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ASYMPTOTIC EXPANSION FOR THE SUM OF
INVERSES OF ARITHMETICAL FUNCTIONS
INVOLVING ITERATED LOGARITHMS

Hacene Belbachir, Djamel Berkane
A generalized formula is obtained for the sum of inverses of the prime counting

function for a large class of arithmetical functions related to the iterated
logarithms.

1. INTRODUCTION AND MAIN RESULT

Let w(x) be the number of primes not exceeding x. In 2000, using the asymp-
totic formula

x e 1
(1) W(Cﬂ) = 10g(a:) ( k;() logk(:c) + O<]0gm($))>’
L. PANAITOPOL [4] obtained
1 1 k1 km 1
Fx) = E (10g((£) — ]. — —log(x) ..... 10gm(x) + O<10gm+1(m))>7

where m > 1 and {k;}; is the sequence of integers given by the recurrence relation

kn+Ukp 142k o+--+(n—1kr=n-nl.
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Two years later, A. Ivi¢ [3] proved that

Z ﬁ = %logQ(m) — log(x) — loglog(x) + C

ke Fim 1
+ log(x) ot (m —1)log™ () " O(logm(fv)),

where C' is an absolute constant not depending on m.

In 2009, the first author and F. BENCHERIF [1] derived an asymptotic formula
for the sum of reciprocals of a large class of arithmetic functions having the following
expansion

n a1 Gpp—1 1 .
Fn) = log(n) (ao * log(n) T log™ " *(n) - O(IOgm(n))), with ao 70,

they obtained

r1 B bo 2
Y oy = 7 108°(2) + bulog(a) + bz loglog(a) + Co

2<n<x

_ b3 L bm+1 #
log() (m —1)log™ () * O<log’”(m) ) ’

where Zlﬁ is a sum restricted to integers n for which f(n) # 0 and b; =
2<n<z

Aj(ag,ai,...,a;) for 0 < j <m+ 1, with

1 t
Aolto) = —,  Ailto,tr) = —13,
to 1
t1 to tn
( 1y to t1 [
An(tO;tla"' ,tn):tnT. 0 to tl t"*Q s (nZl)
o --- 0 to t1

More recently, the authors in [2] studied the arithmetical function nK (n),
where

K (z) :==max{k € N / pipa---py <},

and py, is the k™" prime number. Using the asymptotic expansion

_ log(x) - 4! 1
@) K(=) = log log(z) (Z [log log(z)]’ o ( loglog(z)]™ ! )) ’

Jj=0
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they get a similar result to the one in A. Ivi¢ [3], with three levels of logarithmic
iterations z, log x, loglog z,

1
K =3 log? log(z) — loglog(x) — loglog log(x) 4+ C4

2<n<zx

bk i + O( . )
log log(x) (m —1)log™ " log() log™ log(x) )’

where C1 is an absolute constant not depending on m.
Let s > 0 be an integer. We define the function

x) = Hlogi(x), with log,;(z) = loglog...log(z) and log,(x) = x.
. ———
i times
For s = 2, £9(x) = zlog(x) log log(x).

Let fs be the arithmetical function admitting, for all m > 1, the following
asymptotic formula

m—1 1
(3) fS (n) logs—f—l { i—=0 10g5+1 ) O (10g5+1( )) }7 0 7é O

3

For s = 0 and a; = 4!, we obtain (1), which corresponds to 7 (n). For s =1
with a; = 4!, we find (2), which corresponds to nK (n).
Considering the above background, here is our main result:

Theorem 1. For all integers m > 1 and s > 0, we have

1
Z fs 2 1 gerl( ) + 61 1Ogs+1(m) + 62 1Ogs+2(m) + CS

63 5m+1 ( 1 )
- ... +0 ,
1Og5+1($) ( - ]-) 10g5+1 ( ) logﬁl(x)
where Z /ﬁn) is a sum restricted to integers e(s) < n < x for which fs(n) # 0,

Cs 1is an absolute constant not depending on m, {6;}; is the sequence given by the
recurrence relation

agdpn + a10p—1 + - -+ ando =0, apdy = 1,

and e (s) := expexp...exp (0).
—_—— ——

s times

For a; = i! and s = 0 and s = 1, respectively we find the results of A. Ivi¢
[3] and H. BELBACHIR and D. BERKANE [2].
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2. LEMMAS AND PROOF OF THE MAIN RESULT

Let {4;}: be the sequence of real numbers defined by expanding the following
expression of the rational function A, for y > 0 we consider

m a; m—+1 52
A(y) = Z y,H_l Z yi_l , m Z ]-3

=0 =0

. 1 . .
such that agdg = 1, and terms with vt 1 <4 < m vanish.

Then, when y — oo, we obtain

1

Lemma 1. The coefficient 6, n > 1, is given by the relation

0 a1 ... Gn_1 an
0 aog ... Ap—2 QAp—1
5 o= L
n n+1 . . .
0 0 0 ‘e ao ay
1 0 ... 0 ap

Proof. From the definition of A(y), we notice that the vector § = (dg, ..., ), is
the unique solution to the following Cramer’s system

apdp + a16p—1+ - +andp= 0
agdp—1+ -+ apn_160= 0
O
apd1 +ai6p= 0
a050 = 1.

Lemma 2. For n sufficiently large, we have

B £4(n)
fs(n) = dolog,,1(n)+ 61 +e(n)’

where lim e(n) = 0.
n—oo

Proof. From (3), we have

6 fs<n>=fs<”><zﬁ+<n>> +0(joriit )

“ y]-‘,-l m+1 5 = m+1 5 y’m—f—Q
= J J
J Soy+ D yi—1 Soy + yi—1

j=1 j=1
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The substitution of y = log,,(n) in (6) and in relation (5) gives

£5(n)
(7) fs(n):(510 () 4o+ —2 O dmn
0 gs+1 1 10g5+1(n) log§+1 (n) IOngﬁl (n)

£
+0 <#> :
logerl (n)
Thus we can write
£(n)

1) = S gy t) + 6 ¥ 2()’

1

10gs+1 (n)
The case s = 0 and a; = !, gives the approximation given by L. PANAITOPOL

with e(n) = O( ) from which it follows that lim, . (n) = 0.

4, i

- log(n) —1—¢(n)

Proof of the main result. Simplifying formula (7), we can write for all m > 1,

O

m(n)

£s(n
e () 461+ —02 4 | )53 oo trnnB b en(m)
008s+1 ! log, 1(n)  log?,,(n) log? | (n)
with
em(n) < 1
" " log,y4(n)’
Then, for all m > 1 and all n > e(s), we obtain
1 1 d2
—— =——(dolog, 1 (n) +5 + —————
i = T (o) 1+
Lty
log; 1 (n) log’1(n)

and by summation, we obtain

(8) > X :A1+A2+A3+iBT+ > M,

n<w fé(n) r=2 e(s)<n<z £é(n) IOgZL"l(n)
with
60 1Og s+1 (n) 51
1 Z fjs(”) ) 2 £S (n) )
e(s)<n<z e(s)<n<z
62 67“-‘,—1
Ay = %2 B = Wl 9<r<m.

e(s;ngl_ £s(n)log,,q(n) e(s)<zn§x s(n)logy, 1 (n)
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Let us evaluate these sums. First we can notice that the functions involved
in the previous sums are all positive and decreasing for a given constant w > e(s).
Let’s compose for Ay,

log,.{(n T log,, (t log. . {(x
Z gs41(n) :/ ot1( )dt—i—O( o1 ))
|w|<n<z £5(n) [w] £5(t) £s(z)

Lw]

log .
Thus there is a constant «; which includes the sum Z M

Lo(n) such that

o 50 2 logs-i-l(x)
Ay = 5 10g5+1(:c)+041+0< L) )

Using similar argument, we also obtain

1
Ag = d1logg () + a2 + O(—)7

£5(x)
1
s = o) s+ O g )
b ( 1 )
r—Dog @ O\ L@ e L)

As gy,(n) is bounded and the series
n§s £ logerl( ),
is convergent for all m > 2 (Bertrand’s series), with the sum noted S,,, we deduce
that 5 (n) .
m+1Em(N
et =50+ 0ot )
o T o e

Putting together the above expression in (8) we infer that

1
Z ) 2 10g5+1( ) + 61 logy gy () + d2log, 45 (x)

m

tortaztas+ Y Bt Sm
r=2

% Om-+1 +O< 1 >
10gs+1($) ( - 1) logerl (Z) loggil(x)

Setting Cs = a1 + as + asg + ZBT + S,, we find the formula mentioned in
r=2
the main Theorem. This constant is independent of the value of m because the

difference between two developments of Z 7. L is a quantity which is absorbed

n<x ( )

by the roundness when x — +o00. [l
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