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1 Introduction
We study a free boundary problem for compressible Navier-Stokes equations with
density-dependent viscosity and a non-autonomous external force, which can be written

in Eulerian coordinates as:

pr + (pu)e =0, >0 (1.1)

(pu)e + (o + P(p))e = (nug)e + of,  a(r) <& < b(7) (1.2)
with initial data
(0, u)(§,0) = (po,uo)(§), a=a(0) <& =<b(0)=0b, (1.3)

where p = p (1), u = u(&r), P = P(p) and f = fl&t) denote the density, velocity, pres-
sure and a given external force, respectively, u = u(p) is the viscosity coefficient. a(z)
and b(7) are the free boundaries with the following property:

d d
dr a(t) = u(a(r), 7), dr b(z) = u(b(z), ), (1.4)

(=P(p) + n(p)ue)(§,7) =0, & =a(r), b(z). (1.5)

The investigation in [1] showed that the continuous dependence on the initial data of
the solutions to the compressible Navier-Stokes equations with vacuum failed. The
main reason for the failure at the vacuum is because of kinematic viscosity coefficient
being independent of the density. On the other hand, we know that the Navier-Stokes
equations can be derived from the Boltzmann equation through Chapman-Enskog
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expansion to the second order, and the viscosity coefficient is a function of
temperature. For the hard sphere model, it is proportional to the square-root of the
temperature. If we consider the isentropic gas flow, this dependence is reduced to the
dependence on the density function by using the second law of thermal dynamics.

For simplicity of presentation, we consider only the polytropic gas, i.e. P(p) = Ap?
with A > 0 being constants. Our main assumption is that the viscosity coefficient y is
assumed to be a functional of the density p, i.e. # = cp’, where ¢ and 6 are positive
constants. Without loss of generality, we assume A = 1 and ¢ = 1.

Since the boundaries x = a(zr) and x = b(z) are unknown in Euler coordinates, we will
convert them to fixed boundaries by using Lagrangian coordinates. We introduce the
following coordinate transformation

&
X = /p(y,r) dy, t=1, (1.6)
a(t)

then the free boundaries ¢ = a(r) and & = b(r) become

b(r) b
x20,  x= /p(z,r)dz=/po(z)dz (1.7)
a(t) a

b
where f po(z) dz is the total initial mass, and without loss of generality, we can nor-

a
malize it to 1. So in terms of Lagrangian coordinates, the free boundaries become

fixed. Under the coordinate transformation, Eqgs. (1.1)-(1.2) are now transformed into

o+ puyx =0, t>0, (1.8)
ug+P(p)e = (pu(p)us)x +f(r 1), 0<x<1 (1.9)
X
where 7= [ p~!(y, t) dy. The boundary conditions (1.4)-(1.5) become
0

(—p” +p"u)(d, 1) =0, d=0,1, (1.10)
and the initial data (1.3) become
(,O, u)(x' O) = (pOIuO)(x)I X € [0, 1] (111)

Now let us first recall some previous works in this direction. When the external
force f= 0, there have been many works (see, e.g., [2-9]) on the existence and unique-
ness of global weak solutions, based on the assumption that the gas connects to
vacuum with jump discontinuities, and the density of the gas has compact support.
Among them, Liu et al. [4] established the local well-posedness of weak solutions to
the Navier-Stokes equations; Okada et al. [5] obtained the global existence of weak
solutions when 0 <@ < 1/3 with the same property. This result was later generalized to
the case when 0 <@ < 1/2 and 0 <@ < 1 by Yang et al. [7] and Jiang et al. [3], respec-
tively. Later on, Qin et al. [8,9] proved the regularity of weak solutions and existence
of classical solution. Fang and Zhang [2] proved the global existence of weak solutions
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to the compressible Navier-Stokes equations when the initial density is a piece-wise
smooth function, having only a finite number of jump discontinuities.

For the related degenerated density function and viscosity coefficient at free bound-
aries, see Yang and Zhao [10], Yang and Zhu [11], Vong et al. [12], Fang and Zhang
[13,14], Qin et al. [15], authors studied the global existence and uniqueness under
some assumptions on initial data.

When f'= 0, Qin and Zhao [16] proved the global existence and asymptotic behavior
for y =1 and u = const with boundary conditions #(0,f) = u(1,t) = 0; Zhang and Fang
[17] established the global behavior of the Equations (1.1)-(1.2) with boundary condi-
tions #(0,£) = p(1,£) = 0. In this paper, we obtain the global existence of the weak solu-
tions and regularity with boundary conditions (1.4)-(1.5). In order to obtain existence
and higher regularity of global solutions, there are many complicated estimates on
external force and higher derivations of solution to be involved, this is our difficulty.
To overcome this difficulty, we should use some proper embedding theorems, the
interpolation techniques as well as many delicate estimates. This is the novelty of the
paper.

The notation in this paper will be as follows:

[P, 1 <p<+00, W™, meN,H =W"2, H} =W,? denote the usual (Sobolev)
spaces on [0,1]. In addition, || - ||p denotes the norm in the space B; we also put
=10 =11- 2 o)

The rest of this paper is organized as follows. In Section 2, we shall prove the global
existence in H'. In Section 3, we shall establish the global existence in H>. In Section
4, we give the detailed proof of Theorem 4.1.

2 Global existence of solutions in H'
In this section, we shall establish the global existence of solutions in H'.
Theorem 2.1 Let 0 <0 < 1, ¥ > 1, and assume that the initial data (pg,uo) satisfies

[ior,llf] po>0,p0 € W ug e H' g external force f satisfies fir(x,),-) € L*"([0,T], L*"
[0,1]) for some n € N satisfying n(2n - 1)/(2n* + 2n - 1) >0, then there exists a unique
global solution (p (x,t),u(x,t)) to problem (1.8)-(1.11), such that for any T > 0,

0 < C{N(T) < p(x,t) < Ci(T), pelL>([0,T],H[0,1]),

u e L®([0,T], H'[0,1])n € L*([0, T], H?*[0, 1]), u, € L*([0, T], L*[0, 1]).

The proof of Theorem 2.1 can be done by a series of lemmas as follows.
Lemma 2.1 Under conditions of Theorem 2.1, the following estimates hold

1 01
/ (;uz ' i 1py_1> dx + / / U2 (x, ) dxds < C1(T), (2.1)
0 00

plx, ) < Ci(T),  (xt) €[0,1] x [0, T], (2.2)

1

1 t
/uz”dx+ n(2n —1) / / U212 (x, 5) dxds < C1(T) (2.3)
0 0

0
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where Cy(T) denotes generic positive constant depending only on
llpollwranjo,1). luo 0,1}, time T and ||f||12+ ([0, T, L**[0, 1]).

Proof Multiplying (1.8) and (1.9) by p"? and u, respectively, using integration by
parts, and considering the boundary conditions (1.10), we have

1 1 1
1 1
;lt/ (2u2 + , 1p”1) dx+/p1+eufdx= /fudx (2.4)
0 0

0

Integrating (2.4) with respect to ¢ over [0,¢], using Young’s inequality, we have

1 r1 r1 t1
1 1 1
/(2u2+ B lp”’1>dx+//p“9u£dxds§ Cyi(T) + 2//u2dx+C1//f2dxds
0 v 00 00 0 0

t 1
1
ng/u2dx+cl(T)
00

which, by virtue of Gronwall’s inequality and assumption f{ir(x,-),") € L**([0,T], L*"
[0,1]), gives (2.1).
We derive from (1.8) that

(0")e = —0p""u, (2.5)

Integrating (2.5) with respect to ¢ over [0,] yields

t

0% (x,t) = p§ — 6 / 0P u,(x, 5)ds. (2.6)

0

Integrating (1.9) with respect to x, applying the boundary conditions (1.10), we

obtain
x x
o= [udys o7 = [ .00 2.7
0 0
Inserting (2.7) into (2.6) gives
t [ X
o’ +0 / p¥ds = p)+6 / /f(r, (y,5),s)dyds — 6 / (u —up)dy (2.8)
0 0 0 0
Thus, the Holder inequality and (2.1) imply
x
/ u(y, )dy| = G (2.9)
0

and (2.2) follows from (2.8) and (2.9).
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Multiplying (1.9) by 2n4*"" and integrating over x and ¢, applying the boundary con-
ditions (1.10), we have

1 t

1
/uzndx+2n(2n— 1)//u2”_2p1+0ufdxd5
00

0
) . - (2.10)

1
= fu%"dx+2n(2n— l)f/.uznfzpyuxdxds+2n//.fu2"’1dxds.
00 0

0 0

Applying the Young inequality and condition f{r(x, ), -) € L**([0,7],L>"[0,1]) to the
last two terms in (2.10) yields

1 ¢ 1
/uz"dx+ n(2n — 1)//u2"’2p1*9u§dxds
0 00

(1 (1
<C +f/f2"dxds+(2n— 1)//u2”dxds
0 0 00

t 1
+n(2n — 1)//u2"_2p2’/_1_9dxds (2.11)
00

t

1 t 1
1 -1
< Cy(T) +n(2n — 1)//( pr=1=0m 1 ; u2”> dxds + (2n — 1)//u2"dxds
n
0 0 00

t 1
< Cy(T) +n(2n — l)f/uz"dxds.
00
Applying Gronwall’s inequality, we conclude
1
/uzndx < Cy(T) (2.12)
0

, which, along with (2.11), yields (2.3). The proof of Lemma 2.1 is complete.
Lemma 2.2 Under conditions of Theorem 2.1, the following estimates hold

1
[ohias=cum), (2.13)
0
p(x,t) > C;(T) > 0. (2.14)

Proof We derive from (2.5) and (1.9) that
(p")a = =0 (ut + (0" )x — f). (2.15)

Integrating it with respect to t over [0,£], we obtain

(p%)x = (pg)x—e(u—uo)—Gf(p’”)xds+9/fds. (2.16)
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Multiplying (2.16) by [(p”) ,]*"", and integrating the resultant with respect to x to
get

1 1
[ @hax= [ (o
0 0
t

0 / (4~ o) + / (o7)ds - / fds | (o) dx

2n—1 1
! 2n ! 2n
<C /(pe)f"dx /(pg)f"dx
0 0
1
1 t 2n 2n
+|lu—ug|l 2 + / (") ds | dx
0o \o
1
1 t 2n 2n (2.17)
+ / /fds dx
0 \o
2n—1 1
! 2n ! 2n
<C /(pg)ﬁndx /(pg)ﬁndx
0 0
1

Ly 2n
+|lu— uo| 20 + / / (p7)H'ds dx
o \o
1

Lt/ 2n

+/ /fz"dx ds

0 0

here, we use the inequality

/g (-+9) ||Lp < / lg ¢ 9) 1»ds. Using Young's inequality

and assumptions of external of f, we get from (2.17) that
1 1 2
n 1 n
Jenians ) [ e
0 0
1 t 1
+C//(py)ﬁ"dxds+C//f2”dxds+C1(T) (30)
0 0 0

0
L ¢ 1

< 2/(,z)‘g);"dx+C1(T)/f(,oy)ﬁ”dxds+Cl(T).
0 00
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Hence,
1 t 1
/ (p")2"dx < C1(T) + C1(T) / / (p?)2"dxds (2.18)
0 0 0

Using the Gronwall inequality to (2.18), we obtain (2.13).

The proof of (2.14) can be found in [3], please refer to Lemma 2.3 in [3] for detail.

Lemma 2.3 Under the assumptions in Theorem 2.1, for any 0 < t < T, we have the
following estimate

luy (1)) + / e ()] ds < C1(T). (2.19)
0

Proof Multiplying (1.9) by u,, then integrating over [0,1] x [0,¢], we obtain

1

t t 1 t 1
/ / udxds = / / u(p"u, — p), dxds + f / u,fdxds. (2.20)
00 00

0 0

Using integration by parts, (1.8) and the boundary conditions (1.10), we have

1

t t 1
//ul(p1+9ux—p”)xdxds= //um(py — p™%u,) dxds
00

0 0

1
1 1
=/{w0ﬂ—2ﬁ”w)ﬂm(%—2%”%0}w
0
t

1

1+6
+//{yufc',0”+l— ; uipzw}dxds.
00

Thus,

1
1
// 2 dxds + /p“eufdx:/{uxpy — Uy (,02)'— zpé+0u0x)}dx

0
to1 Lo r1
+//{yu P+l = ; ugpz*e}dxds+//utfdxds
0

1
1
< Cl(T)+/ <4p1*9u2+p2V 1= 9) dx+Cl(T)/suppV")/p“ouidxds

[0.1]

0
+C1(T)// 49|, 3 dxds + // dxds+C1(T)/t/1f2dxds.
0 0

Using Lemmas 2.1-2.2, we derive

1

t 1 ¢ 1
/uidx+//u[2dxds < Cl(T)+Cl(T)//p1+9|ux|3dxds (2.21)
00 00

0
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The last term on the right-hand side of (2.21) can be estimated as follows, using
(1.8), conditions (1.10) and Lemmas 2.1-2.2,

t 1
Cl(T)//p1+0|ux|3dxds
0 0
t

< Cl(T)/r[na?lp“guxlufdxds
0.1
0

¢ 1 ¢ 1
< Cl(T)/I[%eﬁdp“eux—p”|/ufgdxds+C1(T)//u§dxds
0 0 00

(o1 1
< Cyi(T) +C1(T)//|(p1+9ux— p}’)xds/ufc dxds (2.22)
00 0
(o1 1 (o1 1
< Cl(T)+C1(T)//|ut—ds/ufdxds+C1(T)// |f|ds/u;z'dxds
00 0 00 0
¢ 1 (1 L/l 2
< Cy(T) + i //ufdxds+C1(T)//fzdxds+C1(T)/ /ugdx ds
00 00 0o \0
. 61 6 /1 2
< Cy(T) + 4//ufdxds+C1(T)/ /u;’gdx ds.
00 0o \o

Inserting the above estimate into (2.21),

1 1

t 1 t
ufcdx+//ut2dxds < Cl(T)+C/ ||ux||2/ufdxds.
00 0

0 0

which, by virtue of Gronwall’s inequality, (2.1) and (2.14), gives (2.19).
Proof of Theorem 2.1 By Lemmas 2.1-2.3, we complete the proof of Theorem 2.1.

3 Global existence of solutions in H*

For external force f{r, t), we suppose
f(r,0) e L([0, T], L*[0, 1)), fr(r,t) € L*([0, T], L?[0, 1]), fi(r,t) € L*([0, T}, L*[0,1])  (3.1)

Constant C,(7) denotes generic positive constant depending only on the H 2_norm of

initial data (0o, uo),

constant C(7).
Remark 3.1 By (3.1), we easily know that assumptions (3.1) is equivalent to the fol-

Fllisqormazoay Wrlzgomeoan: 1l ooy time T and

lowing conditions

f(r(x, 1), t) € L>(]0, T], L*[0, 1]), (3.2)

£i(r(x 0), ) € L2([0, T], L2[0, 1]), fi(r(x, £), t) € L2([0, T], L*[0, 1]). (3.3)

Therefore, the generic constant Cy(T) depending only on the norm of initial data (po,
uo) in H* the norms of f in the class of functions in (3.2)-(3.3) and time T.
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Theorem 3.1 Let 0 <0 < 1, ¥ > 1, and assume that the initial data satisfies (po,uo) €
H? and external force f satisfies conditions (3.1), then there exists a unique global solu-
tion (p (x,t),u(x,t)) to problem (1.8)-(1.11), such that for any T > 0,

p € L*([0,T], H%[0,1]), u e L®(|0,T],H?[0,1]Nn € L*(|0, T], H?[0,1]), (3.4)

u; € L=([0, T], L*[0, 1])N € L*([0, T], H'[0, 1]). (3.5)

The proof of Theorem 3.1 can be divided into the following several lemmas.
Lemma 3.2 Under the assumptions in Theorem 3.1, for any 0 < t < T, we have the
following estimates

t 1

Ju(0)]? + 1. (x,5) dxds < Cy(T), (3.6)
[

|ux(©) |7 00 + [|uex() | *dx < Co(T). (3.7)

Proof Differentiating (1.9) with respect to ¢, multiplying the resulting equation by u,
in L*[0,1], performing an integration by parts, and using Lemma 2.1, we have

1
1d 9
2dt”ut”2 / U2 dx = /((9+1)0M Ty ug + 3]:> Uy dx
0
1 1

/ 1+6 2dx+C1(T)/ 260+3 4 p2y+l 6 2) da (38)
0

1
<
-2

+C1(T) / ((fm)2 . fﬁ) dx

Integrating (3.8) with respect to ¢, applying the interpolation inequality, we conclude

t 1
||ut(t)||2+// 14042 dxds
00
1

< |u(x, 0)| + Ci(T) / / (uf +u? + fAu? + f2) dxds

00 (3.9)

< [Jue(x 0) [ + C1(T) / [uz + (||uxx||31 g4 + ||ux||4) (s)} ds
0

t 1 t 1
+/ ||u||fm/frzdxd5+C1(t)//ft2dxds.
0 0 0 0

On the other hand, by (1.9), we get

Uot = —ypg_lpOx + pg+1u0xx + (0 + l)pngxqu +f(r0,0). (3.10)
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We derive from assumption (3.1) and (3.10) that

1

/u(zn(x) dx < Cy(T). (3.11)

0

Inserting (3.11) into (3.9), by virtue of Lemmas 2.1-2.3 and assumption (3.1), we
obtain (3.6). We infer from (1.9),

U= —yp” Lo+ p g + (0 + 1)0% pouy + f(1, 1), (3.12)

Multiplying (3.12) by u,, in L*[0,1], we deduce
1
/pg”ufxdx = /uxx (ue+y " ox — (0 +1)p” pttx — f(1, 1)) dx. (3.13)
0 0

Using Young’s inequality and Sobolev’s embedding theorem W' K W™, Lemma 2.1
and (3.6), we deduce from (3.13) that

1

/u dx<C1(T)f ul + pg + pruz +f?) dx+ fufxdx

0
1 1
< Cy(T) + C1(T) Iqullfw / pf dx + 411 /ufx dx
0 0
1
< Cy(T) + ; /ufxdx
0
whence
1
/uixdx < Cy(T). (3.14)
0

Applying embedding theorem, we derive from (3.14) that
lugllZ= < Co(T) (ltel® + lluxell?) < Co(T)

which, along with (3.14), gives (3.7). The proof is complete.
Lemma 3.3 Under the assumptions in Theorem 3.1, for any 0 < t < T, we have the
following estimates

loe(@)| + / | pee(s)]*ds < Co(T), (3.15)
0

/ |t ()] dx < Ca(T). (3.16)
0
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Proof Differentiating (1.9) with respect to x, exploiting (1.8), we have

d
Uy = (—p? + p“gux) + d{c
=—y(y = 1)p" 202 — yp" o+ (0 +1)00° 7 p2uy (3.17)

1
+(0 + 1)p% prtiy + 2(0 + 1) 0% e + 07 My + pﬁ

which gives
6-1 _
(p pxx)t +Pypxx = E(x, 1), (3.18)

with
1
E(x,t) = —Ppp2 — 2(1 — 0) 0 pthar + (1 +0)00°~ p2uy — 207 020y — 1y + pﬁ.

Multiplying (3.18) by p?'p,,, integrating the resultant over [0,1], using condition
(3.1), Young’s inequality, Lemma 3.2 and Theorem 2.1, we deduce

1
d

dt||p9_lpxxH2+/yp”+9 2p2 dx<C1(T)/ ¢+ Up + pyuy + Pl + f7) d63.19)

0

Integrating (3.19) with respect to t over [0,t], using Theorem 2.1, Lemma 3.2 and the
interpolation inequality, we derive

t
I + [ lou)as
0

1 t

t 1
< Cy(T) + C,(T) / Nl / p? dxds + C,(T) / / ¢+ u2) dxds
0 0 0

0

) (3.20)

t t 1
+Cy(T) / Il oxll / uZ, dxds + C, (T) / / f? dxds
0 0 00

t 1 t
SCQ(T)+C1(T)//,05 dxds+;/||,oxx(s)||2ds
0 0 0

which, along with Lemma 2.1, gives estimate (3.15).
Differentiating (1.9) with respect to x, we can obtain

e = p 7 (U + (v = 1)) 07202 + 70" o

—((6 + 1)p? prxtax + 2(6 + 1) % ptts + (0 + 1)0p" ' pluy) —

of (3.21)
8x) '
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Integrating (3.21) with respect to x and ¢ over [0,1] x [0,¢], applying the embedding
theorem, Lemmas 2.1-2.3 and Lemma 3.1, and the estimate (3.15), we conclude

01 ¢ 1
/ /uﬁﬂ dxds < C,(T) / / (uf + 0§ + ph + Py + pyuy + pguiz +f7) dxds
00 00

t

1 t

<y (1) / luel2e / (02 + p%) dxds + C1(T) / el el ds
0 0

J (3.22)

t 1

+C(T) / f (0f +ud + pd +f7) dxds
0 0
= G(T).

The proof is complete.
Proof of Theorem 3.1 By Lemmas 3.2-3.3, Theorem 2.1 and Sobolev’s embedding
theorem, we complete the proof of Theorem 3.1.

4 Global existence of solutions in H*
For external force f{r,t), besides (3.1), we assume that

feofufne € L2([0, TLL2[0,1]),  fors frs fur for € L2([0, T], L2[O0, 1]). (4.1)

Remark 4.1 By (4.1), we easily know that assumptions (4.1) is equivalent to the fol-

lowing conditions

fr(r(x, 0), 0), fe(r(x, 1), ), frr (r(x, £), £) € L*°([O, T],LZ[O, 1)), (4.2)

Frr(r(x, 1), ), fre (r(%, 1), 0), fu (r(x, £), 1), frr (r(x, 1), £) € L>([0, T], L*[0, 1]). (4.3)

Therefore, the generic constant Cy(T) depending only on the norm of initial data (p,,
uo) in H*, the norms of f in the class of functions in (4.2)-(4.3) and time T.

Theorem 4.1 Let 0 <6 < 1, ¥ > 1, and assume that the initial data satisfies (po,uo) €
H* and external force f satisfies conditions (4.1), then there exists a unique global solu-
tion (p (x,t),u(x,t)) to problem (1.8)-(1.11), such that for any T > 0,

p € L®([0,T), H*[0,1]), pr € L®([0, T), H?[0, 1])N € L*([0, T], H*[0, 1]), (4.4)
ou €€ L2(]0, T], H' [0, 1])N € L*([0, T], H*[0, 1]), (4.5)
u e L([0, T], H*[0, 1])n € L*([0, T], H’[0, 1]), (4.6)
u, € L*(]0, T], H*[0, 1])N € L*([0, T], H?[0, 1]), 4.7)
uy € L([0, T], L*[0, 1])N € L*([0, T], H'[0, 1]). (4.8)

The proof of Theorem 4.1 can be divided into the following several lemmas.
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Lemma 4.2 Under the assumptions of Theorem 4.1, the following estimates hold for
any te [0,1),

||utx(x' 0) “ + ””txx(xf 0) “ + ”utt(xf 0) ” < Cy(T), (4.9)

Jua(0)]” + f ()| *ds < Ca(T). (4.10)
0

Proof We easily infer from (1.9) and Theorem 2.1, Theorem 3.1 that
Ju@] = ) (D] 0 + [ 0@ + [F@- (4.11)
Differentiating (1.9) with respect to x and exploiting Lemmas 2.1-2.3, we have

Jusx(@] = D) (ux @2 + [ [+ [, (412)

or
Jus(@] = CoD) (s (@ + e + (D] + 1. (4.13)

Differentiating (1.9) with respect to x twice, using Lemmas 2.1-2.3, 3.2-3.3 and the
embedding theorem, we have

Jus (@] = CoT) (s (D5 + [0 [ + [ O] + fer ()

), (4.14)
or

Juse ()] = D)2 + [0 [0 + [ O] + I O] + [ DD- - (4-15)

Differentiating (1.9) with respect to ¢, and using Lemmas 2.1-2.3 and (1.8), we deduce
that

Jua@] < D)@ ] + [ue@ [0+ [ + Juee (] + £ + £ (4.16)
which together with (4.12) and (4.14) implies
Jua] < CA(D)(|uc(® 112 + [ O[5 + [FO] + [£O] + D] (4.17)

Thus, estimate (4.9) follows from (4.12), (4.14), (4.17) and condition (4.1).

Now differentiating (1.9) with respect to t twice, multiplying the resulting equation
by u,, in L%([0,1]), and using integration by parts, (1.8) and the boundary condition
(1.10), we deduce

1 1

4 1+0 de
Uty = [ (=p7 + 0t + 4 | the A

0 0

1 1
- — / (—=p” + p"*0u)  uyedx + / (Frt? + firie + fro + free + fur) theedlx
0 0

1 1 1
1 1
< f/p“‘)ufudx+ ) /pl*eufmdx+ ) /uf[dx
0 0 0

1
+C, (T)f (uﬁ + ufx + uﬁufx + ug +f,2u[2 +f,,2r +f[2 +flf) dx
0

(4.18)

Page 13 of 19
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2f

here, we use =
dr?

frr’tz + fury + fyr} + fy- Integrating (4.18) with respect to ¢, applying

assumption (4.1) and (4.9), we have
¢ 1
2
[ ()| +//p1+0u§xdxds
0 0

t t
1
=G(D+, / ||un(s)||2ds+C1(T)/(||ux||2+ el + Nt
0 0
2 2 2 2
s Nl + ) 2 ) (5) ds
t t
1
=G+, / ||un(s)||2ds+cz(T)/ (lalZ + el ) (5) ds
0 0
which, with Lemmas 2.1-2.3 and Theorem 3.1, implies
t 1 1 t
Jua(t) | + / / oMU dxds < C4(T) + 5 / |ua(s)|ds, Ve e[o,T). (4.19)
0 0 0

If we apply Gronwall’s inequality to (4.19), we conclude (4.11). The proof is
complete.

Lemma 4.3 Under the assumptions of Theorem 4.1, the following estimate holds for
any t e [0,7],

Jus(®)]* + / Juwels)|*ds <= Ca(T). (4.20)

Proof Differentiating (1.9) with respect to x and ¢, multiplying the resulting equation
by u,, in L*[0,1], and integrating by parts, we deduce that

1 1
y 1+6 aZf
U Uedx = (=p" + 0 M uy) . + Uedx
0ty
0 0

1

=_y+ 1+9u ul_/_y+ 1+0u udx

(=07 + p "ty ) lhex (=07 + p " uy) Ui (4.21)
0

1
+ / (frrrtrx +frrtx +frtrx) Ugedx
0

=Bl +BQ+B3

where

1

B, = (_py + pheux)txulx(l)r B; = — / (_py + pheux)txutxxdxr
0
1

B3 = / (f,TTth +fr1‘tx +f,-t1‘x)u[xdx.

0
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Employing Theorem 2.1, Theorem 3.1 Lemma 4.2 and the interpolation inequality,
we conclude
Bi = Co(T) (Nl llzee + 1ol Ntallzoe + 1ol oo lltheell oo + ltheell o

2
el oo Nl oo + lpxllse lelfe ) Nttgell o

4.22
1 . (4.22)
< Cy(T)(Bor + Boa) luexll 2 lluexll 2
with
1 1 1 1
Boi = [luxllm2 + x|l Boz = el | 2 [[upeel |2 + [theee ]| 2 |t 12 -
Applying Young’s inequality several times, we have that for any ¢ € (0,1),
1 1 )
€ _
ColT)Bor el 2 12 = ) el + Co (M) Ut + it B = #lloul ), 423)
and
1 1 )
€ - 4.24
Ca(T)Boal il 2 1|2 = ) lteal ? + & el +11Co (T 2. 42
Thus we infer from (4.22)-(4.24) that
By < & (Itupeal I + Htteeel I*) + Ca(T)e™ (el 1* + [l 7 + 1ol F1) (4.25)
which, together with Theorem 2.1, Theorem 3.1 and Lemma 4.2, implies
t t
/ Bi(s)ds < Cy(T) + & / (1t 1 + kel 1) (5) s, (4.26)
0 0

On the other hand, differentiating (1.9) with respect to x and ¢, and using Theorem
3.1 and Lemma 4.2, we derive

0%f
e ()17 < Co(T) (||ux||%p + o7+ Nuel B + [l + 1] Mtnz)

(4.27)
< Co(T) (HuellF + ol I Fn + Nueel I+ Noteexl I*

I 1P+ 1P el e + el 1?)

Inserting (4.27) into (4.26), employing Theorem 2.1, Theorem 3.1 and Lemma 4.2,
we conclude

t

/Bl(s)ds < Cy(T) + 82/ |t (5)] 2. (4.28)
0

0

Similarly, by Theorem 2.1, Theorem 3.1, Lemma 4.2 and the embedding theorem, we
get that for any ¢ € (0,1),

1 1
B, < —/p“gufxxdx+s/,o“9ufxxdx
0 0 (4.29)

1
o) [ (o3 o ot o i 1) .
0
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By virtue of assumption (4.1), Theorem 2.1 and Theorem 3.1, we derive that

Bs = C(T) (Il [[for|) + Ml ]| + e ])
< GOl + 1]+ 15D

which, combined with (4.21) and (4.27)-(4.29), gives

1

d 2 146, 2 2 2 2
dt||utx(t)|| +/P P gdx < &7 (upeel ™ + [t 7)
0

+Co(T) (el 1 + Hual1Fa + el Fn + 1Wfirl1? + 1A+ [1frl1?)

(4.30)

Integrating (4.30) with respect to ¢, picking ¢ small enough, using Theorem 2.1 and
Theorem 3.1, Lemma 4.2 and assumption (4.1), we complete the proof of estimate
(4.20).

Lemma 4.4 Under the assumptions of Theorem 4.1, the following estimates hold for
any t € [0,7],

[ oxee (117 + 1 pxex (01| < Ca(T), (4.31)

e (D17 + [t (D11 + / (e 7 + el [71) (5) ds < Ca(T), (4.32)
0

f it ($) 2 ds = Ca(T). (4.33)

0

Proof Differentiating (3.18) with respect to x, we have

(0" prac)i + Pp e = E1(x, 1) (4.34)
where
E1(x,t) = Ex(x,t) — Ppppxpxx — (0 — 1)(,0972,0x,0xx)t- (4.35)

An easy calculation with the interpolation inequality, Theorem 2.1 and Theorem 3.1,

gives
HE(O)I] < Co(T)(ox(O117s + [1oxel| + 1 oxthae] | + [ prathax] |
1 ox 7o Ntk + 1 0xl e kel | + Ntkeeel | + + x| 1f ]+ 11fir]1) (4-36)
= G(T)Nex(Ollar + N ()12 + el | + (el + 1),
and

HELll < Co(T)(Hox ()i + HNue ()12 + Nt (1 + [If 1]+ 11fir]]). (4.37)

By virtue of Theorem 2.1 and Theorem 3.1, we infer from (4.36)-(4.37), (4.20) and
assumption (4.1) that

[iE@ires <cim, viefo) (4.38)
0
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Now multiplying (4.34) by p’p,. in L?[0,1], we obtain

d
dtnp”lpmn2 + [1ox()11* < C1(T)I|E1(T)I2. (4.39)

Integrating (4.39) with respect to ¢, using Theorem 2.1 and Theorem 3.1, assumption
(4.1) and (4.38), we can get

PO + / lpeee(s) 2ds < Co(T), Ve € [0,T]. (4.40)
0

By virtue of Theorem 2.1 and Theorem 3.1, we infer from (4.10), (4.15) and (4.40)
that

t
it (0) ]2 + f it ()| ds < Co(T), Ve € [0,T]. (4.41)
0

Differentiating (1.9) with respect to ¢, using Theorem 2.1 and Theorem 3.1 and Lem-
mas 4.2-4.3, we infer that for any t € [0, 7],

e (1] = Co(T) e ()] + Co(T) (et () + e (1] + x(0)]]) = Ca(T) (4-42)

which, combined with (4.15), (4.40) and (4.42), gives
t
eI + [ Nt (9IPds = Cu(T), Ve [0,1] (4.43)
0

Differentiating (4.34) with respect to x, we see that
(peilpxxxx)t + Pppxxxx =E; (xr t): (4.44)
with
- 0-2
Ex(x, t) = E1x(x, ) — Ppppxfaxx — (0 — 1)(:0 :Oxpxxx)l
and
Elx(xr t) = Exx(xr t) - Pﬂppxpxx)x — (9 - 1)(997szpxx)[x-

Using the embedding theorem, (1.8), Theorem 2.1, Theorem 3.1 and Lemmas 4.1-4.2,
we can deduce that

HEx (DI = Ca(T)ux()lps + ox(@lrz + el + 1fer ]+ 1l ]), (4.45)
HEw()I = Ca(T)(ux(Or + s (@l + e (e + 1l + el + e[, (4.46)
NE2(0)11 = Ca(T)([lux (D)1 + 1 px()1m2 + N (Ol + 1f 1]+ il + e l1)- (4.47)

Inserting (4.46) into (4.47), we have

NE2(OI < Ca(T)(Hux (Ol + Nox(Ol 12 + Nt (O ]11)

(4.48)
+Huae (O] + (O] + e (O] + [frr (O)1])-
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By virtue of Theorems 2.1, 3.1, Lemmas 4.2-4.3, we derive from (4.40)-(4.43) and
assumption (4.1) that

[iEires < cim), vie o) (4.49)
0

Multiplying (4.44) by p”'pe in L*[0,1], we get

d
dt||p9*1pm||2 + oxex (117 < CL(D)IIE2 ()12 (4.50)

Integrating (4.50) with respect to ¢, using condition (4.1) and (4.49), we conclude
t
1Pues @I + [ Noa(s)IPds = C(1), Vee [0,7) (@51)
0

Differentiating (1.9) with respect to x three times, using Theorems 2.1, 3.1, Lemmas
4.2-4.3 and the interpolation inequality, we infer

txxcex ()11 < Ca(T) (Huewx (1] + [ue ()13 + [ox (1112 + 1Ifr (D]

Thus we conclude from (1.8), (4.27), (4.41), (4.43), (4.51) and assumption (4.1) that

(4.52)

/ (sl 2 + il 2)(5) ds < Ca(T), Ve € [0, T]. (4.53)
0

Thus (4.31) follows from (4.40) and (4.51), we can derive estimate (4.32)-(4.33) from
Theorem 2.1, Theorem 3.1, Lemmas 4.2-4.3, (4.41), (4,43) and (4.53). The proof is
complete.

Proof of Theorem 4.1 Using (1.8),Theorem 2.1, 3.1 and Lemmas 4.2-4.4 and the
proper interpolation inequality, we readily get estimate (4.4)-(4.8) and complete the
proof from Theorem 4.1.

Corollary 4.5 Under assumptions of Theorem 4.1 and some suitable compatibility
conditions, the global solution (p (x,t),u(x,t)) to problem (1.8)-(1.11) is the classical solu-
tion verifying

o)l + lu()llcsr < Ca(T). (116)

Proof By the embedding theorem, we easily prove the corollary from Theorem 4.1.
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