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Abstract

We study the existence of pseudo almost periodic mild solutions for the abstract
evolution equation u/'(t) = Au(t) + f(t, u(t), t € R, when the nonlinearity f satisfies
certain critical conditions. We apply our abstract results to the heat equation.
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1 Introduction

We observe that real systems usually exhibit internal variations or are submitted to ex-
ternal perturbations. In many situations we can assume that these variations are approx-
imately periodic in a broad sense. In the literature several concepts have been studied to
represent the idea of approximately periodic function (see [1]). Most of the works deal with
asymptotically periodic functions and almost periodic functions (e.g., [2, 3]). As a natural
generalization of the classical almost periodicity in the sense of Bochner, the concept of
pseudo almost periodicity as well as its various extensions have been studied extensively
by many researchers in the last 20 years (cf, e.g., [4—14]). Pseudo almost periodic func-
tions have many applications in several problems, for example in the theory of functional
differential equations, integral equations, and partial differential equations. The concept
of pseudo almost periodicity, which is the central issue in this work, was introduced by
Zhang [15-18] in the early 1990s. Our purpose in this work is to analyze the existence of
pseudo almost periodic mild solutions of the abstract problem

u'(t) = Au(t) +f (L u(t)), teR, (1.1)

where the linear operator A : D(A) C X° — X0 is such that —A is a sectorial operator in
the Banach space X° and f is a continuous function. Many authors have considered ab-
stract linear evolution equations in Banach spaces (see [19-23] and references therein).
In particular several results on the existence of pseudo almost periodic solutions to dif-
ferential equations of the type (1.1) have been established. Stimulated by these works, in
this paper, we will investigate further the corresponding problem where the nonlinearity
of the nonlinear term of (1.1) has critical growth. Note that there is much interest in the
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study of nonlinearities when they are assumed to be a critical cause and intrinsic difficult.
We need to understand the scale of fractional powers spaces associated to the linear oper-
ator A, especially the embeddings into known spaces like L? spaces, and the e-regularity
properties (see Definition 2.4) of the nonlinearity f in this scale of spaces. It makes the
analysis much more technical and harder. Problems with this kind of nonlinearity appear
frequently in the heat equation theory. However, to the best of our knowledge, there are
few results for these problems.

We will denote by X? := (D(AP), || - |xs), B > 0, the fractional power spaces associated
to the operator A and by {e¢?!},~( the analytic semigroup generated by A. Furthermore, we
will suppose that Rea (—A) > a > 0. Consequently, there exists a positive constant M such
that e verifies

le*x|| s < MtPe*||xlx0, £>0,8>0. 1.2)

The main scope of this work is to provide sufficient condition to ensure the existence of
a pseudo almost periodic e-regular mild solution of (1.1). By an e-regular mild solution of
(1.1) we understand a continuous function z : R — X! such that u € C(R, X'*€) and verifies

u(t) = / t e (s,uls))ds, teR.

The notion of e-regular mild solution for abstract semilinear evolution equations was in-
troduced by Arrieta and Carvalho in [24] (see also [25]) where a detailed discussion was
presented considering the importance of these types of solutions.

A typical example that we will treat in this work is to consider in L2(2), with @ C R3 a
bounded smooth domain, the heat equation

ur=Au+gh(u), inRxQ,

(1.3)
u=0, onR x 0€2,

where g : R — R is a pseudo almost periodic function, the function % : R — R verifies
|1(2) - h(s)| < c(+|t]*3 + |s|*3)|¢ — 5|, with /1(0) # 0, and the operator Au = Ay —au, a >0,

is considered with domain
D(A) := H*(Q) N Hy(%).

Let L = A with Dirichlet boundary conditions in 2. Then L can be seen as an unbounded
operator in E9 = L?(£2) with domain D(A). The scale of the fractional power spaces {ES}4cr
associated to L verifies (see [24, 26])

ES <> H™(Q), «>0, E“=(E), a>0.

Therefore, we get

6 3
Ef — L'(Q), forr< 0<a<-,
3- 4
Ey =LX(Q),
o P 6 3
E} < L’(Q), fors> ,——<a <0
3-4a 4
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Let L, be the realization of L in ES. Then we find that L, is an isometry from ES*! into ES
and

Ly:D(L,)=ES" CES — ES

is a sectorial operator. Denote X§ := ES™!, & € R. The fractional power spaces associated
to L1 : X} C XY — XJ satisfy

6 7
Xy —L'(Q), forr< A<a<—,
7 -4« 4
X; = L*(Q),
X5 <« L3(Q), fors> ,—<a <l
7-4a 4

To rewrite (1.3) in the abstract form (1.1) consider the function

F& ) () = g(Oh(y ().
It follows from Section 4, for ¢ € R fixed, that the function f(¢,-) is an ultra-critical
e-regular map relative to the pair (XZO,X%), for every € € (0, %). In fact, we see, for each
t € R, that
k
f&,-) :X%+E - X,
is well defined and satisfies

4/3 4/3
lf (&) - f (2, ) szza; <cliglloo (1 + loell e + IIVIIX/%K) llee = vlixres

for some ¢ > 0. Furthermore f is a pseudo almost periodic function (see Definition 2.3).
For € € (0, %), it follows from Theorem 3.1 that if ||g|| is small enough then (1.3) has a
pseudo almost periodic mild solution # : R — X'*¢. This solution is given by

u(t,x) = / t g )h(uls,x))ds, teRxeQ.

Furthermore, u € PAP(X'*?), for every 0 <6 < .
In Section 4 we will treat in the L7 setting the general situation,

ur=Au+gh(u), inRxQ,
u=0, onR x 0€2,

where g: R — R is a pseudo almost periodic function, Au = Au — au, a > 0, and the func-
tion /: R — R verifies

\h(x) = h@)| < c(L+ 1"+ 1P )k =y, p>1,

for some ¢ > 0.
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2 Background material

Consider Banach spaces, Y and Z, with norms || - ||y and | - ||z, respectively. Let AP(Y) be
the set of all almost periodic functions, that is, the set of all continuous functionsg : R — Y
such that for all @ > 0 there exists /(«) > 0 such that every interval I C R of length /(«)
contains a number t with the property that

lgt+1)-g@)|, <, VieR.

Also, let Py(Y) be the set of all bounded continuous functions ¢ : R — Y such that

.1 (T
jim 5 [ o], de=o.

Definition 2.1 A continuous function g: R — Y is called pseudo almost periodic if g =
h+ ¢, where h € AP(Y) and ¢ € Py(Y).

The functions % and ¢ are called, respectively, the almost periodic component and the
ergodic perturbation of the function g. As usual, we represent by PAP(Y) the set of all
pseudo almost periodic functions / : R — Y. We remark that this set provided with the
uniform convergence norm || - ||~ is a Banach space. In fact, we find that (PAP(Y), | - [l)
is a closed subset of the Banach space of bounded continuous functions.

In this work we will need a special notion of pseudo almost periodic functions. To this
end, we represent by AP(Y, Z) the set of all continuous function /: R x Y — Z such that
h(-,x) is an almost periodic function uniformly on bounded sets of Y, that is, for all « > 0
and any bounded subset K of Y there exists /(«) > 0 such that all interval of length /()

contains a number t with the property that
||h(t +T,%) — h(t,x)”z <a,

forallte Rand x € K.
The following lemma will be very useful in this work.

Lemma 2.2 ([27]) Iff € AP(Y;Z) and h € AP(Y), then the function f(-, h(-)) € AP(Z).

Likewise, we represent by Py(Y, Z) the set of all continuous functions ¢ : R x ¥ — Z
such that ¢(-,x) : R — Z is a bounded function for all x € Y and

N
Jim 57 [ lotenl di=o

uniformlyinx € Y.

Definition 2.3 A continuous function g: R x ¥ — Z is called pseudo almost periodic if
g=h+¢,whereg e AP(Y,Z) and ¢ € Py(Y, 2).

We represent by PAP(Y, Z) the set of all pseudo almost periodic functionsg: Rx ¥ — Z.
We finish this section with the definition of e-regular map.
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Definition 2.4 For € > 0 we say that a map g is an e€-regular map relative to the pair
(X1, X0) if there exist p > 1, y(€) with pe < y(€) < 1, and a positive constant c, such that
g: X" — X7 and

lg@) =g i < 1+ 1wl10r + 111505 ) 1% = ¥l e,

for all x,y € X1*<.

The main result of this work basically says that if (¢, -) is an € -regular map relative to the
pair (X!, X°) and belongs to PAP(X*¢, X?(©)) then we will have existence of a pseudo almost
periodic e-regular mild solution to (1.1). Furthermore this solution belongs to PAP(X'*)
for all 0 < @ < y(€). It is important to remark that we obtain an existence result in X!

without the nonlinearity being defined on X*.

3 Abstract results
We start this section observing that from (1.2) follows the estimate

BB M|y < M rls, 0B =140 <2

This estimate will be very useful for our purpose. We recommend to the reader the book
[28] for more details and information on sectorial operators and fractional power spaces.

In this work we consider the following class of nonlinearities: with €, y(¢), p, and ¢
positive constants, define

F(e,p,y(€),c)

as the family of functions f such that, for ¢ € R, f(¢,-) is an e-regular map relative to the
pair (X}, X°), satisfying

[f &%) = F(&9) |0 < (L4 2l e + 171500 ) 16 = Pl xree, (31)

“,f(t’x) ||Xy(e) = C(l + ”x”;l+e)) (3'2)

for all x,y € X*,
The following theorem is the main result of this work.

Theorem 3.1 Cousider f € F(e,y(€), p,c) N PAP(X'*, X7 ), If the constant c is small
enough then the problem (1.1) has a pseudo almost periodic e€-regular mild solution. Fur-
thermore, this solution verifies u € PAP(X'*?), for every 0 <6 < y(€).

Proof Fix r >0 and let L(r) = max{r ! + r*~1,1 + 2r*~1}. We claim that the result is true if
Mca‘_V(G)F(y(e) - e)L(r) <1
In fact, let B(r) be the closed ball

B() = {w e PAP(X'*) s sup [ w()] .. <7].
teR
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Define on B(r) the operator T by

(ﬂMﬂ=/rﬁWWﬁMu»¢

The set B(r) is T-invariant. We divide the proof of this claim in two steps.
Step 1: If u € PAP(X'*€) then Tu € PAP(X'*?), for every 0 < @ < y (¢). First of all, we show
that the function

te> (¢ ult))
belongs to PAP(X”(©)), In fact, since f € PAP(X!*¢, X”(©)) there exist g € AP(X'*¢, X?(©)) and

¢ € Py(X¢,X7©) such that f = g + ¢. In the same way, u = & + ¥ with & € AP(X'*) and
Y € Py(X€). Hence,

=g(-h0) +f(5u0)) =f(h0)) + o (5 h()).
Since g(-, h(-)) € AP(X7(©)), see Lemma 2.2, it remains to show that the function

te> f(6u®) —f(6h(0) + ¢ (2, h(2) = F(t) + ¢ (8, h(2))

belongs to Po(X”©). To this end, note that

1 T
37 [ FO ]

< ZT/ |u(@) - (@) | . At

ro [ ol

/ ||h(t)||xl+é|u(t) h(t)||X1+e

u(t) = h(0) | o, dt

1 T
< C(l + Sup” L{(t) ||X1+e + Sup”h(t) ||X1+e ZT /T ” ‘ﬁ(t) ||X1+e dt

Thus, F € Py(X7). On the other hand, since 4(R) is relatively compact in X'*<, for & > 0
we can find a finite number of open balls Oy with center x; € h(R) and radius less than «
such that #(R) C [J{Z, Ok. Clearly, we can write R = [ J{, Bk, where By = h~(Ox) are open
subsets. Consider

Bl; k:l,
Ey = B k-1
AUS B, k>,

then E;NE; =, if i #j. Let Ty > 0 be such that

1 T
o | loeml o de < 63)



de Andrade et al. Advances in Difference Equations (2015) 2015:20 Page 7 of 13

for all T > Ty and k € {1,...,m}. Furthermore, since g € AP(X'*¢, X" is uniformly con-

tinuous in x € #(R), one can obtain

||g(t1xk) —g(t»x)”)(y(e) =, (3'4)

for x € O and k € {1,...,m} uniformly in ¢ € R. For T sufficient large and Fj := E; N
[=T,T], we have

1 m
— h o d
72 [ Iolen)] o

1
= 57 2 19RO =0 i+ 00650

1

s—Z / (6 10)) — £ (6 50) | g0

)ﬂ

1 m
g ;h - ) ed
72 [ lateno) ol

1 m
g ) € d . 3.5
0 NUCIMIE 63

Since, for t € Fy, h(t) € Oy we have

1 & _
_T kX:I: ‘/F‘k ”f(t, h(t)) _f(tka)HXV(E) dt < Cm(l + iz}g”h(t)”fﬂi>a

+ cm(max ||xk||xl+e)ol. (3.6)

Hence, from (3.3)-(3.6) it follows that ¢(-, 4(-)) € Po(X”'©)) and consequently (-, u(-)) €
PAP(X" ).

Now, it is clear that Tu : R — X'*? is a bounded continuous function, indeed if t;, £, € R,
t, > t;, then

|(T)(t2) - (Tw)(81) || 00 <

(et f e 17f (s, u(s)) ds

+ /2 eA(tz’S)f(s,u(s)) ds

X1+0

X140

In the above inequality, the first term clearly goes to zero as t; — ;. For the second term

we have

X1+0

5]
/ eA(t2‘S)j”(s, u(s)) ds
f
15
<M [ =9 O I (5u09) |y s
5]

alty—ty)
< Ma"7© sup||f (s, u(s)) ||Xy(é)/ s -0 go.
seR 0
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which goes to zero as £, — t]. The case #; > t; is similar. Furthermore,

su}g“ (Tu)(t) Hx1+9 < Ma®7r (v(e)-0) suﬂgw(t, u(t)) ny(e).

On the other hand, consider, g; € AP(X”©)) and ¢, € Py(X”©) such that f(t, u(t)) = g (£) +
¢1(¢), t € R. Then

(Tu)(¢t) = /t Ag (s) ds + ft A (s)ds = G(t) + D(¢), teR.

To complete the proof of the Step 1, it remains to show that G € AP(X'*?) and ® €
Po(X1*?), for every 0 < 0 < y(e). To this end, given > 0, consider /() > 0 such that every
interval of length /() contains a number 7 such that

o
Ma 7T (y (€) - 6)

||g1(t + T) _gl(t) ||X]/(e) =<

’

for each t € R. Then the estimate

o0
|Gt +7) - G@)| 100 <M f s gt s - 1) - gt -9) o ds <@
0

is responsible for the fact that G € AP(X**?), for every 0 < 6 < y(¢). Finally, for T > 0 we
see that

1 T 1 T o)
2_T /:T”cb(t)uxue dt < 2_T /:T/o HeA ¢1(t —5) ”Xl‘f" dsdt
o0
<M / s O-0=ag,(s) ds,
0
where
1 T

rls) = 5= / o=l gde =0
It is not hard to check that

Jim ¢r(2) =0.

Next, since ¢7(s) is bounded and the function s > s~1*7()~¢¢=%5 is integrable in [0, c0),

using the Lebesgue dominated convergence theorem we have

1 T 0
dim o / | @@)] 1.0 dt < lim M / s g (s) ds = 0;
- -T - 0

therefore, ® € Py(X'*"), for every 0 <6 < y(€).
Step 2: Consider u € B(r), then ||(Tu)(£)| y1+e < r. In fact, we have

00 =00 (0971774 |5 g

t
< Mc / (£ =) I (1t uls)|| e ) ds
—00
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t
< Mc/ (£ — )"+ ()€ gmalt=s) ds(1+71")
—00

< Mcof_”(g)f‘(y(e) - e) (1 + rp)

<r.

Now, consider u,v € B(r). We have

|(T)(®) - (Tv)(®) | 1.e

< Mft (t — )"+ ()€ gmalt=9) Hf(s, u(s)) - f (s, v(s)) “xv(f) ds

t
< Mc / (¢ = )OI (1 |us) | rre + | V08) | e ) | 2805) = V() | yve s
-0

oo

t
< Mc(l n 2rp—l) </ (t - S)—1+)/(e)—ee—a(t—5) dS> sup” u(t) — v(t) ”)(1*5
_ teR

< Mcag”’(g)l"(y(e) —€)(L+2r"") sup|u(t) - v(©) | yae.
teR

Therefore, the operator T : B(r) — B(r) is a contraction and by the Banach contraction

principle we find that T has a unique fixed point. d

Remark 3.2
« In particular we can obtain an existence theorem in X! without the nonlinearity being
defined on X*. Notice that we do not assume that f is a well-defined map on X*. The
only requirement on f is that it is an e-regular map relative to (X', X°), for some € > 0.
« Another important consequence of Theorem 3.1 is given when the nonlinear term

feFl(ey(€),c)NZ, where
Zc {AP(X1+E,XV(€)),PQ (X1+€,X)/(E))}'

In fact in this situation we can show that the operator T': Z — Z is well defined.
Under the conditions of Theorem 3.1 there exists an e -regular mild solution u of the
problem (1.1). Furthermore, this solution verifies u# € Y(1 + 0), for every 0 <6 < y (e€),
where Y(B) € {AP(X?), Py(XP)).

« An important example of our result will be the case that for a function

fe ]-'(e, y(€),p,c) N PAP(X“G,X”(G))

there exists 49 > 0 such that for any 0 < A < ¢, and Theorem 3.1 applies to the
function Af.

For the sake of completeness, we include a result on globally Lipschitz maps. To this end,

we consider the following class of nonlinearities: with €, y (€), p, and ¢ positive constants,
define

E(ev(€),p,c)



de Andrade et al. Advances in Difference Equations (2015) 2015:20 Page 10 of 13

as the family of functions f such that, for t € R, f(¢, ) is an e-regular map relative to the
pair (X1, X°), satisfying

“,f(t’x) _f(t,y) ||Xy(e) = C”x _y||xl+€,
for all x,y € X*€.

Theorem 3.3 Counsider f € E(e,y (€), p,c) N PAP(X¢, X7 (), Suppose that
McaE_V(G)F(y(e) - e) <1

Then the problem (1.1) has a unique pseudo almost periodic €-regular mild solution. Fur-
thermore, this solution verifies u € PAP(X'*?), for every 0 <6 < y(€).

Proof In fact, a similar procedure to Step 1 in Theorem 3.1 shows that the map T :
PAP(X'*%) — PAP(X'*%) defined by

(TM)(t)=/t A (s,u(s)) ds,

t e R, is well defined for every 0 <0 < y(¢). Furthermore, if u,v € PAP(X'*¢) then

[(Tu) (&) = (TV)(@) | 00 <M / (£ =)< I (s,u(s)) = £ (5, 9(9)) || o) ds

t
< Mc/ (¢ — ) H7 (=€ galt=s) || u(s) — v(s) Hx1+< ds

< Mca“ VT (y () - €) sup| us) — v(s) e
seR

Therefore, the operator T : PAP(X'*€) — PAP(X'*) is a [Mca“~"©T'(y (¢) —€)]-contraction

and by the Banach contraction principle T has a unique fixed point. O

To close this section we remember that in [24] the authors introduce a classification for
a time-independent map f which is e-regular, for € € I, relative to the pair (X!, X°). For
the convenience of the reader we recall this classification.
« IfI=10,¢] for some € > 0 and y(0) > 0, we say that f is a subcritical map relative to
(X%, X°).
o If I =10, €] for some €; >0 with y(€) = pe, € € I, and if f is not subcritical, then we
say that f is a critical map relative to (X%, X©).
o If I=(0, €] for some €; > 0 with y(€) = pe, € € I, and f is not subcritical or critical,
then we say that f is a double critical map relative to (X!, X°).
o If I =[€g, €] for some €; > €y > 0 with y(€9) > p€p and f is not subcritical, critical or
double critical, then we say that f is an ultra-subcritical map relative to (X*, X©).
o If I = [€g,€1] for some €1 > €9 > 0 with y(€) = pe, € € I, and if f is not subcritical,
critical, double critical or ultra-subcritical, then we say that f is an ultra-critical map
relative to (X1, X°).
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4 Applications to heat equation
Let Q C RN be a bounded smooth domain. In this section we will treat the equation

u=Au+gh(u), inRxQ, (41)
u=0, onR x 0€2, '
where g € PAP(R), Au = Au — au, a > 0, and the function % : R — R verifies
|h(x) = k()| < c(L+ 121”7+ 1y1P )=y, p>1, (4.2)

for some ¢ > 0. It is well known that there are many works on equations like (4.1). In par-
ticular, we suggest to the reader the references [22—24, 29]. We are specially interested in
the L7 theory,1<g<ooand g = w.

Let L = A with Dirichlet boundary conditions in 2. Then L can be seen as an unbounded

operator in E‘q’ = L9(R2) with domain
D(A) := W*1(Q) N W ().

It is well known that the scale of fractional power spaces {E7 Jeer associated to L verifies
(see [24, 26])

EZ <—>H§“(Q), a>0,1<g<o0o,

— l q
E* = (E), a20,1<q<oo,q/=ﬁ.
Therefore, we get
N N
E:—IL"(Q), forr< —q,Ogaf—,
1 N - 2qa 2q
E0=17(9),
N N
El < L'(Q), forr> ———,-— <a<0.
1 N -2q0" 2q

Let L, be the realization of L in Ej. Then we find that L, is an isometry from Eg*l into E7
and

. _ 1 o
Ly :D(Ly) —E;” CE;’ — Eq

is a sectorial operator. Denote X7 := Eg’l, a € R. The fractional power spaces associated
! 0 0 wati
to Ly : X, C X, — X satisfy

N 2g+ N
XY~ L'(Q), forr=< 7q’ <a< 4
1 N +2g - 2qa 2q

X, =1Y),

N 29 - N
X < L'(Q), forr> 1 s 1 <a <l
1 N +2q-2qa 24




de Andrade et al. Advances in Difference Equations (2015) 2015:20 Page 12 0f 13

Consider f: R x R — R defined by

f(t,x) = g()h(x).

We can to classify this function in the following way (see [24, Lemma 8]):

o Ifg> N 3 then f is an e-regular map relative to (XI,XO) for 0 = €p(g) <e< Njfzq and
y (€) = pe. Therefore f is a critical map.

o Ifg= %, then f is an e-regular map relative to (X;,Xg) for 0 =¢p(g) <€ < Niz and
y(€) = pe. Therefore f is a double critical map.

« Ifl<g< N At thenf is an e-regular map relative to (X ;,Xg) for 0 < €p(g) <€ < Ni[Zq
with €(q) = a- N(l - —)) >0, and y(€) = pe. Therefore f is an ultra-critical map.

N +2q
A straightforward computation shows that

fe .7:(6, J/(E),p,c) n pAP(XlJre’XV(g))’

for any € € (e0(q), 2= N+2g —-5-). If the constants M and c are as in Theorem 3.1 then there exists
a mild solution u PAP(X“G) of (4.1) such that u € PAP(X'*?), for every 0 <6 < y (¢).

5 Conclusions

We have studied the existence of pseudo almost periodic mild solutions for abstract evolu-
tion equation when the nonlinearity satisfies certain critical conditions. Investigations in
such directions are technically more complicated. The difficulty when we have the critical
growth relies on the fact that the nonlinear terms are ‘too large’ and cannot be controlled
a priori by the linear terms. Therefore, for this case, the standard approach to semilin-
ear equations, e.g., [26, 28], fails (see also [25]). To achieve our results we use the scale
of fractional power spaces and e-regularity theory developed by Arrieta and Carvalho in
[24] (this paper was very inspiring for us). Note that problems with this kind of nonlinear-
ity appear frequently in the heat equation theory. We have applied our abstract results to
such equations. Our results are new and contribute to the development of the asymptotic
periodicity theory of evolution equations.

Competing interests
The authors declare that they have no competing interest.

Authors’ contributions
Each of the authors contributed to each part of this study equally and approved the final version of this manuscript.

Author details

'Departamento de Matemética, Universidade Federal de Sergipe, S&o Cristévao, SE 49100-000, Brazil. 2Departamento de
Matemética, Universidade Federal de Pernambuco, Recife, PE 50540-740, Brazil. *Department of Mathematics, Shanghai
Jiao Tong University, Shanghai, 200240, People’s Republic of China. “Departamento de Matematica y Estadistica,
Universidad de La Frontera, Casilla 54D, Temuco, Chile.

Acknowledgements

B de Andrade is partially supported by CNPQ/Brazil under Grant 100994/2011-3. C Cuevas is partially supported by
CNPQ/Brazil under Grant 478053/2013-4. H Soto is partially supported by DIUFRO (Universidad de La Frontera) under
Grant DI15-0050.

Received: 7 October 2014 Accepted: 25 December 2014 Published online: 30 January 2015
References

1. Henriquez, H, Cuevas, C, Caicedo, A: Asymptotically periodic solutions of neutral partial differential equations with
infinite delay. Commun. Pure Appl. Anal. 12(5), 2031-2068 (2013)



de Andrade et al. Advances in Difference Equations (2015) 2015:20 Page 13 0f 13

15.
16.
17.
18.
19.
20.
21.

22.
23.

24.

25.

26.

27.

28.

29.

. Batty, CJK, Hutter, W, Rébiger, F: Almost periodicity of mild solutions of inhomogeneous periodic Cauchy problems.

J. Differ. Equ. 156, 309-327 (1999)

. Ruess, WM, Vu, QP: Asymptotically almost periodic solutions of evolution equations in Banach spaces. J. Differ. Equ.

122,282-301 (1995)

. Agarwal, RP, de Andrade, B, Cuevas, C: Weighted pseudo-almost periodic solutions of a class of semilinear fractional

differential equations. Nonlinear Anal., Real World Appl. 11, 3532-3554 (2010)

. Cuevas, C, Pinto, M: Existence and uniqueness of pseudo almost periodic solutions of semilinear Cauchy problems

with non dense domain. Nonlinear Anal. 45, 73-83 (2001)

. Cuevas, C, Herndndez, H: Pseudo almost periodic solutions for abstract partial functional differential equations. Appl.

Math. Lett. 22, 534-538 (2009)

. Diagana, T: Weighted pseudo almost periodic functions and applications. C. R. Math. Acad. Sci. Paris 343(10), 643-646

(2006)

. Diagana, T: Pseudo Almost Periodic Functions in Banach Spaces. Nova Science Publishers, New York (2007)
. Diagana, T: Existence of weighted pseudo almost periodic solutions to some classes of hyperbolic evolution

equations. J. Math. Anal. Appl. 350, 18-28 (2009)

. Ding, HS, Liang, J, Xiao, TJ: Pseudo almost periodic solutions to integro-differential equations of heat conduction in

materials with memory. Nonlinear Anal., Real World Appl. 13, 2659-2670 (2012)

. Ding, HS, Liang, J, N'Guérékata, GM, Xiao, TJ: Pseudo-almost periodicity of some nonautonomous evolution

equations with delay. Nonlinear Anal. 67, 1412-1418 (2007)
Liang, J, Xiao, TJ, Zhang, J: Decomposition of weighted pseudo-almost periodic functions. Nonlinear Anal. 73,
3456-3461 (2010)

. Liu, JH, Song, XQ: AlImost automorphic and weighted pseudo almost automorphic solutions of semilinear evolution

equations. J. Funct. Anal. 258, 196-207 (2010)

. Zhang, J, Xiao, TJ, Liang, J: Weighted pseudo almost-periodic functions and applications to semilinear evolution

equations. Abstr. Appl. Anal. 2012, Article ID 179525 (2012)

Zhang, C: Pseudo almost periodic solutions of some differential equations. J. Math. Anal. Appl. 151, 62-76 (1994)
Zhang, C: Integration of vector-valued pseudo almost periodic functions. Proc. Am. Math. Soc. 121, 167-174 (1994)
Zhang, C: Pseudo almost periodic solutions of some differential equations II. J. Math. Anal. Appl. 192, 543-561 (1995)
Zhang, C: Almost Periodic Type and Ergodicity. Kluwer Academic, Dordrecht (Science Press, Beijing) (2003)
Ashyralyev, A, Sozen, Y, Sobolevskii, PE: A note on the parabolic differential and difference equations. Abstr. Appl.
Anal. 2007, Article ID 61659 (2007)

Ashyralyev, A, Sozen, Y: A note on the parabolic equation with an arbitrary parameter at the derivative. Math.
Comput. Model. 54(11-12), 2565-2572 (2011)

Ashyralyev, A, Sozen, Y: Well-posedness of parabolic differential and difference equations. Comput. Math. Appl. 60(3),
792-802 (2010)

Weissler, FB: Semilinear evolution equations in Banach spaces. J. Funct. Anal. 32, 277-296 (1979)

Weissler, FB: Local existence and nonexistence for semilinear parabolic equations in [?. Indiana Univ. Math. J. 29,
79-102 (1980)

Arrieta, JM, Carvalho, AN: Abstract parabolic problems with critical nonlinearities and applications to Navier-Stokes
and heat equations. Trans. Am. Math. Soc. 352, 285-310 (2000)

Arrieta, JM, Carvalho, AN, Rodriguez-Bernal, A: Parabolic problems with nonlinear boundary conditions and critical
nonlinearities. J. Differ. Equ. 156, 376-406 (1999)

Amann, H: Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems. In:
Schmeisser, H-J, Triebel, H (eds.) Function Spaces, Differential Operators and Nonlinear Analysis. Teubner Texte zur
Mathematik, vol. 133, pp. 9-126. Teubner, Leipzig (1993)

Fink, AM: Almost Periodic Differential Equations. Lectures Notes in Mathematics, vol. 377. Springer, Berlin (1974)
Henry, D: Geometric Theory of Semilinear Parabolic Equations. Lectures Notes in Mathematics, vol. 840. Springer,
Berlin (1981)

Brezis, H, Cazenave, T: A nonlinear heat equation with singular initial data. J. Anal. Math. 68, 277-304 (1996)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Periodicity and ergodicity for abstract evolution equations with critical nonlinearities
	Abstract
	MSC
	Keywords

	Introduction
	Background material
	Abstract results
	Applications to heat equation
	Conclusions
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


