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Abstract

This article studies the leaderless consensus control problem of multiple nonholonomic chained systems. Two smooth
time-invariant static distributed controllers are derived based on Lyapunov method, graph theory, and LaSalle invariance
principle. Both of the proposed controllers guarantee that the states of the multiple nonholonomic systems globally
asymptotically converge to a common vector, provided that the interconnection topology is undirected and connected. In
particular, the second control scheme can reduce the size of the control inputs via saturated control and is more
applicable in real engineering. Several numerical simulations are implemented for kinematic models of four nonholonomic
unicycle mobile robots, demonstrating the effectiveness of the proposed control schemes.
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Introduction hence, only the time-varying or discontinuous controller'®
can achieve asymptotic stabilization. For multiple leader-
less consensus case, most of the published references still
focus on the design of time-varying, discontinuous, or
dynamic controller, see the literatures'® > which achieve
the leaderless consensus/formation control of multiple non-
holonomic systems. In addition, it was reported in the study
by Zhai et al.*® that the smooth time-invariant static dis-
tributed control law can realize the asymptotic leaderless

In the past few years, distributed cooperative control of
multiagent systems has attracted a lot of attention due to
its widespread applications, including flocking, swarming,
formation control, and so forth.!™® As a classical nonlinear
system, nonholonomic system has received increasing
interest of researchers.” > Two consensus control prob-
lems have been taken into account for nonholonomic sys-
tems. The first one is the leaderless consensus control
problem, where controllers are derived to make the states
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consensus of the nonholonomic chained systems over
undirected connected graph. However, the Lyapunov-like
function candidate in the study by Zhai et al.*® is only
shown to be positive semidefinite, and hence, the system
stability requires further analysis. Moreover, Zhai et al.>
do not take into account the input saturation. Therefore, it is
deserved to develop a new smooth time-invariant static
distributed control law for leaderless consensus control of
multiple nonholonomic systems subject to input saturation.

This article investigates the leaderless consensus control
problem of networked nonholonomic chained systems. A
Lyapunov function is firstly constructed based on the Lapla-
cian matrix of the associated communication graph, which is
proved to be nonnegative and equal to zero only at the point
of zero consensus error in the case of undirected connected
communication graph. With the aid of the carefully con-
structed Lyapunov function, the first smooth time-
invariant distributed controller is designed ensuring that the
Lyapunov function is non-increasing under the undirected
connected communication graph. According to LaSalle
invariance principle, the consensus error of the nonholo-
nomic systems is shown to globally asymptotically decay
to zero. Modifying the first control scheme, the second satu-
rated smooth time-invariant static control law is obtained,
which not only achieves the global asymptotic consensus
control but also satisfies the input saturation condition. Com-
paring to the related works,'**° the proposed control strate-
gies are smooth and time-invariant. Comparing to the work of
Zhai et al.,*® the second control law can realize the consensus
goal in the presence of input saturation.

The rest of this article is arranged as follows. The prob-
lem formulation is firstly presented, and then, the two con-
trollers are constructed. Effectiveness of the proposed
saturated control strategy is illustrated in “Simulation” sec-
tion. Finally, the conclusion is included.

Problem statement

Consider that there are N nonholonomic chained systems,
and the nonlinear model of the i th system is given by

X1 1 0
u
inl=10 1 [ "} — B, (1)
. Up
Xi3 xp 0
=u;
2B,
where X; = [xil,xiz,x,g]T €R?® and u; = [u,-l,u,-z]T € R?

are the state and control input of system i, respectively. Any
kinematic completely nonholonomic systems with three
states and two inputs can be converted to the form (1).*!
Suppose that the N nonholonomic systems are intercon-
nected via some equipments such that they can exchange
information. The information flow between them can be
expressed by a communication graph G(V, &, 4). To be
more precise, the N systems are treated as N nodes with
the index set denoted by V = {1,2,..., N}, and if system

i can access the state of system j, then we say the ordered
pair (i,j) € £ and a; = 1, otherwise a; = 0, where a;; is
the entry of the adjacent matrix 4 = [a;] € RV *V. In par-
ticular, a; = 0 for all i € V. Under the graph structure,
the induced Laplacian matrix L = [I;] € RV*N plays a key
role in analyzing the stability of cooperative control
systems. The expression of L is L = D — A, where D =

N
diag{d,,d>,...,dy} is a diagonal matrix with d; = > a;;.
j=1
Based on this definition, the sum of each row of L equals zero,
thatis, L1 =0 with 1 = [1,1,...,1]" € RV, implying

. . o -
that zero is an eigenvalue of L with eigenvector 1 .
Denote the consensus error between systems i and j by

Ej=Xi—X;

Then, the consensus error of the whole N nonholonomic
systems can be written as

E = [E{NvEngEng“'7E]1\WJ—1‘N}T 6R3(N71> (2)

The leaderless consensus control problem of networked
nonholonomic systems is stated as: design a distributed

control law (uil (), ui2(~)) such that the states of the net-

worked nonholonomic systems globally asymptotically
converge to a common vector, that is, tlim I E|=0,
—00

where || - || denotes the Euclidean norm of vectors.

Remark I. It is well known that the system (1) can not be
asymptotically stabilized to a fixed configuration by any
continuous time-invariant static state feedback control law.
However, the asymptotical leaderless consensus control of
equation (1) is not limited by Brockett’s condition, and can
be realized by smooth time-invariant static feedback, since
the common vector that the system state vectors are
required to converge to is not necessarily time-invariant.

Controller development

In this section, two smooth time-invariant distributed con-
trollers are proposed to solve the leaderless consensus prob-
lem of networked nonholonomic systems by using LaSalle
invariance principle.

LetX = [X7, X7, ..., X[]". Taking the derivative of X,
the collective model of the networked nonholonomic sys-
tems can be written as

X = BU (3)
where
B = diag{B,,Bs,...,By} € RGN x(2N)
U= [u{,ug,...,u{,]T € RN

Define the following function

Vi = XT(LeP)X (4)
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where L is the Laplacian matrix of the communication
graph and P € R**3 is a constant matrix. Then, we have
the following technical lemma.

Lemma . If the communication graph is undirected and
connected, and the constant matrix P is positive defi-
nite and symmetric, then the function in equation (4)
satisfies

vy > 0VE € R3V-1
Vi=0=E=0 (5)

Vi — o0,if | E ||— oo.

Proof. Since P = P’ and L = L for undirected graph, one
has

Vi =X"(L®P)X =[X"(Iy® P)[(L®5)X]

P 0 - 07|Inlz I hints
0 P - O||lul Inh bi;
= X7 X
o o0 --- P Iniz  IyaI3 InvIz
. i
9 —ay! — I _ _
;(au 3) anls ainls X
X X,
—aylz (ayl3) —axnIz 2
= [xTP.XIP,... XIP| ; ’
v (6)
—ay1l3 —aya13 Z(%g&) L
L Jj=1 J
- ;
> lay(x - x;)]
=
N
[azi(X2 — X))
= XTP, XIP,... XIP) ,; ’ ’
N
> lani(Xy — X))
L j=1 _

N

=3 layXTP(X; — X))]

i=1 j=1

where Iy and I3 are the N x N and 3 x 3 identity
matrices, respectively. As P = PT, the following equality

holds . . ) !
Y Y =3P ai| = Y| XX ay| (8
D> (@z[Pz) = Y 3 (@zPz) (1) 2 Z] Zl Z] )
i=lj=1 i=1j=1 N N
N N :ZZ(GUX; PX;)

Since ) a; = ) aj; for undirected graph, one gets
Jj=1 Jj=1
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Substituting equations (7) and (8) into equation (6)
results in

N N
Vi=>Y_> [05a;(XPX; + XTPX,
i=1 j=1

~XTPX; — XTPX;)]

N N
=0.5) ) “lag(X; — X)'P(X;

i=1 j=1

=0. SZZ (ayELPEy)

i=1j=1

_xy O

As P> 0 (positive definite) and a; > 0, one has
a,jE PE; > 0and V; > 0 forany E € R3W-
since the communication graph is connected, V| in equa-
tion (9) is obviously radially unbounded with respect to E,
and V; = 0 if and only if E; = 0 for any i # j. That is,
V1 =0if and only if £ = 0. O

Lemma 1 indicates that the constructed function V' is
positive definite and radially unbounded with respect to the
consensus error £, and hence can be taken as a Lypaunov
function for the leaderless consensus problem of multi-
agent linear/nonlinear systems.

Now, based on Lemma 1, we take V| as the Lyapunov
function, and compute its derivative as

D) . Moreover,

Vi =X'(L®P)BU + UTBT(L® P)X

10
= 2X7(L ® P)BU (10)

where L = LT and P = PT are utilized. Design
U=—kB"(L® P)X (11)

where £ is a positive controller parameter. Under the con-
trol law in equation (11), equation (10) becomes

Vi=-2kX"(L® P)BB" (L ® P)X

= 2kX"(L" @ P")BBT(L® P)X <0 (12)
According to
U= —kB"(LoP)X = —kB"(Iy® P)(L® )X
the i th component of U can be easily written as
N
w = —kB[PY [ay(X; — X))] (13)

Jj=1

which is only dependent on the states of system i and its
neighbors. In this sense, the derived control law (equation
(11) or equation (13)) is distributed.

As V| is negative semidefinite, the rest work is to deter-
mine whether there exists an appropriate matrix P guaran-
teeing that only £ = 0 can stay identically in the invariant
set {X € R*|V| =0}, and to determine the explicit form
of P.

Let us define

pr 0 0
P=10 p2 pox (14)
0 px3 p3

where p; > 0,p2 > 0, and pap3 — p3; > 0 should be guar-
anteed such that P > 0. Then, the following results can be
obtained:

Theorem . The control law in equations (13) and (14) guar-
antees that the consensus error E globally asymptotically
converges to zero, provided that £k > 0, p; > 0, p, > 0,
paps — pay > 0, pa3 # 0, and the communication graph
between systems is undirected and connected.

Proof- Since p; > 0,p, > 0, and pyp3 —p%3 > 0, hence the
matrix P is ensured to be positive definite. Moreover, as
the communication graph is undirected and connected,
one concludes from Lemma 1 that V| is positive definite
and radially unbounded with respect to consensus error,
and 7, < 0. Substituting equation (14) into equation (13),
one has

. -
> lag(xn = xp)]
=1

P11 P3Xip P32 X
u = —k ' ' [a(xi2 — x2)]
0 p p23} ; ! ’
N
> layxis — x33)]
Li=1 |
Let 7, =0, then B"(L®P)X =0, that is u; =

[uilauiZ]T = 0. Hence

Pl az le xl
ij j

N
E [aij(xi2 — x72)] + p3xi2 E [a;i(x3 — x;3)] = 0
J=1 J=1

+ pa3xin X

gz PzZ[aij(xiz - xp)] +p23Z[ajj(xi3 —x3)] =0
=1 =1
(15)
. N N T T
Since Y > [ay(xin — xp)] = 1 Lixii,x21,...,x51]

i=1j=1
= 0, it follows

Zf P23Z [XIZZ alj X2 — X2 ‘|
i=1
s [z

i=1 j=1

— X3 ] =0 (16)
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From the second equation of equation (15) and p,3 # 0,
one has

N N

M laglis — xp)) = — 22 aglen — x)] (17)

izl P23j:1

Substituting equation (17) into equation (16) results in

(pz3 —%)i [szi[ay‘(xtz - sz)]l

pu /i3l i3

=0 (18)

Since pap3 — p3; > 0 and py; # 0, it follows that

N N
P2 — 22 # 0 and hence ) [xn > [a;(xn —x32)]] = 0.
=1 j=1

Moreover

N

N
Z [xizz[ag/(xiz - ij)}‘|
=

i=1

= 05;; [a,-j(xl-z - Xj2)2
(19)

holds for undirected communication graph, which is equal
to zero, thus x;; — xj, = 0 for any (i,/) under the connected
graph. Based on x;; — xj; = 0, it follows from equation
(17) that L[xlg,,xZ?,, ce ,XN3]T = 0, and hence,
x3 —x3 =0 for any (i,j). Substituting both
Xip —xjp = 0 and x;3 —x;3 = 0 into the first equation of
equation (15), it can be further concluded that
xi1 —x;1 = 0 for any (i, ).

The above analysis shows that only £ = 0 can stay in
the invariant set {X € R*|V| = 0}. According to LaSalle
invariance principle, the consensus error £ is globally
asymptotically convergent to zero. |

Remark 2. Different from the existing time-varying or
discontinuous controllers in the literatures,'®2° which
addressed the leaderless consensus/formation control
problem of nonholonomic systems, the distributed
controller (equation (11) or (13)) is smooth, time-
invariant, and static. The achievement of this relies
heavily on the Lyapunov function V; constructed
in equation (4). Firstly, V; is dependent on L,
which allows us to design the distributed controller
(equation (11)). Secondly, V; is dependent on the
matrix P, not the identity matrix, which ensures
Vi=0=E=0.

Note that the size of controller (equation (11) or (13))
may become a little large for big x;, or big consensus error,
and the convergence rate may be slow for small consensus
error. To deal with the two issues, we propose another
saturated version for equation (11) or (13)

U = —ktanh[e"'BT(L ® P)X]

u = —ktanh{ElB,TPXN:[azj()(i - Xj)]} 20

Jj=1

where ..,sy]") = [tanh(s), tanh(s,), ...,
tanh(sy)]” and e is a small positive constant. The usage

of tanh(-) ensures

tanh([s1, s2, .

lun| <k, |lup| < k

Under the new saturated control law (equation (20)),
equation (12) becomes

Vi = —2kX"(L" @ PT)B - tanh[e"'B" (L ® P)X] < 0

The small ¢ here results in a bigger ¥ and hence a
quicker convergence rate, which brings a better transient
performance of the closed-loop nonholonomic consensus
error system. According to the proof of Theorem 1, we
have V|, = 0 = BT(L® P)X = 0= E = 0, meaning
that the global asymptotic convergence of £ can be still
guaranteed by equation (20). Thus, the following results
can be obtained:

Theorem 2. The saturated control law (equation (20)) guar-
antees that the consensus error £ globally asymptotically
converges to zero, provided that that ¢ > 0, £k > 0,
p1 > 0,p2 > 0, pop3s — p33 > 0,pa3 # 0, and the
communication graph between systems is undirected and
connected.

Remark 3. For the second control scheme, the size of the
control inputs u;; and u;, can be tuned artificially by adjust-
ing k. Compared to the one in the study by Zhai et al.,>° our
second control scheme is effective in the case of input
saturation and can achieve a quick convergence rate in the
small neighborhood of zero consensus errors.

Simulation

In this section, simulation examples are provided to
demonstrate the effectiveness of the proposed control
schemes. Consider the multiple nonholonomic mobile
robots that can be transformed into the nonholonomic
chained form. The kinematic model of nonholonomic
mobile robots is*’

)_C.i = V; COSQI',}_}I- = V; sin@,-,@,- = Wj;

where (X;,7;) and 6; are the position and angle of robot i,
respectively, and (v;, @;) are the linear and angular veloci-

ties. The following state and input transformations°
xi1 = 0;, xp = —X;cosf; — ¥, sinb;
X3 = —X; sinf; + y, cosd
Uy = w;, up = —v; + (X;sinf; — y, cost;)w;

convert the robot model to the form (1). Assume there are
four robots (N = 4) connected by the topology depicted in
figure 1 of the work of Zhai et al.*® Under this topology, the
Laplacian matrix is
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Figure 1. Case |: Simulation results under the first controller (blue line: robot I; green line: robot 2; red line: robot 3; and cyan line:

robot 4).
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Figure 2. Case 2: Simulation results under the controller in the study by Zhai et al.*° (blue line: robot I; green line: robot 2; red line:
robot 3; and cyan line: robot 4).

Set the initial states of robots the same as those in the

study by Zhai et al.”” Three cases are taken into account for

the simulation.

1'30

2 -1 -1
-1 1 0
-1 0 2
0 0 -1

0
0
-1
1

Case 1: Control strategy equation (11) or (13)

with k=3, pr=12,pp = 1,p3 =2, and
pas = —1.2.
Case 2: Control strategy in the study by Zhai et al.>° with

the controller parameters unchanged.

Case 3: Control strategy (equation (20)) with
e=03, k=3, pr =12, pp = 1,p3 = 2, and
pn = — L2
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Figure 3. Case 3: Simulation results under the second controller (blue line: robot |; green line: robot 2; red line: robot 3; and cyan line:
robot 4).
10 10 4
5 2
—~ 0 =
£ 0 £ £ o0
1= [N -10 Sy
-5 -2
-10 =20 -4
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
£(s) t(s) £(s)
15 10 1
~ 05
=10 ~ 5 @
= E E oo
E s = 0 =
° € 05
0 -5 -1
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
1(s) 1(s) 1(s)

Figure 4. Special case: simulation results under the second controller with the initial condition (x,y,,6,)(0) = (0,0,0),
(X2,¥7,62)(0) = (2,0,0), (x3,y5,63)(0) = (=2,0,7n), and (X4,74,04)(0) = (—4,0, ) (blue line: robot I; green line: robot 2; red

line: robot 3; and cyan line: robot 4).

Simulation results for cases 1 to 3 are obtained in Fig-
ures 1 to 3, respectively. From Figures 1 and 2, it can be
observed that the control scheme (equation (11)) and the
one in the study by Zhai et al.>® are both capable of forcing
the state vector of the four robots to a common vector. To
see the trajectories of control inputs in the transient process,
only the change of control inputs in initial 0.1 s is depicted
in Figures 1 and 2, showing that the size of control inputs is
too large under the controller (equation (11)) or the one in

the study by Zhai et al.*® However, the actuators can not
provide such large control signals in real engineering. So,
we construct the saturated control law (equation (20)) and
draw the simulation results in Figure 3. Obviously, Figure 3
illustrates that the proposed saturated control scheme
(equation (20)) can greatly reduce the size of control inputs
and simultaneously achieve the leaderless consensus con-
trol objective for nonholonomic chained systems. With the
introduction of tanh(-/¢), e > 0, the second saturated law
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remains smooth and can be easily extended to dynamic
case. The trajectory of tanh(-/e) is similar to that of
sign(-) for a small &, but still remains smooth. Comparing
with the first proposed control strategy and the one in the
study by Zhai et al.,** the second proposed control strategy
has a saturated input signal (Figures 1 to 3).

What’s more, we further consider the special case:
the four robots initially locate in a straight line with
opposite orientations, that is, (¥1,7,,61)(0) = (0,0,0),
(x27)72’ 92)(0) = (27 0, 0)9 (323’)73’ 93)(0) = (_Za 0,7),
and (¥4,74,04)(0) = (—4,0,7). Under this initial condi-
tion, we implement the second controller with the control
parameterse = 0.05, k = 1,p; = 12, pp = 1, p3 = 2,
and py3 = — 1.2, and get the simulation results in
Figure 4. It can be seen from Figure 4 that the second
controller can globally asymptotically stabilize the consen-
sus error to zero in this special case.

Conclusion

In this article, two new simple smooth time-invariant dis-
tributed controllers are proposed to make the states of net-
worked nonholonomic chained systems approach a common
vector. Strict stability analysis is presented based on Lyapu-
nov method and LaSalle invariance principle, proving that
the consensus error globally asymptotically decays to zero.
The obtained results clarify that the smooth time-invariant
static controllers can achieve the asymptotic leaderless con-
sensus of nonholonomic systems. Future research may lie on
extending our method to the consensus control problem of
higher-order nonholonomic chained systems.
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