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Abstract

In this paper, we first present a fixed point theorem for set-valued fuzzy contraction
type maps in complete fuzzy metric spaces which extends and improves some well-
know results in literature. Then by presenting an endpoint result we initiate endpoint
theory for fuzzy contraction maps in fuzzy metric spaces.
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1. Introduction and preliminaries
Many authors have introduced the concept of fuzzy metric spaces in different ways
[1-4]. Kramosil and Michalek [5] introduced the fuzzy metric space by generalizing the
concept of the probabilistic metric space to fuzzy situation. George and Veeramani
[6,7] modified the concept of fuzzy metric space introduced by Kramosil and Michalek
[5] and obtained a Hausdorff topology for this kind of fuzzy metric spaces. Recently,
the fixed point theory in fuzzy metric spaces has been studied by many authors [8-18].
In [11], the following definition is given.

Definition 1.1. A sequence (Z,) of positive real numbers is said to be an s-increasing
sequence if there exists my € N such that ¢, + 1 < t,,,,,, for all m > m,,.

Gregori and Sapena [11] proved the following fixed point theorem.

Theorem 1.2. Let (X, M, *) be a complete fuzzy metric space such that for every s-
increasing sequence (t,) and every x, y € X

. 0o B
nlgglo so, M(x,y,t,) = 1.

Suppose f: X — X is a map such that for each x, y € X and t > 0, we have
M(fx, fy, kt) = M(x,y,t),

where 0 <k < 1. Then, f has a unique fixed point.

In this article, we first give a fixed point theorem for set-valued contraction maps
which improve and generalize the above-mentioned result of Gregori and Sapena.
Then, in Section 2, we initiate endpoint theory in fuzzy metric spaces by presenting an
endpoint result for set-valued maps.

© 2011 Kiany and Amini-Harandi; licensee Springer. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.


mailto:fatemehkianybs@yahoo.com
http://creativecommons.org/licenses/by/2.0

Kiany and Amini-Harandi Fixed Point Theory and Applications 2011, 2011:94 Page 2 of 9
http://www fixedpointtheoryandapplications.com/content/2011/1/94

To set up our results in the next section we recall some definitions and facts.

Definition 1.3 (3). A binary operation * : [0, 1] x [0, 1] — [0, 1] is called a continu-
ous t-norm if ([0,1], *) is an abelian topological monoid with unit 1 such thata * b < ¢
* d whenever a < ¢ and b < d for all g, b, ¢, € [0, 1]. Examples of t-norm are a * b =
ab and a * b = min{a, b}.

Definition 1.4 (6). The 3-tuple (X, M, *) is called a fuzzy metric space if X is an
arbitrary non-empty set, * is a continuous -norm, and M is a fuzzy set on X> x [0, o)
satisfying the following conditions, for each x, y, ze X and ¢, s > 0,

(1) M, 3, 1) > 0,

(2) M(x, v, ) = 1 if and only if x = y,

() M, 3, £) = My, x, 1),

(4) M(x, 3, £) * M(y, 2, 8) < M(w, z t + s),
(5) M(x, 3, t) : (0, =) — [0,1] is continuous.

Example 1.5. [6] Let (X, d) be a metric space. Define a * b = ab (or a * b = min{q,
b}) and for all x, y € X and ¢ > 0,
M(x,y,t) = !
Vb= t+d(x,y)
Then (X, M, *) is a fuzzy metric space. We call this fuzzy metric M induced by the

metric d the standard fuzzy metric.
Definition 1.6. Let (X, M, *) be a fuzzy metric space.

(1) A sequence {x,} is said to be convergent to a point x € X if lim,, ,.. M(x,, %, £)
=1 forall t> 0.
(2) A sequence {x,} is called a Cauchy sequence if

lim M(xy, x4, t) = 1,

m,n— oo

for all £ > 0.
(3) A fuzzy metric space in which every Cauchy sequence is convergent is said to
be complete.
(4) A subset A € X is said to be closed if for each convergent sequence {x,} with x,,
e A and x, — x, we have x € A.
(5) A subset A € Xis said to be compact if each sequence in A has a convergent
subsequence.

Throughout the article, let X(X) denote the class of all compact subsets of X.

Lemma 1.7. [10]For all x, y € X, M(x, y,.) is non-decreasing.

Definition 1.8. Let (X, M, *) be a fuzzy metric space. M is said to be continuous on
X2 x (0, o) if

r}LrgoM(xnr Ynitn) = M(x,y, 1),
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whenever {(x,, ¥, t,)} is a sequence in X* x (0, =) which converges to a point (x, ¥,

£ e X? x (0, »); ie.,
lim M(x,, x,t) = lim M(y,, y,t) =1 and lim M(x,y,t,) = M(x, y, t).
n—00 n—00 n—00
Lemma 1.9. [10]M is a continuous function on X2 x (0, ).

2. Fixed point theory

The following lemma is essential in proving our main result.

Lemma 2.1. Let (X, M, *) be a fuzzy metric space such that for every x, y € X, t > 0

and h > 1

lim *° M(x,y, th') = 1.

n—oo
Suppose {x,} is a sequence in X such that for all n € N,
M(xn/ Xn+1, at) > M(x‘ﬂ—ll Xns t)/

where 0 <o < 1. Then {x,} is a Cauchy sequence.
Proof. For each n € N and ¢ > 0, we have

1 1 1
M(Xn, Xpi1,8) = M Xp—1, %0, t) =M X2, Xn1, ) = = M| xo,x1, t).
a Ol2 anfl

Thus for each n € N, we get
1
M (xn, Xp41,1) = M (xo,xl, t) .
a1

Pick the constants # > 1 and [/ € N such that
1

g | Kl
ha<landzhi= < 1.

i=l 1 !
. h

Hence, for m > n, we get

1 1 1
M(xp, X, t) > M (x,,,xm, (h’ LT hhm) t)
1 1 1
> M| Xn, Xns1, hlt * M | Xui1, Xne2, h“’lt ook M| X1, Xy h1+mt
1 1 1
M | xo,x1, a"*lhlt * M| Xo, X1, bl L) s M| xo, X1, am—2plm—n—2
>M<x X ! t)*M(x X ! t)* *M(x X ! t)
> 0, X1, 0, X1, 0, X1,
M (ah)” ()2

1
= *5,M (xo,xl, @y t)

Then, from the above, we have

v

1
. - _
it M e 1) 2 g, 2 M ( () t) =1L

)

(2.1)
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for each ¢ > 0. Therefore, we get

lim M(xp, xp, t) = 1,

m,n— oo

for each ¢ > 0 and so {x,} is a Cauchy sequence.

In 2004, Rodriguez-Lépez and Romaguera [19] introduced Hausdorff fuzzy metric on
the set of the non-empty compact subsets of a given fuzzy metric space.

Definition 2.2. ([19]) Let (X, M, *) be a fuzzy metric space. For each A, B € K(X)
and ¢ > 0, set

Hum (A, B, t) = min{infsup M(x, y, t), inf sup M(x, y, t)}.
xeA yeB YE€B xea

Lemma 2.3. [19]Let (X, M, *) be a fuzzy metric space. Then, the 3-tuple
(K(X), Hum, *)is a fuzzy metric space.

Now we are ready to prove our first main result.

Theorem 2.4. Let (X, M, *) be a complete fuzzy metric. Suppose F : X — X is a set-
valued map with non-empty compact values such that for each x, y € X and ¢t > 0, we
have

Hy(Fx, Fy, a(d(x, y, 1))t) = M(x, y, 1), (2:2)
where a. : [0, ) — [0,1) satisfying
limsupa(r) <1, V te]l0,00),

r—t*

and d(x,y,t) = —t. Furthermore, assume that (X, M, *) satisfies (2.1) for

t
M(x,y,t)
some xo € X and x, € Fxo. Then F has a fixed point.

Proof. Let t > 0 be fixed. Notice first that if A and B are non-empty compact subsets
of X and x € A then by [19, Lemma 1], there exists a y € B such that

Hum(A, B, t) <supM(x, b, t) = M(x, B, t) = M(x,y, t).
beB

Thus given o < Hys (A, B, t) there exists a point y € B such that
M(x,y,t) > «.

Let xo € X and x; € Fx. If Fxy = Fx; then x; € Fx; and x; is a fixed point of F and
we are finished. So, we may assume that Fxy = Fx;. From (2.2), we get

HM(FXO, Fxq, a(d(xo,xl, t))t) > M(xo,xl, t).

Since x; € Fxg and F is compact valued then by Rodriguez-Lépez and Romaguera
[19, Lemma 1] there exists a x, € Fx; satisfying

M(x1,x2,t) = M(x1,x2, o (d(x0, x1, £))t) = sup M(x1,y, a(d(xo, x1, £))t)
yeFx;

> HM(FXO, Fxq, Ol(d(.X‘(),.X‘l, t))t)
> M(.XQ, X1, t).

Continuing this process, we can choose a sequence {x,}, > o in X such that x,,; €
Fx,, satisfying
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M(Xps1, Xne2, £) = M(%ns1, Xns2, @ (d(Xn, Xpe1,1))t) = sup M(xpe1, ¥, @ (d(Xn, Xne1, t))t)

YEFXn
> HM (Fxnr Fxn+1/ a(d(xn/ Xn+1, t))t)
> M(xnr Xn+1, t)~

Then, the sequence {M(x,,, 1, X,,.2, 1)}, is non-decreasing.
Thus {d(x,,,1, X,.2, !)}, is @ non-negative non-increasing sequence and so is conver-
gent, say to, [ > 0. Since by the assumption

lim sup or(d(xn41, Xns2, 1)) < limsupa(r) < 1,
n—o00 r—1t*

then there exists k < 1 and N € N such that

a(d(xps1, Xni2,t)) <k, ¥V n>N. (2.4)
Since M(x, y,.) is non-decreasing then (2.3) together with (2.4) yield

M(Xn41, Xnv2, k) > M(Xni1, Xne2, 00(d(Xn, Xne1, £))) = M(%Xn, Xns1, 1)
Then from the above, we get

M(Xpi1, Xne2, kE) = M(Xn, Xpa1, ).

Hence by Lemma 2.1, we get {x,}, which is a Cauchy sequence. Since (X, M, *) is a
complete fuzzy metric space, then there exists x € X such that lim,_, x, = X, that
means lim;,_, o M(xy, X, t) = 1, for each ¢ > 0. Thus, lim,_,« d(x,, X, t) = 0, for each ¢ >
0. Since

lim sup ar(d(xy, X, t)) < limsupa(r) < 1,
n— 00 *

r—0

then there exists k </ < 1 such that

lim sup «e(d(xn, X, t)) < L.

n—oo

Now we claim that x e Fx. To prove the claim notice first that since
Hy(Fxy, Fx, 1t) > Hp(Fxp, FX, kt) > Hp(Fxn, Fx, ot(d(xn, X, £))t) > M(xy, X, t), and
limy_, 0o M(xy, X, t) = 1 then for each ¢ > 0, we get

lim Hy(Fxy,, Fx, t) = 1. (2.5)
n—oo

Since «x,,,1 € Fx, then from (2.5), we have

lim sup M(xp.1, . t) = 1.

n—>00 yeFx
Thus there exists a sequence y, € Fx such that
lim M (x,, yn, t) = 1,
n—o0
for each ¢ > 0. For each n € N, we have
M(yn, %, s + ) = M(Yn, xn, ) * M(xp, X, £).
Hence, from the above, we get

lim M(yn, X, t) = 1,
n—oo
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which means lim,_, « y, = X. Since Fx is closed (note that Fx is compact), y» — X and
yn € Fx then, we get x € Fx.

Corollary 2.5. Let (X, M, *) be a complete fuzzy metric. Suppose F : X — X is a set-
valued map with non-empty compact values such that for each x, y € X and t > 0, we
have

Hp(Fx, Fy, kt) > M(x,y,t),

where 0 <k < 1. Furthermore, assume that (X, M, *) satisfies (2.1) for some x5 € X
and x, € Fxo. Then F has a fixed point.

From Corollary 2.5, we get the following improvement of the above mentioned result
of Gregori and Sapena [11] (note that for each ¢ > 0 and / > 1, the sequence ¢, = th" is
s-increasing).

Theorem 2.6. Let (X, M, *) be a complete fuzzy metric space. Suppose f: X — X is a
map such that for each x, y € X and t > 0, we have

M(fx, fy, kt) > M(x,y,t),

where 0 <k < 1. Furthermore, assume that (X, M, *) satisfies (2.1) for some xy € X,
each t > 0 and h > 1. Then f has a fixed point.

Let (X, d) be a metric space and A and B are non-empty closed bounded subsets of
X. Now set

H(A, B) = max{sup infd(x, y), sup infd(x, y)}.
xeA YEB y€B xeA

Then H is called the Hausdorff metric. Now, we are ready to derive the following
version of Mizoguchi-Takahashi fixed point theorem [20].

Corollary 2.7. Let (X, d) be a complete metric space. Suppose F : M — M is a set-
valued map with non-empty compact values such that for some k < 1

H(Fx, Fy) < ae(d(x,y))d(x, y),

where @ : [0, ) — [0,1) satisfying

limsupa(r) <1, Vte|0,00).
r—>t*

Then F has a fixed point.

Proof. Let (X, M, *) be standard fuzzy metric space induced by the metric d with a *
b = ab. Now we show that the conditions of Theorem 2.4 are satisfied. Since (X, d) is
a complete metric space then (X, M, *) is complete. It is easy to see that (X, M, *) satis-
fies (2.1). For each non-empty closed bounded subsets of X, we have

Hum(A, B, t) = min { infsup M(x, y, t), inf sup M(x, y, t)
xeA yeB YEB xeA

t t
i f 7 i f
oA S;:Bp t+d(x,y) VOB ok €+ d(x,y) }

Il
2.
=

Il
2.
=

t t
t +sup,c,infyepd(x, )" t + sup,cpinfiead(x, y) }
t

t + max {supxeAinfyeBd(x, ¥), sup,cpinfread(x, y)}
t
t+H(A,B)
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By the above and our assumption, we have

a(d(x,y))t
a(d(x,y))t + H(Fx, Fy)
a(d(x,y))t

~a(d(x,y))(t+d(xy))
t

T ted(xy)
=M(x,y,1),

Hy(Fx, Fy, a(d(x, y, t))t) =

for each t > 0 and each x, y € X. Therefore, the conclusion follows from Theorem
24.

3. Endpoint theory

Let X be a non-empty set and let F: X — 2% be a set-valued map. An element x € X is
said to be an endpoint (invariant or stationary point) of F, if Fx = {x}. The investigation
of the existence and uniqueness of endpoints of set-valued contraction maps in metric
spaces have received much attention in recent years [21-26].

Definition 3.1. Let (X, M, *) be a fuzzy metric space and let F : X — X be a multi-
valued mapping. We say that F is continuous if for any convergent sequence x,, — X
we have Hy,(Fx,, Fxo, t) — 1 as n — oo, for each ¢ > 0.

As far as we know the following is the first endpoint result for set-valued contraction
type maps in fuzzy metric spaces.

Theorem 3.2. Let (X, M, *) be a complete fuzzy metric space and let F : X — K(X)be
a continuous set-valued mapping. Suppose that for each x € X there exists y € Fx satis-
Jying

Hu(y, Fy, kt) = M(x,y,t), Y t>0, (3.1)

where k € [0,1). Then, F has an endpoint.
Proof. For each x € X, define the function f: X — [0, o) by flx, £) = Hplx, Fx, t) =
inf,c p M(x, y, t), x € X. Suppose that {x,} converges to x; then for any y € Fx and z €

Fx,,, we have

t t t
M(x,y.t) =M XX * M X% * M Y,
t t t
> M| x, xp, 3 x Hy | X, Fxp, 3 * Hy | 2, Fx, 3
t t t
> M x, xp, 3 *f | xp, 3 s Hyy | Fxy,, Fx, 5 )
Since y € Fx is arbitrary then from the above, we get
t t t
f(x,t) = Hu(x, Fx, t) > M (x,x,,, 3) xf (x,,, 3) * Hyy (Fxn,Fx, 3) )
It follows from the continuity of F that

f (x,t) > lim sup (M (x, Xn, ;) * f (%) * Hy (Fx,,,Fx, ;)) = limsup f (x,,, ;) .

n—oo n—o0
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Hence,

f (x,t) > limsup f (x,,, ;),

n—oo
whenever x,, — x. Let o € X. Then by (3.1) there exists a x; € Fx, such that
HM (xll Fxlr kt) > M (xO/ X1, t) .

Continuing this process, we can choose a sequence {x,},so in X such that x,,,, € Fx,
satisfying

HM (erlr Fanrll kt) = M (xnrerlr t) . (32)
From the definition of Hy; (x,, Tx,), we have
M (X, Xps1, 1) = Hpyp (X, Fxp, £) . (3.3)

From (3.2) and (3.3), we get

HM (xn+1/ Fxn+1/ kt) Z M (xn/ Xn+1s t)
Z HM (xn/ Fxn/ t)
Z HM (xn/ Fxnl kt) (34)

1
= M (xn—lz Xn, kt) ’

which implies that {H, (x,, Fx,, kt)}, is a non-negative non-decreasing sequence of
real numbers and so is convergent. To find the limit of {H(x,, Fx,, kt)}, notice that

Hpy (%n41, Fxpaa, kt) = Hpy (xn, Fxp, t)

1 1 (3.5)
> Hy | xp—1, Fxp—1, kt > -+ > Hpym | X0, Fxo, k”t .

Since Fx, is compact then there exists a yy € Fx such that
1 1
HM X0, FxOI K t)=M X0, Yo, K L. (36)
(3.5) together with (3.6) imply that for each n € N

1
HM (xn+llFxn+llkt) Z M (xO/ )’0/ k” t) .

1
From (2.1) we have lim,_, oo M (xo,yo, - t) = 1and so
lim Hy (x,, Fx,,t) =1, V t> 0.
n—oo
From (3.2), we get

1
M (‘xnranrlr t) = M (xnlrxnr kt> ’

from which and Lemma (2.1), we get {x,} is a Cauchy sequence. Since (X, M, *) is a
complete fuzzy metric space then there exists a x € X such that lim,_, o, x, = X. By
assumption the function flx) = Hys (x, Fx, t) is upper semicontinuous, then
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Hy (%, Fx, t) > lim Hyy (xp,, Fxy, t) = 1.
n— o0

Thus
Hy (X, Fx, t) = 1,

and so Fx = {x}.
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