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Abstract. Let B be a doubly-connected domain bounded by two Dini-smooth
curves. In this work, we prove some direct theorems of approximation theory in
weighted rearrangement invariant Smirnov spaces Fx (B,w) defined on B. For
this, approximation properties of the Faber-Laurent rational series expansions
are used.

1. Introduction and Main Results

Let B be a doubly connected domain in the complex plane C, bounded by
two rectifiable Jordan curves T'; and T's (the closed curve T's in the closed curve
I';). Without loss of generality we suppose that 0 € IntI's. Let BY := Intl'y,
B$° := Extl'y, BY := Intly, BS® := Extly. Further, we set

T:={weC:|w| =1}, D:=1IntT, D := ExtT.

We denote by w = ¢(z) and w = ¢ (z) the conformal mappings of B{® and Bj onto
D ~ normalized as
oz _ 1

¢ (00) = oo, 213207 =

and

@, (0) = o0, li_%zgol (2) =1

respectively, and let 1) and 1, be inverses of ¢ and ¢, .

We assume that G is a simply-connected domain with a rectifiable Jordan bound-
ary I' and G~ := Fuxtl.

Let L, (I') and E, (G) (1 < p < o0) be the Lebesgue space of measurable complex
valued functions on I' and the Smirnov class of analytic functions in G, respectively.
It is known that every function f € E; (G) has non-tangential boundary values a.
e. on I' and if we use the same notation for the non-tangential boundary value of
f, then f e Ly (T).

Let I' C C be a closed rectifiable Jordan curve with the Lebesgue length mea-
sure |dr| and let X (T') be rearrangement invariant space over I', generated by a
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rearrangement invariant function norm p, with associate space X’ (T'). For each
f e X () we define

Ifllx @y = p(fD, e X (D).

A rearrangement invariant space X (I') equipped with norm ||.|[x, is a Banach
space [5, pp. 3-5].
It is well known that

1f1lx 0y = sup /Ifgl ldr| g€ X" (T), [lgllx/ry <1 (1)
T
and
lall ey =suw [ 17l ldrl 7 € X (01 Flxqry <1
T

hold.
If fe€ X and g € X', then fg is summable and the Holder inequality

LﬂMWﬂﬂmmmem
N

holds [5, p. 9].

For definitions and fundamental properties of general rearrangement invariant
spaces we refer to [5].

A measurable function w : I' — [0,00] is called a weight function if the set
w™1({0,00}) has Lebesgue measure zero. Let X (I') be a rearrangement invariant
space and w be a weight function on I'. The space of measurable functions f : I' — C
for which fw € X (I') is denoted by X (I',w). X (I',w) is a Banach space with
respect to the norm

||f||X(F,w) = ||waX(F) 5
and is called a weighted rearrangement invariant space.

IfweX(T) and 1/w € X' (T'), then X (T',w) is a Banach function space and
from the Holder’s inequality we have

Lo (T) C X (T,w) C Ly ().

By the Luxemburg representation theorem [5, Theorem 4.10, p.62], there is
a unique rearrangement invariant function norm p over Lebesgue measure space
([0,]T]] ,m), where |T'| is the Lebesgue length of T', such that p(f) = p(f*) for
all non-negative and almost everywhere (a. e.) finite measurable functions f de-
fined on T'. Here f* denotes the non-increasing rearrangement of f [5, p. 39].
The rearrangement invariant space over ([0, |T'|],m) generated by p is called the
Luxemburg representation of X (') and is denoted by X.

Let f be a non-negative, almost everywhere finite and measurable function on
[0,|T|] . For each > 0 we consider the dilatation operator H, defined by

a0 ={ 750 e e
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It is known [5, p. 165] that H;,, € B (X) for each x > 0, where B (X) is the
Banach algebra of bounded linear operators on X. Let h, (x) denote the operator
norm of Hy, i.e., hy (z) := HHl/-@HB(f) .

The numbers
log hy (x) ,BX — lim log hy ()

Too00 08T

are called lower and upper Boyd indices of the rearrangement invariant space X (T"),
respectively. The Boyd indices ax and Sy are said to be nontrivial if 0 < ax <
Bx < 1.

Let be w weight on I Now we denote by Ex (G,w) the class of functions
f € E;1 (G) for which the boundary function f belongs to X (T',w). The class of
functions Fx (G,w) will be called weighted rearrangement invariant Smirnov space
with respect to domain G ([14]). Obviously, the class Fx (G,w) is wider than
weighted Smirnov classes E, (G,w) and as well as the weighted Smirnov-Orlicz
classes Ejs (G, w) given in [13]. Each function f € Ex (G,w) has a non-tangential
boundary values a. e. on T'.

Definition 1. A smooth Jordan curve I' is called Dini-smooth, if the function
0 (s), the angle between the tangent line and the positive real axis expressed as
a function of arclength s, has modulus of continuity € (6, s) satisfying the Dini-

condition 5
/Q(Q’S)ds <oo, 6>0.
s
0

For z € T and ¢ > 0, we denote by I' (z,¢) the portion of I' in the open disk of
radius € centered at z, i. e.,

D(zye):={tel:|t—z| <e}.

For fixed 1 < p < oo and 1/p+ 1/g = 1. A weight function w belongs to the
Muckenhoupt class A, (I") if

1/p 1/q

1 1 _
sup sup | — / w (z)? |dz| - / w (x)”?|dz] < 0.
zel e>0 | € €

T'(z,e) I'(z,e)

Let X (T) be a reflexive rearrangement invariant space with non-trivial Boyd indices
ax and By, and be w weight function such that w € A/, (T) N Ay 5, (T). For
given function g € X (T,w) we define the shift operator o,

h
ong (x) := ﬁ /g (weit) dt, 0<h<mweT,
~h
and later r-th modulus of smoothness Q" (-,6) ., (r=1,2,...)

T

H(I_O'hi)g

i=1

Q- (9,0)x ., ::0<ssp<(S , 6>0

1<i<r

X(T,w)

where [ is the identity operator. Since the operator o, is a bounded linear operator
in X (T,w) [10, Lemma 2.2], this modulus of smoothness is well defined.



116 HASAN YURT AND ALI GUVEN

In this definition we use as shift the mean value operator o, and the modulus
of smoothness (2. (+,d) x , in such way since the space X (T,w) is non-invariant, in
general, under the usual shift g () = g (- + h).

If T'y and T's are Dini-smooth, then from the results in [28], it follows that

0 < ¢ <l ()l <, <00, 0<e, <|p ()] <e, <oo, (2)
0 < CSS‘w’(w)‘Scﬁ<oo, O<c7§‘w’1(w)|§cg<oo

where the constants c,,c,,c,,¢,,¢,, ¢, ¢, and ¢, which are independent of z € B
and |w| > 1.

We will say that the doubly connected domain B is bounded by the Dini-smooth
curve if the domains BY and BY are bounded by the closed Dini-smooth curves.

Let I'; (i = 1,2) be a Dini-smooth curve and be w a weight on I'y UT'; . We can
consider w as weight on I'; and I'y separately. We associate with w, the following
two weights defined on T by w, := wo and w, := wo 1 , and let f, := fo
for f € X (I'1,w) and let f, := fo4, for f € X (I'2,w). Then by (2) we get
fy € X(T,w,) and f, € X (T,w,). Using the non-tangential boundary values of
f;Fand fiF on T, we define

 (£.8)x0 = (£7.0) 5 OF (f,0)x,0 = (50, 0>0, (3)

forr=1,2,....

For f, € X (T,w), since w, € Ay/o, (T)N Ay/p, (T), Lemma 1 and Theorem
4 in [14] we can deduce that ff € Ex (D,w,) and f~ € Ex (D~,w,) such that
[ (00) = oo. Similarly, since f, € X (T,w) and w, € A;/q, (T)N Ay/5, (T), we
have f* € Ex (D,w,) and f~ € Ex (D™, w,) such that f~ (c0) = 0. Moreover for
two functions f,, f, € X (T,w) we have

L= 0-f 0, LO=10-f 0 (4)

a.e. on T.
Let us take

L,:={z:|p(z)|=r}, Lg:= {z: ‘¢I(Z)| = R}

for r,R > 1. ¢ has the Laurent expansion in some neighbourhood of the point
z = 00 has the form

plz)=azt+a+ 2+ B+ ..+ T+
and by this we get

k=1 ‘ 4
[@(Z)]k =afh + Yt + Y et
i=0 £<0

The polynomial
k=1 A
Fi(2) = a*2" + Y ap2’
i=0
is called the Faber polynomial of order k for the domain BY.
The function ¢, has an expansion in some neigbourhood of the origin:

P, = % + 8o+ 612+ ...+ 8,2" + ...
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Raising this function to the power k, we obtain

[e, (Z)]k = F, (1) ~Ej(2), z€BY,

where Fy, ( ) denotes the polynomial of negative powers of z and the term E) (2)
contains non-negative powers of z; hence this is analytic function in the domain
BY.

If a function f (z) is analytic in a doubly connected domain bounded by the
curves L, and Lg, then the following Faber-Laurent series expansion holds [21, 25]

Zaka + Zaka (5)

L [y f@
ayp = %/ [cpiz;)kfl / tk“ t, l1<r <r
L

\tl Ty

where

"1

and

f@eE, 1 )
27TZ/ Z]Jr _% / tdet’ 1<R, <R (6)

|t‘:R1

The rational function
)= Z%Fk (2) + Z&kﬁk (1) (7)
k=0 k=1

is called the Faber-Laurent rational function of degree n of f.

Since series of Faber polynomials are generalizations of Taylor series to the case
of a simply connected domain, it is natural to consider the construction of similar
generalization of Laurent series to the case of a doubly-connected domain.

Let I' :=T'y UI';, where I'y and I'; curves are rectifiable Jordan curves, and let
be w a weight on I'. X (T',w) is a weighted rearrangement invariant space on I" and
B is doubly connected domain bounded by the Dini-smooth curve I'y and I's. Let

Ex (B,w):={f € E,(B): f € X (T,w)}.

where E; (B) is the Smirnov class of analytic functions in B ([7, pp. 182-183]).

Definition 2. The class Ex (B,w) is called weighted rearrangement invariant
Smirnov space with respect to doubly-connected domain B.

In the literature there are many results on direct and converse approximation
theorems in different spaces defined on simply connected domain of complex plane.
The some direct and converse theorems in weighted and non-weighted rearrange-
ment invariant space, defined simply-connected domain were proved in [2], [9],[10]
and [14]. These spaces are sufficiently wide; the Lebesgue, Orlicz, Lorentz spaces
are examples of rearrangement invariant space. These problems in the different sub-
spaces of the rearrangement invariant space were investigated by several authors.
The direct and converse theorems of approximation in the weighted or non-weighted
Lebesgue and Smirnov spaces have been studied in [3], [4], [11], [12] and [15]. Sim-
ilar results in Smirnov-Orlicz and Orlicz spaces were researched in [1], [16], [18],
[19], [22], and [30]. Some theorems in weighted Lorentz spaces were obtained in
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[23] and [29]. All of these results have been obtained under different restrictive
conditions on boundary of domains.

In this work, we prove a direct theorem approximation theory in the weighted
rearrangement invariant Smirnov spaces, defined in the doubly-connected domain.
Similar direct theorem weighted rearrangement invariant space,defined simply-connected
domain, were proved by Israfilov and Akgun ([14]) in the case that T is a closed Dini-
smooth curve. A direct theorem in Smirnov-Orlicz spaces with doubly-connected
domain has been proved by Jafarov ([17]). Similar problems were studied in [21],
[26], and [27].

Our main result is given in the following theorem:

Theorem 1. Let B be a finite doubly-connected domain with the Dini-smooth
boundary T' = T1 UTy, X (T') be a reflexive rearrangement invariant space with
nontrivial Boyd indices ax and fBx, w € Ayja, ()N A5, (), f € Ex (B,w)
and r be a natural number. Then there is a constant ¢, > 0 such that

1 = B (F )y < €0 {08 (£ 1/n+ 1)+ OF (£ 1/n+ 1), }

for every natural number n, where R, (f,z) is the n — th Faber-Laurent rational
function of f.

In weighted case the theorem 1 has not been known before, even not for the
spaces L, (I'), 1 < p < oo. We use ¢,c,,c,,... to denote constants (which may,
in general, differ in different relations) depending only on numbers that are not
important for the question of interest.

2. Auxiliary Results

We shall exploit for Fj, (z) and 3 ( ) the following integral representations hold
[24]:
1. If z € IntL,, then

Fi() = o / [f(fz - / iy (8)

L, [t|=r

k
B () = el + 5 [ E e ©
L,

B(1) = o] - 2;/ [“Zf(f)fdc. (10)

4. If z € ExtLpy, then

ﬁk<i>21mL [i(_oj C——Q—m/w _Z (11)

R [t|=R

Let G be a finite domain in the complex plane with a rectifiable Jordan curve I"
and f € Ly (T'), Then the functions f™ and f~ defined by
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_ f()
f+(z>._27ﬂ'i F§—Zd§7 zed
and
f~(z):= &dg, ze€G™

% rs—%
are analytic in G and G, respectively, and f~ (o0) = 0.
The Cauchy singular integral of f € L; (T') at z € T is defined by

.1 (<)
S = lim — —d
of(2) 04 21 c—=z N
\I(z,e)
It is known that this limit exists for almost every z € T ([6, pp. 117-144.]).
The functions f* and f~ have non-tangential limits a.e. on I, and the formulae

1 _ 1
fr(z)=8:f(2) + f @), TR =5F(2)-5f(2)
holds a. e. on I' ([8, p. 431]), and hence
f=r—r

a. e. onlI

For f € Ly (T'), we associate the function S.f taking the value S f (z) exists
a.e. on I'. The linear operator S, defined in such way is called the Cauchy singular
operator.

Lemma 1 ([20]). Let X (T') be an reflexive rearrangement invariant space with
non-trivial Boyd indices ax and [x. If a weight w belongs to Muckenhoupt classes

Aijax (I) and Ay 5, (T'), then the singular operator S. is bounded on X (I',w), i.
e.,

190 (D x@rw) < o lfllxrw. f€XTw) (12)
holds with a constant c,, > 0 independent of f.

Lemma 2 ([10]). If ax and B, are nontrivial and w € Ay, ()N A5, (I'),
then there exists a constant ¢,;, > 0 such that for every natural number n,

19 =Tn (Dl xrw < (9. 1/n+1)x,, g€Ex[Dw)

where r = 1,2,3, ... and T,, (¢) is n-th partial sum of the Taylor series of g at the
origin.
For z € B use of Cauchy theorem, gives

f(z):% gfz 27rz sz
I
If z € Intl'y and z € ExtI‘l, then
f) /
= 1
2mi gfz  2mi szdc 0. (13)
I'y
Let define f()
I = = —
1(2) 27i g—z ro 2 ) (— 2z

Iy
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The function I; (z) determines the functions I;” (z) and I; (z) while the function
I5 (z) determines the functions I, (z) and I, (z). The functions I;” (z) and I; ()
are analytic in IntI'; and Extly, respectively. Also, the functions I} (z) and I, ()
are analytic in Intl'y and Extl's, respectively.

3. Proof of Theorem 1
Let ' =T, UT; and f € Ex (B,w). It is easily seen that
1f = B (fs )lx 0wy SN = B (F ) x 0y o) T 11 = B (s Moy - (14)

Due to the conditions of Theorem 1., we can take curves I'y,I's as the curves of
integration in the formulas (8)—( 11) and (6), respectively. Let f € Ex (B,w).
Then f, € X (T,w,), f, € X (T,w,) and by (4)

FQO=f @)= (0©), [O=1 (e, )= (v, (Q). (15
For 2/ € ExtI'y, then from (9) and (15) we obtain

n n k
SarFi ) = Yol + g [Hhmo Ol (16)
= k=0 3
- / L (Yo o O = fF [p (5)]
- kzoakwn’wmr/ 0t s
o [ 2L 17 o).
I
If 2/ € ExtT', by (11) and (15) we get
Zn:&kﬁk (j) _ _% Md (17)
k=1
N f+ k 10% [80
N 277@/ ¢—7 d7277m (—z

The use of (16) , (17) and (13) for 2’ € Extl'; gives
Z%Fk +Zaka (%)

k
= Zak —f /er Zk Oo‘k[ (s)] de

c—2z

ds.

27m/f* @, (¢ Zk L0 [, (C)]k

—Z
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Taking the limit as 2’ — z € I'; along all non-tangential paths outside I';, we reach

Zaka Zaka (18)

= [HeE) =D ale () + {f*[ (2)] = Z a [ (2)]"

o [f: e kz::o akgok} 2m/f (0) Zk 165 [, () ds

a.e. on I'y.
Now using (18), Minkowski’s inequality and the boundedness of St, (12), we get

1f = B (s 2) | x (1, ) (19)

-3 autt £ = 3 dntt
k=0 k=1

X (T,w,) X(Tw, )

That is, the Faber—Laurent coefficients ay and &y, of the function f are the Taylor

coefficients of the functions f;" and f, respectively. Then by (3) and (19), Lemma
2 we have

Hf - Ry (fa Z)”X(Fl,w) < Cia {QE (fa ]-/n + 1)X,w + QE (f7 ]-/n + 1)X,w} . (20)

Let 2z € IntI'y. Then by (10) and (15) we get

n n n ~ k
Sanfi(F) = Yarle, (] - g [ 2 O 4 (21)
k=1 k=1 T»
- Eo
_ Zak k _ ;m/Zk_l k [501 C(_Cz}z// f1 ((p1 <<)) dC

2m/C e £ (o, ()

For 2z € Intl'y, from (8) and (15) we have

- 1 (i lp o)

F " _ k=0

E_ apFy (2") 57 7 ds (22)
ry

S+ —
¢—2z" 2wt ) ¢ — 2"
Iy

_ zm/zmak PO o6y LI
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For 2" € Intl'y, using (21) and (22) we obtain

n 17 n o~ 1 _ ]_ Zn: ak [@(C)]k—f:" (w(q))
I;)aka (z )+kz::1aka(7) — 27”P/l k=0 "

g_zl/

dg

1 /221 & [0, (O] = £ (2, (©)
27Ti J < _ Z”

n
- . k
—f (e, ) + ) [e, (2]
k=1
Taking the limit as 2’/ — z € I's along all non-tangential paths inside I'y, we obtain

F2) =Y anFi(2) =) arFi (1) (23)
k=0 k=1
= fi (¢, (2)) —% lzak [, (2)]" = £ (o, (z))]
k=1

—Sr, lzéwf’ - (fF Otpl)]

k=1
k
1 /ZZ—O arlp O = £ (e (),
-5 S
271 g—2z"
Iy
a. e. on I's.
Using (23), Minkowski’s inequality and the boundedness of St, (12), we obtain
Hf_Rn (f7 Z)HX(Fg,w) (24)
n n
< fR) = 3 axt +eg ||£F ) = X axt
k=1 X(T,wl) k=0 X(T,wo)

Then taking into account (3), (24) and Lemma 2, we conclude that

1 = R (2l xry 0y < Car {08 (£ 10+ D)y + Q8 (F1/n+ 1)} (25)

Hence (20) and (25) complete proof of Theorem 1. I
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