Lv et al. Advances in Difference Equations (2017) 2017:256 ® Advances in Difference Eq uations
DOI 10.1186/513662-017-1288-x a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Asymptotical stability of a nonlinear
non-differentiable dynamic system in
microbial continuous cultures

Jiajia Lv'®, Liping Pang and Enmin Feng

“Correspondence:
ljiajia2849@163.com Abstract

School of Mathematical Sciences, In thi id l diff iable d . . . bial
Dalian University of Technology, n this paper, we consider a nonlinear non-aifrerentiadle ynamic system IN MICropla

Dalian, 116024, China continuous cultures involving all possible metabolic pathways of the inhibition
mechanisms of 3-hydroxypropionaldehyde onto the cell growth and the transport
systems of glycerol and 1,3-PD across the cell membrane. First, the existence of the
equilibrium point of the system proved. And by numerical calculation, the
equilibrium point of the system is obtained. Subsequently, we derive the local
bounded properties of the Jacobian, tensor and Hessian matrices of the system.
Finally, the local asymptotical stability of the system at equilibrium point is proved.

Keywords: nonlinear dynamic system; equilibrium point; tensor; asymptotical
stability

1 Introduction

The bioconversion of glycerol to 1,3-propanediol (1,3-PD) by Klebsiella pneumoniae is
particularly attractive to industry because of renewable feedbacks and potential uses of
1,3-PD [1]. Especially continuous culture is of interest because of its high productivity,
stable product quality and high automation.

In recent years, many efforts have been made to understand and express, in mathemati-
cal terms, the above mentioned bioconversion. The original model was proposed by Zeng
et al. [2, 3], in which the concentrations of biomass, glycerol and products (1,3-PD, ac-
etate and ethanol) in reactor were considered. In addition, ignoring the influence of ac-
etate and ethanol on the fermentation process, Xiu et al. [4] discussed the multiplicity of
a three-dimensional dynamical system. Based on the model, Xiu et al. [5] proposed a five-
dimensional one later. On the basis of models, Sun [6] developed and re-constructed an
eight-dimensional dynamic system considering intracellular substances: 3-hydroxy propi-
onaldehyde (3-HPA), 1,3-PD and glycerol, which is more reasonable to describe the con-
sumption of substrates and the formation of products.

With the development of fermentation models, there has been a lot of theoretical and
numerical research about these models considering the extracellular substances, such as
parameter identification works [7—11]. Since the continuous fermentation proceeds un-
der a steady state (that is, a little change of the initial conditions would not cause a great
change of the solutions), the existence of an equilibrium solution and the stability analysis
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are necessary to evaluate a model describing the continuous fermentation. The stability of
equilibrium solutions suggests that proper operating conditions could be chosen to obtain
the expected productions’ concentrations. However, the stability results are seldom dis-
cussed for the complexity of the mathematical models. Li et al. [12] mainly discussed the
stability of the three-dimensional system by introducing its linearization. Ye et al. [13] ex-
amined the existence of equilibrium points and proposed an efficient method to calculate
the equilibrium points of the five-dimensional model in continuous fermentations. Wang
et al. [14] discussed the stability of an eight-dimensional system taking the changes of con-
centrations of intracellular substances into consideration. Chen and Gao [15, 16] studied
positive linear systems with the common linear copositive Lyapunov functions and pre-
sented four algorithms to compute common infinity-norm Lyapunov functions. Choi et
al. [17, 18] characterized the /-stability for nonlinear difference systems. Wang et al. [19]
introduced the /-stability for differential systems with different initial time and formu-
lated the stability criteria. However, especially for the eight-dimensional system being in
consideration of both the inhibition mechanisms of 3-HPA onto the cell growth and the
transport systems of glycerol and 1,3-PD across the cell membrane, the properties of the
system and the stability analysis are scarcely discussed.

In this paper, we consider a nonlinear non-differentiable dynamic system in microbial
continuous culture, develop Ye’s [13] method to derive the existence of equilibrium points,
and present its local asymptotically stability for the eight-dimensional nonlinear dynam-
ical system presented in [8]. Different from the system of [14], the eight-dimensional dy-
namic system considers all possible metabolic pathways of the inhibition mechanisms of
3-HPA onto the cell growth and the transport systems of glycerol and 1,3-PD across the
cell membrane, and it is a non-differentiable system; especially, we construct differentiable
domains to derive the local bounded properties of the Jacobian, tensor and Hessian ma-
trices of the system and the local asymptotically stability on these differentiable domains
under some conditions. Numerical experiments are carried out using the parameter val-
ues of [8] to evaluate the validity of the theoretical work.

The rest of this paper is organized as follows. Section 2 describes the nonlinear non-
differentiable dynamic system and present the existence of the equilibrium point of the
system. By numerical calculation, the equilibrium point of the system is obtained. The
local asymptotically stability of Jacobian and Hessian matrices of the system on differential
domains are derived in Section 3. We present the local asymptotical stability under some
conditions of the system at equilibrium point. Final conclusions follow in Section 4.

2 Nonlinear non-differentiable dynamical system and existence of the
equilibrium point

In consideration of the fact that both the inhibition mechanisms of 3-HPA onto the cell

growth and the transport systems of glycerol and 1,3-PD across the cell membrane are still

unclear, we consider the nonlinear non-differentiable system of [8]

x(t) = F(x(t),u), tel0,T],
x(0) = xp.

@)

Here x(£) = (1(2),%2(2),...,x3(6))T € R8. x1(¢) is biomass concentrations whose unit is
g- L7 x,(t), ..., x4(¢) are concentrations of extracellular glycerol, extracellular 1,3-PD, ac-
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etate, ethanol, intracellular glycerol, intracellular 3-HPA, and intracellular 1,3-PD at time
t, respectively, whose units are mmol - L™; xq = (o1, %02, . .- ,%x08) T € RS; tis time, T > 0 is
the terminal time, [0, T'] denotes the interval of reaction time, and the unit is the hour.
u=(uy,...,un)" € R? is the control variable. To simply notation, set I, = {1,2,...,n},
n € Z*; and we denote x(t) as x, if there is no confusion. xy is the initial state. F(x,u) =
(fi(x, u), fo(x,u),..., fs(x,u))T is the reaction rate, and its components are

fl(xr u) = (/’L(x) - 027)961, (2)

folx,u) = 0.27(435 — x3) — qa(x)x1, (3)

S3(x, 1) = g3(x)x; — 0.27x3, (4)

Sfa(x, 1) = ga(x)x; — 0.27x4, (5)

S5, u) = g5 (x)x1 — 0.27x5, (6)

1T wugxs () b

Sfolx,u) = u_7 |:x2 i + uq0(x2 — x6)8 (X2 — x6) — (2.2 + 0.0082 + 28'5895—2 " 11'43)i|

- u(x)xe, (7)
U1X6 Uisxy
Sr(x,u) = = - 7 = pl(x)x7, 8)
' 0.53[1+ 3580w —ma)l+ %6 14 4 4, + ;%5(967 — t1g) '
ol ) = e - O (e - x0)8(x — x3) — ). (9)

2
X
0.14 + X7 + #8(.%7 - l/llg) X8 + Uz

Here 8(x) is indicator function, u(x) is the specific cellular growth rate, due to the influ-
ence of 3-HPA, it can be expressed as

5
0.67x, X7 X
= 1 - | | ]- -] 10
%) xy +0.28 ( xm) i ( xw) 1o

Here xy; = maxeepo,r1{xi(£)}, i € Ig. g2(x) is the specific consumption rate of extracellu-
lar glycerol, g3(x), g4(x) and gs(x) are the specific formation rates of 1,3-PD, acetate and
ethanol, which are defined by

Ui x
G2 (%) := ——— + u3(%s — %6)8(x2 — %), (11)
Xy + Uy
UgX:
(%) 1= ——— + U (xg — %3)8 (x5 — x3), (12)
Xg + Us
X2
:=-0.97 + 33.07 574 ———, 13
qa(x) + n(x) + % 8571 (13)
qs(x) :=5.26 +11.66 1 (x). (14)

According to the actual fermentation process and Ref. [8], some assumptions are pre-
sented.

Assumption 2.1 For the control variable u = (uy,...,us1)T € R%, there exist 0 < uz; < uy;,
such that u;; < u < uyy;, i € Iy. That is,

u €[30,70],  w€[L,5],  us e [100,5,000],

Page 3 of 14
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uy € [10,100], us € [1,10],

ue € [20,30], u; € [5,10], ug € [40,70],

uy € [0.5,3], uyo € [100,5,000],

uy € [1,50], U, € [100,300], u13 € [100,300],
uyy € [0.1,5], us € [1,50],

ui € [0.01,2], w7 € [0.01,2], mg € [0.1,5],

uyg € [0.5,20], Uy € [1,30],

Us € [1, 100]
Assumption 2.2 For the lower bound and upper bound of the state variable x(¢) are

x =[0.01,0,0,0,0,0,0,0]7,

xy = [15,2,039,939.5,1,026,360.9, 2,039,12.6,939.5] 7.

So the admissible set of the state vector is

8
Wa £ [x, 2] = H[xu,xw]~

i=1

Assumption 2.3 Let f5(x, u) = 0 and f3(x, u) = 0, we can find two expressions of ;7 and xg.
Take note that w; = F;(xy,x3, %4, X5, %6, %) > 0 and xg = Fg(xy,%3,%4,%s5,%7, %) > 0.

Assumption 2.4 Foranyxe W, andu € ]_[f:l1 [, uy;], define

Nn0) = 27 (435~ xy), (15)
q2(%2)
(2, 1) = Zzgz; (435 — xy), (16)
Ya(xo, u) := q4(x2) (435 — x5), @17)
q2(%2)
¥ (%0, 1) 1= 95(%:) (435 — x5), (18)
q2(%2)
Yo (%2, 1) := ! |:M8 2y U10%28 (%2 — %Xe)
U7 p(x2) + U108 (%2 —x6) | %2 + Uy
- (2.2 + oﬂ 0(’(;28)2 #2858 +x121 43)} (19)
y7 (%2, 1) 1= F7 (%2, 73(x2), ya (%2), y5(%2), y6 (%2), 1), (20)
s (%2, ) := Fg (%2, ¥3(%2), ya (%), y5(2), y7 (%2), ). (21)
Here

_0.67x, X %\ qi(x2)
= 25 (1) 0 T g -9



Lv et al. Advances in Difference Equations (2017) 2017:256 Page 5 of 14

q2(x2) = uy + Uz (% — %6)8 (%2 — X6),
Xo + Uy
q3(x2) q3(x2)
q3(x2) = uy + U | X3 — (435 —x5) )8 x5 — (435 -x3) ),
Xg + Us wix2) m(x2)
(%) = —0.97 + 33.07(x5) + 5.74 —2
X2) =—U. + . X2) + 0. _—
44102 e X, +85.71

q5(x2) =526+ 11.66#(962).
For x, = 435, there exists i € ]_[l-zzll[uu,uw], such that y;(435,%) = 0, i € Ig\{2}.

On the basis of the above four assumptions, define the admissible set of the control vector
to be

21
U, := {u € ]—[[uu, uy;)|there exists x; € [x10, %3], such that
i=1

0.67x, 1_ X9 1 y3(%2, 1) 1- Ya(%2, 1)
xo +0.28 2,039 939.5 1,026
«(1- V5 (2, 1) 1- y7 (%2, 1) ~027=0,

360.9 12.6

and X =Y = xL[j;j € H8\{2}}

Therefore, we can obtain the properties of F(x, u) on the basis of Ref. [8].

Property 2.1 Suppose that Assumptions 2.1-2.4 hold and F(x, ) € R8 is defined by equa-
tions (2)-(14), then F(x, u) is Lipschitz continuous for any (x,u#) € W, x U,, and satisfies

the linear growth condition.

Property 2.2 According to Property 2.1, we can see that, for any u € U,, there exists one

unique solution satisfying system (1) and denote it as x(£) = x(¢, u).

On the basis of the above four assumptions and the two properties, the next theorem is

concerned with the existence of equilibrium point of system (1).

Theorem 2.1 Suppose that Assumptions 2.1-2.4 hold and F(x, u) is defined by equations
(2)-(14), then, for any u € U,, there exists at least one equilibrium point x € W, of system (1).

Proof For any x, € [x12,%12] = [0,2,039] and u € U,,, define
0.67 ) ’
Hep, 1) = % (. » 1 ¥3 (X2, 1) 1 Yalxa, u)
Xy +0.28 2,039 939.5 1,026

x <1 _ysly ”)> (1 - y7(x2’”)) ~0.27. (22)

360.9 12.6

Taking x, = 0 of equation (22), we have H(0, ) = —0.27 < 0. According to Assumption 2.2,
we have 435 € [0,2,039]. Thus taking x, = 435 of equation (22), from Assumption 2.4, we
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can see that there exist iz € ]_[f:l1 [ur;, uy], such that y;(435,u%) = 0, i € Ig\{2}. Then we have

H(435,u) =

0.67 x 435 435
435+ 0.28 2,039

) —-0.27 =0.256723 > 0.

From Property 2.1, we know H(x3, %) is continuous on [0,2,039], so it is continuous on
[0,435]. According to the intermediate value theorem and the definition of U, there ex-
istsatleast u* € U, and one point X, € (0,435), such that H (¥, #*) = 0. And x5 = 0 < 435 <
X112, SO Xy € (%12, x172). Substituting ¥, into equations (15)-(21), we can see that y; (%, u*) :=
X1, y3(%0, u*) 1= X3, ya(Xo, u*) 1= X4, y5(X2, u*) = X5, y6(Xo, u*) := X6, y7(X2,u*) := X7, and
yg (%2, u*) := Xg are positive. Therefore we obtain an equilibrium point x := (%y,...,%5)7 €
W, of system (1). O

Since it is difficult to find the accurate solution of nonlinear equations, we define a so-
called approximate equilibrium solution in W,, dependent on some steady accuracy ¢.
Let

Uspp = {ut €U |F(x, 1) |, < £, € Wa},

Wapp = {x e W,| ||F(x,u)||2 <nu GUH}.

Here ¢ and 7 are very little positive real numbers. It is easy to see that W, # ® and there
exist x € W, and u* € U, such that ||F(x, u*)||5 < &. According to Ref. [8], the initial vector

and u* are chosen

2 = (2592063, 3.005114, 312.234314, 78.247200, 80.898071, 2.920278,

0.973960, 0.480131)7,

64.2859, 2.28551, 100.008, 99.991, 1, 26.1141, 9.67773,
u*=|401389, 7297655, 336.545, 4.08171, 281.569, 171.374, 4.21562,
3.6506, 1.9986, 0.0143828, 3.81709, 19.9962, 2.65421, 96.5665

Taking ¢ = 107'°, we calculate the approximate equilibrium point of system (1) using New-

ton’s method. The approximate equilibrium point is

x=(2.601233,2.977254,312.176110,78.534049, 81.0062438,

2.892513,0.966451,0.479418)".

Because of the existence of the indicator function §(x), system (1) is not differentiable at
{x € W,lxo = x6} or {x € W,|x3 = xg} or {x € W,|x; = uys} or {x € W,|x; = x13}, which
makes it difficult to discuss the Jacobian matrix and Hessian matrix of F(x) for x € W, and
the stability of the approximate equilibrium point x of system (1). Next we will show the
local asymptotical stability of the equilibrium point x of system (1) in a specified domain
of W,.
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3 Asymptotical stability of nonlinear dynamical system
In this section, we will derive the stability of the nonlinear dynamic system (1). For any
x € W, and u € U,, simplify x(¢, u*) as x(t) and F(x,u*) as F(x). That is,

F@):=F(xu) = (i(x ), ... filxu®)) = (A@),....s(®)".

Since F(x) is not differentiable at some sub-domains of W,, first we will construct a do-
main of W, to derive the Jacobian matrix and Hessian matrix of F(x) and their bounded
properties. Second, we will get the local asymptotical stability of the equilibrium point of
system (1). For any x € W,, define

8 := max{|lx — x|l lx € W, 8i(x) = 8;(),i € L}, (23)
and a ball
B(%,8) := {x € C([0, T],W,)lllx - X[ <&} c C([0, T],R®),

it is obvious that B(%,8) € C([0, T], W,). Since x(¢) is sufficiently smooth on B(x,4), B(x,5)
is a non-empty compact set. In the next theorem, we will see that F(x, u) is twice contin-
uously differentiable on (x,u) € B, 8) x U,.

Theorem 3.1 Suppose that Assumptions 2.1-2.4 hold and F(x,u) € R® is defined by equa-
tions (2)-(14), then F(x, u) is twice continuously differentiable on (x,u) € B(x,8) x U,.

Proof From equations (2)-(14) and the definition of B(%,§), we can see that there is a two-
order partial derivative of F(x, %) on (x, u) € B(%,8) x U,, and all two-order partial deriva-

tives are continuous on (x, %) € B(%, 8) x U,. Thus the proof is completed. O

Next we will discuss the local asymptotical stability in B(%, 5).

3.1 Local bounded properties of F’(x), F”(x) and £/ (x)

Denote F'(x) be the Jacobian matrix of F(x), f;’(x), k € Is be the Hessian matrix of fi(x), k €
e _f
ke, Sk ¢

’ ax,' ’ 3xl' ax/'
C?(B(#,8)) for any i,j, k € Ig, so the Jacobian matrix F'(x), the tensor F”(x) and the Hes-

sian matrix f;’(x) exist. To get the local asymptotical stability of the equilibrium point x

Ig, F”(x) be the Hessian matrix of F(x). From Theorem 3.1, we can see that f; (x)

of system (1), in this section, we will derive the bounded properties of F'(x), F”(x) and

k” (%), k € Ig. For this purpose, the definitions of tensor and norm are shown first.

Definition 3.1 Letn € Z*, G(x) : @ C R” — R” is sufficiently differentiable, where G(x) =
@), ...,g.) 7T, % = (x1,...,%,)T. Define the Jacobian matrix G'(x) to be

dm . &
dax1 oxy
8 .
G’(x):=|: g’(x)} - : , Vijel,.
896}‘ ij a;g ﬁ‘é'

0x1 0xn d pxn
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Hessian matrix H;G(x) is defined to be

82
Hi Gl o= | 28
896,‘ Bx,
Pa . P
?)x% 9x1 dxp
= : : , Vijkel,
Pa . P
daxp Dy a2 nxn
and the tensor G”(x) to be
Hl G(x)
G'(x):= (G () =
H,G(x)
9>
[ax,i‘} I
= : , Vijel,.
9%gn
[8x,gdx} ]l/ 2 xn

Definition 3.2 Let n € Z*, vector x = (x1,...,%,)] € R”, matrix A = [@ij]nxn € R™", vec-
tor function y(¢) : @ € R” — R”, matrix function B(f) : @ € R” — R"*”, their norms are
defined by

n
el = o,
i=1

n
[All := max E lajl,
j€ln 1
i=

[59)] = max] 9],

|B)] = max | B0

Remark 3.1 From Definitions 3.1 and 3.2, we can see that the norms of G'(x), G”(x) and
HG(x) are

“ G'(x) || = max max Z‘ 3gl(x)

x€Q jel, ox;
0 gk(x
||H/<G(x)|| —max E ‘ o; 0%,
- 3%gi(x)
G'(w)| = H:G(x)| = |: :| .
|6"@ k§=1:|| Gl | 2| | o |,

Theorem 3.2 Suppose that the conditions of Theorem 3.1 hold, then F'(x), F’(x) and
¢ (x),k €13, are bounded on x € B(x,35), where § is defined by equation (23).
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Proof For any x € B(%, ), the Jacobian matrix F'(x) of F(x) is

Here

F'(x)

o
8x2

ou
3963

ou
3964

s

ou
3?67
o
8.762
0g,
3x6
ogs
Bxg
04
8x2
3(]4,
Bxi
995
8.76,‘

e

8962

e

axi

VAT
V()"
B o B o B
1) =027 13y *1 9x3 *15xg *1 9xg 0
) )
) ~0.27-x] % 0 0 0 —x ;)Zz
73() 0 -0.27 0 0 0
) F] ] ]
q4.(x) x1 33—3‘ x1 E'Z—;L x1 % -0.27 x1 BZ—;L 0
g5 995 345 dg5
q5(x) 1 s x] a3 X1 Txg x] Tan 0.27 0
0 e e L e Yo
dxo dx3 dxg, xg Ixg
0 7 Dy 7 3x3 7 Dxg 7 Jxg g
o ofg op op
L ° 803y By O 8 % 0
1 X7 1 X 0.1876 0.28
12.6 2,039 / x, +0.28  2,039(xy + 0.28)2
1

067962 1 X7
"~ 939.5(x, + 0.28) 12.6
067962 X7

~1,026(x, + 0.28)

_ 0.67x, ﬁ 1- i ’
12.6(r, +0.28) LI\ "
123025
= 4 us38(xy — %),
o 1 12 u36(x — %)
0
= —u38(xy — X6), o _ —168(xg — X3),
8963
UglUs
= ) — ,
s+ e (s — x3)
au 85.71
=33.07— +574 ——M—,
0y (o + 85.71)2
0
=33.07 2 (i=3,4,5,7),
ax,-
ou .
=11.66— (i=2,3,4,5,7),
Bxi
1 usuo 5 ) 1 au
— | —— F w8y — ) - — — —
uy | oo + o) 0T 70,0082 dxy
1 0 .
N +tXs | — (1:3)4;517);
0.0082u7 0x;

0.67?62
©360.9(x, +0.28)

12.6

(1_

)
)
(-6

¢

X2 1 X4
2,039 1,026
X2 1 X3
2,039 939.5
1- x—)

XUi

)0
(-

11.43
7 (g +11.43)2

Page 9 of 14

s
dxg _l

(24)

o
8x2

’
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0
s = —@5(962 —x6) — 1(x),
0Xx¢ Uy

of, 0.53un (1 + 7=8(x7 - u1a))
dxs (0.53(L+ Z8(x7 — 1414)) + %)’

3_f7 _ —0.53%119665(967 - M14)
dx; — ui3(0.53(L + 72 8(x7 — ) + %)?

2
15(0.14 + 27 + 22.8(x7 — tng) — 27 (1 + ;287 — wag))

2 2
(0.14 + %7 + ki3 L + “Z8(x7 — t1g))?

Uie uyz
ou
- ux) —x7 —,
8967
ad 8 8,u
% = Uy 8(xg — x3) — X8 PP
3 3
2
ofy w5014+ 27 + Z3(e — wis) - 2260wy 1))
= B - P
97 (0.14 + x7 + :T778(x7 —u1g))? dx7
fs U9l

i s 4 10)? U 8(xg — x3) — p(x).
8 8 + U

And the tensor F”(x) of F(x) is

HF| [HAW] [Tkl
F'(x) = : =| @ |= : , (25)
HsF() | | HR@ | | 2L,
i 0%j 82x8

which can be viewed as a matrix of dimension 82 x 8.
The Hessian matrix of fi(x), k € Ig is

7 _ a2fk(x)
7 (x) = Hfi(x) = [ - 8x;]8x8’ kel

Since fi(x) e P ¢ C*(B(x,8)) for any i,j,k € Ig, according to Definition 3.2 and

’ B_xi’ axl‘ Zixj

B(x,8) c C([0, T],R®) is a non-empty compact set, ||fi(x)|, |§—£’ﬁ| and |a22je:kx | are bounded
1 _l ]

on B(, 8), whose bounds are defined by M(> 0). Then, for any x € B(x,8),

8
||F’(x)|| = max max 8—ﬁ <8M,
xeQ jelg P 8x,«
2 8 2
IR )] = H[ 9 Ji } = max i < 8M,
axi axj ij jelg P 8xl- ax,»

8
[F'@] =I5 @] < 64ar.
k=1

Therefore, F'(x), F”(x) and f’(x), k € I are bounded for any x € B(%,3). O
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3.2 Local asymptotical stability of the equilibrium point

From Theorem 2.1, we obtain the equilibrium point x of system (1) corresponding one
u* € U,. According to Property 2.1, expanding F(x) defined by equations (2)-(9) with a
Taylor formula around x = X and considering F(%) = (f;(%),...,fz(x))T = 0, we can get

i) = T (=) + S - DO, keTy,

where 36, € (0,1), k € Is, such that £ = x + 6;(% — x) € B(%,5). Vfi(x) is the gradient of fi(x)
at x. f;/(£) is the Hessian matrix at £. F'(X) = (VA(%),..., V£3(x))7 is the Jacobian matrix of
F(x) at x as defined by equation (24). Then system (1) can be approximately transformed

into

&) = VAE (- %) + 36— D) Tf(E)x %), kelgte[0,T],
x(0) = xo.

(26)

Obviously x is the equilibrium point of system (26), and is also that of the following linear

system:

x(t) = Vix)(x—x), kel te(0,T],
x(0) = xo.

(27)

To prove the local asymptotical stability of system (1), two lemmas are put forward.

Lemma 3.1 ([20]) Suppose that X; is an eigenvalue of Jacobian matrix F'(x) = (Vf(X),...,
Vfs(%))T, and each A; satisfies the condition Re();) < 0, then the equilibrium point x = x of
system (27) is asymptotically stable.

Lemma 3.2 ([21]) Suppose that x is an equilibrium point of a linear time-varying system
(27) and asymptotically stable. If F'(x) is bounded, and the nonlinear perturbation term
gr(%,t) = %(x —X)TfE)x—%), & =x+Oh(x—x) € B(%,3), 6k € (0,1), k € I, satisfies

. X —X,t
lim ll g ( : )| o
x>0 g0 [l =l

’

then the equilibrium point x = x of the nonlinear system (26) is local asymptotically stable.

From Lemmas 3.1 and 3.2, it can be seen that we can use a linear approximate system to
get the local asymptotically stable property of x.

Theorem 3.3 Suppose that the conditions of Theorem 2.1 hold, x is an equilibrium point of
system (1) corresponding u* € U,; for any x € B(x, 8), then the equilibrium point % of system
(1) is local asymptotically stable on B(x, ).

Proof From Theorem 3.1, we obtain the equilibrium point x of system (1) correspond-
ing u* € U,,. First, we will prove that the equilibrium point X of the linear system (27) is
asymptotically stable. We calculate eigenvalues of Jacobian matrix F'(k) to be

A1 =-3.0748, Az =—-0.0568, Az =-0.0174, Aq =-0.0069,
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Figure 1 Change of the state variable x(t) with t € [0,100].

-0.0017 - 0.0017;,

A6 =

-0.0017 + 0.0017,

As =

Ag =-0.0027.

A7 =-0.0027,

For any i € I3, we have Re(};) < 0. Thus according to Lemma 3.1, we can see that the equi-

librium point ¥ of the linear system (27) is asymptotically stable.
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Next we will derive that the equilibrium point X of system (26) is local asymptotically
stable. From Theorem 3.2, we have f;(£) is bounded in B(x,8) c C([0, T], R?®). According
to Definition 3.2, we consider the following limit:

. L6 -4 0 -1 L, .
R i =310

Moreover, F'(x) is bounded in B(%, 5) according to Theorem 3.2, and the equilibrium point
x of the linear system (27) is asymptotically stable. Therefore, from Lemma 3.2, the equi-
librium point X of system (26) is local asymptotically stable. That is, the equilibrium point
x of system (1) is local asymptotically stable. O

Remark 3.2 Euler method is performed with the step ﬁ hour. The terminal time is
taken T =100 hour. Figure 1 shows the change of every sub-vector of the state vector x(t)
with ¢ € [0,100]. From this figure, we can conclude that every curve is stable.

4 Conclusions

In this work, we have considered the stability of a nonlinear non-differentiable dynamic
system in a microbial continuous culture. The existence of the equilibrium point has been
derived. Because of its non-differentiable property, we have constructed a differentiable
domain, in which the stability of the system has been derived. The local bounded proper-
ties of the Jacobian, tensor and Hessian matrices of the system have been proved. A nu-
merical experiment has been performed to evaluate its effectiveness.
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