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Abstract

In this paper, we study the existence of weak solutions for differential equations of
divergence form

—div(a;(x,Du)) + aglx, u) = f(x,u, Du),

in €2 coupled with a Dirichlet or Neumann boundary condition in separable
Musielak-Orlicz-Sobolev spaces where g, satisfies the growth condition, the coercive
condition, and the monotone condition, and gy satisfies the growth condition
without any coercive condition or monotone condition. The right-hand side

f:Q x R x R¥ — Ris a Carathéodory function satisfying a growth condition
dependent on the solution u and its gradient Du. We prove the existence of weak
solutions by using a linear functional analysis method. Some sufficient conditions
guarantee the existence enclosure of weak solutions between sub- and
supersolutions. Our method does not require any reflexivity of the
Musielak-Orlicz-Sobolev spaces.

Keywords: separable Musielak-Orlicz-Sobolev spaces; differential equation;
sub-supersolution

1 Introduction

Let @ C RY be a bounded domain with Lipschitz boundary. Le [1] established a sub-
supersolution method for variational inequalities with Leray-Lions operators in Sobolev
spaces with variable exponents. Following [1], Fan [2] established a sub-supersolution
method for the differential equations of divergence form

—div(a (%, Du)) + ao(x, u) = f(x, u), (1.1)

in © coupled with Neumann or Dirichlet boundary condition in reflexive Musielak-Orlicz-
Sobolev spaces W&Lq;(Q). Here a; and a are supposed to satisfy growth conditions, co-
ercive conditions, and monotone conditions, that is,

|a1(x,€)| < bro(x, £]) +g(x), (12)
al(x,é)é = b2q>(x: |$|) - h(x)r (13)
[a1(x, &) — ar(x,m)] (€ —n) = 0, (1.4)
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and
|ao(x,t)| < bio(x, |2]) + g(), (15)
ao(x, t)t = by®(x, |t]) — h(x), (1.6)
[a0(x,8) — ao(x, )](s — ) = 0, (1.7)

forx € Q,s,t € Rand &, € RN, where by,by >0, g € E5(RQ),g >0, h € L'(R), and & > 0.
The right-hand side f : Q x R — R is a Carathéodory function.

Liu et al. [3] proved the existence of weak solutions for (1.1) with ao = 0 in reflexive
Musielak-Orlicz-Sobolev spaces.

However, there exist some nonreflexive Musielak-Orlicz-Sobolev spaces. For example,
let ®(x,t) = (1 + ﬁ)ln(l + zﬁ) - ﬁ, for x € Q and t > 0, where p : @ — R is a mea-
surable function such that 1 < p_ := infyeq p(x) < p(x) < p, := sup,.q p(x) < +00. Then the
Musielak-Orlicz-Sobolev space WL () is separable and nonreflexive.

The purpose of this paper is to weaken the restriction of reflexivity of the Musielak-
Orlicz spaces in [2] and study the existence of solutions for the following nonlinear prob-

lem:
—div (al(x,Du)) +ao(x, u) =f(x,u, Du), (1.8)

in Q coupled with Dirichlet or Neumann boundary condition, where a; satisfies the
growth condition, the coercive condition, and the monotone condition, and 4, satisfies
the growth condition without any coercive condition or monotone condition. The right-
hand side f : Q@ x R x RN — R is a Carathéodory function satisfying a growth condition
dependent on the solution # and its gradient Du.

One needs the following coercive condition of @ in [2]:

D(x, ) > aG(a)P(x,u), forxeQ,teRanda >0, (1.9)

where G : (0, +00) — R is a function such that G(«) — +00 as @« — +00. We will point out
that the condition (1.9) can be omitted.

This paper is organized as follows: Section 2 contains some preliminaries and some
technical lemmas which will be needed. We establish some basic properties for Musielak-
Orlicz functions and some necessary and sufficient conditions for Musielak-Orlicz func-
tions satisfying the A, condition. In Section 3, we establish a linear functional analysis
method for differential equations of divergence form to prove the existence of weak so-
lutions for (1.8) with Dirichlet boundary or Neumann boundary condition in separable
Musielak-Orlicz-Sobolev spaces. We give the enclosure of weak solutions between sub-
and supersolutions by using a sub-supersolution method. Our method does not require
any monotonicity or coercivity of ay. We point out that the coercive condition (1.9) of ®
can be omitted because of the reflexivity of the Musielak-Orlicz-Sobolev spaces in [2].

We refer to some results of sub-supersolution methods for variational inequalities and
the existence of solutions for differential equations studied in variable exponent Sobolev
or Orlicz-Sobolev spaces (see, e.g., [4—11]). For some results we also refer to [12-14].

In this paper, we always assume that 2 C R is a bounded domain with Lipschitz bound-
ary and denote by L°(2) the set of all real measurable functions defined on £2.
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2 Preliminaries
Now we list briefly some definitions and facts about Musielak-Orlicz-Sobolev spaces; for
more details see [2, 15, 16], and [17].

A real function ® defined on Q2 x R,, where R, = [0, +00), will be said a generalized N-
function (i.e. a Musielak-Orlicz function), denoted by ® € N(Q), if it satisfies the following
conditions:

(i) ®(x,u) is an N-function of the variable u > 0 for every x € , i.e. is a convex,
nondecreasing, continuous function of # such that ®(x,0) = 0, ®(x,u) > 0 for u > 0,
and we have the conditions

. D(x, u) L D(xu)
lim sup =0, lim inf = +00
u—0% 0 u U—>+00 x€Q2 u

(ii) ®(x,u) is a measurable function of x for all & > 0.
Equivalently, ® admits the representation

D(x,u) = /ugo(x,r)dt, (2.1)
0

where ¢(x, u) is the right-hand derivative of ®(x,-) at u, for a fixed x € Q and all u > 0.
Then for every x € Q, ¢(x, ) is a right-continuous and nondecreasing function of > 0,
¢(x,0)=0, p(x,t)>0 for T >0, and lim,,_, ;o infreq @(x, T) = +00.

Let ® € N(R2), then ®(x, u) < up(x, u) < ®(x,2u), forx € Q, u> 0.

The complementary function ® to a Musielak-Orlicz function @ is defined as follows:

D(x,v) = sup{uv— D(x, u)}, forallv>0,x € Q.

u>0

Then & is a Musielak-Orlicz function and @ is also the complementary function to .
Equivalently, ® admits the representation

- [ dso)do, (22
where ¢ is given by

ox,0) = sup{r o, T) < a}, forallx € Q. (2.3)
Similar to the proof in [18], we can deduce that

o (% 0, u)) > u, ¢(x¢(x,v)) >=v, foru>0,v>0andxeQ, (2.4)
and

¢)(x,g0(x,u)—8) <u, foru>0,0<s<¢@xu)andx e,

<p(x,¢(x,v) —e) <v, forv>0,0<e<¢(xv)andx e Q.
For ® € N(£2), the following inequality is called the Young inequality:

wv < O, u) + O(x,v), forallu,v>0,xeC, (2.5)
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and the equality holds if and only if u = ¢(x,v) or v = ¢(x, u), i.e.
up(x, u) = O(x, u) + ©(x, 0 (x, 1)), P, v)v = D(x,(x,)) + D, v). (2.6)

Let ® € N(R2). @ is said to satisfy the A, condition (® € A,, for short), if there exist a
positive constant K > 1 and a nonnegative function /% € L'(2) such that

D(x,2u) < KO(x,u) + h(x), forallu>0anda.e. xe Q. (2.7)

Clearly, by the proof of Proposition 1.3(6) in [2], if ® € A,, then there exist K >1 and a
nonnegative function / € L!(€2) such that

5( L o(x, u)) <(K-1)®x,u)+h(x), forallu>O0anda.e xecQ. (2.8)
For each x € Q, the inverse function of ®(x, -) is denoted by ®~(x, -), i.e.
o (x, D(x, u)) = CIJ( L &1 (x, u)) =u, foru=>0.

Let U, T € N(2). ¥ < T means that ¥ is weaker than Y, i.e., there exist positive con-
stants Ki, K, and a nonnegative function /; € L'(€2) such that

W(x,u) < K1Y (%, Kou) + hy(x), forallu>0anda.e.xe Q. (2.9)

@ is called locally integrable, if [, ®(x, u) dx < oo for every u > 0.
The following assumptions will be used.

(d)l) infxeg CD(x, 1) =C1 > 0.
(®y) For every £y > 0 there exists ¢ = ¢(¢p) > 0 such that

D, ¢
inf 20 (2.10)
xX€EQ t
and
D(x,t
inf 2&0 (2.11)
xEQ t

for all £ > ¢t,.

Obviously, (2.10) implies (P,).
Let ® € N(2). The Musielak-Orlicz space (i.e. the generalized Orlicz space) Lo () is
defined by

Lo(R2) = {u eLO(Q):/QCD<x, |u;x)|)dx< oo, for some A > O},

with the (Luxemburg) norm

llullo = inf{)\ >0 :/ CD(x, Iuix)l)dx < 1}.
Q
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Moreover, the set

Ko(R2) = {u e L%(Q): / CD(x, u(x)|) dx < oo},
Q

will be called the Musielak-Orlicz class (i.e. the generalized Orlicz class). A function u €
L%(R2) will be called a finite element of Ly (R2), if Au € Ko (S2) for every A > 0. The space of
all finite elements of L°($2) will be denoted by E¢(2). Then Kg(S2) is a convex subset of
Lo(R2), Lo(R) is the smallest vector subspace of L°(S2) containing K¢ (£2), and E¢ (L) is the
largest vector subspace of L°(Q2) contained in Ko ().

If @ is locally integrable, then E4(2) is a separable space, and E¢(S2) = Kg(2) = Lo (£2)
if and only if ® € A,.

If ® is locally integrable and satisfy (2.10), then (E¢(S2))* = L(S2). Moreover, if ® is
locally integrable satisfying (2.11), and ®, ® € A,, then Lo (<) is reflexive.

The Musielak-Orlicz-Sobolev space WL () is defined by

W'Le(Q) = {u € Lo(R): V|| <1,D%u € Lo(Q)},

where a = (o, . .., on) with nonnegative integers ;, i = 1,..., N, |o| = || + |aa| + - - + |on]
and D%y denote the distributional derivatives.
Let

oo(u) = Z/QCD(x,}D“u(x)’)dx and ||u||¢,9=inf{k>0:g¢<;)51},

o<1

for u € W'Le(R). 0o (1) is a convex modular and ||u| s,q is a norm on WL (L), respec-
tively. The pair (W'Ls (), ||u||¢.¢) is a Banach space if ® is locally integrable and satisfies
(®1).

Taking ®(x, u) = ®(u), W'Le(2) is the Orlicz-Sobolev space. Taking ®(x, |u|) = |u[*™,
W1Le () is the variable exponent Sobolev space W*1)(Q).

It is easy to see that

W'Lo(Q) = {u € Lo(R) : |Dul € Lo(Q)}.

Denote ||Dull¢ = |||1Dulllo and [lu|l1,0 = [l#llo + | Dulle. Then |u|,o and ||u]l¢q are two
equivalent norms.

The space WL (Q2) will always be identified to a subspace of the product H|a\51 Lo(Q) =
[1Lo; this subspace is o ([ ] Lo, [ Eg) closed. Let WjLo(S2) be the o ([] Lo, [ | Eg) closure
of the Schwartz space D(R) in W'Ls(R).

Let W'E¢(Q) = {u € E¢(R) : V|| < 1,D%u € E¢(RQ)}, and W} E¢ () is the (norm) closure
of D(R) in WLy ().

The proof of the following lemma is similar to [19].

Lemma 2.1 Let meas 2 be bounded, ® € N(2), and ¢ is the right-hand derivative of ®.
Then

Jo @, 1Dul)|Du| dx
[, |Dul dx

— +00, zf/ |Du| dx — +00. (2.12)
Q
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Proof Let us assume that there is a sequence {u,} with fQ |Du,(x)| dx — +00 and Ky < 00
such that

Jo 9@ |Duty () )| Duty ()  dx _
Jo Dy ()| dx -

0-

Since ® € N(2), there exists R > 0 such that

®(x,R)

. >
;gsfz o(x,R) > ;stz > 2K,.

We define Q(R,n) := {x € Q||Du,(x)| > R} and take for all n with Jo |1Duy(x)| dx >

2R meas €2, then

Jo ©(%, | Duty (x)])| Dugyy (%) dx
Jo Dy ()| dx

Sy 1P1n ()] dx
Gk Pin(6)| dx + R - meas(€2)

> inf ¢(x, R)
xeQ

> L inf o R) > K,

2 3 nfoloR> 1o

This is a contradiction, thus (2.12) holds. O

Lemma 2.2 (see [20], Remark 2.1) Let V be a vector space of finite dimensionand A : V —

V' be a continuous mapping with

(A(u), u)

1
lully—+oo |1ty

’

where V' is the dual space of V, then A is surjective.

Lemma 2.3 (see [21], Lemma 2.1) Ifu € W'Ly(RQ), then u*,u” € WLy (), and

Du, ifu>0, B 0, ifu>0,
Du* = and Du =
0, ifu<o, —Du, ifu<O.
Here u* = max{u,0}, »~ = —min{x, 0}. This lemma holds in W}L4(£2) as well.

Lemma 2.4 (see [17]) If a sequence g, € Lg(S2) converges in measure to a measur-
able function g and if g, remains bounded in L(2), then g € L$(2) and g, — g for
0 (L5(R2), Eo(S2)).

The following propositions refer to Theorems 1.6-1.8 in [16], Theorem 4.2 in [22], and
Theorem 2.1 in [18].

Proposition 2.1 Let ® € N(S2) and

Dy(x,u) =adx,bu) (a,b>0), forallu>0,x e Q. (2.13)
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Then &, € N(R2) and the complementary function ®, to ®, is given by
D4 (x,v) = a5<x, Lb)' forallv>0,x €, (2.14)
a

where ® is the complementary function to ®.

Proof It is easy to see that ®; € N(£2). We only need to show (2.14). By (2.1) and (2.13), we
can deduce that

o1(x,7) = abp(x,bt), forallT >0,x €,

where ¢ and ¢, are the right-hand derivatives of ® and &, respectively.
From (2.3), ¢1(x,0) = } sup{bt : ¢(x,b7) < Z} = 1¢(x, %), Yo > 0 and x € Q.

For Vv > 0, by (2.2), ®;(x,v) = afovqb(x, 2)d 2, Vv >0 and x € Q. Define s = 7. Then

D4 (x,v) :afoﬁ ¢(x,5)ds = ad(x, %), Vv >0 and x € Q. O
Proposition 2.2 Let @, ®, € N(RQ2) and

@ (x,u) < Dy(x,u) + h(x), forsomeh e LNQ), allu> 0 and x € Q. (2.15)
Then

Dy (x,v) < D1(x,v) + h(x), forallv>0andxeR,
where ®; and O, are the complementary functions to ®; and ®,, respectively.

Proof By (2.5) and (2.6), one has ®,(x, ¢5(x, v)) + ®o(x,v) = o (x,v) - v < D1 (x, P (x,v)) +
@4(x,v), Vv>0and x € Q.

In view of (2.15), ®(x, P2(x,v)) + h(x) > DP1(x, P2(x,v)), Vv > 0 and x € Q. Therefore,
Dy (x,v) < Di(x,v) + h(x), Vv>0and x € Q. a
Proposition 2.3 Let ® € N(Q) and its complementary function is ®. ¢ and ¢ are given by
(2.1) and (2.2), respectively. Then the following assertions are equivalent.

1) ®e A,

(2) Vb > 1, there exist K' > 1 and a nonnegative function Iy € LN() such that

D(x, Liu) < K'®(x, u) + Iy (x), forallu>0anda.e. x € Q.

(3) Viy > 1, there exist ¢ € (0,1) and a nonnegative function Iy € LN(2) such that
CD(x, 1+ s)u) < Lo, u) + (%), forallu>0anda.e. x € Q.

(4) Vi3> 1, there exist § > 0 and a nonnegative function s € LN() such that

(5 + 8)®(x,v) < D(x, l3v) + h3(x), forallv>0anda.e. x € Q.
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(5) Vi > 1, there exist ly > 1 and a nonnegative function hy € LNR) such that

|~

D(x,v) < D(x,lyv) + iu(x), forallv>0anda.e x € Q.

~

ol

(6) There exist Is > 1 and a nonnegative function hs € LN(2) such that
— 1 — ~
Dx,v) < g<b(x, Isv) + h5(x), forallv>0anda.e x € Q.
5

(7) There exist lg > 0 and a nonnegative function he € L\(RQ) such that
ug(x, 2u) < loug(x, u) + he(x), forallu>0anda.e. x € Q.

(8) Vmy > 1, there exist I; > 0 and a nonnegative function hy € LNR) such that
up(x, mu) < Lup(x, u) + B (%), forallu>0anda.e. x € Q.

Proof (1)=(2). Since ® € A,, by (2.7), there exist K > 1 and a nonnegative function 4 €
LY(R2) such that ®(x,2u) < K®(x,u) + h(x), Yu > 0 and a.e. x € Q. For every [; > 1, there
exists # € N such that 2” > [;. Then

D(x, hu) < CD(x, Z”M) < KCD(x, 2”’1u) + h(x)
< Ksz(x, 2”_214) + (K +1)h(x)

< <K'"®@,u) + (K" + -+ K +1)h(x)

K"-1
=K"®(x,u) +
K-1

h(x),

Vu > 0 and a.e. x € Q. Taking K’ = K" and = %h(x), we can deduce the assertion (2).
(2)=(3). For every l, > 1, by the assertion (2), there exist K’ > [; and a nonnegative func-

tion /1 € L'(Q) such that

O (x,2u) < K'®(x,u) + In(x), forallu>0anda.e. xe .

-1

Take & = 2,

then ¢ € (0,1). Hence,

D(x,(1+&)u) = D(x, (1 — &)u + 2eu) < (1-&)P(x, u) + e D(x,2u)

<(1-8)®(x,u) + K'e®(x,u) + ehy(x) = b®(x, u) + ehy(x),

for all # > 0 and a.e. x € Q. Taking hy = ehy, we complete the assertion (3).
(3)=(4). By the assertion (3), Vi3 > 1, there exist ¢ € (0,1) and a nonnegative function
hy € LN(R) such that

CD(x, 1+ s)u) <I3®(x,u) + ha(x), forallu>0andae. x€Q.
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It implies that idD(x, 1+&)u) <dxu)+ %Ijlz(x). Denote ®;(x, u) = %Cb(x, (1 + &)u). By
Proposition 2.1, ®; (x,v) = %6(9@ 1%V), Vv >0 and a.e. x € Q. By Proposition 2.2, we get

_ 1_— l 1~ 1 — 1-
Dy (x,v) < Ed)(x, ﬁv> + EhZ(x) < md)(x,lw) + Ehz(x),

Vv > 0, and a.e. x € . Thus, we have I3(1 + £)®;(x,v) < D(x,l5v) + (1 + &)l (x). Taking
§=lze and h13 = (1 + &)l1p, we complete the assertion (4).

(4)=(5). By the assertion (4), VI > 1, there exist § > 0 and a nonnegative function hs €
LY(Q) such that

Ly + 8)D(x,v) < D(x,lyv) + h3(x), Vv>0andae. xc Q.

5 -~ 17 . _ 5 Fo_ 13
Hence, ®(x,v) < 14(1+%)d>(x, Iyv) + —14(1+ﬁ)h3(x). Taking [p =1+ i’ and /4 = —14(1+%)h3, we

complete the assertion (5).
(5)=(1). By the assertion (5), Vi, > 1, there exist [y > 1 and a nonnegative function hy €
LY() such that

_ 1 -~
O(x,v) < ﬁdD(x, I4v) + hy(x), Vv>0anda.e.x € Q.
ola

By Proposition 2.1 and Proposition 2.2, we obtain ®(x, lou) < lolaD(x, u) + lolaha(x), Yu > 0
and a.e. x € Q. Take ny € N such that [;° > 2. Then ®(x,2u) < ®(x, [ u) < [°[,° D (x, u) +

no Mo no 0,
lozoiifllh‘l(x)‘ Denote /;°/,° = K and 10102,111’14 =h. We deduce (2.7), i.e. ® € A,.

(6)=(1). Define W (x,v) = i@(x, Isv). By Proposition 2.1, W (x, u) = icb(x,Zu), Yu>0
and a.e. x € Q. By Proposition 2.2, ®(x,2u) < 2lsD(x, u) + 2lshs(x), Vu > 0 and a.e. x € Q.
Therefore, ® € A,.

Similarly, (1) implies (6).

(1)=(7). By (2), there exist K’ > 0 and /1, € L'(£2) such that

D(x, 4u) < K'®(x,u) + ln(x), forallu>0anda.e. xe Q.

On the other hand, we have 2u@(x, 2u) < ®(x, 4u) and P (x, u) < up(x, u), forx € Q, u > 0.
Hence,

K’ 1-
up(x,2u) < Eugo(x, u) + Ehl(x)’ forallu > 0anda.e.x € Q.

Consequently, the assertion (7) holds by taking /s = %, and il6 = %ljzl

(7)=(8). For every my > 1, there is ny € N* such that 270 > m;. Then up(x, mu) <
Yl07 - y
up(x,2"u) < I up(x, u) + 1166711}16(x), Yu > 0 and a.e. x € Q. Taking /; = [, and h; =
n07 -
1166,11 hg, we complete (8).
(8)=(1). For every /; > 1, we have ®(x,Lju) < Lug(x,Lu). By (8), there exist /; > 0 and

h; € L(R) such that

up(x, hu) < Lugp <x, g) + 1:17(x), forallu > 0and a.e. x € Q.
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It follows that ®(x, hu) < Lilyug(x, %) + Ly (x) < 2041 ®(x, u) + Ly (x), for allu > 0 and a.e.
x € Q. Taking K’ = 2/1/; and ill = 111717, we deduce (2). Immediately, (1) holds. O
13]

Example 2.1 Let O(x, |¢]) = (1+%)ln(l+%)—m, forx € Qandt € R, wherep: Q — R

is a measurable function such that1 < p_ < p(x) < p, < +00. Then ¢(x, |t]) = ﬁ In(1+ 1%),
o (x, |s]) = p(x)(exp(p(x)|s|) — 1) and ®(x, |s|) = exp(p(x)|s]) — p(x)|s| — 1. It follows that ®
N(Q) and ® € A,. But ® ¢ A,. Moreover, both ® and ® are locally integrable. Therefore,

Lg(2) is separable, but L () is not reflexive.

Remark 2.1 Let ®(x, |t]) = exp(p(x)|t]) — 1, for x € Q and £ € R, where p: Q@ — R is a
measurable function such that 1 < p_ < p(x) < p, < +00. It is worth noting that ® does not
satisfy the condition lim,,_, o+ sup,.q @1 _ (), Therefore, ® ¢ N ().

u

Clearly, by (2.9), Proposition 2.1 and Proposition 2.2, we can deduce the following
proposition.

Proposition 2.4 If ® <, then U<,
3 Existence theorems

Let ® € N(£2), and satisfy the condition

(®) ® € A,, ® isa complementary function to ®, both ® and ® are locally integrable and
satisfy (Pz).

We assume that there exists ¥ € N() satisfying the condition

() W e Ay, ¥ is a complementary function to W, both ¥ and W are locally integrable and
satisfy (@,), ® < ¥, and the embedding W'Le(R2) > L¢ (L) is compact.

Note that, in this case, the spaces Lo (L), Ly (2), WL (S2), W} Lo (RQ) are separable Ba-
nach spaces.

For u,v € L%(Q), we denote u A v = min{u, v}, u Vv = max{u, v}, u* :=uVv 0, u" := —u A0,
u<v& ulx) <vix) fora.e x € Q.

Let a; : Q x RN — RN be a Carathéodory function satisfying the following conditions:

(A;) Forae.x e Qandall£,n e RV,

|a1(x,8)] < 2@ (x, D (x, [£])) + @1 (), (3.1)
al(x, g)é > bZCD(xr |$ |) _g2(x)1 (32)
[a1(x. &) —ar(x,m)]E—n) >0, &+, (3.3)

where by, by >0, g1 € E5(RQ), g1 >0, g5 € LY(R), and g, > 0.
Let ap : 2 x R — R be a Carathéodory function satisfying the following conditions:

(Ag) Fora.e.xe QandallteR,
|ao(x,8)] < b1 ® " (%, D(x, [£])) + @1(x), (3.4)

where by >0, g1 € E5(2), and g; > 0.
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Example 3.1

(1) Let ®(x, |t]) = ﬁ|t|p(x), ay(x, &) = |EPW2¢ forx € Qand t € R, where p: Q@ — Riis
a measurable function such that 2 < p_ < p(x) < p, < +00. Then ® satisfies (®) and
we get the p(x)-Laplace operator div(|Du["®-2Duy).

(2) Let ®(x, |t]) = ﬁ[(l +|E2)P92 1], a1 (x, &) = (1 + |€]2)PW-D2¢ for x € Q and
t € R, where p: © — R is a measurable function such that 2 < p_ < p(x) < p, < +00.
Then & satisfies (®) and we obtain the generalized mean curvature operator
div((1 + |Du|?)PW-22Dy). Moreover, by Proposition 2.3(6), ® € A,.

(3) Let d(x, |t]) = (1 + [%)ln(1+ 1% - 1%, forxe Qandt € R, wherep: 2 — Risa
measurable function such that 1 < p_ < p(x) < p, < +oo. Clearly, it can be verified
that @ satisfies (®). Put a1 (x, €) = ¢(x, |“§|)|§—|, and ag(x,£) = p(x,|t]), forx e 2, t € R
and £ € RN, where ¢(x, |£|) = ﬁ In(1 + 1%). Then a; and ay satisty (A1) and (Ao),
respectively.

Remark 3.1 Clearly, the condition (1.2) (resp. (1.5)) implies (3.1) (resp. (3.4)).

Consider the following Dirichlet boundary value problem:

—div(a (x, Du)) + ao(x, u) =f(x,u,Du), in L,
u=0, ondf2,

(3.5)

where f: Q x R x RN — R is a Carathéodory function. Denote by F the Nemytskii oper-

ator associated to f, that is,
F(u)(x) :f(x, u(x),Du(x)), forx € Q.

A function u is called a (weak) solution of (3.5) if u € W}Lo(R), F(u) € L(2) and u
satisfies the equation

/al(x,Du)Dvdx+/ ao(x,u)vdx:/f(x,u,Du)vdx, forallve W&Lq;(Q). (3.6)
Q Q Q

A function u is called a subsolution (resp. supersolution) of (3.5) if u € W} Lo (), F(u) €
L3(€2) and (3.6) holds with ‘=" replaced by ‘<’ (resp. ‘>’) for every nonnegative functions
vin W} Le() (see [2]).

Theorem 3.1 Suppose that u,,...,u, and ui,...,u,, are subsolutions and supersolutions
of (3.5), respectively, that satisfy

U=uy ViV VU SU Nl AN Ny, i= U

Let (@), (V), (A1), (Ao) hold. Assume the nonlinear term g satisfies the following local
growth condition:

[f(x,2,6)| < q() + bs® " (x, D(x, [£])) + ba T (%, B (, I€])), (3.7)

fora.e.x € Q and Vt € [u(x), u(x)], with q € E5(S2), bs, ba > 0. Then there exists a solution
u of (3.5) such that u <u <u.



Dong and Fang Boundary Value Problems (2016) 2016:106 Page 12 of 19

Proof Denote V = W} Ly (R2). For x € Q, we put

u(x), if ulx) > u(x),
Tu(x) =  u(x), ifulx)<ulx)<ulx), forueV.

u(x), ifu(x) <ulx),

Then Tu =u Vv u+uAu—u By Remark 3.1in [2], T: V — V is continuous. It is easy to
see that T is bounded. From Proposition 2.4, we obtain F(Tu) € L$(Q2), Vu e V.
We define the cutoff function /: 2 x R — R given by

B D, s —aw),  ifs>aw),
l(x,8) =10, if u(x) <s <u(x),

O (x, Plx,ulx) —s)), ifs<ux),
for x € 2, s € R. Then [ satisfies the following condition:

l(x,9)| < E_I(x, D (x,2[s])) + 6_1(36, D (x,2[ux)|)) + 6_1(96, D (x,2

u()])), (3.8)

forx € Qand all s € R.
For all u € V, since ® € A,, there exists K; > 1 such that

/ I(x, w)udx
Q

:/ 571(x,d>(x,u—ﬁ))(u—ﬁ) dx
{u>u}

+ / 3! (x, D(x, u — E))ﬁ dx
{u>u}

+

/ 3! (x, D, u — u))(g —u)dx
{u<u}

_/ d 1(x,d>(x,g—u))gdx
{u<u}
_ 1 _ _
2/ d>(x,u—u)dx—/ [ECD(x,u—u) + d>(x,2|u|)] dx
{u>u} {u>u}

1
+/ dD(x,g—u)dx—f [Ecb(x,g—u)+d>(x,2|g|)] dx
{u<u} {u<u}

1
=—f <1>(x,u-ﬁ)dx—/ D (x,2[ul) dx
2 {u>u}

{u>u}

1
+§/ d>(x,g—u)dx—/ <I>(x,2|g|)dx
{u<u}

{u<u}

> %fw} [m(x, '—Z') - @(x,|ﬁ|)i| dx—fg@(x,ZlﬁDdx
+ %f[_} [2c1>(x, '—Z') - <I>(x,|g|):| dx

- /Q (1>(x,2|g|) dx
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o5 )26
Lol )= )
=/ ()

1
> — [ ®(x,|ul)dx-C, 3.9
> o [ owi)as 9)

for some constant C > 0 independent of u, where {u < u} = {x € Q: u(x) < u(x)}, {u>u} =
xeQ:ulx)>ulx)},and {u <u <u}={xeQ:ux) <ulx) <ux)
Let us consider the auxiliary equation of finding # € V such that

/al(x,Du)Dvdx+/a0(x, Tu)vdx+k/ I(x, u)vdx
Q Q Q
=/F(Tu)vdx, YveV, (3.10)
Q

where A > 0 is a parameter to be specified later.
Define 'y : V — V*,

(Tru,v) :=f al(x,Du)Dvdx+f ao(x, Tu)vdx+)»/
Q Q

I(x, u)vdx — / F(Tu)vdx,
Q Q

Vv € V. Then I' is well defined.

Since @ € A,, there exists a sequence {w,} C V such that {w,} is dense in V. Let V,,, =
span{wy, ..., w,,} and consider I'r|y,,. For every u € V,,, |Du| ¢ and fQ |Du|dx are two
norms of V,,, equivalent to the usual norm of finite dimensional vector spaces.

Similar to the proof of Proposition 3.1 in [20], we can deduce that the mapping u —
I'rly,u:V,, — V. is continuous.

In view of (3.7), one has

/F(Tu)udx
Q
§C*||q||@||u||1,<p+2b3/ <I>(x,|u|)dx+b3/ CD(x, |E|)dx+b3[ dD(x, |g|)dx
Q Q Q
+b481/ D (x, |Dul) x+b4/ allll(x,ilﬂl vlgl) dx+b4/ W (x, [u]) dx
Q Q & Q
+b4/ \Il(x, |g|)dx+b4/ CD(x, |Dﬁ|)dx+b4/ CD(x, IDEI)dx, (3.11)
Q Q Q

for all u € V, where ¢; = 2% and the constant C* > 0.
Thanks to (3.4) and (2.8), there exist K > 1 and a nonnegative function / € L'(R2) such
that

/ ao(x, Tu)udx
Q

<bh(Ky-1) /Q[GD(x, |u|) + Cb(x, |g|) + d>(x, |ﬁ|)] dx + b, /Q h(x)dx
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g1 (x) |) dx

+(b1+1)f <I>(x,|u|)dx+/5(x,
Q Q

= (biKy +1) fg @ (x, [ul) dx + C, (312)

for all u € V, where the constant C > 0 is independent of u.
Let A > K1(b1K; + 1 + 2b3). Combining (3.2), (3.9), (3.11), and (3.12), we obtain

b A
(FTu,u)z—Z/ <I>(x,|Du|)dx+ — —b1 Ky —1—-2b; /CD(x,|u|)dx
2 Ja K Q
—C-Clqliglulie
b
-2 / ®(x, |Dul) dz - C - C*lqllylull o (3.13)
Q

for all u € V and some C > 0 independent of u. By Proposition 1.9 in [2], there exists C; > 0
such that ||u||¢ < C1||Du||¢. In view of (3.13), for all « € V,,,, we have

(Trlv,,u, u) - by [o, ®(x, |Dul)dx _C
lulle — 2(1+C)lDulle llzell1,0
by [o, ®(x, |Dul)dx C
T 2G(1+C) [, |Duldx  lulle

-Clally

- Clgllw

for some constant C, > 0. By Lemma 2.1, we get

(T'rlv,,u, u)

— +00, as ||ully,e — +00. (3.14)
lull1,o

By Lemma 2.2, there exists a Galerkin solution u,, € V,, for every m € N such that
(Crtty,v) = 0, v € V. Using the density of {w,,}, we deduce that

(Crtty,v) =0, VveV. (3.15)

For u € V, define p(u) = fQ(CD(x, |Dul) + ®(x, |u])) dx and |[u]|, = inf{A > 0: p(§) < 1}.
Then ||%||, is a norm of V equivalent to |u||;,¢ (see [2]).

Taking o = min{%z, % — b1 Ky —1-2b3}, we have

(FTu,u)zoto[/ <I>(x,|DM|)dx+/ <I>(x,|u|)dx]—C—C*Ilqllallulll,cp
Q Q

ot [ e 2 [ )

- C-Clgliglule

> ao(llull, - &) = C = C*liqllgllul,e,

for all u € V, as |lul|1,¢ is large enough. Therefore, by (3.15), we get a sequence {u,,}

that is bounded in V. Hence, there exist uy € V and a subsequence {u} of {i,,}, such

Page 14 of 19
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that
ur — ug weaklyin V for o (1_[ Lo, HE@), (3.16)
ur — uo strongly in Ly (2), (3.17)
Uy —> up a.e.in Q, (3.18)
as k — oo.

By (3.4) and (3.8), {ao(x, Tux)} and {{(x, ux)} are bounded in Lg(£2). By Lemma 2.4,
ao(x, Tux) — ao(x, Tug) weakly in Lg(2) for o (Lg, Eo)
and
I, ux) — l(x,up)  weakly in Lg(2) for o (Lg, Eo),

as k — oo.
On the other hand, by the Lebesgue theorem, we deduce that

/an(x, Tu ) (g — ug) dx — 0, /s;l(x, ur)(up — ug)dx — 0, ask — oo.
Thanks to (3.7), {F(Tux)} is bounded in Ly (€2). Hence,
fQF(Tuk)(uk —up)dx —> 0, ask— oo.
Thus we obtain
/Qal(x,Duk)(Duk —Dug)dx — 0, ask— oo. (3.19)

Similar to the proof of Proposition 3.1 in [20], we can construct a subsequence still denoted
by {ui} such that

Duy — Dug a.e.in Q, as k — oo. (3.20)
Hence
ai(x, Duy) — ai(x,Dugy) a.e.in Q, as k — oo. (3.21)

In view of (3.1), {a;(x, Duy)} is bounded in (L3(2))Y, then by Lemma 2.4, we have
a1(x, Duy) — ay(x, Dug)  weakly in (Lz())" for o ((Lz(@)", (Eo(@)"),  (3:22)
as k — oo. Similarly,

F(Tuy) = F(Tug) weakly in Li(S2) for o (Ly, Ew),as k — oo.
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Hence, (I'ru,v) = (Crug,v), Vv € V. By (3.15), (I'rug,v) =0, Vv € V, i.e., uy is a solution
of (3.10).
For every m € N, taking v = (u,, — u)* € V in (3.15) as a test function, we get

f [al(x,Dum) —ai(x, Dﬁ)]D(um —-u)tdx
Q
+ / [ao(x, Tu,,) — ao(x,ﬁ)](um —u)tdx+ )»/ 1, ty) (U — )" dx
Q Q
< / [F(Tut) — F(@)](n — )" dix. (3.23)
Q
By (3.3), we have
/ [al(x,Dum) —ai(x, Dﬁ)]D(um —u)tdx
Q
= / [al(x,Dum) - (x, Dﬂ)]D(um —u)dx>0.
{um>u}
Since
f [ﬂo(x, Tu,,) — ao(x, ﬁ)](um -u)'dx=0
Q
and
/ [F(Tum) — F(@) | (s — )" dx = 0,
Q

we get
0> / 10, 1) (1, — ) dx > f ®(x, u,, —u)dx > 0.
Q {um>u}

It follows that u,, < u. Using arguments similar to those above we can prove that u,, > u.
Thanks to (3.18), one has u < 1y < u. From the definitions of /(-, uo(-)) and Tug, we have

I(%, uo(x)) =0, ao (%, Tuo(x)) = ao (%, uo(x))
and

S (% Tuo(x), DTuo (%)) = f (%, o (x), Duo (%)),
for a.e. x € Q. We note that then (3.10) reduces to (3.6), which completes the proof. O
Remark 3.2 Our proof does not need the conditions ® € A, and (®3) in [2].

Remark 3.3 Our method needs the strict monotonicity (3.3) of a;, but does not require
monotonicity (1.7) or coercivity (1.6) of ag. However, if ® € A, then we can deduce (3.22)
by following the lines of Theorem 4.1 in [23] when (3.3) is replaced by (1.4).
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Remark 3.4 Assume that (1.7) holds and the assumptions of Theorem 3.1 hold. If
fx,u,Du) = f(x) € Li(S2), then it is easy to see that (3.5) has a unique solution.

Remark 3.5 Now we consider the following Neumann boundary value problem:

—div(a1(x, Du)) + ao(x, u) =f(x,u,Du), in L,
a(x,Du)-y =0, onadg,

(3.24)

where y is the outward unit normal to 9€2.
We also assume that there is a function G : [k, +00) — R for some k > 0 such that G(s) —

+00 as s — +00 and
DO (x, su) > G(s)sd(x, u) — sh(x), foralls>0,u>0, a.e.x €L, (3.25)

and some /1 € LY(2), h > 0.

Assume that (3.25) holds and the assumptions of Theorem 3.1 hold. Replacing V by
W1Ls(R2) in the proof of Theorem 3.1, and (3.13)-(3.14) by the following lines, we can de-
duce a similar theorem to Theorem 3.1 for the Neumann boundary value problem (3.24).

b A

(T, u) > _2/ D (x, |Dul) dx + (——b11(2—1—2b3)/ D (2, |u]) dx
2 /g K Q
- C-C*qlgllulLe

>y [ f ®(x, |Dul) i + / (1) dx} —C-Clglglulhe  (3:26)
Q Q

for all # € V and some C > 0 independent of u, where o = min{%z, % - b1 Ky —1-2bs}.
Combining (3.25) and (3.26), we can deduce that, for any ¢ > 0,

(Cru,u)

zaomep(x,(nunp—s) ||u|ﬁu_|8)dx+/gd>< ,(||M||p—8)$>dx:|

-C-Clqliglule

o[ (e 2 e (sl )]

—ao(llull, —¢) | |hx)|dx - C - Cliqllgllul,o
Q

> aro(lull, — )G (Il ) — o (Il ) /Q|h(x)| dx-C

- Clqligllule,

VYu €V, as ||ull;,o is large enough. Since ¢ is arbitrary, we get

(Cru, ) > aollull, G(Ilull ) —aollullp/ |h(x)| dx - C = C*liqllg 1,0,
Q
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Vu € V, as ||ul|1,¢ is large enough. Therefore, we obtain

(FT|VW,M7 L{)

— +00, as ||u]l,e = +00.
il

Proposition 3.1 If5 € Ay, then there are functions h € LN, h>0,and G : [k, +00) = R
for some k > 2 such that G(s) — +00 as s — +00 and (3.25) holds.

Proof The proof of (3.25) is similar to the proof of Lemma 3.14 of [24].
Since ® € A,, there exist a positive constant k > 1 and a nonnegative function # € L'(2)
such that ®(x, 2v) < k®(x,v) + h(x), forall v > 0 and a.e. x € Q. Necessarily, k > 2. Defining

a function F : [1, +00) — [k, +00) by
F(r)=r(0-0k"+ 2™ ifre[2",2" ] and r= 1-A)2" + 22",

we obtain

K1k
k=1 k-1

D(x,rv) < [(l — VK" + kk”+1]5(x, V) + |:(1 -2) :|h(x)

< [(1 - k" + Ak”+1]5(x, V) + [(1 - MK" + Ak”*l]h(x)

< F(r)®(x,v) + @h(x).

Hence ﬁ@(x, rv) < ®(x,v) + %h(x). Taking W, (x,v) = ﬁa(x, rv), by Proposition 2.1 and
Proposition 2.2, we have ®(x, u) < ﬁé(x, @u) + %h(x), forall z > 0 and a.e. x € Q. It fol-
lows that F(r)®(x, u) < ®(x, @u) + @h(x), forall # > 0 and a.e. x € Q. Since @ strictly
increases from k to +00 as r € [1,+00), its reciprocal function G(s) is well defined and
strictly increases from 1 to +00 as s € [k, +00), and we have sG(s) P (x, u) < P(x, su) + sh(x),

ie.
DO (x, su) > sG(s)D(x, u) — sh(x), fors>k,u>0anda.e. xe€ Q. (|

Remark 3.6 Clearly, (1.9) can be replaced by (3.25) in the proof of Theorem 2.1 in [2].
Therefore, by Proposition 3.1, the condition (1.9) can be omitted since ® € A, in [2].

Denote S = {u € WlLe(R) : u is a solution of (3.5) and u < u < u}. Under the assump-
tions of Theorem 3.1, the solution set S is nonempty and we can deduce the following

corollary.

Corollary 3.1 Under the assumptions of Theorem 3.1, the following assertions about S are
true.
(a) The set S is compact in WiLe(S2).
(b) S is a direct set in both directions, that is, if uy, up € S then there exist u,v € S such
thatu > w1 NV uy and v < uy A uy.
(c) S has least and greatest elements with respect to the ordering ‘<] that is, there are

U, u* €8S suchthat u, <u<u*, forallues.
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