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A SEQUENCE CONSIDERED BY SHAUN COOPER

MicHAEL D. HIRSCHHORN
(Received 12 June, 2013)

Abstract. We find the asymptotic behaviour of a sequence considered by Shaun
Cooper.

1. Introduction

Shaun Cooper recently [1] brought to our attention the sequence s,, of integers
which satisfies the recurrence

(n+1)3s,11 — (26n° + 39n? + 21n + 4)s, — (270> — 3n)s,_1 = 0,
together with sg = 1, s; = 4. It was pointed out to Cooper by Wadim Zudilin that
n 2
n 2k (n+ k
= 2 ()G
k=1"5)
or, if we reverse the sum,

L%] 2
n 2n — k\ [(2n — 2k
=3 () () )

The object of this note is to determine the asymptotic behaviour of s,. Indeed,
we show that

o 1(3)32n<1_ 65 3865 111727 74703503
" 4\ 144n ' 4147202 ' 17915904n3  10319560704n%
4147191181 7487947116533
T 1486016741376r5 | 1283018464548864m0 | )
as n — o0.

2. The Dominant Term

n\2/2n—k\ (2n — 2k
The first step is to find the value of k for which the term < k) ( ) < )
n n

is a maximum. We do this by setting

(2)2 (an— k) <2n ; 2k:) _ (k Z 1)2 (Zn —nk: - 1) (Qn —zk - 2).
This yields
(2n — k)!(2n — 2k)! (2n —k —1)1(2n — 2k — 2)!

E2(n—k)B(n—-2k)! (k+1)PMn—-k—-113n-2k-2)"
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or,

(k+1)2(2n — k)(2n — 2k)(2n — 2k — 1) = (n — 2k)(n — 2k — 1)(n — k)3

1
If we suppose k = 0n, where 6 < 3 is to be determined, and divide by n°, we find

2
<9+71L> (2—0)(2—20) <2—29—711) = (1-20) (1—29—:) (1—6)3.
If we let n — oo, this becomes
02(2 — 0)(2 — 20)* = (1 — 20)*(1 — 6)®,

or, on simplification, remarkably,

1
0=—.
5
Atk%%,the value of the term is
2 n n
o (Y () (2
z n n
o, (8,
5 /)°\ 5 )
3
(ﬁ);z SUATRN LY
5 5 5
9n 8n

2
5v/6 -

~ 167202
after considerable simplification. (See fig. 1.)

At points near g, the terms of the sum are given by
2,9 8
n - = =2k
=tk n n
n 2ron g\ /80 9k n\2 /2 /8
— . 5 5 / 5 5
(550 (O 0/6) GG
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FIGURE 1. The case n = 1000, showing the points
ky (1) (27F) (2729 for 170 < k < 230, together with the ver-
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36
Thus, the terms are essentially distributed normally, with o2 = 671517 and the

sum is given by

L[5]

2 _ _ e §
n\"/2n —k\ [2n — 2k ~ H/ exp V= H oVor
0 A n n e 202

w3

k=
25V6 ., 6y/n
N o2 a5 V2T
Y A
NN

3
1/3)\2
=—|—] 27"
4(7m)

as claimed. (See fig. 2.)
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FIGURE 2. The casae m = 1000, showing the points
(k, (")2(2”_k) (2"_2k)) for 170 < k < 230, together with the nor-
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3. The Correction Term
Now s,, satisfies the recurrence

(n+1)%s,41 — (260> + 39n? + 21n + 4)s,, — (27n® — 3n)s,_1 = 0,

3
1 39 21 4 3
<1+) sn+1—<26++2+3>sn—<27—2>sn1:0.
n n n n n

We now suppose that

or,

Snzcn7%27n 1+ﬂ+%+aj+ ),
n  n2 nd
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1/3\2
where C' = 1 () , and substitute into the recurrence, to obtain
0

3
1 _3 a az as
1+-| C 1)"227" (1
( +n) (n+1) ( +n+1+(n+1)2+(n+1)3+ )
( 39 21 4

a Qa Qa,
26++2+3)Cn—327n(1+1+§+§+ )
n n n n n n

3 _3 _ ai a2 as
— 21 - = —1)"22mm (1
(7 n?)c(" )7t (*n—ﬁ(n—m?*(n—m?’* )
=0.

If we now divide by C'27", and multiply by n%, we find

3
1\2 aq a2 as
1+ — 27 (1
(+n) (+n+1+(n+1)2+(n+1)3+ )

39 21 4 a a a
—(26++3+4> ((+2+5+5+ )
n n n n n n

3
1\ 2 3 1 aq as as
_ (1.2 o7 _ 2 ) =
< n) (7 n2>27< +n—1+(n—1)2+(n—1)3+ )

=0.
1 1 1
If we set — = u, - , - , and expand in powers of u,
n n+1l 14w n—1 1—u
we find
3u  3u?  W?
27<1+2+8_16+"')(1+G1U+(a2—al)u2+(aa—2a2+a1)ug+"')

— (26 + 39u + 21u? + 4u®) (1 + a1u + agu® + azu® + ---)

oy B 10w 300 ¥
2 773 16 9

(1 +ayu+ (ag 4+ a))u? + (az + 2a2 + ap)u® + ---)
= 0.

We now set the coefficients of the powers of u equal to zero, and solve for a1, as, ag

and so on. The constant term and the coefficient of u are automatically zero,

because we had the base 27 correct and the factor n~2 correct. The coefficient of
2

u® is

455
—28a; — — =0,
7 36
SO
o= 9
LEEVYR
If we continue in the same way, we find
3865 111727 74703503 4147191181
2 = ————=, 043 = so—0 o, Q4 = — o, (5 T T
41472 17915904 10319560704 1486016741376
and so on.

This completes the proof.
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