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Abstract: This paper is concerned with weighted energy estimates and diffusion phenomena for
the initial-boundary problem of the wave equation with space-dependent damping term in an exterior
domain. In this analysis, an elliptic problem was introduced by Todorova and Yordanov. This attempt
was quite useful when the coefficient of the damping term is radially symmetric. In this paper, by
modifying their elliptic problem, we establish weighted energy estimates and diffusion phenomena
even when the coefficient of the damping term is not radially symmetric.
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1. Introduction

Let N > 2. We consider the wave equation with space-dependent damping term in an exterior
domain Q c R" with a smooth boundary:

l/t,,—Al/t-l-a(X)u,:O, XEQ, t>0,
u(x,t) =0, xe€edQ, t>0, (L.1)
(l/l, M[)(x, O) = (u()’ M])(.X), X € Qa

where we denote by A the usual Laplacian in RY and by u, and u,, the first and second derivative of u
with respect to the variable ¢, and u= u(x,r)isa rezi—valued unknown function. The coeflicient of the
damping term a(x) satisfies a € C*(Q), a(x) > 0 on Q and

lim ((x)“a(x)) = ap (1.2)

|x| >0
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with some constants @ € [0, 1) and aq € (0, %), where (y) = (1 + |y|*)z for y € RY. In this moment,
the initial data (ug,u;) are assumed to have compact supports in Q and to satisfy the compatibility
condition of order k > 1:

(U_1,up) € (H* N H)(Q)) x Hy(Q), forall{=1,...,k (1.3)

where u, is successively defined by u, = Au, > — a(x)u,—y (€ = 2,...,k). We note that existence and
uniqueness of solution to the problem (1.1) have been discussed (see e.g., [kawa [2, Theorem 2]).

It is proved in Matsumura [4] that if Q = R and a(x) = 1, then the solution u of (1.1) satisfies the
energy decay estimate

f (Vu(x, OF + luyx, OF) dx < C(1+ D7 (o, )12
RN

where the constant C depends on the size of the supprot of initial data. Moreover, it is shown in
Nishihara [7] that u has the same asymptotic behavior as the one of the problem

_ — N
{vt Av =0, xeRY, >0, (1.4)

v(x,0) = up(x) + u;(x), xRN,

In particular, we have
_N
(-, 1) = v(, D2 = 0(F™#)

as t — oo. Energy decay properties of solutions to (1.1) for general cases with a(x) > (x) * (0 <a < 1)
have been dealt with by Matsumura [5]. On the other hand, Mochizuki [6] proved that if 0 < a(x) <
C(x)™ for some a > 1, then the energy of the solution to (1.1) does not vanish as t — oo for suitable
initial data. (The solution has an asymptotic behavior similar to the solution of the usual wave equation
without damping). Therefore one can expect that diffusion phenomena occur only when a(x) > C{x)™
fora < 1.

In this paper, we discuss precise decay rates of the weighted energy

(IVuCx, O + |, (x, D)@ (x, 1) dx
RN
with a special weight function

A
D(x,1) = exp (ﬁ %)

(for some A € C*(RY) and 8 > 0) which is introduced by Todorova and Yordanov [12] based on the
ideas in [11] and in [3]. They proved weighted energy estimates

f a(x)lux, DPO(x, 1y dx < C(1 + 1)~ =+,
RN

f (IVux, ) + lu,(x, HPD(x, £) dx < C(1 + £) = ~1+¢

R

when a(x) is radially symmetric and satisfies (1.2). After that, Radu, Todorova and Yordanov [8]
extended it to higher-order derivatives. In [13], the second author proved diffusion phenomena for
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(1.1) with Q = RY and a(x) = (x)™® (a € [0, 1)) by comparing the solution of the following problem

a(x)v, — Av = 0, xeRN, >0,

V(x5,0) = uo(x) + ——1,(x), x €RV. (1.5)
a(x)

In [10], diffusion phenomena for (1.1) with an exterior domain and for general radially symmetric
damping term are obtained. However, the weighted energy estimates and diffusion phenomena for (1.1)
with non-radially symmetric damping are still remaining open. The difficulty seems to come from
the choice of auxiliary function A in the weighted energy, which strongly depends on the existence
of positive solution to the Poisson equation AA(x) = a(x). In fact, an example of non-existence of
positive solution to AA = a for non-radial a(x) is shown in [10]. Radu, Todorova and Yordanov [9]
considered the case Q = RY and used a solution A,(x) of AA, = a;(1 + |x|)™® with a; > 0 satisfying
a;(1 +|x)™® > a(x) for x € R", that is, A,(x) is a subsolution of the equation AA = a. In general one
cannot obtain the optimal decay estimate via this choice because of the luck of the precise behavior of
a(x) at the spatial infinity which can be expected to determine the precise decay late of weighted energy
estimates. Our main idea to overcome this difficulty is to weaken the equality AA = a and consider
the inequality (1 — €)a < AA < (1 + &)a, and to construct a solution having appropriate behavior, we
employ a cut-off argument.

The aim of this paper is to give a proof of Ikehata—Todorova—Yordanov type weighted energy es-
timates for (1.1) with non-radially symmetric damping and to obtain diffusion phenomena for (1.1)
under the compatibility condition of order 1 and the condition (1.2) (without any restriction).

This paper is originated as follows. In Section 2, we discuss related elliptic and parabolic problems.
The weighted energy estimates for (1.1) are established in Section 3 (Proposition 3.5). Section 4 is
devoted to show diffusion phenomena (Proposition 4.1).

2. Related elliptic and parabolic problems

2.1. An elliptic problem for weighted energy estimates

As we mentioned above, in general, existence of positive solutions to the Poisson equation AA(x) =
a(x) is false for non-radial a(x). Thus, we weaken this equation and consider the following inequality

(I —8)a(x) < AA(x) < (1 +8)a(x), x€Q, 2.1
where € € (0, 1) is a parameter. Here we construct a positive solution A of (2.1) satisfying

Ay < A(X) < Apux)7, (2.2)
[VA(x)? - 2 -«
a(x)A(x) ~ N-a

+e (2.3)

for some constants A;,, A, > 0.
Lemma 2.1. For every € € (0, 1), there exists A, € C 2(ﬁ) such that A, satisfies (2.1)—(2.3).

Proof. Firstly, we extend a(x) as a positive function in C*(R"); note that this is possible by virtue of
the smoothness of dQ. To simplify the notation, we use the same symbol a(x) as a function defined on
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RY. We construct a solution of approximated equation
AA(x) = a(x), xeRY
for some a, € C*(RV) satisfying
(1 -8)a(x) < a;(x) < (1+8)a(x), xeR". (2.4)

Noting (1.2), we divide a(x) as a(x) = bi(x) + b,(x) with

— L 2-a| _ - apa —a-2
bl(X)—A((N_a)(z_a)@) )—ao<x> s G/
by(x) = a(x) = ap(x)™ - 1\? (e,
Then we have
. bz()C) EEET 1 a _ _ o -2 =
I}II—IEO ( ) ) = l)}llg}o [ et ((x) a(x) —ap N a<x> )] =0. (2.5)

Let € € (0,1) be fixed. Then by (2.5) there exists a constant R, > 0 such that |b,(x)| < ea(x) for
x € RV\ B(0, R,)). Here we introduce a cut-off function 1, € C§°(RN ,[0, 1]) such that 5, = 1 on B(0, R,.).
Define
as(x) := by(x) + n.(0ba(x) = a(x) — (1 = s(x)by(x), x €RY.

Then a.(x) = a(x) on B(0, R,) and for x € RV \ B(0,R,),

ag(x) ‘ b2 (x)]
-11=(010-n, <
) (1 = ne(x)) ) €
and therefore (2.4) is verified.
Next we define
Ao 2—-a N
B (x) = ——— , RY,
16(X) (N—a)(2—a/)<x> X €

Bau() i= — f NG = ym0bs) dy, xR,
RN

where N is the Newton potential given by

1 1
—log — if N =2
N(x) o | |
X) = N
s +1
(2—)N|x|2—N it N > 3.
N(N - 2)nz

Then we easily see that AB;.(x) = bi(x) and AB,. = n.(x)b,(x). Moreover, noting that supp (1.0,) is
compact, we see from a direct calculation that there exist a constant M, > 0 such that

M (1 +log(x)) if N =2,

VB, (x)| < M(x)'™N, xeRV.
M (xy>N sy, L Pells M

|B2:(x)| < {
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This yields that B, := By, + B, is bounded from below and positive for x € R with sufficiently large
|x|. Moreover, we have

: a-2 _ do
lim ((0B.0) = e
and
IVB.(x)P\ 1 1 a - ?
Fa (m) ™ o (<x>aa(x) B N =g VR )
3 2 -«
" N-a

Using the same argument as in the proof of [10, Lemma 3.1], we can see that there exists a constant
Ae = 0 such that A.(x) := A, + B.(x) satisfies (2.1)-(2.3). O

2.2. A parabolic problem for diffusion phenomena

Here we consider LP-L? type estimates for solutions to the initial-boundary value problem of the
following parabolic equation

axw, —Aw =0, xeQ, t>0,
w(x, 1) =0, x€eo, t>0, (2.6)
w(x, 0) = f(x), x e Q.

Here we introduce a weighted L”-spaces

Lh = {f € L) Q)3 IIfllz, = (fg |f(x)|1’a(x)dx)p < oo}, 1<p<oo

which is quite reasonable because the corresponding elliptic operator a(x)~'A can be regarded as a
symmetric operator in Lfl,#.

The LP-L1 type estimates for the semigroup associated with the Friedrichs’ extension —L, (in Lfi#) of
—a(x)"'A are stated in [10]. The proof is based on Beurling—Deny’s criterion and Gagliardo—Nirenberg
inequality.

Proposition 2.2 ([10, Proposition 2.6]). Let e’ be a semigroup generated by L,. For every f €
L}y, N L, we have
N-a
lle™ fllz < Cr 2@ || flly (2.7)
du du

and
ILee™ fllz, < sl 2.8)
du du
3. Weighted energy estimates
In this section we establish weighted energy estimates for solutions of (1.1) by introducing Ikehata—
Todorova—Yordanov type weight function with an auxiliary function A, constructed in Subsection 2.1.

To begin with, let us recall the finite speed propagation property of the wave equation (see [2]).
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Lemma 3.1 (Finite speed_of propagation). Let u be the solution of (1.1) with the initial data (u, u,)
satisfying supp (uo, u1) C B(0,Ry) = {x € Q;|x| < Ro}. Then, one has

suppu(-,t) C{xeQ; |x| <Ry +t}
and therefore |x|/(Ry+ 1 + 1) < 1 fort > 0 and x € supp u(:, t).

Before introducing a weight function, we also recall two identities for partial energy functionals
proved in [10].

Lemma 3.2 ([10, Lemma 3.7]). Let ® € Cz(ﬁ X [0, 0)) satisfy ® > 0 and 0,0 < 0 and let u be a
solution of (1.1). Then

d

—[ f (qu|2+|ut|2)(I)dx] = f 0,0)"'|0,0Vu — u, V| dx
dr | Jo Q

+ f (- 2a(x)® + 0,0 — (0,0)” VOP )ju* dx.
Q

Lemma 3.3 ([10, Lemma 3.9]). Let ® € Cz(ﬁ X [0, 00)) satisfy ® > 0 and 0,0 < 0 and let u be a
solution to (1.1). Then, we have

i[ f (2uu,+a(x)|u|2)CDdx] =2 f utt,(0,®) dx + 2 f |u, 2D dx — 2 f IVul2® dx
dt | Ja Q Q Q
+ f (a(x)0,® + AD)|ul* dx.
Q

Here we introduce a weight function for weighted energy estimates, which is a modification of the
one in Todorova-Yordanov [12].

Definition 3.4. Define h := % and for € € (0, 1),

1 A0
O (x,1) = —, 3.1
(x.2) eXp(h+281+t) S
where A, is given in Lemma 2.1. And define fort > 0,
Ep(t;u) = f IVulP®, dx, Es(t;u) := f u,*®, dx, 3.2)
Q Q

E.(t,u) := j‘a(x)lul2q)‘9 dx, E.(t;u):= Z‘fuu,q)‘9 dx, 3.3)

Q Q

and also define E\(t; u) := Ey(t;u) + Eg(t; u) and Ey(t; u) := E.(t;u) + E (t; u).

Now we are in a position to state our main result for weighted energy estimates for solutions of
(1.1).

Proposition 3.5. Assume that (uy, u;) satisfies supp (uo, u;) C E(O, Ry) and the compatibility condition
of order ky > 1. Let u be a solution of the problem (1.1). For every 6 > 0 and 0 < k < ko — 1, there
exist € > 0 and Msy g, > 0 such that for every t > 0,

N-a

N-a _ _
(1 + £) 2 +2k1 5(Eax(t; O u) + Ey(t; a’;u)) + (1 + )= "2 PE (5, 0fu) < Mo rylI(o, )| e
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To prove, this, we prepare the following two lemmas.
Lemma 3.6. Fort > 0, we have

1-¢ 1
. < . .
e 11 tEa(t9 u) < Ey(t;u)

Proof. As in the proof of [10, Lemma 3.6], by integration by parts we have

VO, ?
f A(log @) |ul*®, dx = f (AQE—!)IuIdeS f |Vul* @, dx.
Q Q ch Q

AA(x) S 1-¢& alx)
h+2s 1+t  h+2s1+¢

Noting that

A(log ®(x)) =
we have (3.4).

In order to clarify the effect of the finite propagation property, we now put
a := inf ((0"a(x)

Then

Lemma 3.7. Fort > 0, we have

1
Eyp(t;u) < —(Ro + 1 + )" E,(t; 0,u),
aj

A, A,
f (x)|u,|2cpg dx < “ZE(Ry + 1 + 12Ey (t; 1),
Q a(x) a;

2 .
B 0] < —=(Ro + 1+ 1)° VE(t; W) Eaf(t; ).
Proof. By a(x)™" < a;'(x)* < a;'(1 +|x])* and the finite propagation property we have

1
f |u,[>®, dx = @m,ﬁcbg dx < —(Ro + 1 + DYE,(t; ).
Q q a(x) ay

Using the Cauchy-Schwarz inequality and the above inequality yields (3.6):

2
fuut(ngx < (f Iulzd)gdx) (f |u,|2(l)gdx)
Q Q Q

Ro+1+0)°

< M( f a(0)[ul2®, dx) Ey(t: 1)
ag Q

< (Rop+1+1)

a

E (t; u)Ey(t; u).

We can prove (3.7) in a similar way.

(3.4)

(3.5)
(3.6)

(3.7)
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Lemma 3.8. (i) For every t > 0, we have

d
EEI(I; u) < —-E,(t;0u). (3.8)
(ii) For every € € (0, %) andt >0,
d — 2 Ay(R 1)?
ZEt;u) < — CE(tiu) + | = + AzeRo + 1) (Ro + 1 + 1) E(t; 0,u1). (3.9)
dt l-¢ a ea;

Proof. Noting (2.3), we have

2
—2a(x)®, + 0,0, — (0,D,) ' |VO,|* = (—2a(x) _ Ae(x) N 1 [VA.(x) ) o,

(h+2e)(1+0%* h+2e Al x)

a(x)) O,

h+e
<|-2
_( a()c)+h+26

< —a(x)®,.
This implies (3.8). On the other hand, from (2.3) and (2.1) we see

1 a(x)A:(x) [VA(x)]* AAg(x)
A0 P+ AP =3 (_ (A+12  G+2e)(+07 141 )(DS
< 1 (_a(x)Ag(x) N (h + &)a(x)A(x) N 1+ s)a(x))q)g
h+2¢e (1+1)? (h+2&)(1 +1)? 1+¢
< (_ € a(x)A.(x) N 1+e¢ a(x))q)g.
(h+2e)? (1+0* h+2e1+t

Therefore combining it with Lemma 3.6, we have

1+¢ & 1
0,®, + AD,)|ul* dx < Vul®, dx — f A, 20, dx.
fQ(a(x), + | X< gfgl ul x 120 (L1107 Qa(x) (X)|u| x

Using (3.6), we have

2 1
h+2e(1+1)?

2 1 2 % As(x) 2 %
26417 (L a(x)Ag(x)ul (Dedx) (fg ) lut|” D dx)

2Ry+1) 1 f , * (A, :
P A, O, dx| (Z2E,
S 2 1+t( Qa(x) (0)|ul X @ ar(t; 1)

2 f uu;(0,0,) dx = — fuu,Ae(x)(Dg dx
Q Q

<

< e
T (h+2e)? (1+1)?

Are(Ry + 1)?
2(+)Eaz(l; 1),

ap

f a(X)A(O)|ul*®, dx +
Q
Applying (3.5), we obtain (3.9). O
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Lemma 3.9. The following assertions hold:

1
(i) Set t.(Ry, @, m) := max {(2’”)1“ ,Ro + 1}. Then for every t,m > 0 and t; > t.(Ry, a, m),

ai

%((n + " Er(t; 1)) < mity + 1" Ego(t;u) - %m + 1) E(t; Op1t).

(ii) for everyt,A > 0and t, > Ry + 1,

%((tz + 0 Eq(t; u)) <A1 +&)ts + Y E (t; 1) — 11— 3e

2 Aza(R() + 1)2
+ ar + 2 Deatl—
1 &a E,‘all‘2

(ty + 1) Eg,(t; u)
— &

)(l‘z + 1Y E,(1; B,u).

(iii) In particular, setting

4 2A5.(Ry+ 1)? 1
—+ 5 + ,
a ea; dea,

t..(&, Ry, @, 1) := max {((1 —9U a/)v)l_” , (2(/1 al a))l_u ,Ro + 1} ,

V=

& aq

one has that for t,A > 0 and t; > t..(g, Ry, a, A),

L (vlts + 0" E(60) + 05 + 0B 0)

dt
1 -4¢e 1 -1
< - 1 (tz + ) Egu(t;u) + A1 + &)t + ) E (8 u).
— &

Proof. (i) Let m > 0 be fixed and let #; > ¢.(Ry, @, m). Using (3.8) and (3.5), we have

m m
Es (t;u) +
f+t on(3 1) t+t
m m
Ey (t;u) +
f+t onl; 1) t+t

mRo+1+10)*
E;.(t; _—
6( u)+( (l](tl +f)

d d
(n+ 07" (0 + 0" Er(iw) < Ea(t;u) + —Er(; )

<

Ey(t;u) — E(t; Ou)

m
Hh+t

<

- 1) E (t;0u).

Therefore we obtain (3.10).
(ii) Fort > 0,and r > Ry + 1,

d
(&, + f)_/la((lz + 1) Ey(t; u))

<

A d
E.(t;,u)+ —E, (t;u) + —E»(¢;
L+t (& w) L+t (&u) dt 28 u)
< — 2 Azg(Ro + 1)2

E.(t;u) + E, (t;u) —
L+t &) t2+t“( L g a ea’

(3.10)

(3.11)

(3.12)

CEptu) + | = + 22T Ry + 1+ 1) Eo(t; 0,1).
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Noting that by (3.7) and (3.5),

2A(Ry + 1 + 1)°
E.(t;u) < E,(t;uE, (t;0
t+ 1 (#u) ay(t + 1) VE(t:0E(t: )

Ae A (Ry+1+0*™
E,(t;u) + _zu
h+t ea; Hh+t

Ae
E(t;u) + —
h+t eait

E,(t; 0,u)

IA

(tr + D E(t; 0u),

-«
2

we deduce (3.11).
(iii) Combining (3.10) with m = 1 + @ and (3.11), we have for #3 > t..(&, Ry, @, 1) and t > 0,

d%(v(rg + OME (8 1) + (85 + 1) Ex(t; 1)

< (v(ﬂ +a)t + 1) — 11_—_388) (1 + ' Egu(t;u) + AL + &)t + ) E,(t; )

2 Ay(Ry+ 1) 1
+ (— + 2 ( 02 ) + 5 — Z) (t3 + t)/l+aEa(t; atu)
a &a; 2eaitl 2
s ! -1
S~ =g B+ D EaxBw) + AL+ 8)(s + D7 Bt u).

This proves the assertion.

Proof of Proposition 3.5. Firstly, by (3.7) we observe that

4
V(3 + D E(tu) + Ex(t;u) > —(t + ) E (t; u) — |[EL(t u)| + Eq(t; 1)
a

4 2 o
> —(t3 + ) Eg(t; u) — —=(t3 + 1)2 VEo(t; W) Eg/(t; u) + E,(t; 1)
a Vaq

= %Ea(t; u).

By using the above estimate, we prove the assertion via mathematical induction.
Step 1 (k = 0). By (3.12) using Lemma 3.6 implies that

1-4 A1 h+2
L AR 4 B,
— & — &

d%(v(g + O)YE(fu) + (15 + O Eq(1; u)) < (

Therefore taking Ay = 8;3&;‘2‘2, (Ao T h~'as e | 0) we have

g(l —4e)

i(v(@ + OB () + (85 + OV Ex(t 1)) < - 1
— &

y? (ts + DV Epy(t; u).

Integrating over (0, f) with respect to ¢, we see

1-4 d
§(r3 + OOE, (f;u) + el — 49) f (3 + S)PEs,(s;u) ds
4 1 — & 0
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1-4 d
<ty + DOTE (G u) + (5 + DV Ex(f 1) + Q f (t; + )V Eg.(s;u) ds

< VI E (05 u) + 10 EH(0; w).

Using (3.10) with m = Ay + 1 and integrating over (0, #), we obtain

1 !
(t; + DY E (t;u) + 3 f (t; + ) E, (s;0,u)ds
0

t
< l‘élOHE] (O’ u) + (Ao + 1) f (l3 + S)/IOEax(S; M) ds
0

(A + D —¢)

Aog+1 .
<" EOu) +
<6 EQW =0T

(v E1(0: ) + £ Ex(0; w))-

This proves the desired assertion with k = 0 and also the integrability of (3 + s)©* E,(s; 0,u).
Step 2 (1 < k < ky — 1). Suppose that for every ¢ > 0,

Ao+2k—1 . k-1 Ao+2k-2 . k-1 2
(1 + t) or El (t’ at l/l) + (1 + t) or Ea(t, at M) < Ms,k—l”(uo, Ml)”Hkak—l(Q)

and additionally,

t
Ao+2k—1 . ak 2
L(l + S) or Ea(S, atu) ds < M;;,k_lll(l’m’ Ml)”Hkak—l(Q)-

Since the initial value (ug,u;) satisfies the compatibility condition of order k, #u is also a solu-
tion of (1.1) with replaced (ug,u;) with (uy_1,u;). Applying (3.12) with 4 = Ay + 2k, putting
t3; = tu(&, Ry, @, Ay + 2k) (see Lemma 3.9 (iii)) and integrating over (0, f), we have

1-4¢
1-¢

3 73
Z(tg,k + ) RE (1 0Fu) + f (ta + $)O 2 Ey (530 u) ds
0

1

< Wty + ODOPE (8 0Fu) + (3 + 1) ES (8 0Fu) + :

—4e (7 Qo+2k k
. (tz + 5) Es.(s;0,u)ds
- 0

!
< VEOPRUE (05 0Fu) + 10 R EL(0; 0Fu) + (o + 2K)(1 + &) f (tz + $) T E (5308 u) ds
0

< vy P EN0; 8fu) + 15T Ey(0; 0fu) + (Ao + 200(1 + )M 4 10, )i -
Moreover, from (3.10) with m = Ag + 2k + 1 we have
(tye + O E (1,0Mu) + % fo t(tgk + sYWPHE (5:0 u) ds
< 150 E N (0; ) + (Qo + 2k + 1) fo (i + R diu)ds

< MY, (E1(0; 8u) + Ea(0; 8u) + 1(uto, ) icrc)

with some constant M’/ > 0. By induction we obtain the desired inequalities for all k < ko — 1. O
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4. Diffusion phenomena as an application of weighted energy estimates

Proposition 4.1. Assume that (uo, u;) € (H*NHL(Q))xH(Q) and suppose that supp (ug, uy) € B(0, Ry).
Let u be the solution of (1.1). Then for every & > 0, there exists a constant C.g, > 0 such that

_N-a _l-a
e = o + @y ]|, < Comy+ 07w, )

L,
To prove Proposition 4.1 we use the following lemma stated in [10, Section 4].

Lemma 4.2. Assume that (ug,u;) € (H> N Hé(Q)) X H(I)(Q) and suppose that supp (ug,u;) C {x €
Q; |x| < Ro}. Then for everyt > 0,

uum—aﬁw+mwmd=—fe“%mo*wumm
t/2
— et la() (-, 1/2)]

/2
- f L. [a() u(-, $)lds, (4.1)
0

where L, is the (negative) Friedrichs extension of =L = —a(x)"'A in Lfiﬂ.

Proof of Proposition 4.1. First we show the assertion for (1, u;) satisfying the compatibility condition
of order 2. Taking Lfl#—norm of both side, we have

e, ) = €[t + ()}

< J1(0) + J2) + T3(0),

2
Ld

where

mm:fﬂ#%wf%@wbw
t/2 du
Ta() 1= [|eLaC) .1/ 2],

/2
Fayi= [ e )t 91, ds

Noting that for x € Q,

) 1 A 07\ 1 ath+2e) \T* .
LD I < @ _ Al < 1 -
a(x)” Oy(x,1) _a1<X> eXP( e 1475 (1 + 1),

a; \(2—a)eA,

we see that fork =0, 1,
_ 2 _
||a(~) Lo+ u, S)”LZ = fa(x) NoM u-, )1 dx
z Q

SIIa(-)_lq)g(-,t)_llle(Q)flaf”u(-,S)IZCDEa’x
Q

< C(1 + 177 Egy(t, 0 u)
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~ —Ag—-Z22 2k 2
< CMe (1 + 1)~ 2 = |(uo, ul)”HkHXHk-

Therefore from Proposition 3.5 with £ = 1 and k = 0 we have

Ji(0) < f/ 2 la) w9 ds

M, a1 f (1 + 5 k145
t/2

22 - @)
T A2 -a)+1 -«

~ _d0_l1-a
CM, (1 + 1) 2 2 |[(ug, u)llp2xp
and

—_ A —a
To(0) < [laO) w12 ;2 < NCMao(L+ 0725 g, )l

Moreover, by Lemma 2.2, we see by Cauchy—Schwarz inequality that for # > 1,
[/2 N-a
T3 <C f (t = sy =0 O w9, ds
0 o

__N-a -1 t/2
1\ 2o 1
< C(E) \/||c1>; ¢, i@ Ea(s;u)ds.
0

Since

A |x
1D, Dl < f exp( 1 )d
RN

+2e 1 +1¢

h
Hze f A e ") dy,
RN

/2
N-a _ N-a _A _l-a
J3(1) < C'(1 + 1) Y|(uy, ul)”Hlezf (1 + s)20a~2 "7 ds

, N-«a /l()
20-a) 2

_M0_l-a
< C"(1+ 07272 |(uo, ur)l| i xr2-

we deduce

1 A
+ o — )(1+r> 511+ 1/2) 855 g, )l

Consequently, we obtain

_40_l=a
< C”(1+ 107777 (o, un) e

a0 = et + aCy |,

du

Next we show the assertion for (u, u;) satisfying (ug, u;) € (H> X Hé (Q)) x Hé(Q) (the compitibility
condition of order 1) via an approximation argument. Fix ¢ € CZ(R", [0, 1]) such that ¢ = 1 on B(0, R)
and ¢ = 0 on RY \ B(0, Ry + 1) and define for n € N,

Uon | _ ¢fl0n) fon | _ 1+lﬂ)_] Uo
Uin (]517[1,, ’ ljtln n 231 ’

AIMS Mathematics Volume 2, Issue 1, 1-15
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where A is an m-accretive operator in H = Hé (Q) x L*(Q) associated with (1.1), that is,

0o -1
A= ( -A a(x) )
endowed with domain D(A) = (H>NH](Q))xH/}(Q). Then (u,, uy,) satisfies supp(uo,, u1,) € B(O, R+
1) and the compatibility condition of order 2. Let v, be a solution of (1.1) with (u,, u,). Observe that

2 201 4112 Qa2
(@ton, willgs i < CNPI2ell (G0, w2 gy,
2014112 ~ 2 a2
< Cl9 Il (N Gto, Bl + AR, G11)15,)
201 4112 2 2
< Cl9 Iy (N (2o, uD)llzy + A(uo, u1)ll,)

2 2 2
< CN ||¢||W2«>o||(u0’ Ui )”HZXHI

with suitable constants C, C’, C” > 0, and

{2 () o
Uip du, U
i

as n — oo and also ug, + a 'uy, — up + a”
we deduce

up in Lflﬂ as n — oo. Using the result of the previous step,

Vu(o ) = e [ug, + a(-) " uy,)

~ _d0_l-a
o < CU+ 0725 o, un)lln
du

with some constant C > 0. Letting n — oo, by continuity of the Cy-semigroup e~ in H we also
obtain diffusion phenomena for initial data in (H* N H}(Q)) N Hy(Q). o
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