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FRACTIONAL A-DIFFERENCE EQUATIONS ARISING
FROM THE CALCULUS OF VARIATIONS

Rui A. C. Ferreira, Delfim F. M. Torres

The recent theory of fractional h-difference equations introduced in [9], is
enriched with useful tools for the explicit solution of discrete equations in-
volving left and right fractional difference operators. New results for the right
fractional h sum are proved. Illustrative examples show the effectiveness of
the obtained results in solving fractional discrete Euler-Lagrange equations.

1. INTRODUCTION

The fractional calculus is a generalization of (integer order) differential calcu-
lus, allowing to define derivatives (and integrals) of real or complex order [25, 30].
It is a mathematical subject that has proved to be very useful in applied fields
such as economics, engineering, and physics [3, 21, 22, 29]. Several definitions of
fractional derivatives, including Riemann—Liouville, Caputo, Riesz, Riesz-Caputo,
Weyl, Grunwald—Letnikov, Hadamard, and Chen derivatives, are available in the
literature [2, 14, 17, 26]. The most common used fractional derivative is the
Riemann—Liouville [1, 13, 16, 27]. Analogously, one can define a discrete frac-
tional derivative in different ways. In 1989, Miller and Ross introduced the discrete
analogue of the Riemann-Liouville fractional derivative and proved some properties
of the fractional difference operator [24]. More results on the theory introduced
by Miller and Ross are given in the works of ATict and ELOE [5, 6]. See also
[10, 11, 18], and [7] for applications to the Gompertz fractional difference equa-
tion and tumor growth models. Regarding other fractional discrete definitions, we
refer the reader to [4, 8, 19, 28] and references therein. Here we follow [9], i.e., we
adopt a more general fractional h-difference Riemann—Liouville operator. The pres-
ence of the h parameter is particularly interesting from the numerical point of view,
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Fractional h-difference equations arising from the calculus of variations 111

because when h tends to zero the solutions of the fractional difference equations
can be seen as approximations to the solutions of corresponding Riemann—Liouville
fractional differential equations [9, 15] (cf. Proposition 3).

In the recent work of BASTOS et al. [9], necessary optimality conditions of
first and second order are proved for the fractional h-difference variational problem

b/h—1
(1) Ly)= > Lthy(on(th)), («A%y)(th), (hAFY)(th))h —> min,

T ) = 4), ) = B),

as well as transversality conditions when the boundary conditions y(a) = A or
y(b) = B are not given (see Section 2 for definitions and notations). The main
result of [9] gives an Euler-Lagrange type equation for problem (1), but no clues
are devised for the solution of such fractional h-difference equations. Instead, some
examples are solved numerically [8, 9]. Here we develop further the subject of the
calculus of variations within the fractional discrete setting, by obtaining explicit
solutions to the fractional difference Euler-Lagrange equations [8, 9].

Our results are given in Section 2, where we prove some new formulas for the
fractional h-difference operator. The obtained results are then used in Section 3 to
solve two illustrative examples of (1), for which the global minimizers are explicitly
found in exact form. This is in contrast with [8, 9], where all the solutions are
obtained via approximated numerical computations.

2. MAIN RESULTS

Before stating and proving our results, we introduce some definitions and
notations. Let h > 0 and put T = {a,a + h,a + 2h,...,b} with a € R and
b=a+kh for k € {2,3,...}. Let us denote by Fr the set of real valued functions
defined on T, o (t) =t + h, and pp(t) =t — h.

Definition 1. For a function f € Fr the forward h-difference operator is defined

“5 flon(®) = £

(ARf)(®) = . , te{a,a+h,a+2h,...,pn()},
while the h-difference sum is given by
t/h—1
WA ) = > fkh)h, te{a,a+h,a+2h,... 0nb)}.
k=a/h

Definition 2. For arbitrary x,y € R the h-factorial function is defined by

r(z+1)
Igy) =h? x :
(5 +1-v)
where I' is the Fuler gamma function. We use the convention that division at a
pole yields zero.

)
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In [9] it is remarked that in the case h = 1, then xﬁly) coincides with the

falling factorial power. One also expects to see that xgly) converges to x¥ when h

tends to zero. Since this is not addressed in [9], we prove it here.

Proposition 3. Forz >0 and y € R,

2 li (v) = Y.

(2) lim () =

Proof. Equality (2) is a straightforward consequence of the following well-known
asymptotic formula for the Gamma function:

(see, e.g., inequality (33) and Corollary 3 in [23]). Indeed, starting from the defi-

nition of xgly ) and introducing the new variable t = z/h + 1 — y, we have

(¥) z¥ L(t+y)

T ry—1r )

for any y € R. We obtain (2) taking the limit ¢ — 400 or, equivalently, the limit
h— 0T, O

The motivation for the next definition can be found in [9].
Definition 4 ([9]). Let f € Fr. The left and right fractional h-sum of order
v > 0 are, respectively, the operators «Ay” : Fr — Fgr and y A" @ Fr — Fa-,
']NTI% ={atvh,atvhth,...,bxvh}, given by

t/h—v
(WD 10 = 57 3 (0= ank)}e ™ (k)b
k=a/h
1 b/h
685N = 5705 S° (kb —on )V F (k).
k=t/h+v

We define (oARF)(t) = f(t) and (hALF)(t) = f(1).
Definition 5. Let 0 < a < 1 and set v = 1 — a. The left fractional h-difference

AL f and the right fractional h-difference ,Ap f of order o of a function f € Fr
are defined, respectively, by

@ARS)(E) = (BnaAr7 (), te{atyh,atyh+h,...pn(b) +hi,
(hAFf)(t) = =(AnnAp 7 f)(t),  t€{a—7h,a—yh—h,... pn(b) —~h}.

REMARK 6. We define fractional sums/differences for functions on a bounded domain.
This is done so, because of the problems of the calculus of variations we consider here.
Nevertheless, one can use our definitions for functions with unbounded domains: an un-
bounded domain from above for the left fractional sum/difference, an unbounded domain
from below for the right fractional sum/difference.
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Let us now recall a result that will be used later in finding solutions to the
boundary value problems originated from the fractional h-difference calculus of
variations.

Theorem 7 (Theorem 2.10 of [9]). Let f € Fr and v > 0. Then,

(AR ARF)(E) = (DoA™ f)(E) — (t—a) "V f(a)

I'(v+1)
for allt € {a+vh,a+vh+h,..., py(b)+vh}.

The next lemma permits to shorten the proofs of our main results. Essentially,
it allow us to borrow information from the formulas obtained in [5].

Lemma 8. Let f € Fr and v > 0. Then,

(AT DO = R ap BT = F6)(§ ) € farkvhiatvht b b

Proof. We have

(87" )(1)
t/h—v v
=Ty X (ol A= g 3 (o) s
k=a/h k=a/h

— s M - e = 1 (i s 560 (1)
=a/h

and therefore the proof is done. O

Lemma 9 (Lemma 2.3 of [5]). Let p,v be two real numbers such that p, p+v €
R\{...,—2,—1}. Then,

—v F(N+1) +v
(s = sl) 0 = oty

Corollary 10. Suppose that %, % +veR\{...,—2,—1}. Then,

F(% + 1) ) (t—a—i—u)gﬂ/hﬂ/)

(B0 (s —at ™)) = —p
F(E fr+1

forallt € {a+vh,a+vh+h,...}.

Proof. The result is a simple consequence of Lemma 8 and Lemma 9. O
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Corollary 11. Suppose that —%, —% +veR\{...,—2,—1}. Then,

_ kK
(hAb_VS = (b—p— 8);;“/}1))(75) = F(F< % ’—:—jj—)l> (b—p— t)gl*u/h%/)

for allt € {b—vh,b—vh —h,...}.
Proof. Using Corollary 10, we get

(nai¥s = (b= =)™ )0

b/h
1 v—1 —u/h
=t L e on) Y =g kR
k=t/h+v
1 S (v=1) (=n/h)
“Toy 2 (hkbo @) (kR
k=(t—b+pu)/h+v
1 (b—p—t)/h—v ) )
R R G ARG S U0l S
k=—u/h
r(-%+1
- (—uAh_”S = ng“/h)) (b—p—t)= T ( i ) (b—p— )5 /")
( O +v+ 1)
and the proof is complete. 0

We now state and prove the law of exponents for the fractional h-difference
sums.

Theorem 12. Let f € Fr and p,v > 0. Then,

(3) (a0 AL F)(E) = (a0 T f) (1),
where t € {a+ (p+v)h,a+ (u+v)h+h,....,b+ (p+v)h}; and
(4) (WA AT F) (1) = (nA5 * T £)(8),

where t € {b— (p+v)h,b — (u+v)h —h,...,a— (n+v)h}.

Proof. We prove (3) only, (4) being accomplished analogously. First, note that if
v =0or p =v =0, then the equality is valid by definition. Therefore, assume that
v—1lv—14+peR\{ ..,—2,—1}. Then,
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(a—f—l/hAh_HaAh_uf) (t)

h2 t/h—p B s—v .
= ST ST t—on(sh) Y S (sh— on(rh)y TV £(rh)
H s=a/h+v r=a/h
h2 t/h—(u+v) t/h—p ) I
T T Yo > (t—on(sh) TV (sh—on(rh)), ™" f(rh)
H r=a/h s=r+v
h2 t/h—(pu+v)t/h—r—1—p ) o)
=For 2 2 (tonllstra DAYV (rh)
H r=a/h s=v—1
h? t/h—(p+v) (t—on(rh))/h—p ) i
"o 2 Do (E—onlrh) —on(sh)yV (sh)y T f(rh)
H r=a/h s=v—1
h t/h—(u+v) )
=t 2 (eondits o sV on(r) ()
r=a/h
t/h—(u+v)
h F(V) (v+p—1) —(u+
= T(1, L) & = (Ap v)
r() _Z/ Tt oS OR) = (AT 0,
which shows the intended equality. [l

The next theorem is crucial in order to solve some fractional h-difference
Euler-Lagrange equations (see the examples in Section 3).

Theorem 13. Let 0 < a <1 and f € Fr. Then,
(5) GAEA(H) =0, tefa—(1—aha—(L—ah+h,....pn(5)— (1— )},
if and only if

(6) f) =

I(a)

b—(1—a)h -0 tefaath,.. . b}

where ¢ is an arbitrary constant.

Proof. If f is given as in (6), we immediately get (5) using Corollary 11. Suppose
now that equality in (5) holds in the mentioned domain. Then, by definition of
fractional difference (for ¢ € R),

(1) AT =¢, tef{a—(1—a)hath—(1—a)h,...,b—(1—a)h}.

Applying the operator A5 (1_q)n to both sides of equality in (7), and using (4)
of Theorem 12, we get (,bAp *f)(t) = c(;LAb_f‘(l,a)hl) (t),t € {a—h,a,...,b—h}.
Corollary 11 now implies that

®) (AL = ﬁ(b— 1-a)h -\, te{a—ha,... b—h}
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An application of the operator Ay to both sides of the equality in (8) gives

Flon(t) = cﬁ(b —(l—a)h—on®)* Y, tef{a—ha,...,b—2h},
(9) f(t):F(Ca)(b—(1—a)h—t>§ﬁ*”, te{aath,....b—h}.

Setting t = b— h in (8) we get f(b)h = ch?, i.e., equality in (9) is also valid when
t=>o. O

REMARK 14. Similar steps as those done in the proof of Theorem 13 permit us to prove
the following equivalence: for 0 < a < 1, ¢ € R, and f € Fr, we have

A f)t)=¢, te{fa—(1—a)h,a+h—(1—a)h,....,.b —h—(1—a)h}
if and only if

e(b+ ah — ba — a*h — t) + da o
flt) = ( et T ) b—(1—a)h—t)* te{a,a+h,... b}

where d is an arbitrary constant. Indeed, from Corollary 11 and Theorem 12, we have

(AT (&) =c & (hA TV )() = —ct +d

& (A TV =clb+ah —t—b—ah)+d

& (WA TV ) (@) = e(b+ ah —t) — ¢(b+ ah) +d

& (hAb:?l,a)h hAb_(l_a)f) (t) = c(hAb_f(l,a)hs — b+ ah — s) (t)
—[e(b+ ah) = d](hA %oy 1) (1)

& (A () = 7=

b+ ah)—d
(a+2)

_ ey _ < (1 — )b — @
(b+ah — 1) o (0- (1 —ah=n]

& 1) = am b o= - LEEL =S - (- -
b+ah—t
= I0= 155 QF<L ihh_t +ji)a) S o SEL LR
e f(t) = ﬁ(b +ah— " — f(lb_ : ﬁa)h — 1)
a 1“(7( ho‘)h f+1-(a-1)
- L= -
o () = c(b+ahfbafa2h7t)+da(bi (1—a)h— ).

Na+1)

We end this section enunciating the analogue of Theorem 13 for the left
fractional h-difference.
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Theorem 15. Let 0 < a <1 and f € Fr. Then,

LATHE) =0, te{a+(1—a)h,a+(1—a)h+h,...,pnd) + (1 —a)h},
. . (&
if and only if f(t) = (@)

an arbitrary constant.

(t—(1 fa)hfa)gafl), te{a,a+h,..., b}, where cis

Proof. The proof is analogous to the one of Theorem 13. |

3. APPLICATIONS TO THE CALCULUS OF VARIATIONS

We now give two examples of application of our results. The main achieve-
ment is to obtain explicit solutions for some problems of the calculus of variations.
In this section we omit the subscript h in o, and pp. For convenience of notation
we write y? (t) = y(o(t)).

EXAMPLE 16. Let us consider the following data: let a € R, h > 0, b = a + kh with
ke {2,3,...}, and 0 < a < 1. Moreover, let A and B be to given real numbers. We want
to find a function y € Fr that solves the problem

b/h—1

(10) Ly) = > (A7) (thh — min, y(a)=A, y(b)=B.
t=a/h

By [9, Theorem 3.5] we have that if § is a minimizer of £ given in (10), then
(11) (hA?(b) aAhag})(t) =0, te{a,a+h,...,b—2h}.

REMARK 17. At a first glance the sum in (10) and the equation in (11) seem to be mean-
ingless due to the possible values of the variable ¢. However, they aren’t by the fact that
the authors in [9] used the following notation for the difference operators:

(AR F)(H) = (ANt + (1 —a)h), te{a,a+h,...,b—h},
WAE () = (WATF)(t— (1 —a)h), te{a,a+h,...,b—h}.

An application of our Theorem 13 to the equality in (11) gives

AT = 5 (o) = (L= h =07, 1€ {aath.. o)
with ¢ € R or
(Aol 9)(0) = gy (p0) =+ (1= )h)T™, 2 € faathoo )

We now remember Remark 17 and apply the operator 44 (1—q)p A, * to both sides
of this equality. From Theorems 7 and 12 it follows that

(12) (ar1—apd; " DraALG)(t) = @ (ar(1-apny s = (p(b) — )7 ()

e = E (et (1-apn D7 s = (p(b) — )52 V) (2)

I
i ﬁ(t —(a+ (1 ) Vi(a),
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with ¢ € {a 4+ h,a + 2h,...,b}. The constant c is determined by the end condition
g(b) = B.

REMARK 18. We point out that if @ = 1 we get the “straight line” connecting the
points (a, A) and (b, B) as the solution of the Euler-Lagrange equation (12), i.e., §(t) =

- . i 3 . .y i ) .
[ (t — a) + A. This result can be found, e.g., in [12, 20]

We now show that the function § given by (12) furnishes in fact a global
minimum to the problem (10). To do that, we recall the fractional h-summation by
parts formula obtained by the authors in [9] (we continue to use here the notation
mentioned in Remark 17).

Theorem 19 (Theorem 3.2 of [9]). Let f and g be real valued functions defined
on {a,a+h,...,b—h} and {a,a + h,..., b}, respectively. Fiz 0 < o <1 and put
v=1—a. Then,

b/h—1 b/h—2
> fth)(ARg)(th)h = 17 f(p(b)g(b) — B f(a)g(a) + D (nAfw)f) (th)g” (th)h
t:afyhg(a) b/h—1 b/h—1 t=alh
D < 3" (th+yh—a)y Vfth)h— > (th+yh— a(a));”‘”f(th)h) .
t=a/h t=c(a)/h

Before proceeding, we need the following definition:

Definition 20. We say that a Lagrangian L(t,u,v) : T x R? — R is jointly convex
in (u,v) if

L(t,u,v) — L(t,u',v") > (u —u') Ly (¢, ', 0") + (v —0") Ly (t, 0/, 0"),  w,u,v,0" €R,
provided the partial derivatives L, and L, exist.

We are now able to prove the following theorem.

Theorem 21. Consider the set S = {f € Fr: f(a) = A, f(b) = B}. Suppose that
the Lagrangian L(t,u,v) : T x R? — R of the minimization problem

b/h—1

L(y)= Y L(th,y(th), (aAfy) (th))h — min, y(a)=A, y(b) =B,
t=a/h

is jointly convexr in (u,v). Assume that the function § € S satisfies the FEuler—
Lagrange equation for this problem, i.e.,

(18)  Lulgl®) + (nAp Loli]) (1) =0, L€ {a,ath,....b—2h},

where [y](s) = (s,y7(s), («ARY)(s))). Then, § furnishes a global minimum to L in
the set S.
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Proof. Let y € S be an arbitrary function. Suppose that §j € S satisfies equation in
(13). Since L(t, u, v) is jointly convex in (u,v), we get, with the use of Theorem 19,

b/h—1 b/h—1
STHALY =L = Y A7 — 9 Luli] + (Afy — oAYH) Lo[g]}h
t=a/h t=a/h
b/h—2
= 3 {67~ 8 (Ll + 025 Lolg) =0,
The theorem is proved. o [l

It is clear that the Lagrangian L(¢, u,v) = v in (10) is jointly convex in (u, v).
Therefore, the function § defined in (12) furnishes a global minimum to (10).

We end solving another fractional difference problem of the calculus of vari-
ations.

EXAMPLE 22. Let a € R, h > 0, b=a + kh with k € {2,3,...}, 0 < @ <1, and A and B
be two given real numbers. We consider the following variational problem:

b/h—1
1) L) = 3 [GEA) v )| h o min, @)= A, y0) =B,

t=a/h

The Euler-Lagrange equation for problem (14) is
(15) (hAg(b)aAg;y) (t)=1, te{a,a+h,...,b—2h}.

In view of Remark 14, we get from equality in (15) that

p(b) + ah — p(b)a — a?h — t + da

(a5 (1) = et T) (p(b) = (1= a)h = )™,

for a constant d € R to be determined. Following the same steps as those done for
Example 16, we get

b—p(b)a — a?h — s+ da (a—1)
e ) - )

1 (a—1)
+ @(t —(a+ (1 —=a)h)," Vyla),
for t € {a + h,a + 2h,...,b}. Finally, we show that the Lagrangian L(t,u,v) =
2

1 L .
JvT—uis jointly convex in (u,v). Indeed, for u, v, u’,v" € R we have

(16) g(t) = <a+(1—oz)hA}:a5 =

%U2—u—(%v'2—u') 2—(u—u')—i—(v—v')v'(:)%(U—U')Q20.

We conclude that ¢ given by (16) is the global minimizer of (14).
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