+1(X 1X.) >C}|X ]

s limsup T(n | Z > Z [(log Pr+1)* Py Lipyn (XX, <0y [ Xo]
k=0oc€Ly t€S(c

+hmsup |T(” | Z Z Z C~%(log C)?

k=0o€Ly 7€S(0)

n—1

limsup T(") Z Z Z 1 - 7) P]{)_+(X]_I{Pk+l(XT‘XU)SC}|XU]
nTreo | ‘k 0c€LlyrTeS(o

IN

T - 1

+ lim sup C~*(log C)?

et O]
= limsup o |T(n | Z S Y Bl(Pes = 1P I (xx0) <0y | X

oo k=0oc€L, 7eS(0)

+ C*(log 0)2

—(2+a)
|T(n | Z Z Z P I{Pk+1(Xr|Xa)SC}‘XU]

k=0oc€Ly t€S(c

+C™*(logC)? < c0. pup — a.5. (39)

hm sup

Therefore (38) follows from Theorem 1.
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